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Consider a linear model Y = X + z, where X = X, , and
z ~ N(0,I). The vector § is unknown and it is of interest to separate
its nonzero coordinates from the zero ones (i.e., variable selection).
Motivated by examples in long-memory time series [11] and change-
point problem [2], we are primarily interested in the case where the
Gram matrix G = X'X is non-sparse but sparsifiable by a finite order
linear filter. We focus on the regime where signals are both rare and
weak so that successful variable selection is very challenging but is
still possible.

We approach this problem by a new procedure called the Covari-
ance Assisted Screening and Estimation (CASE). CASE first uses
a linear filtering to reduce the original setting to a new regression
model where the corresponding Gram (covariance) matrix is sparse.
The new covariance matrix induces a sparse graph, which guides us to
conduct multivariate screening without visiting all the submodels. By
interacting with the signal sparsity, the graph enables us to decom-
pose the original problem into many separated small-size subprob-
lems (if only we know where they are!). Linear filtering also induces
a so-called problem of information leakage, which can be overcome
by the newly introduced patching technique. Together, these give rise
to CASE, which is a two-stage Screen and Clean [10, 32] procedure,
where we first identify candidates of these submodels by patching
and screening, and then re-examine each candidate to remove false
positives.

For any procedure 3 for variable selection, we measure the perfor-
mance by the minimax Hamming distance between the sign vectors
of B and 8. We show that in a broad class of situations where the
Gram matrix is non-sparse but sparsifiable, CASE achieves the op-
timal rate of convergence. The results are successfully applied to a
long-memory time series model and a change-point model.

*Supported in part by National Science Foundation DMS-0704337, the National In-
stitute of General Medical Sciences of the National Institutes of Health through Grant
Numbers RO1GM100474 and R01-GMO072611.

fSupported in part by NSF CAREER award DMS-0908613.

AMS 2000 subject classifications: Primary 62J05, 62J07; secondary 62C20, 62F12.

Keywords and phrases: Asymptotic minimaxity, Graph of Least Favorables (GOLF),
Graph of Strong Dependence (GOSD), Hamming distance, multivariate screening, phase
diagram, Rare and Weak signal model, sparsity, variable selection.

1


http://www.imstat.org/aos/
http://arxiv.org/abs/math.ST/1205.4645

2 T. KE, J. JIN AND J. FAN

1. Introduction. Consider a linear regression model
(1.1) Y = X3+ z, X = Xpnp, 2z~ N(0,1I,).

The vector S is unknown but is sparse, in the sense that only a small fraction
of its coordinates is nonzero. The goal is to separate the nonzero coordinates
of 8 from the zero ones (i.e., variable selection).

We are primarily interested in the case where the Gram matrix G =
X'X is mon-sparse but sparsifiable. We call G sparse if each of its rows
has relatively few ‘large’ elements, and we call G sparsifiable if G can be
reduced to a sparse matrix by some simple operations (e.g. linear filtering
or low-rank matrix removal). The Gram matrix plays a critical role in sparse
inference, as the sufficient statistics X'Y ~ N (G, G). Examples where G is
non-sparse but sparsifiable can be found in the following application areas.

e Change-point problem. Recently, driven by researches on DNA copy
number variation, this problem has received a resurgence of interest
[18, 24, 25, 30]. While existing literature focuses on detecting change-
points, locating change-points is also of major interest in many appli-
cations [1, 28, 34]. Consider a change-point model

(1.2) Y =0; + 2z, 2 YN(@O,1), 1<i<p,
where 0 = (01,...,0,) is a piece-wise constant vector with jumps

at relatively few locations. Let X = X, be the matrix such that
X(i,7) =1{j > i}, 1 <1i,j < p. We re-parametrize the parameters by

0= Xg, where B =0, —0p11, 1<k <p-—1, and B, =0,,

so that B is nonzero if and only if # has a jump at location k. The
Gram matrix G has elements G(7,j) = min{i, j}, which is evidently
non-sparse. However, adjacent rows of G display a high level of sim-
ilarity, and the matrix can be sparsified by a second order adjacent
differencing between the rows.

