
ClassicalMulti-level andBayesianApproachesto
PopulationSizeEstimationUsingMultiple Lists

�
StephenE. Fienberg, Matthew Johnson,andBrianW. Junker

Departmentof Statistics
CarnegieMellon University

Pittsburgh,PA 15213-3890,U.S.A.

October9, 1998

Abstract

Oneof themajorobjectionsto thestandardmultiple-recaptureapproachto populationesti-
mationis theassumptionof homogeneityof individual “capture”probabilities.Modelingindi-
vidualcaptureheterogeneityis complicatedby thefactthatit shows upasasa restrictedform
of interactionbetweenlists in the contingency table cross-classifyinglist membershipsfor
all individuals.Traditionallog-linearmodelingapproachesto capture-recaptureproblemsare
well-suitedto modelinginteractionsamonglists, but ignorethespecialdependencestructure
that individual heterogeneityinduces.A random-effectsapproach,basedon theRasch(1960)
modelfrom educationaltestingandintroducedin this context by Darroch,et al. (1993)and
Agresti (1994),providesoneway to introducethe dependenceresultingfrom heterogeneity
into the log-linearmodel;however, previousefforts to combinetheRasch-like heterogeneity
termsadditively with the usuallog-linear interactiontermssuggestthat a moreflexible ap-
proachis required.In this paperwe considerbothclassicalmulti-level approachesandfully
Bayesianhierarchicalapproachesto modelingindividual heterogeneityandlist interactions.
Our framework encompassesboth the traditional log-linearapproachand variouselements
from the full Raschmodel.We comparetheseapproacheson two examples,the first arising
out of an epidemiologicalstudyof a populationof diabeticsin Italy, andthe seconda study
intendedto assessthe“size” of theWorld WideWeb. Wealsoexploreextensionsallowing for
interactionsbetweentheRaschandlog-linearportionsof themodelsin boththeclassicaland
Bayesiancontexts.

Keywords: Log-linear models;Markov chain Monte Carlo methods;Multiple-recapture
census;Quasi-symmetry;Raschmodel.
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1 Intr oduction

Our goal in this paperis to re-examinetheproblemof estimatingthesizeof a closedpopulation
usingmultiple lists or sources,often referredto asthe multiple-recapturepopulationestimation
problem(e.g.,seeBishop,et al., 1975)becauseof its originsfor estimatingwildlife andfish pop-
ulations(e.g.,seePetersen,1896; Schnabel,1938). In effect, we treat our lists as having been
generatedby samplingmultiple timesfrom thepopulationandwe identify individualsor objects
accordingto thelists in which they wereincluded.

Wewishto estimate
�

, theunknown sizeof thepopulationof individualsor objectsof interest
(e.g.,people,fish, softwareerrors,etc.),andwe do sousingthe informationgleanedfrom which
objectswereincludedin eachof the � listsdrawn from thepopulation.We let �����
	��
�
��	 � index
theobjects,and �����
	
�
����	�� index the lists. Our basicmodelhas

��� � randomvariables,����� ,
suchthat ������� � � , if object � appearson list � ;�

, otherwise.

We let ������� �"! �����#�$�&% , and ' bethenumberof objectsthatappearon at leastonelist. Our goal
is to estimatethenumberof unobservedobjects,( � �*) ' or, equivalently, to estimate

�
. To

do this,weneeda modelwhichspecifies:+ Theprobabilitiesof appearingin thevariouslists, i.e.,captureprobabilities;+ How thelists relateto oneanother, i.e., list dependencies;and+ Thewaysin which thesecaptureprobabilitiesandlist dependenciesvaryacrossindividuals.

Theliteratureon capture-recapturemethodsis extensive andgoesbackmany yearsto at least
Petersen(1896).The earliestmodelsfor multiple-recapturemethods(i.e., morethan2 lists) as-
sumedthatthevariouscapturesor listswereindependent(e.g.,GeigerandWerner, 1924;Schnabel,
1938)andthattherewereconstantcaptureprobabilitiesacrossindividuals,althoughnotnecessar-
ily acrosscapturesor lists. Although many authorsexpressedconcernaboutthe assumptionof
independenceamonglists, a generalway to copewith this problemawaitedotherdevelopments
in statistics.Thusit wasnotuntil the1970’s thatFienberg (1972)introducedtheroleof log-linear
modelsto provide for dependenciesamongthelists,andSanathanan(1972)introducedtheRasch
model to provide for the dependenceinducedby heterogeneityacrossindividuals,but for inde-
pendentlists. Fienberg (1992)andthe InternationalWorking Groupon DiseaseMonitoring and
Forecasting(1995b)provide bibliographiesof specialrelevanceto the useof thesemethodsin
humanpopulations.

Thesimplestmodelthatallowsfor differencesin captureprobabilitiesandheterogeneityamong
individualsis dueto Georg Rasch(1960),who derivedit for scoringexaminationitemsin educa-
tional testing:

log

� ���,�� ) ���,�.- �0/��21435�6	 ���7�
	
���
�&	 �98 �:�7�
	
�
���&	��;� (1)

Note that whenwe set the /�� in equation(1) equalto zerothe log-oddsof inclusionof object �
on list � dependsonly on thelist, andthusthemodelreducesto thetraditionalmultiple-recapture
modelwith independentlists. Whenthe /��:<� � andwe treatthemasrandomeffects,this model
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is intrinsicallymulti-level,with listsatonelevel andindividualsatanother. Additionalmulti-level
structuremaybereadilyincorporatedinto thismodel,througheither / or 3 , dependingonrelevant
objectandlist covariates.For example,seeJohnson,et al. (1998)for a Bayesianversionof this
extension,andWu, et al. (1997)for a classical/missingdataformulation.The Raschmodeland
someof its naturalgeneralizationsplaycentralrolesin ourwork.

In thispaper, weattemptto draw onthelessonsfrom whatwas,until recently, threeseemingly
separateliteratureson (1) log-linearmodelsfor multiple-recapturecensusproblems,(2) Rasch
modelsfor individualheterogeneity, and(3) Bayesianhierarchicalmodelapproaches.For usthese
threeapproachesareintimatelylinkedandthispaperexplorestheir relationships.In theremainder
of this sectionwe review aspectsof the literatureon heterogeneity, andBayesianapproaches.In
Section2, we introducethreeexamplesto which we laterapplyour methodology:datasimulated
directly from theRaschmodel;datafrom anepidemiologicalstudyof a populationof diabeticsin
Italy; anddatafrom six “web searchengines”intendedto assessthe“size” of theWorld WideWeb.
Then,in Section3, we outlinetheelementsof theRaschmodelandits relationshipwith theusual
log-linearmodelsfor populationsize estimation,and in Section4 we presenta fully-Bayesian
hierarchicalapproachto the Raschmodelwhich relaxesa seeminglynecessarylinear constraint
in the log-linearformulationandtakes into accountpreviously ignoredmoment-inequalitycon-
straints.In Section5, we apply both log-linearmodelswith Rasch-like heterogeneitytermsand
our Bayesianhierarchicalapproachto the examples.We will seethat theseapproaches,applied
separately, work reasonablywell but seemlacking:thedependencestructurein multiple-recapture
censusdatais often similar to the Raschmodel,with departuresthat reflectnon-symmetricde-
pendencebetweenlists,or partialsymmetryfeaturesthatrepresent“clumpy” heterogeneityof the
objectsbeingcounted.“GeneralizedRasch”modelsthat allow interactionsbetweenparameters
thatexpressheterogeneouscatchabilityof objects,or non-symmetricdependenciesbetweenlists
offer somehopeof a moreparsimoniousrepresentation,andhencesmallerstandarderrorsof es-
timationfor theunobservedcount.In Section6, we exploretherelationshipbetweengeneralized
Raschlog-linearmodelsandourhierarchicalBayesformulationof theRaschmodel.

1.1 HeterogeneityAmong Indi viduals

As mentionedabove,Sanathanan(1972,1973)providedoneof theearlyattemptsto look at het-
erogeneityin the context of captureprobabilities.Shewasinterestedin scanningexperimentsin
particlephysicsand focusedupona Raschmodel in which either the individual or the list pa-
rametersareviewedasindependentdraws from a parametrically-specifiedcommondistribution.
Subsequently, BurnhamandOverton(1978)describedasimilarmodelin whichthesourceof vari-
ation in their captureprobabilitiescomessolely from the heterogeneityamongindividuals,i.e.,
with captureprobabilities���,�=�>��� . They took �@?�	
�
�
�&	A�CB to bearandomsamplefrom aprobability
distribution D andassumedthat the randomvariables�E�,�:FG�H�*�
	
�
�
��	 �I8 �J�K�
	��
�
��	��ML aremu-
tually independentfor given FN�O?P	
�
����	A�CBQL ; this leadsto a generalizedBeta-binomialstructure.To
estimatetheunknown populationsize

�
, they empiricallyestimatedtheprobabilitydistribution D

anduseda generalizedjackknifeapproachin which the numberof observedobjects ' servesas
a naive estimateof

�
. Laterefforts, especiallyin thewildlife literature,e.g.,Chao(1987,1989),

Chao,et al. (1992),andPollock (1991),built on this approachincorporatingheterogeneityinto
multiplicative modelsfor the ����� , e.g., �����R� SC�UTV� . Unfortunately, this literatureprovides little
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recognitionof thespecialstatisticalfeaturesthatrequireattentionwhenthenumberof parameters
includedfor heterogeneityincreasesin directproportionto thepopulationsize

�
.

Interestin theheterogeneityproblemaroseagainin connectionwith discussionsabouttheuse
of capture-recapturemethodsin the context of the 1990U.S. decennialcensus,andDarroch,et
al. (1993)presenteda modelfor heterogeneitybasedon a log-linearrepresentationof the Rasch
model,whichthey thencombinedwith log-linearmodelsfor dependence.Theirapproachhadbeen
anticipatedin partby Cormack(1989)but withoutthelink to theRaschmodelframework,andthen
suggestedseparatelyby Agresti(1994).TheInternationalWorking Groupon DiseaseMonitoring
andForecasting(1995a,b), providedasimplediscussionof theseapproachesandtheirapplication
to a problemof estimatingthe sizeof a populationof diabetics.The introductionof the Rasch
modelrepresentationfor heterogeneityin this example,however, hadapparentlystrangeandnot
totally satisfactoryconsequences,andwereturnto theirproblemin Section2 below.

