36-401 Class Notes

Data Reduction II: Principal Components and Factor Analysis

Some Technical Background on Principal Components

Recall that the principal problem with collinearity in the regression problem y = Xβ + ϵ (1) is a technical one: The least-squares estimate of β is β̂ = (X^T X)^{−1}X^T y but if X has nearly collinear columns this is difficult to compute. Our goal is to transform X in some way, to make variable selection easier, so we can get rid of the collinearity problem. To make the problem easier to think about let us imagine that X has a column of 1’s, to fit an intercept, and let us write X = [ 1 x_1 · · · x_k ] where 1 is the intercept column and the columns x_1, . . . , x_k are the independent variables of interest. We define Z = [ z_1 · · · z_k ] = [ (x_1 − x_1)/s_1 · · · (x_k − x_k)/s_k ] where x_j is the j^{th} column mean and s^2_j is the sample variance of the j^{th} column. It is fairly easy to show that y = 1β_0 + Zα + ϵ (2) is the same regression problem as Equation (1), and α̂ = (Z^T Z)Z^T y Var(α̂) = σ^2_ϵ (Z^T Z)^{−1} There will be collinearity in X if and only if there is collinearity in Z, and Z has the pleasant property that R_{XX} = 1 n − 1 · Z^T Z is the matrix of sample correlations of the x_j ’s (with 1’s down the main diagonal). Note that R_{XX} is the first place we would look for collinearity among the X’s: X’s that are highly correlated will automatically be collinear. We will construct an orthogonal basis F = [ F_1 F_2 · · · F_k ] for the vector space spanned by the columns of

Z = [ z_1 z_2 · · · z_k ]

There are many ways to proceed with this:

• Gram-Schmidt-like process

• Singular-value decomposition of Z

• Constrained optimization (leads to eigenvalues and eigenvectors of R_{XX} = Z^T Z)

We will do the constrained optimization.

We want to find

F_1 = a_{11}z_1 + a_{21}z_2 + · · · + a_{k1}z_k F_2 = a_{12}z_1 + a_{22}z_2 + · · · + a_{k2}z_k . . = . . F_k = a_{1k}z_1 + a_{2k}z_2 + · · · + a_{kk}z_k

i.e.

F_j = Za_j , a_j = a_{1j} a_{2j} . . a_{kj} or F = ZA, A = [ a_1 a_2 · · · a_k ]

with the following constraints:

• F_1 should have maximum variance • F_2 should be uncorrelated (orthogonoal) to F_1 and have as large a variance as possible • F_3 should be uncorrelated (orthogonal) to F_1 and F_2 and have as large a variance as possible • Etc. Etc.

Look at F_1:

F_1 = 1^T F_1 = 1^T Za_1 = 0 since the z_j ’s are all centered by their column means already. Therefore, Var(F_1) = ‖F_1‖^2 = 1 n − 1 F^T_1 F_1 = 1 n − 1 a^T_1 Z^T Za_1 = a^T_1 R_{XX} a_1 (3) so, a trivial way to maximize Var(F_1) is to multiply a_1 by some big constant c (this jacks up Var(F_1) by a factor c^2. To avoid this, we add the constraint ‖a_1‖ = a^T_1 a_1 = 1 (4) We can maximize equation (3) subject to the constraint in equation (4) by Lagrange multipliers: we try to optimize the criterion function C_1 = a^T_1 R_{XX} a_1 − λ_1(a^T_1 a_1 − 1) The partial derivatives (after much tedium) turn out to be ∂C_1 ∂a_1 = 2R_{XX} a_1 − 2λa_1 ∂C_1 ∂λ_1 = −(a^T_1 a_1 − 1)

Setting these equal to zero and cancelling out constants, we obtain (R_{XX} − λ_1I_{k×k})a_1 = 0 a^T_1 a_1 = 1 In other words, λ_1 and a are an eigenvalue and the corresponding unit eigenvector, for the correlation matrix R_{XX} ! We can maximize Var(F_1) = a^T_1 R_{XX} a_1 = a^T_1 λ_1a_1 = λ_1a^T_1 a_1 = λ_1 by taking λ_1 to be the largest eigenvalue of R_{XX} .