e Long-memory time series. We consider using time-dependent data to
build a prediction model for variables of interest:

Y, = Zﬁthfj + €,
J

where {X;} is an observed stationary time series and {¢;} are white
noise. In many applications, {X;} is a long-memory process. Examples
include volatility process [11, 27], exchange rates, electricity demands,
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and river’s outflow (e.g. the Niles). Note that the problem can be refor-
mulated as (1.1), where the Gram matrix G = X'X is asymptotically
close to the auto-covariance matrix of {X;} (say, Q). It is well-known
that € is Toeplitz, the off-diagonal decay of which is very slow, and
the matrix L'-norm of which diverges as p — co. However, the Gram
matrix can be sparsified by a first order adjacent differencing between
the rows.

Further examples include jump detections in (logarithm) asset prices and
time series following a FARIMA model [11]. Still other examples include
the factor models, where G can be decomposed as the sum of a sparse
matrix and a low rank (positive semi-definite) matrix. In these examples, G
is non-sparse, but it can be sparsified either by adjacent row differencing or
low-rank matrix removal.

In this paper, motivated by the above examples, we are primarily inter-
ested in the case where G is non-sparse but can be sparsified by a finite-order
linear filtering. However, the idea developed in the paper applies to much
broader settings, where G can be sparsified by some other methods rather
than linear filtering.

When G is non-sparse, many existing variable selection methods face chal-
lenges. Take the lasso [5, 7, 29] for example. The success of the lasso is hinged
on the so-called irrepresentable condition [35], which usually does not hold
in the current setting as the columns of X are strongly dependent. Similar
conclusion can be drawn for other popular approaches, such as the SCAD
[9] (despite that conditions for its success are far less stringent than those
of the lasso) and the Dantzig selector [4].

In this paper, we propose a new variable selection method which we call
Covariance Assisted Screening and Estimation (CASE). The main method-
ological innovation of CASE is to exploit the rich information hidden in the
‘local’ graphical structures among the design variables, which the lasso and
many other procedures do not utilize.

In the core of CASE is covariance assisted multivariate screening. Screen-
ing is a well-known method of dimension reduction in Big Data. However,
most literature to date has been focused on univariate screening or marginal
screening [10, 15]. The major concern for extending marginal screening to
(brute-force) m-variate screening, m > 1, is the computational cost. The
computational complexity is at least O(p") (excluding the complexity for
obtaining X'Y from (X,Y’); same below), which is usually unaffordable in
high-dimensional problems. CASE screens only models that has < m nodes
and that form a connected subgraph of GOSD (a graph to be introduced
below). As a result, in a broad context, CASE only has a computational
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cost of p, up to a factor of multi-log(p), and so overcomes the computational
challenge.

We show that CASE achieves asymptotic minimaxity of Hamming dis-
tance, in the very challenging regime where the signals are both rare and
weak; that is, only a small fraction of the coordinates of § is nonzero, and
each nonzero coordinate is relatively small. See for example [31] and the ref-
erences therein. Many recent works on variable selection focus on the regime
where the signals are rare but strong, and usually the probability of exact
support recovery or the oracle property is used to assess the optimality of a
procedure B . When signals are both rare and weak, exact support recovery
is usually impossible, and the Hamming distance—which measures the num-
ber of coordinates at which the sign vectors of 4 and 3 disagree—is a more
natural criterion for assessing optimality. Compared to many recent works,
the theoretic framework developed in this paper is not only technically more
challenging, but also scientifically more relevant.

Below, first, in Section 1.1, we introduce the Rare and Weak signal model.
We then formally introduce the notion of sparsifiability in Section 1.2. The
starting point of CASE is the use of a linear filter. In Section 1.3, we explain
how linear filtering helps in variable selection by simultaneously maintaining
signal sparsity and yielding the covariance matrix nearly block diagonal. In
Section 1.4, we explain that linear filtering also causes a so-called problem of
information leakage, and how to overcome such a problem by the technique
of patching. After all these ideas are discussed, we formally introduce the
CASE in Section 1.5. The computational complexity, theoretic properties,
and applications of CASE are investigated in Sections 1.6-1.11.

