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Abstract

Oneof themajorobjectiongo thestandardnultiple-recapturapproacho populationesti-
mationis theassumptiorof homogeneityf individual “capture”probabilities Modelingindi-
vidual captureheterogeneitys complicatedoy thefactthatit shawvs up asasarestrictedorm
of interactionbetweenlists in the contingenyg table cross-classifyindist membershipgor
all individuals. Traditionallog-linearmodelingapproache$o capture-recaptungroblemsare
well-suitedto modelinginteractionsamonglists, but ignorethe specialdependencstructure
thatindividual heterogeneitynduces A random-diectsapproachbasedn the Rasch(1960)
modelfrom educationatestingandintroducedin this context by Darroch,et al. (1993)and
Agresti (1994), provides one way to introducethe dependenceesultingfrom heterogeneity
into the log-linearmodel; however, previous efforts to combinethe Rasch-like heterogeneity
termsadditively with the usuallog-linearinteractiontermssuggesthat a more flexible ap-
proachis required.In this paperwe considerboth classicalmulti-level approacheandfully
Bayesianhierarchicalapproacheso modelingindividual heterogeneityandlist interactions.
Our framevork encompasseBoth the traditional log-linear approachand various elements
from the full Raschmodel.We comparetheseapproachesn two examplesthefirst arising
out of an epidemiologicaktudyof a populationof diabeticsin Italy, andthe seconda study
intendedo assesshe“size” of the World Wide Weh We alsoexplore extensionsallowing for
interactionsbetweerthe Raschandlog-linearportionsof the modelsin boththe classicaland
Bayesiarcontexts.

Keywords: Log-linear models;Markov chain Monte Carlo methods;Multiple-recapture
censusQuasi-symmetryiRaschmodel.

*Supportedn partby GrantsREC-9720374ndDMS-970503Zrom the NationalScienceé~oundatiorto Carngyie
Mellon University We are indebtedto Steve Lawrenceand Lee Giles for providing us with unpublisheddatafor
analysis.



Contents

1

Intr oduction
1.1 HeterogeneitAmonglindividuals . . . . . ... ... ... ... . 0L
1.2 BayesiamApproaches. . . . . . . . . . L

ThreeExamples

2.1 SimulatedData . . . . . . . ...
2.2 Multiple Sourced-or DiabetesAscertainment. . . . .. . ... ... .......
2.3 TheNumberof PagesontheWorld WideWeb. . . . . . ... .. ... ... ...

The RaschModel and Quasi-SymmetricLog-Linear Models
Hierar chical BayesFormulation of the RaschModel

Initial Analysesof the ThreeExamples

5.1 TheSimulatedData. . . . . . . . . . . .
5.2 TheDiabetedData. . . . . . . . . . . . ...
5.3 TheWorldWideWebData . . . . . . ... .. .. ... . . . ... ... ... ..
5.4 Discussiorof Initial Analyses . . . . . . . .. ... e

List and Latent Variable Interactions

6.1 List-By-ListInteractions . . . . . . . . . . . . . . ... ..

6.2 List-By-Totallnteractions. . . . . . . . . . .. .. .. .. .. ...

6.3 HierarchicalBayesiamApproachedo List-by-List andList-by-Total Interactions. .

6.4 Somelllustrative Fitsfor theExamples . . . . . . . .. ... ... .. ... ...
6.4.1 Diabetes . . . . . . .. ...
6.4.2 WorldWideWeb . . . . . .. ... . . . . ...

Discussion
References
Notation

How to Fit the Traditional Multiple-Recapture Modelsin S-Plus
B.1 PointEstimates. . . . . . . . . . .

13

14

16
16
16
18
21

22
22
23
25
25
25
27

29

30

34

35
35

How to Fit the Hierar chical BayesianRaschMutiple-Recapture ModelsUsingMCMC 35



1 Intr oduction

Our goalin this paperis to re-examinethe problemof estimatingthe size of a closedpopulation
using multiple lists or sourcespften referredto asthe multiple-recapturgopulationestimation
problem(e.g.,seeBishop,etal., 1975)becausef its originsfor estimatingwildlife andfish pop-
ulations(e.g., seePetersen1896; Schnabel 1938). In effect, we treatour lists as having been
generatedby samplingmultiple timesfrom the populationandwe identify individualsor objects
accordingo thelistsin whichthey wereincluded.

We wishto estimateV, theunknavn sizeof the populationof individualsor objectsof interest
(e.q.,people fish, softwareerrors,etc.),andwe do so usingthe informationgleanedrom which
objectswereincludedin eachof the J lists dravn from thepopulationWelet: =1, ..., N index
theobjects,andj = 1,..., J index thelists. Our basicmodelhasN x J randomvariables,X;;,
suchthat

Y. 1, if objecti appear®nlist j;
Y71 0, otherwise.

Welet p;; = P[X;; = 1], andn bethenumberof objectsthatappeaion atleastonelist. Our goal
is to estimatethe numberof unobsered objects,M = N — n or, equvalently, to estimateN. To
do this, we needa modelwhich specifies:

e Theprobabilitiesof appearingn thevariouslists, i.e., captureprobabilities;
e How thelistsrelateto oneanotheri.e., list dependenciesind
e Thewaysin whichthesecaptureprobabilitiesandlist dependenciegary acrossndividuals.

Theliteratureon capture-recaptummethodss extensve andgoesbackmary yearsto at least
Peterser(1896). The earliestmodelsfor multiple-recapturenethods(i.e., morethan2 lists) as-
sumedhatthevariouscapturer listswereindependenfe.g.,GeigerandWerney 1924;Schnabel,
1938)andthattherewereconstantaptureprobabilitiesacrosgndividuals,althoughnot necessar
ily acrosscapturesor lists. Although mary authorsexpressedtconcernaboutthe assumptiorof
independencamonglists, a generalway to copewith this problemawaited otherdevelopments
in statistics.Thusit wasnotuntil the 19705 thatFienbeg (1972)introducedherole of log-linear
modelsto provide for dependencieamongthelists,andSanathana(ll972)introducedhe Rasch
modelto provide for the dependencenducedby heterogeneityacrossindividuals, but for inde-
pendentists. Fienbeg (1992) andthe InternationalWorking Group on DiseaseMonitoring and
Forecasting(1995b) provide bibliographiesof specialrelevanceto the useof thesemethodsin
humanpopulations.

Thesimplesimodelthatallowsfor differencesn captureprobabilitiesandheterogeneitpmong
individualsis dueto Geog Rasch(1960),who derivedit for scoringexaminationitemsin educa-
tionaltesting:

|0g{ Dij }zei—i—ﬂj, 1=1,...,N; j=1,...,J. Q)
1 —py

Note thatwhenwe setthe ¢; in equation(1) equalto zerothe log-oddsof inclusion of object:

onlist j depend®nly onthelist, andthusthe modelreducedo thetraditionalmultiple-recapture
modelwith independenlists. Whenthe §; # 0 andwe treatthemasrandomeffects,this model



is intrinsically multi-level, with lists at onelevel andindividualsat another Additional multi-level
structuremaybereadilyincorporatednto this model,througheitheré or 3, dependingnrelevant
objectandlist covariates.For example,seeJohnsonget al. (1998)for a Bayesianversionof this
extension,andWu, et al. (1997)for a classical/missinglataformulation. The Raschmodeland
someof its naturalgeneralizationplay centralrolesin our work.

In this paperwe attemptto drav onthelessongrom whatwas,until recently threeseemingly
separatditeratureson (1) log-linear modelsfor multiple-recapturecensusproblems,(2) Rasch
modelsfor individual heterogeneityand(3) Bayesiarhierarchicaimodelapproached-or usthese
threeapproacheareintimatelylinkedandthis paperexplorestheir relationshipsin theremainder
of this sectionwe review aspectf the literatureon heterogeneityand Bayesianapproachedn
Section2, we introducethreeexamplesto which we later apply our methodologydatasimulated
directly from the Raschmodel;datafrom anepidemiologicaktudyof a populationof diabetican
Italy; anddatafrom six “web searctengines’intendedo assesthe“size” of theWorld Wide Weh
Then,in Section3, we outlinethe elementof the Raschmodelandits relationshipwith the usual
log-linearmodelsfor populationsize estimation,andin Section4 we presenta fully-Bayesian
hierarchicalapproachto the Raschmodelwhich relaxesa seeminglynecessaryinear constraint
in the log-linearformulationandtakesinto accountpreviously ignoredmoment-inequalitycon-
straints.In Section5, we apply bothlog-linearmodelswith Rasch-lile heterogeneityermsand
our Bayesianhierarchicalapproachto the examples.We will seethattheseapproachesapplied
separatelywork reasonablyvell but seemlacking:the dependencstructuren multiple-recapture
censudatais often similar to the Raschmodel, with departureghat reflectnon-symmetricde-
pendencdetweerlists, or partialsymmetryfeatureghatrepresentclumpy” heterogeneityf the
objectsbeing counted.”GeneralizedRasch”’modelsthat allow interactionsbetweenparameters
that expressheterogeneousatchabilityof objects,or non-symmetricdependenciebetweenlists
offer somehopeof a more parsimoniousepresentatiorandhencesmallerstandarcerrorsof es-
timationfor the unobseredcount.In Section6, we exploretherelationshipbetweerngeneralized
RascHhog-linearmodelsandour hierarchicaBayesformulationof the Raschmodel.