Similarly, to maximize Var(F_2) = a^T_2 R_{XX} a_2

subject to the constraints a^T_2 a_2 = 1 unit length

and^1 a^T_2 a_1 = 0 orthogonal

we optimize C_2 = a^T_2 R_{XX} a_2 − λ_2(a^T_2 a_2 − 1) − μ_1(a^T_2 a_1)

and obtain the second-largest eigenvalue λ_2 with its unit eigenvector a_2. This process repeats with the objective functions

C_2 = a^T_2 R_{XX} a_2 − λ_2(a^T_2 a_2 − 1) − μ_2(a^T_3 a_2) − μ_1(a^T_3 a_1) . . = . . C_k = a^T_2 R_{XX} a_2 − λ_2(a^T_2 a_2 − 1) − k−1∑ j=1 μ_j(a^T_k a_j)

at the end of which we obtain

λ_1 ≥ λ_2 ≥ · · · ≥ λ_k : the eigenvalues of R_{XX} =^1_{n−1} Z^T Z; and a_1 , a_2 , . . . , a_k : the corresponding unit eigenvectors.

We know immediately that A = [ a_1 a_2 · · · a_k ]

has orthonormal columns (of length k), i.e. A^T A = AA^T = I_{k×k} and we also know that R_{XX} a_j = λ_j a_j, j = 1, . . . k which implies

R_{XX} A = AΛ, Λ = λ_1 0 · · · 0 0 λ_2 · · · 0 . . . . ... . . 0 0 · · · λ_k or, premultiplying by A^T and using the fact that A^T A = I,

A^T R_{XX} A = Λ

1a^T_2 a_1 = 0 follows since Corr(F_1, F_2) = F^T_1 F_1 = Za_1a^T_1 Z^T = 0 if and only if a_2 and a_1 are orthogonal.

Therefore

Var(F ) = 1 n − 1 F^T F = 1 n − 1 A^T Z^T ZA = A^T R_{XX} A = Λ = λ_1 0 · · · 0 0 λ_2 · · · 0 . . . . ... . . 0 0 · · · λ_k i.e.

Var(F_j ) = λ_j

and the F_j ’s are uncorrelated.

Finally we can can solve F = ZA by post-multiplying by L = A^T (and using A^T A = I again) to obtain Z = F A^T = F L This gets us to the usual principal components decomposition for Z:

• The variances λ_1 ≥ λ_2 ≥ · · · ≥ λ_k are what get plotted in a scree plot. The “fraction of variance explained” at the top of each bar in the scree plot is ∑_j ℓ=1 λ_ℓ ∑_k ℓ=1 λ_ℓ

5

• the factor loadings are the columns of the matrix L = A^′, and we can see from the equation Z = F L, or

[ z_1 z_2 · · · z_k ] = [ F_1 F_2 · · · F_k ]

L_{11} L_{12} · · · L_{1k} L_{21} L_{22} · · · L_{2k} . . . . ... . . L_{k1} L_{k2} · · · L_{kk} that the loadings really do determine the effect of each factor F_j on each z_ℓ:

z_j = L_{1j} F_1 + L_{2j} F_2 + · · · + L_{kj}F_k

for each j.

> print(loadings(pc.cor),cutoff=.3) # # blanks all loadings below +/- 0.3
     Comp. 1 Comp. 2 Comp. 3 Comp. 4 Comp. 5 Comp. 6 Comp. 7 Comp. 8 Comp. 9
 Len 0.417 -0.372 0.497 0.562
 Adt -0.446
 Trk 0.447 0.414 -0.553 -0.460
  Sp 0.386 -0.310 0.535
  lw 0.769 0.421
 shl -0.358 -0.606
 itg -0.415 0.310 0.440
sigs -0.466 0.658 -0.370
acpt -0.405 -0.685 0.407
 lan -0.417 -0.790
type 0.441 0.666

• The columns of the the matrix

F = [ F_1 F_2 · · · F_k ] =

F_{11} F_{12} · · · F_{1k} F_{21} F_{22} · · · F_{2k} . . . . ... . . F_{k1} F_{k2} · · · F_{kk} are the principal components and the individual entries are called principal component scores or factor scores: F_{11} is the first factor score for the first observation, F_{12} is the first factor score for the second observation, etc.