1.2 BayesianApproaches

Roberts(1967)presentedthe earliestknown Bayesianapproachto the simplecapture-recapture
problem,i.e.,with two lists,andwith constantcaptureprobabilities.Freedman(1972)introduced
a Bayesianapproachto sequentialestimation,andthenlater (Freedman,1973)contrastedthis to
the capture-recapturemodel,usingconstantcaptureprobabilitiesin both settings.He alsointro-
ducedtherole of differentlossfunctions.Castledine(1981)generalizedRobert’s andFreedman’s
approachto multiple-recapturestudiesand derived the marginal posteriordistribution of

�
by

assumingthat prior probability distribution on
�

and the probabilities W��X����� is of the formY F � 	ZW[L�� Y F � L Y FGW\L , where �����]�^�5� iid_ BetaFa`b	dc�L and Y F � L�e�� and Y F � L�e �gf ? , which
is the Jeffreys prior. Smith (1991) found the posteriordistribution of

�
in this caseusingboth

empirical-Bayes,andBayes/empirical-Bayesapproaches.Garthwaite,etal. (1995)extendedthese
resultsto allow for randomsamplesizes,andexploredthesensitivity of theposteriordistribution
for
�

to theprior specification.
Smith (1988)alsoestimatedthe unknown populationsize

�
by usinga Poissonapproxima-

tion to the hypergeometricdistribution of marked itemsin the sample,anda gammadensityonh � �gf ? . Smith found the formal Bayesrule for (a) 0-1, (b) quadratic,(c) chi-squared,and(d)
squaredproportionallosses.He then showed that undercertainconditionsall of the estimates
but the onefrom the 0-1 lossapproachareequivalent to the Geiger-Werner-Schnabelmultiple-
recaptureestimate.

GeorgeandRobert(1992)werethefirst to bring themodernBayesiantechnologyof Markov
chain Monte Carlo estimationto bearon the capture-recaptureproblem.They began with the
Casteldineformulation in which

�
and �O?�	��
�
��	A�ji area priori independent,and suggestedthe

useof eithera Poissonprior distribution or Jeffreys prior distribution Y F � Lke �Jf ? on
�

, and
eithera BetaFa`b	dc�L for each�5� or a logit modelfor �5� , that is logit FN�5�PL _ N Fml��6	onVpPL andbetaor
normallog-oddspriors for the �2� ’s. To simulatefrom theconditionalposteriordistribution for

�
they usedthe adaptive rejectionsampling(ARS) algorithmof Gilks andWild (1992).They also
discussedhierarchicalextensionsto the estimationprocedure,e.g.,usinghyperpriorson ` and c
whenabetaprior is usedon W , andon lb� and n whenthelogit modelis usedfor W , andsuggested
anestimationapproachthatutilizedGibbssampling.

Basu(1998)considerslog additive mixedeffectsmodelsfor the �2��� with randomeffectsfor
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thetheobjectswhosepopulationsizeis of interest,anda fixedeffect for eachlist, i.e., log FN������Lq�/��r1s35� , or ���,�=�ut��wvd� (c.f.,Pollock,1991).Basugivesboththecatchabilityandcatcheffortsdiscrete
prior distributions,i.e., t�� _ D�x where Dyxs�{z�|}o~ ?2� }����a���o� Fat6L , with

�9� � } � � , z�|}�~ ?b� } �X� ,� ��� ? � �
�
� ��� | � � , where � is the indicator function, and a similar prior for vd� . With
this setupBasufinds completeconditionaldistributionsfor eachparameterandhyperparameter,
and implementsa Gibbs samplingschemeusing two-point prior distributionson the t�� and vd�
parameters.

MadiganandYork (1995,1997)pursuedthe routeof hierarchicalBayesianmodelsfor log-
lineardependenciesfor themultiple-recaptureproblemwith covariates,usingthesubclassof de-
composablegraphicalmodels.Insteadof estimating

�
basedonasinglemodel,they useBayesian

modelaveraging.While wedonotpursuethemodel-averagingapproachin thispaper, it represents
asensibleway to extendourapproachin orderto accountfor modeluncertainty.

2 Thr eeExamples

In thispaper, weexploredifferentapproachesto themultiple-recaptureproblemusingthreeexam-
ples.Thefirst is basedsimulateddatalinkedto theBayesianhierarchicalRaschmodeldescribed
in Section4 below. Theothertwo examplesrelateto actualproblemsof populationsizeestima-
tion,onefrom theareaof publichealthandtheotherinformationsciences.Preliminaryanalysesof
thedatain theseexamples,usingwhataredemonstrablyinappropriatemodels,leadto erroneous
inferences.This is relatedto someof theobservationsin Hay (1997),for example.

2.1 SimulatedData

UsingthebasicRaschmodelof (1),werandomlydrew independentresultsfor thepresenceof
� ����
���

individualsfrom eachof ����� lists. We simulatedthevaluesof the individual parameters/�� , for
� � ���
��� subjectsfrom a

� F � 	Z�5L distribution, andtheir presenceor absencefrom each
of six lists accordingto list parameters39��F ) �
	 ) ���;	 ) � � �;	
� � �;	
���;	
�6L . Theresultwasa

���
�
� � �
arrayof onesandzeros.We summarizedthis informationaccordingto thepresenceor absenceof
individualsin the 6 lists, yielding the

���
cross-classificationof Table1. Whenwe analyzethese

datawe will treatthenumberof individualsfalling into no listsasif it wereunobservedandto be
estimated.

In Table2, we presentthe classicalcapture-recaptureestimatesfor
�

for eachpair of lists,
usingthePetersenestimator: �� �K� 'y?a�V'O�@?'y?�? � 	 (2)

where'M?a� is thenumberof objectsin list 1, 'O�@? is thenumberof objectsin list 2, 'y?�? is thenumber
of objectsin both lists and ���b� is thegreatestintegercontainedin � . Noticethatall 15 estimates
of
�

, whichassumethelistsarepairwiseindependentandtheobjectshomogeneous,lie below the
truevalueof 2000,but moreimportantlybelow theobservednumberof objectsin all 6 lists, i.e.,'9� �����
� )¡ 
  �¢�£���
�
¤2� This givesfairly strongevidenceaboutthepositivedependenceamong
thelists inducedby theheterogeneity. Oneof thebenchmarksof theanalysesto comeonthesedata
will betheextentto which they adequatelydealwith thisdependencein aparsimoniousfashion.

6



Table1:
� �

Tableof 2000IndividualsSimulatedFromaRaschModel.

x6
x1 x2 x3 x4 x5 0 1
0 0 0 0 0 304 108
0 0 0 0 1 70 55
0 0 0 1 0 37 42
0 0 0 1 1 37 50
0 0 1 0 0 30 26
0 0 1 0 1 16 24
0 0 1 1 0 16 25
0 0 1 1 1 17 46
0 1 0 0 0 21 21
0 1 0 0 1 15 37
0 1 0 1 0 9 20
0 1 0 1 1 10 52
0 1 1 0 0 10 10
0 1 1 0 1 8 28
0 1 1 1 0 8 23
0 1 1 1 1 15 97
1 0 0 0 0 11 10
1 0 0 0 1 6 12
1 0 0 1 0 8 11
1 0 0 1 1 7 28
1 0 1 0 0 5 4
1 0 1 0 1 9 18
1 0 1 1 0 1 12
1 0 1 1 1 6 58
1 1 0 0 0 1 4
1 1 0 0 1 6 12
1 1 0 1 0 1 7
1 1 0 1 1 6 58
1 1 1 0 0 2 3
1 1 1 0 1 3 30
1 1 1 1 0 4 25
1 1 1 1 1 14 331
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Table2: Traditionalcapture-recaptureestimatesfor
�

usingpairsof lists from Table1.

Lists

��
x1 x2 1253
x1 x3 1254
x1 x4 1335
x1 x5 1394
x1 x6 1472
x2 x3 1347
x2 x4 1416
x2 x5 1457
x2 x6 1512
x3 x4 1431
x3 x5 1515
x3 x6 1564
x4 x5 1534
x4 x6 1572
x5 x6 1623

2.2 Multiple SourcesFor DiabetesAscertainment

Bruno,etal. (1994)usedmultiplesourcesto identify known casesof diabetesamongtheresidents
of theareaof CasaleMonferratoin northernItaly on October1, 1988.They hadfour sourcesfor
theirdata:

Clinics: List of all patientswith apreviousdiagnosisof insulin-dependentdiabetesmellitus(IDDM)
or non-insulindependentmellitus(NIDDM), via diabetesclinic and/orfamily physicians;

Hospitals: List of all patientsdischargedwith a primaryor secondarydiagnosisof diabetesin all
publicandprivatehospitalsin theregion;

Prescriptions:Computerizeddatabaselist of insulinandoralhypoglycemicprescriptionsfor 1988;

Reimbursements:List of all residentsof region who requesteda reimbursementfor insulin and
reagentstrips.

WereproducethedatahereasTable 3.Bruno,etal. (1994)describedanin depthanalysisusing
log-linearmodels,includingtheusingof stratificationto reduceheterogeneity. Theirbestestimates
for
�

remainedin theneighborhoodof 2700,substantiallyin excessof thetotalobservednumber
of casesin Table3, i.e., '¥� ��� �
¤ . Whenwe look at sourcesin pairsandcomputethe standard
capture-recaptureestimatesfor

�
aswedid in thepreviousexample,wegettheresultsin Table4.

Thistimethreeof thesix pairwiseestimatesfall below 2,069andtheotherthreealsolie well below
thevaluereportedby Bruno,et al. (1994),which is quiteanunsatisfactorysituation,indicativeof
thefailureof theassumptionsof independentlistsandhomogeneousobjects.Unlikeoursimulation
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Table3: Datafrom prevalentcasesof known diabetesmelitusfor residentsof CasaleMonferrato,
Italy, onOctober1, 1988,accordingto four sourcesof ascertainment.

Clinics
yes no

Hospitals Hospitals
Prescriptions Reimbursements yes no yes no

yes yes 58 46 14 8
yes no 157 650 20 182
no yes 18 12 7 10
no no 104 709 74 ?