1.1 HeterogeneityAmong Individuals

As mentionedabove, Sanathanafil972,1973) provided oneof the early attemptgo look at het-
erogeneityin the context of captureprobabilities.Shewasinterestedn scanningexperimentsn
particle physicsand focusedupona Raschmodelin which eitherthe individual or the list pa-
rametersareviewed asindependentravs from a parametrically-specifiedommondistribution.
Subsequent\BurnhamandOverton(1978)described similarmodelin whichthesourceof vari-
ationin their captureprobabilitiescomessolely from the heterogeneityamongindividuals,i.e.,
with captureprobabilitiesp;; = p;. They tookp,, .. ., py to bearandomsamplefrom aprobability
distribution F' andassumedhatthe randomvariablesX;; (: = 1,...,N;j = 1,...,J) aremu-
tually independentor given (p1, ..., py); thisleadsto a generalizedBeta-binomialstructure To
estimateheunknavn populationsize N, they empiricallyestimatedhe probabilitydistribution
anduseda generalizedackknife approachn which the numberof obsered objectsn senesas
anawe estimateof N. Laterefforts, especiallyin the wildlife literature,e.g.,Chao(1987,1989),
Chao,et al. (1992),andPollock (1991), built on this approachincorporatingheterogeneitynto
multiplicative modelsfor the p;;, e.9.,p;; = ¢;¢;. Unfortunately this literature provides little



recognitionof the specialstatisticalfeatureghatrequireattentionwhenthe numberof parameters
includedfor heterogeneityncrease directproportionto the populationsize V.

Interestin the heterogeneitproblemaroseagainin connectiorwith discussiongbouttheuse
of capture-recapturmethodsin the contect of the 1990U.S. decennialkcensusandDarroch,et
al. (1993) presenteca modelfor heterogeneitypasedon a log-linearrepresentationf the Rasch
model,whichthey thencombinedwith log-linearmodelsfor dependencd& heirapproacthadbeen
anticipatedn partby Cormack(1989)but withoutthelink to theRaschmodelframewnork, andthen
suggestedeparatelypy Agresti(1994).The InternationaM/orking Groupon DiseaseMonitoring
andForecasting1995ap), provideda simplediscussiorof theseapproacheandtheirapplication
to a problemof estimatingthe size of a populationof diabetics.The introductionof the Rasch
modelrepresentatiofior heterogeneityn this example,however, hadapparentlystrangeand not
totally satishctoryconsequenceandwe returnto their problemin Section2 below.

1.2 BayesianApproaches

Roberts(1967) presentedhe earliestknown Bayesianapproachto the simple capture-recapture
problemi,i.e., with two lists, andwith constantaptureprobabilities.Freedmar{1972)introduced
a Bayesianapproacho sequentiakstimation,andthenlater (Freedman1973)contrastedhis to
the capture-recaptursodel,using constantcaptureprobabilitiesin both settings.He alsointro-
ducedtherole of differentlossfunctions.Castleding1981)generalizedRoberts andFreedmars
approachto multiple-recapturestudiesand derived the mamginal posteriordistribution of N by
assumingthat prior probability distribution on N and the probabilitiesp = p;; is of the form
n(N,p) = 7(N)n(p), wherep;; = p; Id Betda, b) and7(N) o« 1 andn(N) o« N~1, which
is the Jefreys prior. Smith (1991)found the posteriordistribution of N in this caseusing both
empirical-BayesandBayes/empirical-Bayespproachessarthvaite, etal. (1995)extendedhese
resultsto allow for randomsamplesizes,andexploredthe sensitvity of the posteriordistribution
for IV to the prior specification.

Smith (1988)also estimatedhe unknovn populationsize N by usinga Poissomnapproxima-
tion to the hypegeometricdistribution of marked itemsin the sample,anda gammadensityon
w = N~!. Smithfoundthe formal Bayesrule for (a) 0-1, (b) quadratic,(c) chi-squaredand (d)
squaredproportionallosses.He then shaved that under certainconditionsall of the estimates
but the one from the 0-1 loss approachare equvalentto the GeigerWernerSchnabemultiple-
recaptureestimate.

Geoge andRobert(1992)werethefirst to bring the modernBayesiarntechnologyof Markov
chain Monte Carlo estimationto bearon the capture-recapturproblem. They beganwith the
Casteldineformulationin which N andp,,...,p; area priori independentand suggestedhe
useof eithera Poissonprior distribution or Jefreys prior distribution 7(N) o« N~! on N, and
eithera Betga, b) for eachp; or alogit modelfor p;, thatis logit(p;) ~ N(u;,0?) andbetaor
normallog-oddspriorsfor the p;’s. To simulatefrom the conditionalposteriordistribution for NV
they usedthe adaptve rejectionsampling(ARS) algorithmof Gilks andWild (1992).They also
discussedierarchicalextensionsto the estimationprocedureg.g.,usinghyperpriorson a andb
whenabetaprior is usedon p, andon ;; ando whenthelogit modelis usedfor p, andsuggested
anestimationapproactthatutilized Gibbssampling.

Basu(1998)considerdog additive mixed effectsmodelsfor the p;; with randomeffectsfor
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thethe objectswhosepopulationsizeis of interest,anda fixedeffectfor eachlist, i.e.,log(p;;) =
0;,+3;,0rp;; = e;r; (c.f., Pollock,1991).Basugivesboththecatchabilityandcatchefforts discrete
prior distributions,i.e.,e; ~ F, whereF, = YV, a, I3 (e), With 0 < o, < 1, ¥V o = 1,
0 < g < ... <ey < 1,wherel is the indicator function, and a similar prior for ;. With
this setupBasufinds completeconditionaldistributionsfor eachparameteand hyperparameter
and implementsa Gibbs samplingschemeusing two-point prior distributionson the e; andr;
parameters.

Madiganand York (1995,1997) pursuedthe route of hierarchicalBayesianmodelsfor log-
linear dependenciefor the multiple-recapturgroblemwith covariatesusingthe subclasof de-
composablgraphicaimodelsInsteadof estimatingV basednasinglemodel,they useBayesian
modelaveraging While we do not pursueghemodel-aeragingapproachn this paperit represents
asensiblavay to extendour approachn orderto accountfor modeluncertainty

2 ThreeExamples

In this paperwe exploredifferentapproacheto themultiple-recaptur@roblemusingthreeexam-
ples.Thefirst is basedsimulateddatalinked to the BayesiarhierarchicaRaschmodeldescribed
in Section4 below. The othertwo examplesrelateto actualproblemsof populationsize estima-
tion, onefrom theareaof public healthandtheotherinformationsciencesPreliminaryanalyse®f
the datain theseexamplesusingwhataredemonstrablynappropriatenodels,leadto erroneous
inferencesThisis relatedto someof the obsenationsin Hay (1997),for example.

2.1 Simulated Data

UsingthebasicRaschmodelof (1), werandomlydrew independentesultsfor thepresencef N =
2000 individualsfrom eachof J = 6 lists. We simulatedthe valuesof the individual parameters
6;, for N = 2000 subjectsfrom a N (0, 4) distribution, andtheir presencer absencdrom each
of six lists accordingo list parameterg = (—1, —.5, —.25, .25,.5, 1). Theresultwasa 2000 x 6
arrayof onesandzeros.We summarizedhis informationaccordingto the presence®r absencef
individualsin the 6 lists, yielding the 26 cross-classificationf Table 1. Whenwe analyzethese
datawe will treatthe numberof individualsfalling into nolists asif it wereunobseredandto be
estimated.

In Table 2, we presentthe classicalcapture-recapturestimatedor N for eachpair of lists,
usingthe Petersemstimator:

N = {L*”“J , 2
n1

wheren;, isthenumberof objectsn list 1, n.,; isthenumberof objectsn list 2, nq; isthenumber
of objectsin bothlists and |z | is the greatesintegercontainedn z. Noticethatall 15 estimates
of N, whichassumehelists arepairwiseindependenandtheobjectshomogeneousdie below the
true valueof 2000,but moreimportantlybelow the obsened numberof objectsin all 6 lists, i.e.,
n = 2000 — 331 = 1669. This givesfairly strongevidenceaboutthe positve dependencamong
thelistsinducedby the heterogeneityOneof thebenchmarksf theanalyseso comeonthesedata
will betheextentto whichthey adequatelylealwith thisdependenca a parsimoniougashion.



Tablel: 26 Tableof 2000IndividualsSimulatedcroma RaschModel.
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Table2: Traditionalcapture-recapturestimategor N usingpairsof listsfrom Tablel.

Lists N

x1 x2| 1253
x1 x3]| 1254
x1 x4 | 1335
X1 x5 1394
X1l x6| 1472
X2 x3| 1347
X2 x4 | 1416
x2 x5 | 1457
X2 X6 | 1512
X3 x4 | 1431
x3 x5 1515
x3 x6 | 1564
x4 x5 1534
x4 x6 | 1572
x5 x6| 1623

2.2 Multiple SourcesFor DiabetesAscertainment

Bruno,etal. (1994)usedmultiple sourcedo identify known case®f diabeteamongtheresidents
of the areaof CasaleMonferratoin northernitaly on Octoberl, 1988.They hadfour sourcedor
their data:

Clinics: List of all patientswith apreviousdiagnosiof insulin-dependerdiabetesnellitus(IDDM)
or non-insulindependentellitus (NIDDM), via diabeteslinic and/orfamily physicians;

Hospitals: List of all patientsdischagedwith a primary or secondaryiagnosisof diabetesn all
public andprivatehospitalsn theregion;

Prescriptions: Computerizediatabasést of insulinandoralhypoglycemigrescriptiongor 1988;

Reimlursements:List of all residentsof region who requesteda reimlursementor insulin and
reagenstrips.