1.1. Rare and Weak signal model. Our primary interest is in the situa-
tions where the signals are rare and weak, and where we have no information
on the underlying structure of the signals. In such situations, it makes sense
to use the following Rare and Weak signal model; see [3, 8, 20]. Fix € € (0,1)
and 7 > 0. Let b = (by,...,bpy)" be the p x 1 vector satisfying

(1.3) b; Bernoulli(e),

and let ©,(7) be the set of vectors

(1.4) Op(7) = {1 € R? : |i] > 7,1 < i <p}.
We model S by

(L5) B=bop,
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where p € ©,(7) and o is the Hadamard product (also called the coordinate-
wise product). In Section 1.7, we further restrict p to a subset of ©,(7).

In this model, §; is either 0 or a signal with a strength > 7. Since we
have no information on where the signals are, we assume that they appear
at locations that are randomly generated. We are primarily interested in the
challenging case where € is small and 7 is relatively small, so the signals are
both rare and weak.

DEFINITION 1.1.  We call Model (1.3)-(1.5) the Rare and Weak signal
model RW(e, T, ).

We remark that the theory developed in this paper is not tied to the Rare
and Weak signal model, and applies to more general cases. For example, the
main results can be extended to the case where we have some additional
information about the underlying structure of the signals (e.g. Ising model
[17)).

1.2. Sparsifiability, linear filtering, and GOSD. As mentioned before, we
are primarily interested in the case where the Gram matrix G can be spar-
sified by a finite-order linear filtering.

Fix an integer h > 1 and an (h+1)-dimensional vector n = (1,71,...,m,)".
Let D = Dy, be the p X p matrix satisfying
(1.6)

Dyli f) = Hi=jy +mlfi=j— 1} +...+ml{i=j—h}, 1<ij<p.

The matrix Dy, can be viewed as a linear operator that maps any p x 1
vector y to Dy ,y. For this reason, Dy, ;, is also called an order A linear filter
[11].

For o > 0 and Ay > 0, we introduce the following class of matrices:
(1.7)
My(a, Ag) = {Q € BPP : Q(ii) < L]0, )| < Ao(1+]i—jl) 1 <i,j < p}.

Matrices in M, (v, Ag) are not necessarily symmetric.

DEFINITION 1.2.  Fiz an order h linear filter D = Dy, ,. We say that G
is sparsifiable by Dy, ,, if for sufficiently large p, DG € M, (a, Ag) for some
constants o > 1 and Ag > 0.

In the long memory time series model, G can be sparsified by an order 1
linear filter. In the change-point model, G can be sparsified by an order 2
linear filter.
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The main benefit of linear filtering is that it induces sparsity in the Graph
of Strong Dependence (GOSD) to be introduced below. Recall that the suf-
ficient statistics Y = X'Y ~ N(Gf,G). Applying a linear filter D = Dy,
toY gives

(1.8) d~N(BB, H),

where d = D(X'Y), B = DG, and H = DGD'. Note that no information is
lost when we reduce Model (1.1) to Model (1.8).

At the same time, if G is sparsifiable by D = Dy, ,,, then both the matrices
B and H are sparse, in the sense that each row of either matrix has relatively
few large coordinates. In other words, for a properly small threshold § > 0
to be determined, let B* and H* be the regularized matrices of B and H,
respectively:

B*(i,j) = B(i,)){|B(i, )| = 6},  H*(i,j) = H(i, ))I{|H(i,j)| = 6}, 1<i,j<p.

It is seen that
(1.9) d~ N(B*5,H"),

where each row of B* or H* has relatively few nonzeros. Compared to (1.8),
(1.9) is much easier to track analytically, but it contains almost all the
information about .

The above observation naturally motivates the following graph, which we
call the Graph of Strong Dependence (GOSD).