• Finally the biplot represents

– Each observation i as a point (F_{i1}/ √ λ_1, F_{i2}/ √ λ_2);

– Each variable X_j as a point (L_{j1}, L_{j2})

Principal Components Regression

The principal components of Z are the columns of the matrix F = ZA Since AA^T = I, Equation (2) can be written y = 1β_0 + Zα + ϵ = 1β_0 + (ZA)(A^T α) + ϵ = 1β_0 + F γ + ϵ (5) (where γ = A^T α), and this is equivalent to our original Equation (1). The least-squares estimates of γ are γ̂ = (F^T F )^{−1}F^T y, and as usual Var(γ̂) = σ^2_ϵ (F^T F )^{−1} = σ^2_ϵ (A^T Z^T ZA)^{−1} = σ^2_ϵ Λ^{−1} is a diagonal matrix, and Var(γ̂_k) = σ^2λ^{−1}_k , so that

• the γ̂’s are uncorrelated; and • the data tells us the least about the γ_k for the smallest eigenvalue λ_k.

This suggests that we can “improve” the model by dropping columns of F corresponding to high Var(γ̂_k) i.e. low λ_j. If the original model in Equation (1) was the correct model for the data, then the estimates β̂, α̂ and γ̂ in these problems should all be unbiased.

To see what the effect of dropping columns of F is, consider minimizing the sum of mean square errors (SMSE) in the coefficients, instead of in the predicted values, SMSE = k∑ j=1 E[(γ̂_j − γ_j)^2] = k∑ j=1 {Var(γ̂_j) + [bias(γ̂_j )]^2}

= σ^2_ϵ k∑ j=1 λ^{−1}_j + k∑ j=1 {E[γ̂_i − γ_j]}^2 (6)

where γ̂_j are the least-squares estimates. When the full set of least-squares estimates are used, γ̂_j will be unbiased and the “bias” term on the right will be zero, so SMSE_{OLS} = σ^2_ϵ k∑ j=1 λ^{−1}_j Because the columns of W are orthogonal, when we drop columns we do not change the leastsquares estimates of the remaining coefficients. Dropping the last m columns for example we obtain SMSE_{P C(k−m)} = σ^2_ϵ k−m∑ j=1 λ^{−1}_j + k∑ j=k−m+1 γ^2_j

This is a classic case of the bias/variance tradeoff in statistics: by dropping only a few terms we can reduce SMSE by paying for a large drop in variance with a small increase in bias; clearly we can minimize SMSE_{P C(k−m)} over m if desired.

For the highway data that we considered last time, we can estmate both SMSE’s:

> names(pc.cor)
 [1] "sdev" "loadings" "correlations" "scores" "center"
 [6] "scale" "n.obs" "call" "factor.sdev" "coef"

> summary(lm(y ~ pc.cor$scores))

Coefficients:
                         Value Std. Error t value Pr(>|t|)
          (Intercept) 3.9333 0.1876 20.9661 0.0000
 pc.cor$scoresComp. 1 0.2711 0.0933 2.9060 0.0072
 pc.cor$scoresComp. 2 -0.9628 0.1158 -8.3139 0.0000
 pc.cor$scoresComp. 3 -0.2500 0.1762 -1.4185 0.1675
 pc.cor$scoresComp. 4 -0.0058 0.1997 -0.0290 0.9771
 pc.cor$scoresComp. 5 -0.3396 0.2394 -1.4188 0.1674
 pc.cor$scoresComp. 6 -0.1522 0.2508 -0.6068 0.5490
 pc.cor$scoresComp. 7 0.0724 0.2882 0.2510 0.8037
 pc.cor$scoresComp. 8 0.1167 0.3430 0.3402 0.7364
 pc.cor$scoresComp. 9 0.0296 0.3838 0.0772 0.9391
pc.cor$scoresComp. 10 -0.0931 0.5475 -0.1700 0.8663
pc.cor$scoresComp. 11 0.1133 0.7480 0.1515 0.8807

Residual standard error: 1.172 on 27 degrees of freedom
Multiple R-Squared: 0.7527
F-statistic: 7.472 on 11 and 27 degrees of freedom,
the p-value is 1.051e-05

> print(SMSE.OLS _ (1.172)^2 * sum(pc.cor$factor.sdev^2) )
[1] 15.10942
> coefs _ lm(y ~ pc.cor$scores)$coef
> coefs[-c(1:3)]
 pc.cor$scoresComp. 3 pc.cor$scoresComp. 4 pc.cor$scoresComp. 5
           -0.2499623 -0.005792799 -0.339593

 pc.cor$scoresComp. 6 pc.cor$scoresComp. 7 pc.cor$scoresComp. 8
           -0.1521965 0.07235734 0.116677

 pc.cor$scoresComp. 9 pc.cor$scoresComp. 10 pc.cor$scoresComp. 11
           0.02961616 -0.09308246 0.1133036
> print( SMSE.PC2 _ (1.172)^2 * sum(pc.cor$factor.sdev[1:2]^2) +
+ sum(coefs[-c(1:3)]^2) )
[1] 9.401711

So we win the bias/variance tradeoff game by regressing on only the first two principal components (which we named, in our previous analysis, the major.road and slow.downs indices).