WereproducehedatahereasTable 3. Bruno,etal. (1994)describecnin depthanalysisusing
log-linearmodelsjncludingtheusingof stratificationto reduceheterogeneityl heirbestestimates
for N remainedn the neighborhooaf 2700,substantiallyin excessof thetotal obsernednumber
of casedn Table 3, i.e.,n = 2069. Whenwe look at sourcesn pairsand computethe standard
capture-recapturestimategor N aswe did in the previousexample we gettheresultsin Table4.
Thistimethreeof thesix pairwiseestimatesall belowv 2,069andtheotherthreealsolie well belov
thevaluereportedby Bruno,etal. (1994),whichis quite anunsatiséctorysituation,indicative of
thefailureof theassumptionsf independenistsandhomogeneousbjectsUnlike oursimulation



Table3: Datafrom prevalentcasef known diabetesnelitusfor residentof CasaleMonferrato,
Italy, on Octoberl, 1988,accordingo four sourcef ascertainment.

Clinics
yes no
Hospitals Hospitals
Prescriptions Reimhursements yes no yes no

yes yes 58 46 14 8
yes no 157 650 20 182
no yes 18 12 7 10
no no 104 709 74 ?

Table4: Traditionalcapture-recapturestimategor N usingpairsof sourcegrom Table3.

Lists N

Clinics, Hospitals 2,351
Clinics, Prescriptions 2,185
Clinics, Reimlursements 2,262
Hospitals Prescriptions 2,052
Hospitals,Reimlursements 803
PrescriptionsReimlursements 1,555

example,however, we have wide variationin the estimatef N andwe may needto copewith
both heterogeneityanddependenceSubsequentinalyseof thesedataappearedn International
Working Groupfor DiseaseMonitoring andForecasting1995a) . andBiggieri, etal. (1999),some
of whichwe describebelawv, exploretheissueof heterogeneityn differentways.

2.3 The Number of Pageson the World Wide Web

Lawrenceand Giles (1998) studiedthe coverageandreceng of six major andwidely-available
World Wide Web searchenginesby submitting575 querieson variousscientifictopics. We list
the six enginesn Table5, alongwith estimateccoveragewithin their universeof approximately
190 x 10% pagesobtainedby aggreatingacrossall six searchenginesandall 575queries.

In Table6 we give the estimatechumberof pagesin the populationof web pagesndexable
by at leastone of the 575 queries.For comparisonve alsolist the actualnumberof web pages
found, aggre@ating acrossall queriesand searchengines. As we would expect, someestimates
(e.g.,for Lycosandinfoseek)arebelow thisnumberandsome(e.g.,for AltaVistaandHotBot) are
considerablyaborveit.

Working with Lawrenceand Giles directly, we have obtaineda nearly-equralentdatasetof
web pagesmatchingthe same575 queriesthey used,with the samesix searchenginesOur data
setandthe onereportedon in Lawrenceand Giles (1998) are basedon the sameraw data,but



Table5: Six majorsearctenginesandtheir estimatedoveragesvithin thesampleof ca.190 x 10°
pagedoundby 575websearchgueries Souce: LawrenceandGiles(1998).

Search Coverage 95%ClI

Engine (%) (%)
HotBot (HB) 575  +1.3
AltaVista(AV) 46.5 +1.3
NorthernLight(NL) 32.9 +1.1
Excite (Ex) 23.1 +0.86
InfoSeek(ls) 16.5 +1.0
Lycos(Ly) 4.41 +0.42

Table 6: Estimatesof indexable web, from pairs of searchengines from the pair with the two
smallestcoverageselative to the total obsened pagesn to pair with the two largestcoverages.
Souce: LawrenceandGiles(1998).

N indexable
Engines pageqx10°) 95%ClI
LycosandInfoSeek 90 + 6
InfoseekandExcite 220 + 16
ExciteandNorthernLight 230 + 15
NorthernLightandAltaVista 230 + 13
AltaVistaandHotBot 320 + 34
Actual numberof uniquehits n = 190 —

10



Table7: Multiple list datafor Query535,obtainedrom LawrenceandGiles(priv. comm.).

NorthernLight

1
35

13

79

21

11

33

14

Infoseek Excite HotBot Lycos| 0

Alta Vista

11



Table8: Traditionalcapture-recapturestimategor total N webpagesnatchingQuery535,using
pairsof searclengines.

WWW SearctEngines | N
AltaVista Infoseek 256
AltaVista HotBot 359
AltaVista NorthernLight 294
AltaVista Excite 353
AltaVista Lycos 202
Infoseek HotBot 254
Infoseek NorthernLight 274
Infoseek Excite 192
Infoseek Lycos 183
HotBot NorthernLight 362
HotBot Excite 489
HotBot Lycos 293
NorthernLight Excite 309
NorthernLight Lycos 172
Excite Lycos 252
Totalobsenedin 2% — 1 table: | n = 305

evolution andfine-tuningof the aggregyationalgorithmsusedto obtainthe 575 x (2° — 1) cross-
classifyingtableleadto minor differencesn thetwo datasets.

Thesesix searchenginesave built-in positiveandnegativeassociationw/ith oneanothebased
onhow they parsethequeriespnhow webpagessometo bein eachsearchengines databaseand
onthefactthatsomeenginesmay useotherenginespr work from a commonsetof index pages,
(e.g.,HotBot usesotherenginessuchasAltaVistato develop part of the setof pageshat match
a particularquery).Someof this informationis proprietarywith the searchengineprovider, and
henceonly theobseneddependencaotthedependencpredictabldrom explicitly-known search
enginestratgies,canbemodeled.

It is alsoimportantto realizethat, in principle, eachof the 575 queriesdefinesa different
populationof pagessomeof which are obseredin the corresponding@® — 1 layer of the full
575 x 2% — 1 table.Thus, we tentatiely think of queryasa stratifying variableto go with our
models.Keepingthis stratificationin mind, we restrictour attentionfor now to onelayer of the
575 x (2% — 1) table,correspondindo a singlequery #535,listedin Table7. Furtheranalysisof
thesedata,whichis ongoing,couldandshouldtry to incorporatequeryasa multi-level stratifying
variablein themodels.

As with the othertwo exampleswe begin our analysesdy consideringhelists in a pairwise
fashionandcomputinghetraditionalcapture-recapturestimatesor thepopulationsize whichwe
give herein Table8. Thetotal numberof obsered pagesacrossall 6 searchengineds n = 305,
andonly 5 of the 15 estimatesn Table 8 exceedthis value. Thusthereis evidencefrom these
maiginal calculationsuggestinghat10 of the 15 pairsof searchenginesarepositively dependent;
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theremay be somecounterbalancingegative dependencamongthe remainingfive pairs.In ary
casejt seemaunlikely thata modelassertingoint independenceor all six listswill producevery
satishctorypopulationsizeestimates.

3 The RaschModel and Quasi-SymmetricLog-Linear Models

We canthink of the Raschmodel,which we introducedin Sectionl, asa mixed-efectsgener
alizedlinear modelthat allows for objectheterogeneityandlist heterogeneityfor objecti, we
modelthe probabilityof inclusiononlist j, asin equation(1), where#; is therandomcatchability
effectfor object:, whichis distributedasarandomvariablefrom Fy, andthe g; arefixedparam-
etersrepresentinghe penetratiorof list 5 into thetargetpopulation.The heterogeneityf capture
probabilitiesacrosobjectsis thereforenfluencedoby thedistributionof 4, Fg.

Let X1, ..., X; bethevariablescross-classifieih 27 — 1 tableslike Tablesl and7. Mixed-
effectsmodelsfor suchtableswith a randomindividual effect # area way of thinking aboutdis-
aggr@atingthetableaccordingo valuesof #, andthenre-aggregating.In thedisaggrgatedtable,
let

P;(6) = PLX; = 1/6];

usuallywe assumehat the lists areindependengiven 6, so that the probability of observinga
countin cell £, - - - k5, givenfixedd, is

7Tk1___kJ|9:P[X1 :kl,...,XJ:kJ\Q] HP [1— (0)]1*]%_ (3)

Re-aggrgatinginto the 2/ — 1 tableis just integrating over 6, thusthe maiginal probability of
observingacountin cell k; - - - k; is simply

J
Ty = P = ki, Xy = kg = [ T] B(0)5]1 = B(0)' 5 dFo(t (4)

TheRaschmodelspecifiesadditive logits, log P;(#)/[1 — P;(#)] = 6 + §;, sothat

J 1

J
7Tk1...kJ = /exp {Z k’J(t—Fﬁ])} 1:[ 1_{_wdﬁb(t) (5)

Integratingwith respecto thedistributionfor # in equationg4) and(5) turnstheRaschmodelinto
amulti-level log-linearmodelof theform:

log(7ky.k,) =+ ki1 + -+ + kB +v(ks) (6)

where
k+_2k and 7(s) =log E [¢*[k = 0] 7)

(Cressieand Holland,1983,F|enbeg andMeyer, 1983;Holland 1990;Darroch,etal. 1993).The
term~y (k) modelsaspecifickind of dependencin the2’ — 1 tablecross-classifyinghelists: this
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dependencis notdueto associationbetweerthelists, butrathert arisedirectlyfrom aggreating
acrossthe strataindexed by 6 in the model. The valueof v (k..) is not affectedby permutations
of ky, ..., k; andhencewe have a quasi-symmetrynodel(e.g.,seeBishop, et al. 1975),which
we canfit to the 2’ — 1 tableof obsened countsusingstandardog-linearmodelor generalized
linearmodel(GLM) fitting software(cf. AppendixB). Unfortunatelythis transformedrersionof
the Raschmodelignoresthe momentinequalitiesimplicit in equation(7) (e.g.,seeCressieand
Holland,1983),a pointto which we returnbelow.