Table4: Traditionalcapture-recaptureestimatesfor
�

usingpairsof sourcesfrom Table3.

Lists

��
Clinics,Hospitals 2,351
Clinics,Prescriptions 2,185
Clinics,Reimbursements 2,262
Hospitals,Prescriptions 2,052
Hospitals,Reimbursements 803
Prescriptions,Reimbursements 1,555

example,however, we have wide variationin the estimatesof
�

andwe mayneedto copewith
bothheterogeneityanddependence.Subsequentanalysesof thesedataappearedin International
WorkingGroupfor DiseaseMonitoringandForecasting(1995a),andBiggieri, etal. (1999),some
of whichwedescribebelow, exploretheissueof heterogeneityin differentways.

2.3 The Number of Pageson the World Wide Web

LawrenceandGiles (1998)studiedthe coverageandrecency of six major andwidely-available
World Wide Web searchenginesby submitting575 querieson variousscientifictopics.We list
thesix enginesin Table5, alongwith estimatedcoveragewithin their universeof approximately��¤ � � � ��� pagesobtainedby aggregatingacrossall six searchenginesandall 575queries.

In Table6 we give the estimatednumberof pagesin the populationof web pagesindexable
by at leastoneof the 575 queries.For comparisonwe alsolist the actualnumberof web pages
found, aggregatingacrossall queriesandsearchengines.As we would expect,someestimates
(e.g.,for LycosandInfoseek)arebelow thisnumberandsome(e.g.,for AltaVistaandHotBot)are
considerablyabove it.

Working with LawrenceandGiles directly, we have obtaineda nearly-equivalentdatasetof
webpagesmatchingthesame575queriesthey used,with thesamesix searchengines.Our data
setandthe onereportedon in LawrenceandGiles (1998)arebasedon the sameraw data,but
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Table5: Six majorsearchenginesandtheirestimatedcoverageswithin thesampleof ca. ��¤ � � � ���
pagesfoundby 575websearchqueries.Source:LawrenceandGiles(1998).

Search Coverage 95%CI
Engine (%) (%)

HotBot (HB) 57.5 ¦ 1.3
AltaVista(AV) 46.5 ¦ 1.3
NorthernLight(NL) 32.9 ¦ 1.1
Excite(Ex) 23.1 ¦ 0.86
InfoSeek(Is) 16.5 ¦ 1.0
Lycos(Ly) 4.41 ¦ 0.42

Table6: Estimatesof indexableweb, from pairsof searchengines,from the pair with the two
smallestcoveragesrelative to the total observed pages' to pair with the two largestcoverages.
Source:LawrenceandGiles(1998). ��

indexable
Engines pages(

� � � � ) 95%CI

LycosandInfoSeek 90 ¦ 6
InfoseekandExcite 220 ¦ 16
ExciteandNorthernLight 230 ¦ 15
NorthernLightandAltaVista 230 ¦ 13
AltaVistaandHotBot 320 ¦ 34

Actualnumberof uniquehits '��§��¤ � —
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Table7: Multiple list datafor Query535,obtainedfrom LawrenceandGiles(priv. comm.).

NorthernLight
Alta Vista Infoseek Excite Hot Bot Lycos 0 1

0 0 0 0 0 – 35
0 0 0 0 1 2 2
0 0 0 1 0 79 13
0 0 0 1 1 0 3
0 0 1 0 0 21 5
0 0 1 0 1 0 1
0 0 1 1 0 3 2
0 0 1 1 1 0 1
0 1 0 0 0 8 0
0 1 0 1 0 11 5
0 1 0 1 1 1 0
0 1 1 0 0 4 2
0 1 1 0 1 1 0
0 1 1 1 0 2 2
0 1 1 1 1 1 0
1 0 0 0 0 33 7
1 0 0 0 1 1 0
1 0 0 1 0 14 7
1 0 0 1 1 1 4
1 0 1 0 0 6 1
1 0 1 1 0 0 2
1 0 1 1 1 0 1
1 1 0 0 0 0 2
1 1 0 0 1 1 2
1 1 0 1 0 5 5
1 1 0 1 1 0 1
1 1 1 1 0 2 5
1 1 1 1 1 1 0
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Table8: Traditionalcapture-recaptureestimatesfor total
�

webpagesmatchingQuery535,using
pairsof searchengines.

WWW SearchEngines

��
AltaVista Infoseek 256
AltaVista HotBot 359
AltaVista NorthernLight 294
AltaVista Excite 353
AltaVista Lycos 202
Infoseek HotBot 254
Infoseek NorthernLight 274
Infoseek Excite 192
Infoseek Lycos 183
HotBot NorthernLight 362
HotBot Excite 489
HotBot Lycos 293
NorthernLight Excite 309
NorthernLight Lycos 172
Excite Lycos 252
Totalobservedin

� � ) � table: '¨�   � �
evolution andfine-tuningof theaggregationalgorithmsusedto obtainthe �
©�� � F � � ) �6L cross-
classifyingtableleadto minordifferencesin thetwo datasets.

Thesesixsearchengineshavebuilt-in positiveandnegativeassociationswith oneanotherbased
onhow they parsethequeries,onhow webpagescometo bein eachsearchengine’sdatabase,and
on thefactthatsomeenginesmayuseotherengines,or work from a commonsetof index pages,
(e.g.,HotBot usesotherenginessuchasAltaVista to developpartof thesetof pagesthat match
a particularquery).Someof this informationis proprietarywith the searchengineprovider, and
henceonly theobserveddependence,notthedependencepredictablefrom explicitly-knownsearch
enginestrategies,canbemodeled.

It is also importantto realizethat, in principle, eachof the 575 queriesdefinesa different
populationof pages,someof which areobserved in the corresponding

��� ) � layer of the full�
©
� � � � ) � table.Thus,we tentatively think of queryasa stratifying variableto go with our
models.Keepingthis stratificationin mind, we restrictour attentionfor now to onelayer of the�
©
� � F � � ) �6L table,correspondingto a singlequery, #535,listedin Table7. Furtheranalysisof
thesedata,which is ongoing,couldandshouldtry to incorporatequeryasamulti-level stratifying
variablein themodels.

As with theothertwo examples,we begin our analysesby consideringthe lists in a pairwise
fashionandcomputingthetraditionalcapture-recaptureestimatesfor thepopulationsize,whichwe
give herein Table8. Thetotal numberof observedpagesacrossall 6 searchenginesis 'ª�   � � ,
andonly 5 of the 15 estimatesin Table8 exceedthis value.Thusthereis evidencefrom these
marginalcalculationssuggestingthat10of the15pairsof searchenginesarepositivelydependent;
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theremaybesomecounterbalancingnegativedependenceamongtheremainingfive pairs.In any
case,it seemsunlikely thatamodelassertingjoint independencefor all six listswill producevery
satisfactorypopulationsizeestimates.

3 The RaschModel and Quasi-SymmetricLog-Linear Models

We canthink of the Raschmodel,which we introducedin Section1, asa mixed-effectsgener-
alizedlinear model that allows for objectheterogeneity, andlist heterogeneity. For object � , we
modeltheprobabilityof inclusionon list � , asin equation(1), where/�� is therandomcatchability
effect for object � , which is distributedasa randomvariablefrom D[« , andthe 35� arefixedparam-
etersrepresentingthepenetrationof list � into thetargetpopulation.Theheterogeneityof capture
probabilitiesacrossobjectsis thereforeinfluencedby thedistributionof / , D�« .

Let �¬?P	
���
��	o�"i be thevariablescross-classifiedin
� i ) � tableslike Tables1 and7. Mixed-

effectsmodelsfor suchtableswith a randomindividual effect / area way of thinking aboutdis-
aggregatingthetableaccordingto valuesof / , andthenre-aggregating.In thedisaggregatedtable,
let �O��Fa/
L­�u�"! �¢�®�7�2¯ /°% 8
usuallywe assumethat the lists are independentgiven / , so that the probability of observinga
countin cell ±2?@²�²�²Z±³i , givenfixed / , isYC´PµA¶,¶,¶ ´o·°¸ ¹ �º�"! �¬?\� ±;?P	
�
�
�&	o�"i»� ±5iC¯,/6%@� i¼� f ? �@��Fm/
L ´A½ !N� ) �@�°Fa/
L�% ? f ´a½ � (3)

Re-aggregating into the
� i ) � table is just integratingover / , thusthe marginal probability of

observingacountin cell ±;?@²�²�²d±5i is simplyYC´ µ ¶,¶,¶ ´ · �º�"! �¬?¾�u±;?P	
�
�
�&	o�"i»� ±5i°%j� ¿ i¼� f ? �@�°FGÀ�L ´a½ !Á� ) �@��FwÀ�LÂ% ? f ´A½PÃ D[«­FwÀ�L (4)

TheRaschmodelspecifiesadditive logits, ÄUÅ
ÆÇ�O�°Fa/�LoÈ�!N� ) �O�°Fa/�LÂ%@�º/=1>35� , sothatYC´dµ�¶,¶,¶ ´ · � ¿�ÉPÊ2Ë¥ÌÍ Î iÏ� ~ ? ±6�°FwÀM1435��L6Ð ÑÒ i¼� ~ ? ��q14t�Ó �2Ô ½ Ã D�«­FGÀ�L (5)

Integratingwith respectto thedistributionfor / in equations(4) and(5) turnstheRaschmodelinto
amulti-level log-linearmodelof theform:ÄUÅ
ÆCF YC´dµ�¶,¶,¶ ´�· L­� � 1�±;?r3O?V10²�²�²61¡±5i°3CÕI1>Ö[FA±×�.L (6)

where ±5��� iÏ� ~ ? ±6� and Ö\FaØ6LÇ�ÙÄÚÅ
ÆÇÛÝÜNt�Þ ¹ ¯ ß��ºà2á (7)

(CressieandHolland,1983;Fienberg andMeyer, 1983;Holland1990;Darroch,et al. 1993).The
term Ö[FA±×�.L modelsaspecifickind of dependencein the

� i ) � tablecross-classifyingthelists: this
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dependenceisnotduetoassociationsbetweenthelists,but ratherit arisesdirectlyfromaggregating
acrossthe strataindexed by / in the model.The valueof Ö[Fa±5�VL is not affectedby permutations
of ±;?P	
�
�
�&	P±5i andhencewe have a quasi-symmetrymodel(e.g.,seeBishop,et al. 1975),which
we canfit to the

� i ) � tableof observedcountsusingstandardlog-linearmodelor generalized
linearmodel(GLM) fitting software(cf. AppendixB). Unfortunately, this transformedversionof
the Raschmodel ignoresthe momentinequalitiesimplicit in equation(7) (e.g.,seeCressieand
Holland,1983),apoint to whichwereturnbelow.