Principal Components as a Smoothing Technique

The principal components transformation is F = ZA, which we can express as a “model” for the Z’s (or equivalently, for the X’s) as Z = F L When we drop the last few columns of F (and the corresponding rows of L), we are throwing away information about the small variations from case to case within each column of Z (this is, again, because the last few λ_ℓ’s are small, so these last few F_ℓ’s can only be telling about small variations in the Z’s).

We can use this fact to compute a “smoothed version” of Z_{smooth} = F_{reduced}L_{reduced} The columns of Z_{smooth} have less jitteryness, and often less extreme peaks and troughs, than the columns of Z itself. We can feed this back through to get a smoothed version of X, as follows:

x_j = z_j ∗ s_j + x_j = (L_{1j} F_1 + L_{2j} F_2 + · · · + L_{Jj} F_J ) + x_j

where J < K. For example, the plot below shows the effect of reconsructing the predictor variable Len from just four principal components, instead of all 11. It was created from a principal components analysis as follows:

> pc.cor.4 _ princomp(X,cor=T,scores=4) # only retain first 4 factors
> xsmooth _ t(pc.cor.4$scores %*% pc.cor.4$loadings[1,] *
+ pc.cor.4$scale[1] + pc.cor.4$center[1])
> plot(X[,1],type="n",xlab="",ylab="")
> lines(X[,1],lty=1)
> lines(xsmooth,lty=2)
> legend(locator(),lty=1:2,legend=c("Raw Data","Smoothed Data, 4 PC’s"))
> title("Length of Highway Segments",
+ xlab="Highway Segment Number",ylab="Length")

Factor Analysis

In the principal components representation Z = F L, when we drop columns of F (and the corresponding rows of L), we are not asserting that the difference between Z and F_{reduced}L_{reduced} is random noise, but rather we are just throwing away some of the information about Z.

There is a related model (a true model, not just a representation!), called the factor analysis model, that asserts that Z = F_{reduced}L_{reduced} + U where U is a matrix of residual errors, analogous to ϵ in linear regression. To save space and typing I will write the factor analysis model as just Z_{n×K} = F_{n×J} L_{J×K} + U_{n×K} where J < K, and usually I will drop the subscripts altogether.

The full set of assumptions for the factor analysis model are:

• Z = F L + U, where Z, F , L and U have the dimensions indicated above. • The columns of F are uncorrelated, with unit variance; • The columns of U are uncorrelated, with possibly different variances.

It is usually assumed that the data in F and U, and therefore Z, actually come from a multivariate normal distributions: • (F_{i1}, . . . , F_{iJ} )^{T iid}∼ MV N(0_{J×1}, I_{J×J} ) • (U_{i1}, . . . , U_{iK} )^{T iid}∼ MV N(0_{J×1}, Q_{K×K}), independent of the F ’s.

where I is the identity matrix and Q is a diagonal matrix with variances of U_j’s written down its diagonal. Note that this means that also • (Z_{i1}, . . . , Z_{iK} )^{T iid}∼ MV N(0_{J×1}, L^T L + Q) and so the only things to “estimate” are the diagonal entries of the matrix Q, and the loadings in the matrix L.

Interpretation.

This says that the columns in Z are linear combinations of the unobservable (or “latent”) factors (columns of F ), plus random noise. Such models get used in

• Education and psychology: For example, the colunms of Z might be standardized test scores (e.g. sections of the SAT, ACT, GRE, etc.) for a group of students, and the columns (latent factors) of F might be interpreted as measures of basic skills in mathematical and verbal reasoning.

• Settings in the sciences where observations (Z’s or X’s) are measurements, that include some measurement error (U’s), of more fundamental quantities F ’s.

How do we estimate the model? There are two common methods.