For J = 3 lists, the quasi-symmetrynodelis equialent(ignoringmomentrestrictions)o the
constraints:

70117100 = 71017010 = 711077001 - (8)

Theseconstraintdo not relatethe probability of the unobsered cell, 7y, to the otherprobabil-
ities, andhencean additionalassumptiorsuchasno J-way interactionis neededEstimationcan
thenbe carriedout usingtraditionalmethoddor log-linearmodelsand N canbeestimatedy

N =n4+ inodd ’ (9)

meven

wherern,qq IS aproductof estimatedxpectedcell valuesover all cellswhosesubscriptsumto an
oddvalueandrm.,., is a productof estimatedexpectedcell valuesover all cellswhosesubscripts
sumto anevenvalue(e.g.,seeFienbeg, 1972).

Incorporating2- and3-way interactiongnto alog-linearmodelmay not be necessarandso,
asanalternatve to thelog-linearmodelin (6), we canconsideronly lower ordersymmetriesand
simply setthe higherorderlog-linearinteractiontermsequalto zero.Again, we canusestandard
log-linearmodelor GLM softwareto fit suchmodelsandthenprojectthe modelto the missing
cellusing(9). In AppendixB we indicatehow to producesuchestimatesisingS-Plus.

4 Hierar chical BayesFormulation of the RaschModel

If onetakes subjectheterogeneityas modeledby (4) at all seriously thenthe log-linear quasi-
symmetryapproachhastwo deficiencies:First, the momentconstraintsmplicit in (7) are not
easilyincorporatednto GLM fits, andhenceareusuallyignored.Secondthe needfor anduseof
the“no k-way interactions’assumptiorffor 2 < £ < .J) doesnottranslatanto a naturalcondition
ontheconditionalcaptureprobabilitiesP; (#) or the catchabilitydistribution Fg (¢).

An alternatve approachis to estimatethe parameterg; andary parametersf Fg(t) directly
from the maginal likelihood(5), by maximumlik elihoodsay andusethe constraintamplicit in
this formulationto projectan estimateontothe missingcell. Coull and Agresti(1999)do exactly
this, for example replacingFg (¢) with adiscretedistribution motivatedfrom Gaussiamuadrature.

We preferto work with a fully Bayesianhierarchicalspecificationof the Raschmodel. This
allows usto lay outall of the piecesof themodel,andmodify exactly thosepartsthatneedadjust-
mentto reflectthe dependengin the data.We canuseMCMC computingmethodologyto give
essentiallyexactinferencedor remarkablycomplex modelsin which the log-linearandmaginal
maximumlik elihoodapproachebreakdown.
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We mayformulatethe basicRaschmodelasa hierarchicaBayesmodelasfollows:

Xi; " Bern(p|0;); log P;(6;)/[1 — P;(6,)] = 0; + 5;,
i=1,...,N,j=1,...,J
0; < Fo,),i=1,...,N

B %GBy i=1,...,]

Note that we only needto add prior distributions Gs(-) for the ;'s to the developmentof the
maiginal/mixedeffectsmodelof equation(5).

Given N andthe complete2’ table, MCMC estimationof the posteriordistributionsfor the
parametersn the Raschmodelis a straightforvard exercise(Patz and Junler, 1997). Here we
proposeanextensionto the MCMC procedurdor the Raschmodelfor multiple-recaptur@opula-
tion estimationthatis similar to the extensionsof the binomial-logitmodelby Geoge andRobert
(1992),andthelog-additve modelby Basu(1998).

WhenN is unknavn andthe objectsin the0 . . . 0 cell of thetablearemissing,wetreatN asa
parametein thelikelihoodfor the2’ — 1 crossclassifyingthen obseredobjects

N\ N I [ bith \%i 1 1-zij
L(N,0,6;X) = (H)HH(W> = -

i=1j5=1

(10)

whereX isanN x K matrix,with the(i, j) elementr;; = 1 if objecti is onlist j and0 otherwise.
We shalldenotethen rows of obsereddatain X asX;. Notethattheremainingrowsn + 1 to N
of X areall 0’'s, vectorsof zeroes.

Let p(N), p(B), andp(f|¢, N) be the priors of the unknovn parametersv, 3, and#f, and
let p(¢) be the hyperpriorof the hyperparametep. By finding the so-called“complete con-
ditional” posteriordistributions of the parametersywe can setup an MCMC algorithmto find
posteriordistributions of theseparametersAs Basu(1998) notes,a problemoccurswhen N is
conditionedon @ sincelength(@) = N would tell us N, and we would not have to estimate
it. For this reasonwe follow Basu(1998)in computinga joint conditional posteriordistribu-
tion p(N, 6|X4, 3, ¢) for (N, 0) together andthen breakingthis apartasp(N, 8|Xy, 8, ¢) =
p(N|Xy, B, ¢)-p(0|N, X4, 3, ¢) for thepurposesf simulationwefirstdrav N from p(N|X4, 83, ¢),
andthenwe draw @ from p(8|N, X, 3, ¢) = [1Y, p(6;| X, B, ¢). The (incomplete)conditional
posteriorfor N is

s Xe.0) o (N)o0) 1 [ Plols.oduslesan

1=n—+1

x @[ ) p(N)P[0|B, ¢ (12)

Theprobability P[0|3, ¢] canbefoundanalyticallyfor somepriorsp(|¢), butin mostcasesnust
be approximatear computeddy numericalintegration.

In principle arny properprior on N canbe usedbut we have foundthatrestricting N to have
finite supportontheintegers,say[n, Ny,q.] for somevalue V,,,., is helpfulin the MCMC simula-
tion. For theexampleswe presenbelov we have typically taken NV, to be 10,000.
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An alternatve to theBasu(1998)approachs to treatp(X, | N, 3, ¢) asadifferentmodelfor the
obsereddataX;, for eachdifferent N. This leadsto the formulationof the problemof selecting
N asa modelselectionproblemfor X;; andthe relevant MCMC techniqueis Greens (1995)
“reversiblejump” approactor randomlyselectingmodelsfrom a well-definedmodelspaceWe
have alsoimplementedhis approachthe resultsare quite similar to the Basuapproachoutlined
abore—andmay be usefulfor morecomplex models—Ioit in the modelswe have comparedhe
approachewith, the BasutechniqueproducegasterandmorestableMCMC runs.Furtherdetails
canbefoundin AppendixC; Fortranprogramsmplementingooththe BasuandGreenapproaches
areavailablefrom us(contactmasjohns@stat.cmu.edu ).

5 Initial Analysesof the ThreeExamples

5.1 The Simulated Data

We appliedthebasiclog-linearmodelsandBayesiarRaschmodelto thesimulateddatafor six lists
thatwe presenteatarlierin Table 1. Table9 containsour variousestimategor N, the sizeof the
simulatedpopulation.The 95% interval for the classicaimodelsis a 95% profile-likelihoodbased
internval (seeCormack,1992),whereaghe 95% interval for the BayesRaschmodelis an equal-
tailed posteriorprobability interval. We recallthatthe true totalis N = 2000. Theindependence
modelfits thedatapoorly (asindicatedby thevalueof thedeviance),andit underestimatethetrue
valuesubstantiallyaswell. All of thequasi-symmetrjog-linearmodelsfit thedatareasonablyvell
but they too underestimaténetruevalue.Theguasi-symmetrynodel95% confidencenternvalsil-
lustratesomeavhaterraticbehaior. The quasi-symmetrynodelwith no second-ordeinteractionis
well-behaedandhasarelatively tight confidencenterval whichincludesthetruevalue.Allowing
for athird-orderinteractionleadsto a muchlower estimateandaninterval which doesnotinclude
thetruevalue.Finally the estimatewith no fifth-orderinteractionis reasonabléut the confidence
interval “explodes”suggestingomespecificatiorproblemor aridgein thelik elihoodfunction.

The BayesianRaschmodel, which we displayin Figure 1, yields a well-behaed posterior
distribution,centeredloseto thetruevalueandareasonablyight 95%posteriorintenal. Table10
containsthe estimatef list parametersor catchefforts, { 5;}, andthe standarddeviation of the
randomcatchabilityeffects{#;}.