For �I�   lists, thequasi-symmetrymodelis equivalent(ignoringmomentrestrictions)to the
constraints: YCâ ?�? Y ? â�â � Y ? â ? YCâ ? â � Y ?�? âZYCâ�â ?&� (8)

Theseconstraintsdo not relatetheprobabilityof theunobservedcell, YCâ�â�â , to theotherprobabil-
ities,andhenceanadditionalassumptionsuchasno � -way interactionis needed.Estimationcan
thenbecarriedoutusingtraditionalmethodsfor log-linearmodels,and

�
canbeestimatedby�� �u'E1 �ã¬ä�åÂå�ã x } xaæ 	 (9)

where
�ã¬ä�åÂå is aproductof estimatedexpectedcell valuesoverall cellswhosesubscriptssumto an

oddvalueand
�ã x } xaæ is a productof estimatedexpectedcell valuesover all cellswhosesubscripts

sumto anevenvalue(e.g.,seeFienberg, 1972).
Incorporating2- and3-way interactionsinto a log-linearmodelmaynot benecessary, andso,

asanalternative to thelog-linearmodelin (6), we canconsideronly lowerordersymmetries,and
simply setthehigher-orderlog-linearinteractiontermsequalto zero.Again,we canusestandard
log-linearmodelor GLM softwareto fit suchmodelsandthenprojectthe modelto the missing
cell using(9). In AppendixB we indicatehow to producesuchestimatesusingS-Plus.

4 Hierar chical BayesFormulation of the RaschModel

If one takessubjectheterogeneityas modeledby (4) at all seriously, then the log-linearquasi-
symmetryapproachhastwo deficiencies:First, the momentconstraintsimplicit in (7) are not
easilyincorporatedinto GLM fits, andhenceareusuallyignored.Second,theneedfor anduseof
the“no ± -way interactions”assumption(for

�èç ± � � ) doesnot translateinto anaturalcondition
on theconditionalcaptureprobabilities�O�°Fa/�L or thecatchabilitydistribution D[«­FwÀ�L .

An alternative approachis to estimatetheparameters35� andany parametersof D[«\FGÀ�L directly
from themarginal likelihood(5), by maximumlikelihoodsay, andusetheconstraintsimplicit in
this formulationto projectanestimateontothemissingcell. Coull andAgresti (1999)do exactly
this,for example,replacingD�«­FGÀ�L with adiscretedistributionmotivatedfrom Gaussianquadrature.

We preferto work with a fully Bayesianhierarchicalspecificationof the Raschmodel.This
allowsusto lay outall of thepiecesof themodel,andmodify exactly thosepartsthatneedadjust-
mentto reflectthe dependency in the data.We canuseMCMC computingmethodologyto give
essentiallyexact inferencesfor remarkablycomplex modelsin which thelog-linearandmarginal
maximumlikelihoodapproachesbreakdown.
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We mayformulatethebasicRaschmodelasahierarchicalBayesmodelasfollows:����� ��æ å xÚé_ ê t
v�'\FÁ�5�
¯,/��GL 8 ÄÚÅ�Æ¾�O��Fa/��GL�È�!N� ) �@�°Fa/��mL�%j�º/��21435��	���ë�
	
�
�
�&	 � , �:�7�
	
���
��	��/�� �ì� å_ D�«­Fa/��GL , ���7�
	��
�
��	 �35� �ì� å_ í Ô�Fm35��L , �è�ë�
	
�
����	��
Ð îîîîîÑîîîîîÒ (10)

Note that we only needto add prior distributions í Ô�Fr²ìL for the 35� ’s to the developmentof the
marginal/mixedeffectsmodelof equation(5).

Given
�

andthe complete
� i table,MCMC estimationof the posteriordistributionsfor the

parametersin the Raschmodel is a straightforward exercise(Patz and Junker, 1997).Here we
proposeanextensionto theMCMC procedurefor theRaschmodelfor multiple-recapturepopula-
tion estimationthatis similar to theextensionsof thebinomial-logitmodelby GeorgeandRobert
(1992),andthelog-additivemodelby Basu(1998).

When
�

is unknown andtheobjectsin the
� �
�
� � cell of thetablearemissing,wetreat

�
asa

parameterin thelikelihoodfor the
� i ) � crossclassifyingthe ' observedobjectsï F � 	d/³	Z3 8Zð Lñ� ò � 'Hó B¼� ~ ? i¼� ~ ? ò t ¹Aô �2Ô ½�Ç1¡t ¹Aô �2Ô ½ ó¾õ ô ½#ö ��Q14t ¹Aô �2Ô ½5÷ ? f õ ô ½ (11)

where
ð

is an
�^�Eø

matrix,with the FG�o	��³L element�b���=�ë� if object � is onlist � and0 otherwise.
Weshalldenotethe ' rowsof observeddatain

ð
as
ð¨ù

. Notethattheremainingrows 'è1ú� to
�

of
ð

areall à ’s,vectorsof zeroes.
Let �MF � L , �yFG3[L , and �yFa/C¯�Sy	 � L be the priors of the unknown parameters

�
, 3 , and / , and

let �MFASOL be the hyperpriorof the hyperparameterS . By finding the so-called“complete con-
ditional” posteriordistributions of the parameters,we can set up an MCMC algorithm to find
posteriordistributionsof theseparameters.As Basu(1998)notes,a problemoccurswhen

�
is

conditionedon û since üGt
'jý³À�þMFaûVLg� � would tell us
�

, and we would not have to estimate
it. For this reasonwe follow Basu(1998) in computinga joint conditionalposteriordistribu-
tion �yF � 	PûÇ¯ ð¨ù 	oÿ�� � L for F � 	PûOL together, and thenbreakingthis apartas �MF � 	dûÇ¯ ð¨ù 	�ÿ�� � L���yF � ¯ ð¨ù 	�ÿ�� � L�² �MFAûÇ¯ � 	 ð¨ù 	�ÿ�� � L for thepurposesof simulation:wefirstdraw

�
from �MF � ¯ ð¨ù 	oÿ�� � L ,

andthenwe draw û from �yFaûÇ¯ � 	 ð 	oÿ�� � Ls��� B� ~ ? �MFa/��o¯ ���°ÿ�� � L . The (incomplete)conditional
posteriorfor

�
is �yF � ¯ ð¨ù 	o3Ç	dS@Lñe ò � '�ó �yF � L B¼� ~ æ��@? ¿ �k! à\¯ 3¾	d/��U% �MFa/��o¯ � L Ã /��e ò � '�ó �yF � L��k! à\¯ ÿ�� � % B f æ (12)

Theprobability �k! à\¯ ÿ�� � % canbefoundanalyticallyfor somepriors�yFa/C¯ � L , but in mostcasesmust
beapproximatedor computedby numericalintegration.

In principleany properprior on
�

canbeusedbut we have found that restricting
�

to have
finite supporton theintegers,say !,'[	 �	��
 õ % for somevalue

�	��
 õ , is helpful in theMCMC simula-
tion. For theexampleswepresentbelow wehave typically taken

���

 õ to be10,000.
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An alternativeto theBasu(1998)approachis to treat�yF ð¨ù ¯ � 	Z3¾	PSjL asadifferentmodelfor the
observeddata

ð¨ù
, for eachdifferent

�
. This leadsto theformulationof theproblemof selecting�

asa model selectionproblemfor
ð¨ù

; and the relevant MCMC techniqueis Green’s (1995)
“reversiblejump” approachfor randomlyselectingmodelsfrom a well-definedmodelspace.We
have alsoimplementedthis approach;the resultsarequitesimilar to theBasuapproachoutlined
above—andmay beusefulfor morecomplex models—but in the modelswe have comparedthe
approacheswith, theBasutechniqueproducesfasterandmorestableMCMC runs.Furtherdetails
canbefoundin AppendixC; FortranprogramsimplementingboththeBasuandGreenapproaches
areavailablefrom us(contactmasjohns@stat.cmu.edu ).

5 Initial Analysesof the Thr eeExamples

5.1 The SimulatedData

Weappliedthebasiclog-linearmodelsandBayesianRaschmodelto thesimulateddatafor six lists
thatwe presentedearlierin Table1. Table9 containsour variousestimatesfor

�
, thesizeof the

simulatedpopulation.The95%interval for theclassicalmodelsis a 95%profile-likelihoodbased
interval (seeCormack,1992),whereasthe 95%interval for the BayesRaschmodelis an equal-
tailedposteriorprobability interval. We recall that the truetotal is

� � �����
� . The independence
modelfits thedatapoorly(asindicatedby thevalueof thedeviance),andit underestimatesthetrue
valuesubstantiallyaswell. All of thequasi-symmetrylog-linearmodelsfit thedatareasonablywell
but they toounderestimatethetruevalue.Thequasi-symmetrymodel95%confidenceintervalsil-
lustratesomewhaterraticbehavior. Thequasi-symmetrymodelwith nosecond-orderinteractionis
well-behavedandhasarelatively tight confidenceinterval whichincludesthetruevalue.Allowing
for a third-orderinteractionleadsto amuchlowerestimateandaninterval whichdoesnot include
thetruevalue.Finally theestimatewith no fifth-orderinteractionis reasonablebut theconfidence
interval “explodes”suggestingsomespecificationproblemor a ridgein thelikelihoodfunction.