DEFINITION 1.3.  For a given parameter ¢, the GOSD is the graph G* =
(V,E) with nodes V.= {1,2,...,p} and there is an edge between i and j
when any of the three numbers H*(i,j), B*(i,7), and B*(j,i) is nonzero.

DEFINITION 1.4. A graph G = (V, E) is called K-sparse if the degree of
each node < K.

The definition of GOSD depends on a tuning parameter §, the choice
of which is not critical, and it is generally sufficient if we choose § = d,, =
1/ log(p); see Section 5.1 for details. With such a choice of §, it can be shown
that in a general context, GOSD is K-sparse, where K = K does not exceed
a multi-log(p) term as p — oo (see Lemma 5.1).
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1.3. Interplay between the graph sparsity and signal sparsity. With these
being said, it remains unclear how the sparsity of G* helps in variable se-
lection. In fact, even when G* is 2-sparse, it is possible that a node k is
connected—through possible long paths—to many other nodes; it is unclear
how to remove the effect of these nodes when we try to estimate S.

Somewhat surprisingly, the answer lies in an interesting interplay between
the signal sparsity and graph sparsity. To see this point, let S = S(5) be
the support of 3, and let G be the subgraph of G* formed by the nodes in
S only. Given the sparsity of G*, if the signal vector [ is also sparse, then it
is likely that the sizes of all components of G§ (a component of a graph is
a maximal connected subgraph) are uniformly small. This is justified in the
following lemma which is proved in [20].

LEMMA 1.1. Suppose G* is K-sparse and the support S = S(B) is a

realization from [3; w (1—€)vp+em, where vy is the point mass at 0 and 7 is
any distribution with support C R\{0}. With a probability (from randomness
of S) at least 1 — p(eeK)™ T, G% decomposes into many components with
size no larger than m.

In this paper, we are primarily interested in cases where for large p, € <
p~Y for some parameter ¥ € (0,1) and K is bounded by a multi-log(p)
term. In such cases, the decomposability of G5 holds for a finite m, with
overwhelming probability.

Lemma 1.1 delineates an interesting picture: The set of signals decomposes
into many small-size isolated signal islands (if only we know where), each
of them is a component of Gg, and different ones are disconnected in the
GOSD. As a result, the original p-dimensional problem can be viewed as the
aggregation of many separated small-size subproblems that can be solved
parallelly. This is the key insight of this paper.

Note that the decomposability of G attributes to the interplay between
the signal sparsity and the graph sparsity, where the latter attributes to the
use of linear filtering. The decomposability is not tied to the specific model
of f in Lemma 1.1, and holds for much broader situations (e.g. when b is
generated by a sparse Ising model [17]).

1.4. Information leakage and patching. While it largely facilitates the
decomposability of the model, we must note that the linear filtering also
induces a so-called problem of information leakage. In this section, we discuss
how linear filtering causes such a problem and how to overcome it by the
so-called technique of patching.

The following notation is frequently used in this paper.
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DEFINITION 1.5. ForZ C {1,2,...,p}, J C {1,--- ,N}, and a p x N
matriz X, X% denotes the |I| x N sub-matriz formed by restricting the rows
of X to I, and X7T denotes the |J| x |Z| sub-matriz formed by restricting
the columns of X to Z and rows to J.

Note that when N =1, X is a p x 1 vector, and X7 is an |Z| x 1 vector.

To appreciate information leakage, we first consider an idealized case
where each row of G has < K nonzeros. In this case, there is no need
for linear filtering, so B = H = G and d = Y. Recall that Gg consists of
many signal islands and let Z be one of them. It is seen that

(1.10) df ~ N(G*1p%, G*T),

and how well we can estimate 5% is captured by the Fisher Information
Matrix GZZ [21].

Come back to the case where G is non-sparse. Interestingly, despite the
strong correlations, GZZ continues to be the Fisher information for esti-
mating 7. However, when G is non-sparse, we must use a linear filtering
D = Dy, as suggested, and we have

(1.11) d*t ~ N(BELpt HTL).