5.2 The DiabetesData

The InternationaMorking Group(1995a)givesa detailedtreatmenbf the estimationof the log-
linear and quasi-symmetryog-linearmodelsfor the diabetedata.Thusin Table11, we simply
provide someillustrative modelsin theclassoutlinedin Section3. As in Table9, the 95%interval
for theclassicamodelss a95%profile-likelihoodbasednterval, whereaghe 95%interval for the
BayesianrRaschmodelis an equal-tailedposteriorprobability interval. The independencenodel
fits the datapoorly, andthe confidencéboundsaretight andrelatively closeto the obsenedvalue
of n = 2069. Thesecondnodelin thetable,involving all first-orderinteractionsxcepttheinter-
actionbetweerreimbursementandclinics, wasonewe chosebasedn astepwisgroceduraising
the Bayesiannformationcriterionor BIC (e.g.,seeKassandWassermanl995)andprovidesan
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Table9: Estimate®f thepopulationsizefor 20000bjectsandsix lists; datasimulatedrom aRasch
model.

| Model | df | Deviance| PointEstimate| 95%Interval |
Independence: 56| 1335.44 1701 [1698,1707]
QSwith no 3-way or higher 55 50.16 1974 [1914,2047]
QSwith no4-way or higher 54 42.05 1859 [1799,1950]
QSwith no 5-way or higher 53 41.46 1932 [1779,2362]
QSwith no 6-way 41.45 52 1904 | [1701,9500]
BayesiarRaschmodel Median 2019 [1939,2128]
Obsenred:n = 1696

Table10: MCMC estimatedposteriormeanand and quantilesfor the list parameters{;}, and
prior standarddeviation o on the randomcatchabilityeffects,{6; }, basedon 2000 objectssimu-
latedfrom the Raschmodel.Actual parametersisedin the simulationof the dataaregivenin the
rightmostcolumn.

| Name | mean| 2.5%ile | median| 97.5%ile| actual|

List 1 -1.03| -1.27 -1.02 -0.81 -1.00
List 2 -0.40| -0.64 -0.40 -0.19 -0.50
List 3 -0.29| -0.53 -0.29 -0.08 -0.25
List 4 0.24 0.00 0.24 0.45 0.25
List5 0.58 0.33 0.58 0.79 0.50
List 6 0.95 0.70 0.94 1.17 1.0

o 2.10 1.90 2.10 2.32 2.00
N (m =1696) | 2022 | 1939 2019 2128 2000
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Figurel: PosterioDistribution for Unknovn SampleSizefor SimulatedData(Actual=2000).

extremelygoodfit to thedata.Theresultsfor this modelaresimilar to thosefor the “best” model
reportedoy theInternationaMorking Group(1995a),andBruno,etal. (1994).

Both of the quasi-symmetrynodelsimprove substantiallyuponthe fit of the independence
model,andthe quasi-symmetrynodelwith no secondorderinteractiongproducesan estimateof
N which is reasonablycloseto the value of the bestmodelabore, and hastighterintervals. But
thefit of the quasi-symmetrynodelwith the second-ordeinteractionsncludedseemso be “off,”
muchlik e thatof theindependenceodel.

The BayesianrRaschmodelproducegesultsthat areremarkablycloseto thosefrom the best
fitting log-linearmodelbut with amuchmoreparsimoniousnodel. The posterior95% probability
intenal is in fact muchtighter that the correspondinglassicalconfidenceinterval for the best
fitting log-linearmodel.

5.3 The World Wide Web Data

The classicaimultiple-recapturéendependencenodelfits the datain our WWW examplefor
Query#535quite poorly, andit projectsonly an additional75 unseenwveb pagesWe chosethe
secondog-linearmodelin Table 12 usinga stepwiseprocedureandthe BIC criterion asin the
Diabetesaxampleabove. It includes8 first-orderinteractionterms(usingthe notationof Table5):

(AV:18)+(AV:HB)+(AV:Ly)+(AV:NL)+(Is:Ex)+(Is:HB)+(Ex:NL)+(Ly:NL).

Not surprisingly it fits the dataconsiderablybetteras measuredy the deviance,althoughthe
goodness-of-fiimprovementis not as striking as was the casefor the beststandardog-linear
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Table 11: Estimatesfor the numberof diabetesmelitus casesin CasaleMonferarato,ltaly, on
Octoberl, 1988usingvariousmethods.

| Model | df | Deviance| PointEstimate| 95%Intenal |
Independence 10 217.48 2251 [2217,2289]
All 1st-orderinteractionsexcept
Reimhlursements< Clinics | 5 7.62 2771 [2536,3119]
QSno 3-way or higher 9 105.63 2669 | [2527,2848]
QSno4-way 8 93.95 2239 [2145,2437]
Saturated 0 0 5367
Median 2697
BayesiarRaschmodel Mode 2664 | [2560,2917]
Mean 2705
Obsened:n = 2069

Relative Frequency
0.002 0.003 0.004
]

0.001

T T T T 1
2400 2600 2800 3000 3200
Population size of diabetics

0.0

Figure2: Posteriordistribution of the numberof individualswith diabetesn CasaleMonferrato,
Italy.
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Table 12: Estimatesof the numberof world wide web pageson the topic “Query #535” using
variousestimatiormethods.

| Model | df | Deviance| PointEstimate| 95%Intenal |
Independence 56 148.73 373 [352,400]
BIC-basedog-linearmodel | 46 65.62 602 | [484,797]
QSno 3-way or higher 55 88.61 614 | [501,783]
QSno4-way or higher 54 83.33 1266 | [634,3337]
QSno5-way or higher 53 82.43 508 | [309,5778]
QSno 6-way 52 81.71 861882/ [306,<]
Median 773
BayesiarRaschmodel Mode 671 [528,2005]
Mean 876
Obsened:n = 305

Relative Frequency
0.0015 0.0020
L ]

0.0010
L

0.0005
L

0.0
L
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1000 2000 3000 4000 5000
Number of world wide web pages of type query 535

Figure3: Histogramof the posteriordistribution of the numberof web pagesof correspondingo
query# 535.
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modelin the diabetessxample.Whatis especiallyinterestinghereis that, while we obsenre only
305webpagesn totalfor the6 searctenginessombinedpur bestestimategor thetotal population
sizeis 602, with afair bit of variability aboutthis value.

The quasi-symmetrynodelrestrictedto first-orderinteractionsalsoprovidesa reasonabldit
to the data,with estimatef N closeto thosefrom the “best” standardog-linearmodelcomes
closeto the best,andthe quasi-symmetrynodelswith higherorderinteractionsappeato blow up
againWe interpretthisasevidencethatthelik elihoodfunctionis notwell behaed,andit mayalso
provide diagnostidnformationto suggesthatthe positve dependencpresumedby theunderlying
Raschmodelis notwell satisfiedby the data.

Our useof MCMC for the posteriordistribution for the BayesianRaschmodelrequiredex-
tensve sampling.We used200,000simulationsafter a burn-in of 50,000.From this estimated
posteriordistribution we seethat the modefor the BayesianRaschmodelis closeto that of the
bestclassicalog-linearmodelestimatdout the spreadf thedistribution againsuggestsheinade-
guaciesf thisbasicRaschmodel.

5.4 Discussionof Initial Analyses

Therearesomecommonfeaturesn our initial analyse®f the examplesn this section.

First,we have seerthatrelyingupontheassumptiormof independencef listsis misleadingand
sometime®adlyso.In noneof thecaseslid the modelfit thedatawell. In thesimulatedexample,
we knew this to betrue by design,andthe goodness-of-fitestsverify thatfact. But in the other
two exampleswe have poorfits aswell andotherevidencepointingto a seriousunderestimatef
thepopulationsize,andsomeearlierindicationthatthis wasa resultof positive associatiommong
at leasta subsebf thelists. Fitting log-linearmodelsto accountfor dependenciegneat atime,
providesonepossiblefix to this mis-estimation.

Secondthe log-linearquasi-symmetryersionof the Raschmodel,which tries to provide a
broadfix for positive dependencamondists dueto heterogeneityn objectcatchability combined
with theassumptiorof no highestorderinteraction canoften“blow up”—asit did in thesimulation
andWWW examples—eenthoughthe modelprovidesa clearimprovementover independence.
Settingadditionalhigherordertermsequalto zeroseemdo counteractthis anomaloudehaior,
andit yields remarkablygood estimatesand with fewer parametershanthe standardog-linear
modelapproach.