The BayesianRaschmodel,which we display in Figure 1, yields a well-behaved posterior
distribution,centeredcloseto thetruevalueandareasonablytight 95%posteriorinterval.Table10
containstheestimatesof list parameters,or catchefforts, �635��� , andthestandarddeviation of the
randomcatchabilityeffects �°/���� .
5.2 The DiabetesData

TheInternationalWorking Group(1995a)givesa detailedtreatmentof theestimationof the log-
linear andquasi-symmetrylog-linearmodelsfor the diabetesdata.Thusin Table11, we simply
providesomeillustrativemodelsin theclassoutlinedin Section3. As in Table9, the95%interval
for theclassicalmodelsis a95%profile-likelihoodbasedinterval,whereasthe95%interval for the
BayesianRaschmodelis anequal-tailedposteriorprobability interval. The independencemodel
fits thedatapoorly, andtheconfidenceboundsaretight andrelatively closeto theobservedvalue
of 'g� ��� �
¤2� Thesecondmodelin thetable,involving all first-orderinteractionsexcepttheinter-
actionbetweenreimbursementsandclinics,wasonewechosebasedonastepwiseprocedureusing
theBayesianinformationcriterionor BIC (e.g.,seeKassandWasserman,1995)andprovidesan
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Table9: Estimatesof thepopulationsizefor 2000objectsandsix lists;datasimulatedfrom aRasch
model.

Model df Deviance PointEstimate 95%Interval

Independence: 56 1335.44 1701 [1698,1707]
QSwith no3-wayor higher 55 50.16 1974 [1914,2047]
QSwith no4-wayor higher 54 42.05 1859 [1799,1950]
QSwith no5-wayor higher 53 41.46 1932 [1779,2362]
QSwith no6-way 41.45 52 1904 [1701,9500]
BayesianRaschmodel Median 2019 [1939,2128]

Observed: '��§���
¤��

Table10: MCMC estimatedposteriormeanandandquantilesfor the list parameters,�635��� , and
prior standarddeviation n on the randomcatchabilityeffects, �°/���� , basedon 2000objectssimu-
latedfrom theRaschmodel.Actual parametersusedin thesimulationof thedataaregivenin the
rightmostcolumn.

Name mean 2.5%ile median 97.5%ile actual

List 1 -1.03 -1.27 -1.02 -0.81 -1.00
List 2 -0.40 -0.64 -0.40 -0.19 -0.50
List 3 -0.29 -0.53 -0.29 -0.08 -0.25
List 4 0.24 0.00 0.24 0.45 0.25
List 5 0.58 0.33 0.58 0.79 0.50
List 6 0.95 0.70 0.94 1.17 1.0n 2.10 1.90 2.10 2.32 2.00� F ã �7�
�
¤
�×L 2022 1939 2019 2128 2000
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Figure1: PosteriorDistributionfor Unknown SampleSizefor SimulatedData(Actual=2000).

extremelygoodfit to thedata.Theresultsfor this modelaresimilar to thosefor the“best” model
reportedby theInternationalWorkingGroup(1995a),andBruno,etal. (1994).

Both of the quasi-symmetrymodelsimprove substantiallyupon the fit of the independence
model,andthequasi-symmetrymodelwith no secondorderinteractionsproducesanestimateof�

which is reasonablycloseto the valueof the bestmodelabove, andhastighter intervals.But
thefit of thequasi-symmetrymodelwith thesecond-orderinteractionsincludedseemsto be“off,”
muchlike thatof theindependencemodel.

TheBayesianRaschmodelproducesresultsthatareremarkablycloseto thosefrom the best
fitting log-linearmodelbut with amuchmoreparsimoniousmodel.Theposterior95%probability
interval is in fact much tighter that the correspondingclassicalconfidenceinterval for the best
fitting log-linearmodel.

5.3 The World Wide WebData

Theclassicalmultiple-recaptureindependencemodelfits the datain our WWW examplefor
Query#535quite poorly, andit projectsonly an additional75 unseenweb pages.We chosethe
secondlog-linearmodel in Table12 usinga stepwiseprocedureandthe BIC criterion asin the
Diabetesexampleabove.It includes8 first-orderinteractionterms(usingthenotationof Table5):

(AV:Is)+(AV:HB)+(AV:Ly)+(AV:NL)+(Is:Ex)+(Is:HB)+(Ex:NL)+(Ly:NL).

Not surprisingly, it fits the dataconsiderablybetteras measuredby the deviance,althoughthe
goodness-of-fitimprovementis not as striking as was the casefor the beststandardlog-linear
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Table 11: Estimatesfor the numberof diabetesmelitus casesin CasaleMonferarato,Italy, on
October1, 1988usingvariousmethods.

Model df Deviance PointEstimate 95%Interval

Independence 10 217.48 2251 [2217,2289]
All 1st-orderinteractions,except

Reimbursements
�

Clinics 5 7.62 2771 [2536,3119]
QSno3-wayor higher 9 105.63 2669 [2527,2848]
QSno4-way 8 93.95 2239 [2145,2437]
Saturated 0 0 5367

BayesianRaschmodel
Median 2697
Mode 2664
Mean 2705

[2560,2917]

Observed: '�� ��� ��¤
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Figure2: Posteriordistribution of thenumberof individualswith diabetesin CasaleMonferrato,
Italy.
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Table12: Estimatesof the numberof world wide web pageson the topic “Query #535” using
variousestimationmethods.

Model df Deviance PointEstimate 95%Interval

Independence 56 148.73 373 [352,400]
BIC-basedlog-linearmodel 46 65.62 602 [484,797]
QSno3-wayor higher 55 88.61 614 [501,783]
QSno4-wayor higher 54 83.33 1266 [634,3337]
QSno5-wayor higher 53 82.43 508 [309,5778]
QSno6-way 52 81.71 861882 [306,� ]

BayesianRaschmodel
Median 773
Mode 671
Mean 876

[528,2005]

Observed: '��   � �
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Figure3: Histogramof theposteriordistribution of thenumberof webpagesof correspondingto
query# 535.
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modelin thediabetesexample.What is especiallyinterestinghereis that,while we observe only
305webpagesin total for the6 searchenginescombined,ourbestestimatefor thetotalpopulation
sizeis 602,with a fair bit of variability aboutthisvalue.

Thequasi-symmetrymodelrestrictedto first-orderinteractionsalsoprovidesa reasonablefit
to the data,with estimatesof

�
closeto thosefrom the “best” standardlog-linearmodelcomes

closeto thebest,andthequasi-symmetrymodelswith higherorderinteractionsappearto blow up
again.Weinterpretthisasevidencethatthelikelihoodfunctionis notwell behaved,andit mayalso
providediagnosticinformationto suggestthatthepositivedependencepresumedby theunderlying
Raschmodelis notwell satisfiedby thedata.

Our useof MCMC for the posteriordistribution for the BayesianRaschmodelrequiredex-
tensive sampling.We used200,000simulationsafter a burn-in of 50,000.From this estimated
posteriordistribution we seethat the modefor the BayesianRaschmodelis closeto that of the
bestclassicallog-linearmodelestimatebut thespreadof thedistributionagainsuggeststheinade-
quaciesof thisbasicRaschmodel.

5.4 Discussionof Initial Analyses

Therearesomecommonfeaturesin our initial analysesof theexamplesin thissection.
First,wehaveseenthatrelyingupontheassumptionof independenceof lists is misleading,and

sometimesbadlyso.In noneof thecasesdid themodelfit thedatawell. In thesimulatedexample,
we knew this to be trueby design,andthe goodness-of-fittestsverify that fact.But in the other
two examples,we havepoorfits aswell andotherevidencepointingto a seriousunderestimateof
thepopulationsize,andsomeearlierindicationthatthiswasaresultof positiveassociationamong
at leasta subsetof the lists. Fitting log-linearmodelsto accountfor dependencies,oneat a time,
providesonepossiblefix to thismis-estimation.

Second,the log-linearquasi-symmetryversionof the Raschmodel,which tries to provide a
broadfix for positivedependenceamonglistsdueto heterogeneityin objectcatchability, combined
with theassumptionof nohighestorderinteraction,canoften“blow up”–asit did in thesimulation
andWWW examples—eventhoughthemodelprovidesa clearimprovementover independence.
Settingadditionalhigher-ordertermsequalto zeroseemsto counteract this anomalousbehavior,
andit yields remarkablygoodestimatesandwith fewer parametersthanthe standardlog-linear
modelapproach.

Finally, theapproachbasedhierarchicalBayesianformulationof theRaschmodeldoesat least
aswell asthelog-linearandquasi-symmetrylog-linearapproaches,andthisappearsto bethrough
its replacementof thelog-linear“no highest-orderinteraction”assumptionwith thehiddenmoment
constraintsindicatedin equation(7) above. The skewed posteriordistributionsfor the Bayesian
Raschmodel,andthenot-so-greatfit of thequasi-symmetrymodelssuggestthatperhapswe can
dobetterthrougharelaxationof thestrongassumptionsof theRaschmodel.Weexplorethisnotion
in thenext section.
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6 List and Latent Variable Interactions

The log-linear representationof the Raschmodel,given in equation(6), suggestsa variety of
extensionsof themodelwithin thespaceof log-linearmodelsfor themarginal distribution of the
data,YC´Pµ������ ´ · . Startingfrom thebasicmodelÄÚÅ
ÆbF YC´dµ�¶,¶,¶ ´�· L¾� � 1¡±;?Â3O?M1Ù²�²�²�1¡±³i°3CÕg1>Ö[FA±×�.LP	
and treatingthe ±;? and ±5� termsas identifying variousmargins of the table �6' ´dµ������ ´ · � , we can
immediatelyconsideraddinginteractionsamongthetermsin hierarchicalfashion,e.g.ÄÚÅ
ÆbF YC´ µ ¶,¶,¶ ´ · L¾� � 1¡±;?Â3O?M1Ù²�²�²�1¡±³i°3CÕ91ªÖ[FA±×�VL.1 Ï Ï� µ��~ ��� 35� µ � � ±�� µ ±�� � 1 Ï � Ö��GFa± � 	P±×�VLP� (13)

We believe that theseso-called“generalizedRaschmodels” were first consideredin detail by
Kelderman(1984;but seeCormack,1989,for anearlier, partialdevelopment),whoseinterestin
themwasto develophierarchicallynestedalternativesto thenull hypothesisthat thedatafollows
thelog-linearRaschmodelof equation(6).They havealsoprovenusefulin extendingthelog-linear
Raschmodelto accommodatedependencein thetable �6' ´dµ������ ´ · � thatisRasch-likebutmoregeneral
thanthe “exchangeablehighermoments”structureof the Raschmodel(DarrochandMcCloud,
1990;CarriquiryandFienberg, 1998;andBiggerietal., 1999).