• Principal factor analysis:

1. Begin with estimates of the diagonal entries q_{jj} of Q. These “error variances” are called “uniquenesses”. One such estimate is q_{jj} = 1 − R^2_j , where R^2_j is the R^2 from regressing Z_j on all the other Z’s.

2. Note that the covariance matrix for Z is R_{XX} = L^′L + Q; so compute R^∗ = R_{XX} − Q̂, (the Q matrix with the estimated q_{jj}’s).

3. Do the principal components analysis R^∗ = AΛA^T and define L = √ Λ^{−1}A^T ( √ Λ^{−1} is easy to compute, since Λ is a diagonal matrix).

It follows that R^∗ = L^T L 4. Delete all rows of L after the first J rows, to obtain L_{reduced}. Under the model R_{XX} = L^T_{reduced}L_{reduced} + Q so a new estimate of the diagonal entries q_{jj} is

q_{jj} = (j^{th} diag entry of R_{XX} ) − (j^{th} diag entry of L^T_{reduced}L_{reduced}) = 1 − J∑ k=1 L^2_{jk} Repeat from step 2 with the new Q̂ matrix, and continue until no more changes occur.

• Maximum likelihood:

For fixed J, the model (Z_{i1}, . . . , Z_{iK} )^{T iid}∼ MV N(0_{J×1}, L^T L + Q) has a likelihood; and under suitable constraints we can differentiate with respect to entries L_{ij} and q_{jj} and obtain maximum likelihood estimates for this model.

• Notes:

– These methods typically require that J be fixed in advance. If you are not sure how large J should be, pick a relatively large value of J < K, and look at a scree plot of the λ’s in the fitted factor analysis model.

– We mentioned that q_{jj} are called uniquenesses or unique variances. The complementary quantities,

r^∗_{jj} = 1 − q_{jj} = J∑ k=1 L^2_{jk} are called the communalities or common variances. The closer to 1 the communalities, the better you like the factor analysis model. (Diagnostic plots of the U’s, etc. would also be interesting to look at, to check normality, etc.)

Example

This is not a great example, but I am tired.

> fa.pc _ factanal(X,factors=6,method="principal")
> fa.ml _ factanal(X,factors=6,method="mle")
> summary(fa.pc)
Importance of factors:
                 Factor1 Factor2 Factor3 Factor4 Factor5 Factor6
   SS loadings 3.1927698 1.9121153 1.6264165 0.68544335 0.28001592 0.19064513
Proportion Var 0.2902518 0.1738287 0.1478560 0.06231303 0.02545599 0.01733138
Cumulative Var 0.2902518 0.4640805 0.6119365 0.67424954 0.69970554 0.71703691

The degrees of freedom for the model is 4.

Uniquenesses:
       Len Adt Trk Sp lw shl itg
 0.3892493 0.04806659 0.4205582 0.1882732 0.6000922 0.08180937 0.09006204

      sigs acpt lan type
 0.4605226 0.4610779 0.1808086 0.1920741

Loadings:
     Factor1 Factor2 Factor3 Factor4 Factor5 Factor6
 Len -0.184 0.580 0.419 0.228
 Adt 0.958 0.144
 Trk 0.712 0.176 -0.193
  Sp 0.176 0.495 0.692 -0.125 0.205
  lw -0.625
 shl 0.351 0.885
 itg 0.921 -0.225
sigs 0.147 -0.649 -0.175 0.255
acpt -0.162 -0.593 -0.293 0.118 -0.238
 lan 0.803 -0.170 0.250 0.271
type -0.734 -0.117 -0.393 0.207 -0.173 0.170
> names(summary(fa.pc))
[1] "varex" "uniquenesses" "dof" "na.action" "loadings"
[6] "cutoff"
> print(varex _ summary(fa.pc)$varex)
                 Factor1 Factor2 Factor3 Factor4 Factor5 Factor6
   SS loadings 3.1927698 1.9121153 1.6264165 0.68544335 0.28001592 0.19064513
Proportion Var 0.2902518 0.1738287 0.1478560 0.06231303 0.02545599 0.01733138
Cumulative Var 0.2902518 0.4640805 0.6119365 0.67424954 0.69970554 0.71703691

> # Here is a screeplot
> barplot(varex[1,],names=paste(round(varex[3,],2)))
> title("Screeplot for first six factors of highway data (PC analysis)")

> summary(fa.ml)
Importance of factors:
                 Factor1 Factor2 Factor3 Factor4 Factor5 Factor6
   SS loadings 3.2197268 1.5416271 1.4262569 1.2059143 1.09831735 0.28079665
Proportion Var 0.2927024 0.1401479 0.1296597 0.1096286 0.09984703 0.02552697
Cumulative Var 0.2927024 0.4328504 0.5625101 0.6721387 0.77198569 0.79751266

The degrees of freedom for the model is 4.