Finally, theapproactbasecdierarchicaBayesiarformulationof theRaschmodeldoesatleast
aswell asthelog-linearandquasi-symmetrjog-linearapproachesandthis appears$o bethrough
its replacementf thelog-linear‘no highest-ordeinteraction”assumptionvith thehiddenmoment
constraintandicatedin equation(7) above. The skewed posteriordistributionsfor the Bayesian
Raschmodel,andthe not-so-greafit of the quasi-symmetrynodelssuggesthat perhapsve can
dobetterthrougharelaxationof thestrongassumptionsf theRaschmodel.We explorethisnotion
in the next section.
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6 List and Latent Variable Interactions

The log-linear representatiorof the Raschmodel, given in equation(6), suggestsa variety of
extensionf the modelwithin the spaceof log-linearmodelsfor the mamginal distribution of the
data,my, ...k, . Startingfrom thebasicmodel

log(wkl_,_;w) =a+kifi+---+kjPBx+ 7(k+)a

andtreatingthe k£, and k. termsasidentifying variousmagins of the table {ny,..., }, we can
immediatelyconsideraddinginteractionsamongthetermsin hierarchicafashione.g.

log(ﬂkl___,w) =oa+ k’lﬁl + -+ k‘JﬁK + ’}’(k.,.) + Z Zﬂjlekjlka + Z’Y’(k@, k+) (13)
J1#£]2 ¢

We believe that theseso-called“generalizedRaschmodels” were first consideredn detail by
Kelderman(1984;but seeCormack,1989,for an earlier partial development) whoseinterestin
themwasto develop hierarchicallynestedalternatvesto the null hypothesighatthe datafollows
thelog-linearRaschmodelof equation(6). They have alsoprovenusefulin extendingthelog-linear
Raschmodelto accommodatdependenci thetable{ny, .., } thatis Rasch-like but moregeneral
thanthe “exchangeabldiigher moments”structureof the Raschmodel (Darrochand McCloud,
1990;CarriquiryandFienbeg, 1998;andBiggerietal., 1999).

In this sectionwe sketchsomeconnectionbetweerthe generalizatiorof thelog-linearRasch
model of equation(13) andthe hierarchicalBayesianRaschmodel consideredn Section4. In
orderto do this, we find it corvenientto breakthe generalizedRaschmodelof equation(13) into
two parts:

log(wkl...;w) =+ k1ﬂ1 + -+ kJﬂK + ’)/(k_|_) -+ ZZ ,lejzkjlkj2, (14)
J17j2
and
IOg(ﬂ'kl...kJ) =a+ k151 +e kJﬁK + ’)’(k+) + Z’Y’(kg, k+), (15)
¢

correspondingo list-by-list interactionsj.e., asin equation(14), andlist-by-total-capturemter-
actions,i.e.,asin equation(15).

6.1 List-By-List Interactions

Thelikelihood(3) for the obsenedtableof counts givenf maybewrittenas

mee = MBOL-ROF* = 11 [ ;205 11 r0)

= exp{}_A;(0)k;} _1:[1[1 = F;(9)],
where);(0) = log[P;(8)/[1 — P;(6)]. Hence
log 7, ..k s10 = (0) + Z A (0)k;. (16)
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wherea() = [1]_,[1 — P;(6)], andfor the Raschmodelin particular \;(8) = 6 + 3;.

Following thediscussiorof Darroch.etal. (1993),interdependencieamongthelistsin theob-
senedtable{ny,..,, } maybecausedy eithercollapsingover § (aversionof Simpsons paradox,
seeHollandandRosenbauml986,or Kadanegtal. 1999)or becauséhelists areinterdependent
evenin whenthe datais disaggrgatedto the personor objectlevel. As anexampleof this latter
type of dependencesonsidertwo websearchengineghatdrav from the samepool of webpages
(perhapsbecauseof a commonindexing stratgy): a web pagemay be morelikely to shov up
in one,giventhanit is in the other quite apartfrom the visibility of the pageto searchengines
in general Or, in the diabetessxample,clinical recordsof prescriptionsand medicalreimburse-
mentsalmostalways occurtogetherin areaswheredrugsexpensesare part of healthcoverage,
inducinga positive dependencéhat doesnot dependon averagingover heterogeneousisibility
of patients.Similarly, lists that by their naturepenetratenearly disjoint subpopulationsnducea
tendenyg towardnegative dependenc the maiginal distribution ..k, .

To modellist-by-list dependenciethatarenot artifactsof aggreatingover ¢, we addto equa-
tion (16) thetwo-way interactionsn the conditional(fixed#) model:

log My kg0 = a(g) + Z )‘J( k + Z Z /\1132 327 (17)
J

J1#J2

wherea(0) is simply the usuallog-linearmodelnormalizingconstani{sumof modeltermsover
all valuesof &y, .. ., k). We assumasbeforethat \;(¢) = 0 + 3;, andnow we alsoassumehat
Aj1ja(0) = 0 + B, 4,- Thisleadsto theform

10g Ty, j0 = () + Z Bik; + 0k + >3 Bijkikj, + 0> > kjikj,. (18)
J1#£72 J1#£J2

Jannaron€l986)andJannaroneyu andLaughlin(1990)developedextensionof theRaschmodel
similarto thisin orderto modeldependencbetweerexaminationitemsin educationatesting.

Exponentiatingintegratingwith respecto the distribution of therandomcatchabilityeffects,
#, andtakingthelogarithmagain,we readily obtainthe model

log(ﬁkl...kj) =oa+ klﬂl + -+ kJﬂK + Z Z ﬂj1j2kj1kj2 + ’Y*(k_|_ + Z Z kjlkj2). (19)
#j2 N#j2

Now sincethek;’sarebinaryandk, > 0, it followsthat

k—i— + szhkn - [k-l-] ) ’y(k‘_,_),

J1#j2

subjectto momentconstraintgthat, as before,are usually suppresseth log-linearfitting). The
resultis thatwe obtainthelog-linearmodelof equation(14).

6.2 List-By-Total Interactions

Theideasleadingto the model(19) canalsobe usedto introducelist-by-total interactionsn the
maginal model.If we addtermsof theform

> Ais (O)kjky (20)
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to thelocal dependencenodel(17), where); () hasthe now familiar form A;(0) = 0 + 5+,
we introduceadditionaltermsof theform

Z Bivkjky +0 - [k ]
i

in equation(18); and,afterexponentiatingintegratingandsimplifying, we obtaina versionof the
full model(13):

log(ﬂkl...;w) = o+ k1ﬂ1 +---+ kJﬂK —+ z Zﬂjljzkjlkh + Zﬂj+kjk+ + ’Y(k’+),

J1#£52 J

subjectagainto momentconstraint®ny(z, ) which areusuallyignoredin thelog-linearfits. This
modelis notwell identified,but sensiblesubmodel®f it involving asmallnumberof list-by-list or
list-by-total interactionsmay be usefulin providing well-fitting, parsimonioudog-linearmodels
for multiple recapturgproblemslt is difficult, however, to interpretthe local—conditionalbn §—
interactiontermsin expression(20). An alternatve development,which we now present,does
not leadto asgenerala model,but doesallow usto give a sensibleinterpretatiornto list-by-total
interactionsijn termsof heterogeneitpf catchability(visibility) of theobjectsbeingcounted.
Let usbegin againwith the basiclikelihood(3) in Section3, andsupposeow thatf is multi-
dimensionalj.e.,
0= (01,02, e ,Hq).

Moreover, supposehatdifferentsetsof lists dependn differentd;’s throughthe Raschmodel.For
example,supposehatf = (6, 6,) andwe canpartitionthelists into I lists thatdependonly on
6, andJ — I liststhatdependonly on f,. Then,afterpermutinglist indices,thelikelihoodgivend
becomes

I J
Threslroe = ][ P (0051 = P(00)]'™ [ Pi(62)"[1 = P3(02)]'7%. (21)
j=1

j=I+1

This sort of structurewasemployed by Darroch,et al. (1993)to modelthe differentvisibility of
personsn administratvelists, versugheirvisibility in U.S.Censudists andin a post-enumeration
surnwey alsoconductedytheU.S.CensuBureauHeref; andd, arebothrandomeffectsfor catch-
ability; separatinghemout in this way allows for somelist-by-personor list-by-latent-\ariable
interactionsthatarenot otherwiseeasyto model.

If, aswould usuallyseemreasonablethe density f(6,, 62) doesnot factor thena derivation
similarto thatleadingfrom equation(18) to equation(19) above now leadsusto

log(my. k) =+ k1B + -+ kjBk + ’Y(ksrl),kf)), (22)

wherekﬁf) is the numberof capturesn thefirst I lists, andkf) is the numberof capturesn the
remainingdlists. Suchgenerapartialquasi-symmetryermsarenotusuallyconsideredn log-linear
modelingof multiple-recapturelata,andthey suggeshew waysto expandthe basicRaschquasi-
symmetrylog-linearmodel(6) to accountor “extra-Rasch’variability in the catchabilityrandom
effect.

For now, we shav how to exploit the modelof equation(22) to motivateaddinglist-by-total
interactiongo the basicRaschquasi-symmetrynodel.In particular we canusethe construction
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above to adda single interactionterm, say v(k1, k. — k1), to the basicRaschquasi-symmetry
model. This is equialentto addingthe term~(ky, k) to the model,sincethe pair (k1, k4 — k1)
andthepair (&1, k) havethesamenumberof levels(dueto theconstrain, = k;+---+k;); and
this providessomeextratheoreticalgrist for CarriquiryandFienbeg’s (1998)someavhatinformal
interpretatiorof thisterm.In theirwork they wereattemptingo interpreta componenbf a model
proposedy DarrochandMcCloud(1990)for anepidemiologicakxamplewhichwas,in essence,
allowing for somethindik e a list-by-latent-ariableinteraction.Of coursewe may alsoaddlist-
by-list interactiondo this model,by analogywith equation(17).

6.3 Hierarchical BayesianApproacheso List-by-List and List-by-Total In-
teractions

[We are currently writing software to estimate the models outlined above, using a hierar-
chical Bayes formulation similar to (10) but based on likelihoods such as equations (17)
and (20) or (21). This subsection will describe this effort.]