In thissection,wesketchsomeconnectionsbetweenthegeneralizationof thelog-linearRasch
modelof equation(13) andthe hierarchicalBayesianRaschmodelconsideredin Section4. In
orderto do this,we find it convenientto breakthegeneralizedRaschmodelof equation(13) into
two parts: ÄUÅ
ÆCF YC´Pµ ����� ´ · L­� � 1�±;?Â3O?V10²�²�²�1�±5i°3CÕI1>Ö[Fa±5�VL.1 Ï Ï� µ��~ ��� 35� µ ���Z±�� µ ±����&	 (14)

and ÄÚÅ
ÆbF YC´dµ ����� ´o· L¾� � 1¡±;?r3O?.1Ù²�²�²61�±5i63CÕ91ªÖ[FA±×�.L.1 Ï � Ö � Fa± � 	P±×�.LP	 (15)

correspondingto list-by-list interactions,i.e., asin equation(14), andlist-by-total-capturesinter-
actions,i.e.,asin equation(15).

6.1 List-By-List Interactions

Thelikelihood(3) for theobservedtableof counts,given / maybewrittenasYC´dµ ����� ´ · ¸ ¹ � i¼� f ? �@��Fm/
L ´A½ !Á� ) �@��Fm/
L�% ? f ´a½ � i¼� ~ ? ! �@�°Fa/
L� ) �@��Fm/
L#" ´a½ i¼� ~ ? !N� ) �O��Fa/�LÂ%� É�Ê;Ë � Ï ��$ ��Fm/
Lo±��%� i¼� ~ ? !N� ) �O��Fa/�LÂ%a	
where $ ��Fa/
L­�0ÄÚÅ
ÆC!��O�°Fm/
LoÈ2!Á� ) �O�°Fm/
LÂ% . HenceÄUÅ
Æ YC´ µ ����� ´ · ¸ ¹ � � Fm/
L.1 Ï � $ ��Fm/
L�±6��� (16)

22



where� Fa/�LÇ� � i� ~ ? !Á� ) �@��Fm/
L�% , andfor theRaschmodelin particular, $ ��Fa/
L­�u/=1435� .Following thediscussionof Darroch,etal. (1993),interdependenciesamongthelists in theob-
servedtable �6' ´Pµ������ ´A½ � maybecausedby eithercollapsingover / (a versionof Simpson’sparadox,
seeHollandandRosenbaum,1986,or Kadane,et al. 1999)or becausethelistsareinterdependent
even in whenthedatais disaggregatedto thepersonor objectlevel. As anexampleof this latter
typeof dependence,considertwo websearchenginesthatdraw from thesamepool of webpages
(perhapsbecauseof a commonindexing strategy): a web pagemay be more likely to show up
in one,given thanit is in the other, quite apartfrom the visibility of the pageto searchengines
in general.Or, in the diabetesexample,clinical recordsof prescriptionsandmedicalreimburse-
mentsalmostalwaysoccur togetherin areaswheredrugsexpensesarepart of healthcoverage,
inducinga positive dependencethat doesnot dependon averagingover heterogeneousvisibility
of patients.Similarly, lists that by their naturepenetratenearlydisjoint subpopulationsinducea
tendency towardnegativedependencein themarginaldistribution YC´Pµ ����� ´ · .

To modellist-by-list dependenciesthatarenotartifactsof aggregatingover / , we addto equa-
tion (16) thetwo-way interactionsin theconditional(fixed / ) model:ÄUÅ
Æ YC´ µ ����� ´ · ¸ ¹ � � Fm/
L.1 Ï � $ ��Fm/
L�±6�[1 Ï Ï� µ��~ ��� $ � µ � � Fm/
Lo±�� µ ±6� � 	 (17)

where � Fa/
L is simply theusuallog-linearmodelnormalizingconstant(sumof modeltermsover
all valuesof ±2?d	
�
�
�&	P±5i ). We assumeasbeforethat $ �°Fa/�L��7/�1�35� , andnow we alsoassumethat$ � µ ����Fa/
L¾�º/=1>35� µ ��� . This leadsto theformÄUÅ
Æ YC´Pµ������ ´ · ¸ ¹ � � Fm/
L.1 Ï � 35�&±��\1¡/�±×�k1 Ï Ï� µ&�~ ��� 35� µ ���d±�� µ ±����M14/ Ï Ï� µ��~ ��� ±�� µ ±6���&� (18)

Jannarone(1986)andJannarone,YuandLaughlin(1990)developedextensionsof theRaschmodel
similar to this in orderto modeldependencebetweenexaminationitemsin educationaltesting.

Exponentiating,integratingwith respectto thedistribution of therandomcatchabilityeffects,/ , andtakingthelogarithmagain,wereadilyobtainthemodelÄÚÅ
ÆbF YC´ µ ����� ´ · L¾� � 1¡±;?Â3O?M1Ù²�²�²�1¡±³i°3CÕ91 Ï Ï� µ'�~ ��� 35� µ � � ±�� µ ±6� � 1>Ö)(6FA±×�E1 Ï Ï� µ'�~ ��� ±6� µ ±�� � LP� (19)

Now sincethe ±6� ’sarebinaryand ±×�+* � , it follows thatÖ,(
FA±×�E1 Ï Ï� µ��~ ��� ±�� µ ±�� � L¾�ÙÖ)(6F�! ±×�@% p L¾�ÙÖ[FA±×�.LP	
subjectto momentconstraints(that, asbefore,areusuallysuppressedin log-linearfitting). The
resultis thatweobtainthelog-linearmodelof equation(14).

6.2 List-By-Total Interactions

The ideasleadingto themodel(19) canalsobeusedto introducelist-by-total interactionsin the
marginalmodel.If weaddtermsof theformÏ � $ �o�[Fa/
L�±��&±×� (20)
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to the local dependencemodel(17), where $ �o�[Fa/�L hasthenow familiar form $ �o�\Fa/
LH�^/H1Ù35��� ,we introduceadditionaltermsof theformÏ � 35�o�O±��&±×�E1¡/ ²5! ±×�@% p
in equation(18);and,afterexponentiating,integratingandsimplifying, we obtaina versionof the
full model(13):ÄUÅ
ÆCF YC´Pµ ����� ´�· L­� � 1ú±;?Â3O?V10²�²�²�1�±5i°3CÕI1 Ï Ï� µ��~ ��� 35� µ ���o±�� µ ±����M1 Ï � 35���.±��&±×�E1>Ö[Fa±5�VL�	
subjectagainto momentconstraintson Ö[FG�j�ML whichareusuallyignoredin thelog-linearfits. This
modelis notwell identified,but sensiblesubmodelsof it involving asmallnumberof list-by-list or
list-by-total interactionsmay be usefulin providing well-fitting, parsimoniouslog-linearmodels
for multiple recaptureproblems.It is difficult, however, to interpretthelocal—conditionalon / —
interactiontermsin expression(20). An alternative development,which we now present,does
not leadto asgenerala model,but doesallow us to give a sensibleinterpretationto list-by-total
interactions,in termsof heterogeneityof catchability(visibility) of theobjectsbeingcounted.

Let usbegin againwith thebasiclikelihood(3) in Section3, andsupposenow that / is multi-
dimensional,i.e., / ��Fa/�?�	Z/ p 	
�
�
�&	d/%-dLP�
Moreover, supposethatdifferentsetsof listsdependondifferent /�� ’s throughtheRaschmodel.For
example,supposethat /]�XFa/�?�	Z/ p L andwe canpartitionthe lists into � lists thatdependonly on/�? and � ) � lists thatdependonly on / p . Then,afterpermutinglist indices,thelikelihoodgiven /
becomes Y ´ µ ����� ´ · ¸ ¹ µ ¹ � � .¼� ~ ? �@��Fm/�?�L ´a½ !Á� ) �@��Fm/�?oLÂ% ? f ´A½ i¼� ~ . �@? �O�°Fa/ p L ´A½ !N� ) �@�°Fa/ p LÂ% ? f

´a½ � (21)

This sortof structurewasemployedby Darroch,et al. (1993)to modelthedifferentvisibility of
personsin administrativelists,versustheirvisibility in U.S.Censuslistsandin apost-enumeration
survey alsoconductedby theU.S.CensusBureau.Here /�? and / p arebothrandomeffectsfor catch-
ability; separatingthemout in this way allows for somelist-by-personor list-by-latent-variable
interactions,thatarenototherwiseeasyto model.

If, aswould usuallyseemreasonable,the density /\Fa/�?d	d/ p L doesnot factor, thena derivation
similar to thatleadingfrom equation(18) to equation(19)abovenow leadsustoÄÚÅ�ÆCF YC´dµ�¶,¶,¶ ´ · L­� � 1¡±;?Â3O?V10²�²�²61¡±³i63CÕI1>Ö[FA±�0 ?21� 	P±�0 p 1� L�	 (22)

where ± 0 ?21� is thenumberof capturesin the first � lists, and ± 0 p 1� is thenumberof capturesin the
remaininglists.Suchgeneralpartialquasi-symmetrytermsarenotusuallyconsideredin log-linear
modelingof multiple-recapturedata,andthey suggestnew waysto expandthebasicRaschquasi-
symmetrylog-linearmodel(6) to accountfor “extra-Rasch”variability in thecatchabilityrandom
effect.

For now, we show how to exploit themodelof equation(22) to motivateaddinglist-by-total
interactionsto thebasicRaschquasi-symmetrymodel.In particular, we canusetheconstruction
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above to adda single interactionterm, say Ö[Fa±2?d	P±×� ) ±;?�L , to the basicRaschquasi-symmetry
model.This is equivalentto addingthe term Ö[FA±;?P	P±×�VL to themodel,sincethepair FA±;?P	P±×� ) ±2?rL
andthepair FA±;?P	d±5�VL havethesamenumberof levels(dueto theconstraint±5��� ±;?�1¨²�²�²a1¬±5i ); and
thisprovidessomeextra theoreticalgrist for CarriquiryandFienberg’s (1998)somewhatinformal
interpretationof this term.In theirwork they wereattemptingto interpretacomponentof amodel
proposedby DarrochandMcCloud(1990)for anepidemiologicalexamplewhichwas,in essence,
allowing for somethinglike a list-by-latent-variableinteraction.Of coursewe may alsoaddlist-
by-list interactionsto thismodel,by analogywith equation(17).