Moreover, letting J = {1 < j < p: D(i,j) # 0 for some i € Z}, it follows
that
BTIGT — pTIGI 4T,

By the definition of D, |7| > |Z|, and the dimension of the following null
space > 1:

(1.12) Null(Z,7) = {¢ e RVI . BT ¢ = 0}.

Compare (1.11) with (1.10), and imagine the oracle situation where we are
told the mean vector of d* in both. The difference is that, we can fully
recover A7 using (1.10), but are not able to do so with only (1.11). In other
words, the information containing 57 is partially lost in (1.11): if we estimate
BT with (1.11) alone, we will never achieve the desired accuracy.

The argument is validated in Lemma 1.2 below, where the Fisher infor-
mation associated with (1.11) is strictly “smaller” than G©Z; the difference
between two matrices can be derived by taking Z© = 7 and JT = J in
(1.13). We call this phenomenon “information leakage”.

To mitigate this, we expand the information content by including data
in the neighborhood of Z. This process is called “patching”. Let ZT be
an extension of Z by adding a few neighboring nodes, and define similarly
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Jr={1<j<p:D(j) # 0forsomei € Tt} and Null(ZT,J™).
Assuming that there is no edge between any node in Z* and any node in

G5\ T,
(1.13) d*" ~ N(BTIT, HT T,

The Fisher Information Matrix for 47 under Model (1.13) is larger than that
of (1.11), which is captured in the following lemma.

LEMMA 1.2.  The Fisher Information Matriz associated with Model (1.13)
18

(1.14) GTT _ [U(U'(GJ+"7+)_1U)_1U’]I7Z’

where U is any |TT| x (|[Tt| — |ZT|) matriz whose columns form an or-
thonormal basis of Null(Zt,JT).

When the size of ZT becomes appropriately large, the second matrix in
(1.14) is small element-wise (and so is negligible) under mild conditions (see
details in Lemma 2.3). This matrix is usually non-negligible if we set Z+ = Z
and JT = 7 (i.e., without patching).

Example 1. We illustrate the above phenomenon with an example where
p = 5000, G is the matrix satisfying G(i,j) = [1 + 5[i — j[]7%% for all
1<4,j<p and D = Dy, with h =1 and n = (1,-1)". If Z = {2000},
then GZZ = 1, but the Fisher information associated with Model (1.11)
is 0.5. The gap can be substantially narrowed if we patch with Z+ =
{1990,1991,...,2010}, in which case the Fisher information in (1.14) is
0.904.

1.5. Covariance Assisted Screening and FEstimation (CASE). In sum-
mary, we start from the post-filtering regression model

d= DY, where Y = X'Y and D = Dy, is a linear filter.

We have observed the following.

e Signal Decomposability. Linear filtering induces sparsity in GOSD, a
graph constructed from the Gram matrix G. In this graph, the set of
all true signal decomposes into many small-size signal islands, each
signal island is a component of GOSD.

e Information Patching. Linear filtering also causes information leakage,
which can be overcome by delicate patching technique.
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Fic 1. Nlustration of Graph of Strong Dependence (GOSD). Red: signal nodes. Blue: noise
nodes. (a) GOSD with 10 nodes. (b) Nodes of GOSD that survived the PS-step.

Naturally, these motivate a two-stage Screen and Clean variable selection ap-
proach which we call Covariance Assisted Screening and Estimation (CASE).
CASE contains a Patching and Screening (PS) step, and a Patching and Es-
timation (PE) step.

o PS-step. We use sequential x2-tests to identify candidates for each
signal island. Each x2-test is guided by G*, and aided by a carefully
designed patching step. This achieves multivariate screening without
visiting all submodels.

e PFE-step. We re-investigate each candidate with penalized MLE and
certain patching technique, in hope of removing false positives.

For the purpose of patching, the PS-step and the PFE-step use tuning
integers ¢P° and fP¢, respectively. The following notations are frequently
used in this paper.

DEFINITION 1.6.  For any index 1 <i<p, {i}P* ={1<j<p:|j—i <
Psy. For any subset T of {1,2,...,p}, IP® = U;ez{i}P*. Similar notation
applies to {i}P¢ and ZP°.