6.4 Somelllustrati ve Fits for the Examples

To illustratesomeof theflexibility thatthesemodelsprovide we presenthereclassicalog-linear
fits for modelsthat add list-by-list and list-by-total interactionsto the basic log-linear quasi-
symmetryRaschmodel.

[A more complete discussion of these results and a comparison with comparable hier-
archical Bayesian fits will also come in the next draft.]

6.4.1 Diabetes

We have reproducedsomeof our earlier analysisresultsfor the diabetesexamplein Table 13
alongwith a summaryof resultsfor modelsfrom this section.Earlier, we hadseenthatthe quasi-
symmetrymodelsby themselesdid not provide an adequatdit to the dataalthoughthe quasi-
symmetrywith no 2nd-orderinteractionshad a reasonablestimateof N. Theseresultsarere-
producedasthe first panelin Table13. In the secondpanelof Table 13, we shav what happens
whenwe combinethe QS2and QS3modelswith selectedist-by-list interactionsThe QS2plus
interactionamodelproducesa resultessentiallythe sameasthe “best” log-linearmodelselected
usingthe BIC criterionalone.THe QS3plusinteractionanodel,while fitting the dataextremely
well “blow” up andproducesvhatis a substantrely nonsensicatesult—thathereare morethan
doublethetotal numberof obsereddiabeticsn the population.This behaior wassimilar to that
we obseredearlierin the othertwo examples.

In thethird panelof Table13 we seethatthe populationtotal estimatesaremuchmorestable
andwell-behaedwhenaddingary singlelist-by-totalinteraction;the bestof thesewhich addsa
“Prescriptions”x total numberof capturesnteractionto a Raschquasi-symmetrynodelwith no
2nd-or higherorderinteractionQS2+ £, x Prescriptionsn thetable),produces pointestimate
in the2700rangeanda narraver confidencenterval, thanthe baselineBIC estimateOntheother
hand,thedeviancesareall still large,from 84.68to 103.76,asopposedo thedevianceof 7.62for
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Table 13: Estimatesof the numberof diabetesmelituscasesn CasaleMonferarato,ltaly from
Section5, andwith list-by-list andlist-by-totalinteractions.

| Model | df | Deviance| PointEstimate| 95%Interval |
BIC! 5 7.62 2771 [2536,3119]
QsZ2 9 105.64 2669 | [2527,2848]
QS3 8 93.95 2239 | [2145,2437]
QS2+BIC? 6 8.32 2752 | [2552,3031]
QS3+ BIC* 5 2.04 4152 | [2950,7032]
QS24_ x Prescriptions 8 103.76 2699 [2599,2877]
QS22+, xClinic 8 102.70 2548 | [2413,2737]
QS22+, xReimlursements 8 84.68 2476 | [2373,2610]
QS22+, xHospitals 8 90.09 2861 | [2673,3056]
QS22+, xHospitalstk, xReimlurse| 7 80.72 2591 [2432,2817]
QS3+ . xPrescriptions 7 88.09 2211 [2137,2361]
QS3+#, xClinic 7 92.01 2216 [2196,2373]
QS34k, x Reimhursements 7 83.24 2327 | [2192,2604]
QS3+, xHospitals 7 80.61 23191 [2190,2582]
BayesiarRasch — — 2664| [2560,2917]

IStepwise BIC selects:independencet+ reimhkurse:hospitals+ presc:reimhbrse + presc:clinic +
presc:hospitals clinic:hospitals.

2QS2indicateshe Raschguasi-symmetrynodelwith no 3- or higherway interactionsSimilarly QS3
indicatesRaschquasi-symmetryvith no 4- or higherway interactions.

3StepwiseBIC startswith QS2andaddspresc:reimbrse+ presc:clinic+ reimkurse:hospitals.
4StepwiseBIC startswith QS3andaddspresc:reimbrse+ presc:clinic+ reimburse:hospitals.

5k, x Prescriptionsndicatesonelist-by-total interactioninvolving the prescriptiondist. Similarly for
theotherk, xList interactionmodelsshavn.

Sposteriomode.
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theBIC model,whichwedon't fully understanatall. Clearlythereis still somethinginacceptable
aboutthefit.

As a first steptoward improving the model,we alsotried a modelthat addsto QS2both of
thelistxtotal interactiongrom the two best-fittingof thesemodels:*Hospitals” x totaland“Re-
imbursements”x total. This hasproduceda mamginally betterfit than adding either listxtotal
interactionalone,and as might be expectedthe point estimatels intermediatebetweenthe esti-
matesusingeitherinteractionalone.However the deviancestatisticsareno wherenearthe “best”
log-linearmodelproducecearlierwith the stepwiseBIC procedure.

The QS3plus list-by-total interactionmodelsdo improve thefit, in a statisticallysignificant
fashion but boththe pointandtheinterval the estimateseem‘wrong”, in thatthey doincludethe
BIC estimateof 2771.

Bayesian model discussion to come.

6.4.2 World Wide Web

In Table14, we reporton relevantmodelsfrom the earlieranalysesf the WWW dataaswell as
modelswith list-by-list andlist-by-total interactionsWhatis clearfrom a perusalof the tableis
thatthelog-linearmodelsarevery unstablevhenary interactionshigherthanfirst order(two-way
interactionsareincludedin themodel.

On the otherhand,all the two-way interactionmodelsperform similarly, suggestinga pop-
ulation total estimateof approximately600 with a CI thatrunsfrom approximately500to 800.
By analogywith the Diabetesanalysesbore, we alsoconstructech modelthataddsthe two best
listxtotal interactiondo the QS2model;but this producesnly aminorimprovementn fit andno
gualitatve improvementn pointor interval estimate®f the populationtotal.

Thedegradationin performancef the higherinteractionlog-linearmodelshere,andthe sim-
ilarity in point estimateandinterval betweenthe BayesianRaschmodelandespeciallythe QS4
models(seetable),suggestanotherreasorthatthe Bayesianmodelperformedpoorly. With 305
obsenationsspreadacrossb lists thereis an averageof lessthan5 obsenationsper cell, andin
facttherearemary emptycellsin the table. This producesseverenon-smoothnesis the 26 — 1
table; higherordermodelstendto track this non-smoothnesandconsquentlyare misledin their
estimationof dependencin thetable.ThehierarchicaBayesiamrmodelallows somerestrictedfit-
ting of interactionsof all orders(recall equation7 for example)andit may be thatunlessfurther
naturalrestrictionsare placedon theseinteractionghe Bayesianmodelis similarly confusedby
therelatively sparsdablefor Query#535.

Bayesian model discussion to come.
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Table 14: Estimatesf the numberof web pagesof type “Query #535” from Section5 andusing
guasi-symmetrynodelswith list-by-list andlist-by-totalinteractions.

| Model | df | Deviance| PointEstimate| 95%Intenal |

BIC! 46 65.62 602 | [484,797]
QsZ 55 88.61 614 | [501,783]
QS3 54 83.33 1266 | [634,3337]
QsS4 53 82.43 508 | [309,5778]
QS5 52| 8171 861,882| [306, ]
QS2+ Dep 41| 59.14 598 | [475,804]
QS3+ Dep 40 52.94 1328 | [635,3701]
QS4+ Dep 39| 51.91 499 | [307,8396]
QS2+ BIC? 44 60.69 588 | [470,782]
QS3+BIC? 44 55.99 1370 [650,3829]
QS4+ BICS 43 55.09 526 | [309,6570]
QS2 + k. x AltaVista’ 54 88.53 613 | [500,782]
QS2+ k4 xInfoseek 54 82.98 583 | [478,741]
QS2+ k. xExcite 54|  82.72 636 | [514,820]
QS2+ k xHotBot 54 88.19 595 | [482,773]
QS2+ k4 xLycos 54| 87.87 595 | [484,765]
QS2+ k4 xNorthernLight 54 88.42 617 | [502,790]
QS2+ k, xInfoseek+ k. x Excite | 53 79.20 604 | [499,758]
QS3+ k4 xAltaVista 53 83.13 1276 | [637,3371]
QS3+ k4 xInfoseek 53 77.88 1169 | [594,3074]
QS3+ k4 xExcite 53 78.21 1251 | [628,3289]
QS3+ k4 xHotBot 53 82.60 1225| [617,3224]
QS3+ k4 xLycos 53 81.05 1332 | [656,3540]
QS3+ k4 xNorthernLight 53 83.30 1261 | [631,3327]
QS4+ k, xAltaVista 52 82.21 508 | [309,5806]
QS4+ k, xInfoseek 52 77.19 524 | [309,6254]
QS4+ k. xExcite 52|  77.28 501 | [308,5588]
QS4+ k. xHotBot 52 81.71 502 | [308,5633]
QS4+ k. xLycos 52|  80.04 504 | [308,5692]
QS4+ k. xNorthernLight 52 82.39 507 | [309,5757]
BayesiarRasch — — 6718 [528,2005]

1SlepwisSBIC selects(AV:Is) + (AV:HB) + (AV:Ly) + (AV:NL) + (Is:Ex)+ (Is:HB) + (Ex:NL) + (Ly:NL).

2 QS2indicategheRaschguasi-symmetrynodelwith no3- or higherwayinteractionsSimilarly QS3indicatesRaschguasi-symmetryith no4- or higherwayinteractions,
etc.