6.3 Hierarchical BayesianApproachesto List-by-List and List-by-Total In-
teractions

[We are currently writing software to estimate the models outlined above, using a hierar-
chical Bayes formulation similar to (10) but based on likelihoods such as equations (17)
and (20) or (21). This subsection will describe this effort.]

6.4 SomeIllustrati veFits for the Examples

To illustratesomeof theflexibility that thesemodelsprovide we presenthereclassicallog-linear
fits for modelsthat add list-by-list and list-by-total interactionsto the basic log-linear quasi-
symmetryRaschmodel.

[A more complete discussion of these results and a comparison with comparable hier-
archical Bayesian fits will also come in the next draft.]

6.4.1 Diabetes

We have reproducedsomeof our earlier analysisresultsfor the diabetesexamplein Table 13
alongwith a summaryof resultsfor modelsfrom this section.Earlier, we hadseenthatthequasi-
symmetrymodelsby themselvesdid not provide an adequatefit to the dataalthoughthe quasi-
symmetrywith no 2nd-orderinteractionshada reasonableestimateof

�
. Theseresultsare re-

producedasthe first panelin Table13. In the secondpanelof Table13, we show what happens
whenwe combinetheQS2andQS3modelswith selectedlist-by-list interactions.TheQS2plus
interactionsmodelproducesa resultessentiallythesameasthe “best” log-linearmodelselected
usingtheBIC criterionalone.THe QS3plus interactionsmodel,while fitting thedataextremely
well “blow” up andproduceswhat is a substantively nonsensicalresult–thattherearemorethan
doublethetotal numberof observeddiabeticsin thepopulation.This behavior wassimilar to that
weobservedearlierin theothertwo examples.

In thethird panelof Table13 we seethat thepopulationtotal estimatesaremuchmorestable
andwell-behavedwhenaddingany singlelist-by-totalinteraction;thebestof these,which addsa
“Prescriptions”

�
total numberof capturesinteractionto a Raschquasi-symmetrymodelwith no

2nd-or higher-orderinteractions(QS2+ ±×� � Prescriptionsin thetable),producesapointestimate
in the2700rangeandanarrowerconfidenceinterval, thanthebaselineBIC estimate.Ontheother
hand,thedeviancesareall still large,from 84.68to 103.76,asopposedto thedevianceof 7.62for
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Table13: Estimatesof the numberof diabetesmelituscasesin CasaleMonferarato,Italy from
Section5, andwith list-by-list andlist-by-totalinteractions.

Model df Deviance PointEstimate 95%Interval

BIC ? 5 7.62 2771 [2536,3119]
QS2p 9 105.64 2669 [2527,2848]
QS3 8 93.95 2239 [2145,2437]
QS2+ BIC 3 6 8.32 2752 [2552,3031]
QS3+ BIC4 5 2.04 4152 [2950,7032]
QS2+±×� � Prescriptions5 8 103.76 2699 [2599,2877]
QS2+±×� � Clinic 8 102.70 2548 [2413,2737]
QS2+±×� � Reimbursements 8 84.68 2476 [2373,2610]
QS2+±×� � Hospitals 8 90.09 2861 [2673,3056]
QS2+±×� � Hospitals+ ±×� � Reimburse 7 80.72 2591 [2432,2817]
QS3+±×� � Prescriptions 7 88.09 2211 [2137,2361]
QS3+±×� � Clinic 7 92.01 2216 [2196,2373]
QS3+±×� � Reimbursements 7 83.24 2327 [2192,2604]
QS3+±×� � Hospitals 7 80.61 2319 [2190,2582]
BayesianRasch — — 2664

�
[2560,2917]6

StepwiseBIC selects: independence+ reimburse:hospitals+ presc:reimburse + presc:clinic +
presc:hospitals+ clinic:hospitals.7
QS2indicatestheRaschquasi-symmetrymodelwith no3- or higher-way interactions.Similarly QS3

indicatesRaschquasi-symmetrywith no4- or higher-wayinteractions.8
StepwiseBIC startswith QS2andaddspresc:reimburse+ presc:clinic+ reimburse:hospitals.9
StepwiseBIC startswith QS3andaddspresc:reimburse+ presc:clinic+ reimburse:hospitals.:�;=<?>

Prescriptionsindicatesonelist-by-total interactioninvolving theprescriptionslist. Similarly for
theother

;=<@>
List interactionmodelsshown.A

Posteriormode.
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theBIC model,whichwedon’t fully understandatall. Clearlythereis still somethingunacceptable
aboutthefit.

As a first steptoward improving the model,we alsotried a modelthat addsto QS2both of
thelist

�
total interactionsfrom thetwo best-fittingof thesemodels:“Hospitals”

�
total and“Re-

imbursements”
�

total. This hasproduceda marginally betterfit than addingeither list
�

total
interactionalone,andasmight be expectedthe point estimateis intermediatebetweenthe esti-
matesusingeitherinteractionalone.However thedeviancestatisticsareno wherenearthe“best”
log-linearmodelproducedearlierwith thestepwiseBIC procedure.

The QS3plus list-by-total interactionmodelsdo improve the fit, in a statisticallysignificant
fashion,but boththepointandtheinterval theestimatesseem“wrong”, in thatthey do includethe
BIC estimateof 2771.

Bayesian model discussion to come.

6.4.2 World Wide Web

In Table14, we reporton relevantmodelsfrom theearlieranalysesof theWWW dataaswell as
modelswith list-by-list andlist-by-total interactions.What is clearfrom a perusalof the tableis
thatthelog-linearmodelsareveryunstablewhenany interactionshigherthanfirst order(two-way
interactions)areincludedin themodel.

On the otherhand,all the two-way interactionmodelsperformsimilarly, suggestinga pop-
ulation total estimateof approximately600 with a CI that runsfrom approximately500 to 800.
By analogywith theDiabetesanalysesabove,we alsoconstructeda modelthataddsthetwo best
list
�

total interactionsto theQS2model;but thisproducesonly aminor improvementin fit andno
qualitative improvementin pointor interval estimatesof thepopulationtotal.

Thedegradationin performanceof thehigher-interactionlog-linearmodelshere,andthesim-
ilarity in point estimateandinterval betweenthe BayesianRaschmodelandespeciallythe QS4
models(seetable),suggestsanotherreasonthat theBayesianmodelperformedpoorly. With 305
observationsspreadacross6 lists thereis an averageof lessthan5 observationsper cell, andin
fact therearemany emptycells in the table.This producesseverenon-smoothnessin the

� � ) �
table;higher-ordermodelstendto track this non-smoothnessandconsquentlyaremisledin their
estimationof dependencein thetable.ThehierarchicalBayesianmodelallowssomerestrictedfit-
ting of interactionsof all orders(recallequation7 for example)andit maybe thatunlessfurther
naturalrestrictionsareplacedon theseinteractionsthe Bayesianmodelis similarly confusedby
therelatively sparsetablefor Query#535.

Bayesian model discussion to come.
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Table14: Estimatesof thenumberof webpagesof type“Query #535” from Section5 andusing
quasi-symmetrymodelswith list-by-list andlist-by-totalinteractions.

Model df Deviance PointEstimate 95%Interval

BIC ? 46 65.62 602 [484,797]
QS2p 55 88.61 614 [501,783]
QS3 54 83.33 1266 [634,3337]
QS4 53 82.43 508 [309,5778]
QS5 52 81.71 861,882 [306, B ]
QS2+ Dep3 41 59.14 598 [475,804]
QS3+ Dep 40 52.94 1328 [635,3701]
QS4+ Dep 39 51.91 499 [307,8396]
QS2+ BIC 4 44 60.69 588 [470,782]
QS3+ BIC 5 44 55.99 1370 [650,3829]
QS4+ BIC

�
43 55.09 526 [309,6570]

QS2? + C �ED AltaVistaF 54 88.53 613 [500,782]
QS2+ C �ED Infoseek 54 82.98 583 [478,741]
QS2+ C �ED Excite 54 82.72 636 [514,820]
QS2+ C �ED HotBot 54 88.19 595 [482,773]
QS2+ C �ED Lycos 54 87.87 595 [484,765]
QS2+ C � D NorthernLight 54 88.42 617 [502,790]
QS2+ C �ED Infoseek+ C �GD Excite 53 79.20 604 [499,758]
QS3+ C �ED AltaVista 53 83.13 1276 [637,3371]
QS3+ C �ED Infoseek 53 77.88 1169 [594,3074]
QS3+ C �ED Excite 53 78.21 1251 [628,3289]
QS3+ C �ED HotBot 53 82.60 1225 [617,3224]
QS3+ C �ED Lycos 53 81.05 1332 [656,3540]
QS3+ C �ED NorthernLight 53 83.30 1261 [631,3327]
QS4+ C �ED AltaVista 52 82.21 508 [309,5806]
QS4+ C �ED Infoseek 52 77.19 524 [309,6254]
QS4+ C �ED Excite 52 77.28 501 [308,5588]
QS4+ C �ED HotBot 52 81.71 502 [308,5633]
QS4+ C � D Lycos 52 80.04 504 [308,5692]
QS4+ C �ED NorthernLight 52 82.39 507 [309,5757]
BayesianRasch — — 671H [528,2005]I

StepwiseBIC selects:(AV:Is) + (AV:HB) + (AV:Ly) + (AV:NL) + (Is:Ex)+ (Is:HB) + (Ex:NL) + (Ly:NL).J
QS2indicatestheRaschquasi-symmetrymodelwith no3-orhigher-wayinteractions.SimilarlyQS3indicatesRaschquasi-symmetrywith no4-orhigher-wayinteractions,

etc.K
Depindicatesthatall two-wayinteractionswerealsofitted, in additionto thequasi-symmetrymodel.L
StepwiseBIC startswith QS2andaddsAltaVista:Infoseek+ AltaVista:Excite+ AltaVista:HotBot+ AltaVista:NorthernLight+ Infoseek:Lycos+ Infoseek:NorthernLight