We now discuss two steps in detail. Consider the PS-step first. Fix m > 1.
Suppose that G* has a total of T' connected subgraphs with size < m, which
we denote by {G;}_, arranged in the ascending order of the sizes, with ties
breaking lexicographically.

Example 2(a). We illustrate this with a toy example, where p = 10
and the GOSD is displayed in Figure 1(a). For m = 3, GOSD has T' = 30
connected subgraphs, which we arrange as follows. Note that {Qt}%gl are
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singletons, {G;}2°,, are connected pairs, and {G; }3°,; are connected triplets.

{1}, {2}, {3}, {4}, {53, {6}, {7}, {8}, {9}, {10}
(1,2}, {1, 7}, {2,4}, {3, 4}, {4,5}, {5,6},{7,8}, {8,9}, {8, 10}, {9, 10}
{1,2,4},{1,2,7},{1,7,8},{2,3,4}, {2,4,5}, {3,4,5}, {4,5,6},{7,8,9},{7,8,10}, {8,9, 10}

In this example, the multivariate screening exams sequentially only the
30 submodels above to decide whether any variables have additional utili-
ties given the variables recruited before, via y2-tests. The first 10 screening
problems are just the univariate screening. After that, starting from bivari-
ate screening, we examine the variables given those selected so far. Suppose
that we are examining the variables {1, 2}. The testing problem depends on
how variables {1, 2} are selected in the previous steps. For example, if vari-
ables {1,2,4,6} have already been selected in the univariate screening, there
is no new recruitment and we move on to examine the submodel {1, 7}. If
the variables {1,4,6} have been recruited so far, we need to test if variable
{2} has additional contributions given variable {1}. If the variables {4,6}
have been recruited in the previous steps, we will examine whether vari-
ables {1, 2} together have any significant contributions. Therefore, we have
never run regression for more than two variables. Similarly, for trivariate
screening, we will never run regression for more than 3 variables. Clearly,
multivariate screening improves the marginal screening in that it gives sig-
nificant variables chances to be recruited if it is wrongly excluded by the
marginal method.

We now formally describe the procedure. The PS-step contains T' sub-
stages, where we screen G; sequentially, ¢t = 1,2,...,T. Let U be the set
of retained indices at the end of stage ¢, with #(?) = @ as the convention.
For 1 <t < T, the t-th sub-stage contains two sub-steps.

e (Initial step). Let N =ut-1n G, represent the set of nodes in G; that
have already been accepted by the end of the (¢ — 1)-th sub-stage, and
let ' =G, \ N be the set of other nodes in G;.

e (Updating step). Write for short Z = G;. Fixing a tuning parameter ¢/*
for patching, introduce
(1.15)

W = (BT IY (HT" T 147 Q = (BT 1) (HT" 7)1 (BT T),

where W is a random vector and @) can be thought of as the covariance
matrix of W. Define W, a subvector of W, and Q N A submatrix
of ), as follows:

(1.16)

Wy = (BTWN) (HP )T Qg = (BTN (T TN (BTN),
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Introduce the test statistic
(1.17) T(d,F,N) =W'Q™'W - W (Qg x) ' Wy

For a threshold ¢ = t(F N ) to be determined, we update the set
of retained nodes by U = Y=Y U F if T(d,F,N) > t, and let
UB = =1 otherwise. In other words, we accept nodes in F only
when they have additional utilities.

The PS-step terminates when ¢t = T, at which point, we write Uy = U (1),
and so

Z/{; = the set of all retained indices at the end of the P.S-step.

In the PS-step, as we screen, we accept nodes sequentially. Once a node
is accepted in the PS-step, it stays there till the end of the PS-step; of
course, this node could be killed in the PFE-step. In spirit, this is similar to
the well-known forward regression method, but the implementation of two
methods are significantly different.

The PS-step uses a collection of tuning thresholds

Q= {t(F,N): (F,N) are defined above}.