3 Depindicatesthatall two-wayinteractionsverealsofitted, in additionto the quasi-symmetrynodel.

4SlepwisSBIC startswith QS2andaddsAltaVista:Infoseek AltaVista:Excite+ AltaVista:HotBot+ AltaVista:NorthernLight- Infoseek:lycos+ Infoseek:NorthernLight
+ Excite:HotBot+ Excite:lycos+Excite:NorthernLight- HotBot:Lycos+ HotBot:NorthernLight.

5SlepwiseBIC startswith QS3andaddsAltaVista:Infoseek- AltaVista:Excite+ AltaVista:HotBot+ AltaVista:NorthernLight- Infoseek:NorthernLight Excite:HotBot
+ Excite:Lycos+ Excite:NorthernLight+ HotBot:Lycos+ HotBot:NorthernLight.

6SlepwsieBIC startswith QS4andaddsAltaVista:Infoseek- AltaVista:Excite+ AltaVista:HotBot+ AltaVista:NorthernLight- Infoseek:NorthernLight Excite:HotBot
+ Excite:lycos+ Excite:NorthernLight- HotBot:Lycos+ HotBot:NorthernLight.

7k+ x AltaVistaindicatesonelist-by-totalinteractioninvolving the AltaVistalist. Similarly for theotherk 1 x List interactionmodelsshavn.

8posteriomode.
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7 Discussion

In this paperwe have reviewed and extendedthe by-naw long history of statisticalmodelingof
multiple-recapturer multiple-list censudatafor the purposeof estimatingpopulationtotals.In
ary situationin whichtheremaybeheterogeneityn thelists’ penetrationnto thetargetpopulation
of objectsto be counted,aswell as heterogeneityn the catchabilityof individual objects,the
modelingproblemis inherentlymulti-level: thereis a level of fixed effectsfor lists, anda level of
randomeffectsfor objects.

We have alsoamguedthatthe Raschmodel,borravedfrom the educationatestingliterature,is
a naturalplaceto startin seekingto modelthe multi-level structureof this problem.We mayalso
easilyincorporateadditionalmulti-level structureinto the Raschmodelbasedn obsenedobject-
or list-covariates.

Applicationof theRaschmodelto multiple-listcensugproblemgoeshackatleastto Sanathanan
(1972),but only recentlyhave we begunto understandiow the Raschmodelcanbe modifiedto
accomodatdist-by-list dependencand/orlist-by-totalinteractionsWe mayincorporatehesen-
teractiondirectly into thelikelihoodthatrelatescapturehistory to therandomcatchabilityeffect
whichwe view asalatentvariable or we mayinterpretthemasakind of stratificationof thelatent
variableinto multidimensionalcomponentdy particularcapturesor lists. Biggeri, et al. (1999)
have alsotried to interpretlist-by-total interactionsas manifestation®f a stratificationof the la-
tentvariableby oneor morecapturesandthis remainsaninterestingandactive areaof research.
We have shovn herehow to corverthesemodelsinto extensionf thelog-linearquasi-symmetry
modelthathasbeenasssociatewith the Raschmodelsinceat leastCressieandHolland (1983)
and Fienbeg and Meyer (1983). Frequentistanalysesf thesemodelsusing relatively standard
GLM programsprovide a usefulfirst approximatiorto a fully Bayesiarfit of the Raschmodelto
multiple-listdata.

When the basiclog-linear guasi-symmetrymodel holds, we have illustratedthat the fully-
Bayesiarierarchicaformulationof the Raschmodelprovidesat leastasgooda populationtotal
estimate anddoesso more parsimoniouslyexploiting a few hyperpriorparametersatherthana
full setof quasi-symmetryermsin thelog-linearmodel).An importantopenquestiorin comparing
thesewo approachess understandingheinterplaybetweerthe Bayesmodelsrelaxingof the“no
highest-ordeinteraction’assumptiomeededn the log-linearmodelto projectan estimateonto
themissingcell countin the2’ — 1 tablecross-classifyindist membershidor all objects,andthe
Bayesmodels impositionof momentconstraintson the quasi-symmetryermsin the log-linear
modelthatareusuallynotimposedn frequentistGLM fits of themodel.

Whenthe basiclog-linearquasi-symmetrynodeldoesnot hold, addinglist-by-list or list-by-
total interactionsasoutlinedin the previous paragraplcangreatlyimprove the log-linearmodel
fit andthe populationtotal estimatesasedon the log-linearmodels.Theseare naturallyseenas
log-linearmanifestationsf anunderlyinghierarchicaBayesmodel,andwe arecurrentlyworking
on developingestimategor similar models,basedon the fully-Bayesianhierarchicaformulation
of theRaschmodel.
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A Notation
Hereis a summaryof notationusedin the paper

e N objectsin populationjabelledi = 1,..., N.

J lists,labelledj = 1,..., J.

n objectshave beenfoundin the unionof thelists sofar.

M = N — n objectshave notbeenobsered.

For individuali andlist j, let

X;; = 1if individuals onlist j, consideredisarandomvariable;
z;; aretheobsenedvaluesof X;;;
pij = P[X,; = 1], theprobabilitythatindividual: appearsnlist j;

In the cross-classificatioof the j lists

k; = 1 or Oto indicatepresenc®r absencen list j;

k1ks - - - ky indicatesa patternof presence/absenoathe J lists, a“capturepattern’onthe
lists;

Nk ks-k, 1S the numberof individualswith capturepatternk, &, - - - k£, sothat

1 1 1
D2 D Mhikeoky =10
k1=0 k2=0 ky=0

Tk ke-k, 1S the (multinomial) probability of appearingvith capturepatternk ks - - - k5

X, = 1 or0toindicatepresencer absencen list j of a randomly-chosewbjectunder
multinomialsampling;

Mkikoky = E[nk1k2...kJ] = Nﬂ-klkz"'kj'
Modd> Meven MLE’S Of productgor productsof MLE’s) of my, k,...,

¢ In thehierarchicaBayesformulation

— # is arandomeffectfor catchabilityof objects;
— B; is afixedeffectfor the penetratiorof list j into the populationof objects.
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B How to Fit the Traditional Multiple-RecaptureModelsin S-
Plus

B.1 Point Estimates

Recallthat ng,x,.. «, is the numberof obsered individualswith capturepatternk; k.. .. k;, and
thatng. o is a structuralzeroin the 27 table,andhencethe tableis incomplete We estimatethe
modelnyg, k,..x, ~ POiISSOmy, k,. x,) Wheremy x, i, = a—i-zjzl B,k; usingglm with theoption
family=poisson

Example

Supposéhe vectorNumcontainsthe numberof individualswith capturepatternkl k2 k3
k4 in thediabetesxample.To estimateheindependencmodelin Spluswe performthefollowing
function:

gIm(Num™k1+k2+k3+k4,family=po isson )

andfind:

Call:

glm(formula = Num”™ ., family = poisson, data = diabetes)
Coefficients:

(Intercept) presc reimburse clinic hospitals

5.201811 0.01723959 -2.485673 1.261868 -1.381082

Degrees of Freedom: 15 Total;, 10 Residual
Residual Deviance: 217.4758

Thesoftwarepackagentersect  fromtheS archvesatStatLib(http:/lib.stat.cmu.edu )
wasusedto constructthe quasisymmetryermsandcombinethemwith variouslinear constraints
suchasno highest-ordemteraction.

C Howto Fit the Hierar chical BayesianRaschMutiple-Recapture
Models Using MCMC

Herewe discussestimationof the conditionalposteriordistributionsof the numberof individuals
in a given populationby way of the Raschmodel using Markov chain Monte Carlo (MCMC)
methodsWe recallthemodel:
log—LY— = 4B i=1,... N;j=1,...,]
L — pij
Gi ~ N(O, 0'2)
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e Assumingthatapriori thatg, ..., 3; areiid Fz, we have that

eBit+i

1, (1 + efithi)

fB(ﬂj‘Nao’X)O( fB(ﬁJ)

wherer; = Y2, 2,5

e Placinga I'*(a,7) prior on ¢?, thatis 7 = % ~ T'(a,n) we find that the conditional
posteriordistribution of the variancess:
i, 67

=1 Z)

o*N,0 ~THa+n,n+ 5

Notice,thatgiven® thisis o2 is independenof the datax.

e Wesimulatefrom thejoint conditionalposterioffor (N, 8) by first simulatingfrom N uncon-
ditional on @ sincethelengthof @ is equalto N. If we assumea priori that NV is distributed
as Fyy thenthe conditionalposteriorfor N satisfies:

fﬂV(N|18707X) X ,p(0|1670-)N7nfﬂV(N)

N!
(N —mn)

If fv(N) o Itnsny, I{N;”}, ]{,{(J]V;jl}), etc,then M = N — n hasa truncatednegative-

binomialconditionalposterior

e After N hasbeensimulatedwe now simulatefrom the conditionalposteriorfor @, whichis
conditionedon N. Recallthe prior §; ~ N(0,0?). We thenhave the conditionalposterior
satisfying:

2

e)(p(—% + GZ.Z'H_)

H]J':1(1 + eaﬁ—ﬁj)

f@(Hi\,B,a,N,x) X

fori=1,...,N,wherez;, = 7, z;;.
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