+ Excite:HotBot+ Excite:Lycos+Excite:NorthernLight+ HotBot:Lycos+ HotBot:NorthernLight.M
StepwiseBIC startswith QS3andaddsAltaVista:Infoseek+ AltaVista:Excite+ AltaVista:HotBot+ AltaVista:NorthernLight+ Infoseek:NorthernLight+ Excite:HotBot

+ Excite:Lycos+ Excite:NorthernLight+ HotBot:Lycos+ HotBot:NorthernLight.N
StepwsieBIC startswith QS4andaddsAltaVista:Infoseek+ AltaVista:Excite+ AltaVista:HotBot+ AltaVista:NorthernLight+ Infoseek:NorthernLight+ Excite:HotBot

+ Excite:Lycos+ Excite:NorthernLight+ HotBot:Lycos+ HotBot:NorthernLight.OQP�RTS
AltaVistaindicatesonelist-by-totalinteractioninvolving theAltaVistalist. Similarly for theother

P�RTS
List interactionmodelsshown.U

Posteriormode.
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7 Discussion

In this paperwe have reviewed andextendedthe by-now long history of statisticalmodelingof
multiple-recaptureor multiple-list censusdatafor thepurposeof estimatingpopulationtotals.In
any situationin whichtheremaybeheterogeneityin thelists’ penetrationinto thetargetpopulation
of objectsto be counted,as well as heterogeneityin the catchabilityof individual objects,the
modelingproblemis inherentlymulti-level: thereis a level of fixedeffectsfor lists,anda level of
randomeffectsfor objects.

We havealsoarguedthattheRaschmodel,borrowedfrom theeducationaltestingliterature,is
a naturalplaceto startin seekingto modelthemulti-level structureof this problem.We mayalso
easilyincorporateadditionalmulti-level structureinto theRaschmodelbasedonobservedobject-
or list-covariates.

Applicationof theRaschmodeltomultiple-listcensusproblemsgoesbackatleasttoSanathanan
(1972),but only recentlyhave we begunto understandhow theRaschmodelcanbemodifiedto
accomodatelist-by-list dependenceand/orlist-by-totalinteractions.We mayincorporatethesein-
teractionsdirectly into thelikelihoodthatrelatescapturehistoryto therandomcatchabilityeffect
whichweview asalatentvariable,or wemayinterpretthemasakind of stratificationof thelatent
variableinto multidimensionalcomponentsby particularcapturesor lists. Biggeri, et al. (1999)
have alsotried to interpretlist-by-total interactionsasmanifestationsof a stratificationof the la-
tentvariableby oneor morecaptures,andthis remainsaninterestingandactive areaof research.
Wehaveshown herehow to converthesemodelsinto extensionsof thelog-linearquasi-symmetry
modelthathasbeenasssociatedwith theRaschmodelsinceat leastCressieandHolland(1983)
andFienberg andMeyer (1983).Frequentistanalysesof thesemodelsusingrelatively standard
GLM programsprovide a usefulfirst approximationto a fully Bayesianfit of theRaschmodelto
multiple-listdata.

When the basic log-linear quasi-symmetrymodel holds, we have illustratedthat the fully-
Bayesianhierarchicalformulationof theRaschmodelprovidesat leastasgooda populationtotal
estimate,anddoessomoreparsimoniously(exploiting a few hyperpriorparametersratherthana
full setof quasi-symmetrytermsin thelog-linearmodel).An importantopenquestionin comparing
thesetwo approachesis understandingtheinterplaybetweentheBayesmodel’srelaxingof the“no
highest-orderinteraction”assumptionneededin the log-linearmodelto projectanestimateonto
themissingcell countin the VXWZY�[ tablecross-classifyinglist membershipfor all objects,andthe
Bayesmodel’s impositionof momentconstraintson the quasi-symmetrytermsin the log-linear
modelthatareusuallynot imposedin frequentistGLM fits of themodel.

Whenthebasiclog-linearquasi-symmetrymodeldoesnot hold, addinglist-by-list or list-by-
total interactionsasoutlinedin the previousparagraphcangreatlyimprove the log-linearmodel
fit andthepopulationtotal estimatesbasedon the log-linearmodels.Thesearenaturallyseenas
log-linearmanifestationsof anunderlyinghierarchicalBayesmodel,andwearecurrentlyworking
on developingestimatesfor similar models,basedon thefully-Bayesianhierarchicalformulation
of theRaschmodel.
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A Notation

Hereis asummaryof notationusedin thepaper.\^] objectsin population,labelled_
`a[cb%d%d%deb ] .\gf lists, labelledhi`a[Xb%d#d%d=b f .\kj objectshavebeenfoundin theunionof thelists sofar.\�l ` ] Y j objectshavenotbeenobserved.\ For individual _ andlist h , letmonqp `r[ if individual _ on list h , consideredasa randomvariable;s n�p
aretheobservedvaluesof

monqp
;t nqp `vuxw myn�p `a[#z , theprobabilitythatindividual _ appearson list h ;\ In thecross-classificationof the h lists{ p `|[ or 0 to indicatepresenceor absenceon list h ;{~}�{X�������'{ W indicatesapatternof presence/absenceonthe f lists,a “capturepattern”onthe

lists;j)�����'������� �'� is thenumberof individualswith capturepattern
{~}�{X��������{ W , sothat}����Q��� }���� ��� ����� }����#��� j,� � � � ����� ��� ` j

� � � � � ����� ��� is the(multinomial)probabilityof appearingwith capturepattern
{~}�{X��������{ Wm�p `�[ or 0 to indicatepresenceor absenceon list h of a randomly-chosenobjectunder

multinomialsampling;��� � � � ����� ��� = ��w j)� � � � ����� ��� z = ] � � � � � ����� �'� .������&� , ����Q���Q� MLE’sof products(or productsof MLE’s)of ��� � � � ����� �'�\ In thehierarchicalBayesformulation

– � is a randomeffect for catchabilityof objects;

– � p is afixedeffect for thepenetrationof list h into thepopulationof objects.
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B How to Fit the Traditional Multiple-RecaptureModels in S-
Plus

B.1 Point Estimates

Recall that j,� � � ������� � � is the numberof observed individualswith capturepattern
{~}�{X� d%d%d { W , and

that j)� � ����� � is a structuralzeroin the V W table,andhencethe tableis incomplete.We estimatethe
model j,������� ����� ���	� Poisson  ��������� ����� �'�¢¡ where��������� ����� ��� `v£G¤x¥ Wp � } � p { p usingglm with theoption
family=poisson .

Example
SupposethevectorNumcontainsthenumberof individualswith capturepatternk1 k2 k3

k4 in thediabetesexample.To estimatetheindependencemodelin Splusweperformthefollowing
function:

glm(Num˜k1+k2+k3+k4,family=po isson )

andfind:

Call:
glm(formula = Num ˜ ., family = poisson, data = diabetes)

Coefficients:
(Intercept) presc reimburse clinic hospitals

5.201811 0.01723959 -2.485673 1.261868 -1.381082

Degrees of Freedom: 15 Total; 10 Residual
Residual Deviance: 217.4758

Thesoftwarepackageintersect fromtheSarchivesatStatLib(http://lib.stat.cmu.edu )
wasusedto constructthequasisymmetrytermsandcombinethemwith variouslinearconstraints
suchasnohighest-orderinteraction.

C How to Fit theHierar chicalBayesianRaschMutiple-Recapture
ModelsUsingMCMC

Herewe discussestimationof theconditionalposteriordistributionsof thenumberof individuals
in a given populationby way of the Raschmodel using Markov chain Monte Carlo (MCMC)
methods.We recallthemodel:

log
t nqp[¦Y t nqp ` � n ¤§� p�¨ _
`a[Xb#d%d%deb ] ¨ h©`r[Xb%d#d%d#b f� n � N  2ª«b­¬ � ¡
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\ Assumingthatapriori that � } b%d%d%d=b­� W areiid ®�¯ , wehave that° ¯± Q� p³² ] b�´µb'¶ ¡¸· ¹#º&»&¼e½e»¾�¿n � }  &[À¤ ¹%Á�ÂÄÃ º&» ¡ ° ¯¸ �� p ¡
wheres Ã p ` ¥ �n � } s n�p

.\ Placinga Å�Æ }  Q£Àb­Ç ¡ prior on ¬ �
, that is Èa` }É � � Å¸ 2£¸b­Ç ¡ we find that the conditional

posteriordistributionof thevarianceis:

¬ � ² ] b�´ � Å Æ }  2£�¤ j b­Ç�¤ ¥ ¿n � } � �nV ¡
Notice,thatgiven ´ this is ¬ �

is independentof thedata¶ .\ Wesimulatefromthejoint conditionalposteriorfor   ] b�´ ¡ by firstsimulatingfrom ] uncon-
ditional on ´ sincethelengthof ´ is equalto ] . If we assumea priori that ] is distributed
as ®
Ê ¿ thentheconditionalposteriorfor ] satisfies:° Ê ¿   ] ² Ë b'¬,b'¶ ¡@· ]ÍÌ  ] Y jÎ¡eÌ t  QÏ ² Ë b­¬ ¡ ¿ Æ � ° Ê ¿   ]Ð¡
If

° Ê ¿   ]Ñ¡Ò· Ó�Ô ¿@Õ ��Ö b Ê2×QØÚÙ�Û�Ü¿ b Ê2×�Ø�Ù%Û�Ü¿±ÝÞ¿ Æ }2ß , etc, then l ` ] Y j hasa truncatednegative-
binomialconditionalposterior.\ After ] hasbeensimulatedwe now simulatefrom theconditionalposteriorfor ´ , which is
conditionedon ] . Recall the prior � n � N  2ª«b'¬ � ¡ . We thenhave the conditionalposterior
satisfying: °áà  2� n­² Ë b­¬,b ] b'¶ ¡@· exp  &Y Á �Â� É � ¤k� n s n Ã ¡¾ Wp � }  &[À¤ ¹ Á2ÂÄÃ º&» ¡
for _
`r[Xb#d%d%d#b ] , wheres n Ã ` ¥ Wp � } s nqp

.
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