Uniquenesses:
       Len Adt Trk Sp lw shl itg sigs
 0.5363893 0.02850704 4e-10 0.2031999 0.0001163469 4e-10 0.1251783 0.4873967

      acpt lan type
 0.4209439 0.1505476 0.2750925

Loadings:
     Factor1 Factor2 Factor3 Factor4 Factor5 Factor6
 Len -0.223 0.391 -0.101 0.389 -0.271 0.162
 Adt 0.973 0.131
 Trk 0.283 0.954
  Sp 0.181 0.647 0.567 0.124
  lw 0.992
 shl 0.345 0.187 0.916
 itg 0.914 -0.169
sigs 0.149 -0.564 -0.279 0.290
acpt -0.164 -0.719 -0.115 -0.128
 lan 0.812 0.227 -0.104 0.356
type -0.722 -0.120 -0.402 -0.135

> # Here is a scree plot again:
> varex _ summary(fa.ml)$varex
> barplot(varex[1,],names=paste(round(varex[3,],2)))
> title("Screeplot for first six factors of highway data (MLE analysis)")

The principal factor analysis (on the left) suggests either two, or four or five, factors. The MLE factor analysis (on the right) seems to suggest two factors.

Let’s try two factors. . .

> fa.pc _ factanal(X,factors=2,method="principal")
> fa.ml _ factanal(X,factors=2,method="mle")

Let’s see what the factor structure looks like now. . .

15

> print(loadings(fa.pc),cutoff=.3)
     Factor1 Factor2
 Len 0.525
 Adt 0.934
 Trk 0.599
  Sp 0.435 0.689
  lw
 shl 0.613 0.313
 itg 0.820
sigs -0.662
acpt -0.633
 lan 0.837
type -0.852
> print(loadings(fa.ml),cutoff=.3)
     Factor1 Factor2
 Len 0.320
 Adt 0.994
 Trk 0.379
  Sp 0.336 0.885
  lw
 shl 0.517 0.551
 itg 0.901
sigs -0.512
acpt -0.572
 lan 0.827
type -0.780

It’s nice to see that we again have fairly simple structure, with Factor 1 and Factor 2 influencing almost disjoint sets of variables. These factors have a lot in common with the first two principal components from our earlier principal components analysis:

• major.road mostly influenced Adt, shl, itg, lan, type

• slow.down mostly influenced Len, Trk, Sp, sigs, acpt

It may be disappointing that the two models didn’t find “exactly” the same factors. That is a sad fact about factor analysis, principal components, and related methods: there are so many parameters, and so much freedom in estimating them, that seemingly small changes (like going from princ. comp. to factor analysis) can generate large, sometimes difficult to interpret, changes in parameter estimates.

These methods can be quite useful, especially if you have a large data set with many variables and you have to reduce it somehow, but use with care, and lots of checking and self-doubt.

Note: Sometimes the factor loadings do not exhibit such a nice “simple” structure (in which non-zero (pr large) loadings in one factor imply zero (or small) loadings in all the others.

In that case, the factors can be “rotated” in J dimensional space, to try to achieve simpler structure in the loadings.

The relevant Splus function is rotate, for example,

> print(loadings(rotate(fa.ml,rotation="quartimax")))
     Factor1 Factor2
 Len -0.237 0.323
 Adt 0.992 -0.115
 Trk 0.380
  Sp 0.348 0.880
  lw 0.131
 shl 0.524 0.544
 itg 0.900
sigs -0.514
acpt -0.236 -0.569
 lan 0.826
type -0.783 -0.183

(Note that this rotation did not simplify the structure!)

Some common methods of rotation are

• varimax rotation, which rotates F so that the sum of the variances of the squares of the entries in each column of F is maximized.

• quartimax rotation, which rotates F so that the sum of the variances of the fourth powers of the entries in each column of F is maximized.

Consult help(rotate) (and the references listed there) for a myriad of other rotation options.