A convenient choice for these thresholds is to let t(F, N) = 2glog(p)|F| for
a properly small fixed constant ¢ > 0. See Section 1.9 (and also Sections
1.10-1.11) for more discussion on the choices of ¢(F, N).

How does the PS-step help in variable selection? In Section 2, we show that
in a broad context, provided that the tuning parameters t(ﬁ' , N ) are properly
set, the PS-step has two noteworthy properties: the Sure Screening (SS)
property and the Separable After Screening (SAS) property. The SS property
says that U, contains all but a negligible fraction of the true signals. The
SAS property says that if we view U} as a subgraph of G* (more precisely,
as a subgraph of G, an expanded graph of G* to be introduce below), then
this subgraph decomposes into many disconnected components, each having
a moderate size.

Together, the SS property and the SAS property enable us to reduce the
original large-scale problem to many parallel small-size regression problems,
and pave the way for the PFE-step. See Section 2 for details.

Example 2(b). We illustrate the above points with the toy example in
Example 2(a). Suppose after the PS-step, the set of retained indices U, is
{1,4,5,7,8,9}; see Figure 1(b). In this example, we have a total of three
signal nodes, {1}, {4}, and {8}, which are all retained in U/; and so the
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PS-step yields Sure Screening. On the other hand, U contains a few nodes
of false positives, which will be further cleaned in the PE-step. At the same
time, viewing it as a subgraph of G*, U decomposes into two disconnected
components, {1,7,8,9} and {4,5}; compare Figure 1(a). The SS property
and the SAS property enable us to reduce the original problem of 10 nodes
to two parallel regression problems, one with 4 nodes, and the other with 2
nodes.

We now discuss the PFE-step. Recall that ¢P¢ is the tuning parameter
for the patching of the PE-step, and let {i}’ be as in Definition 1.6. The
following graph can be viewed as an expanded graph of G*.

DEFINITION 1.7. Let Gt = (V, E) be the graph where V. = {1,2,...,p}
and there is an edge between nodes i and j when there exist nodes k € {i}P¢
and k" € {j}P¢ such that there is an edge between k and k' in G*.

Recall that U is the set of retained indices at the end of the PS-step.

DEFINITION 1.8. Fizx a graph G and its subgraph T. We say T 1 G if
7 is a connected subgraph of G, and I <G if T is a component (mazximal
connected subgraph) of G.

Fix 1 < j < p. When j ¢ U;, CASE estimates 3; as 0. When j € Uy,
viewing U, as a subgraph of G*, there is a unique subgraph Z such that
J € T <QU,. Fix two tuning parameters u”® and vP®. We estimate BT by
minimizing

1 € e e e e e pe 2
(1.18) mgin{Q(de — BTy (HT T )L (@ — BT 719)+(“2)\|9H0},

where 6 is an |Z| x 1 vector where each nonzero coordinate > vP¢, and ||6|o
denotes the L%-norm of @. Putting these together gives the final estimator of
CASE, which we denote by 3¢¢ = BCQSE(Y; d,m, Q, 0P (P¢ uP® vP° Dy . X, p).

CASE uses tuning parameters (6, m, Q, fP% (P¢ uP¢ vP¢). Earlier in this
paper, we have briefly discussed how to choose (d, Q). As for m, usually, a
choice of m = 3 is sufficient unless the signals are relatively ‘dense’. The
choices of (¢P%, ¢P¢ uP¢ vP€) are addressed in Section 1.9 (see also Sections
1.10-1.11).

1.6. Computational complexity of CASE, comparison with multivariate
screening. The PS-step is closely related to the well-known method of
marginal screening, and has a moderate computational complexity.
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Marginal screening selects variables by thresholding the vector d coordinate-
wise. The method is computationally fast, but it neglects ‘local’ graphical
structures, and is thus ineffective. For this reason, in many challenging prob-
lems, it is desirable to use multivariate screening methods which adapt to
‘local’ graphical structures.

Fix m > 1. An m-variate x?-screening procedure is one of such desired
methods. The method screens all k-tuples of coordinates of d using a y2-test,
for all k < m, in an exhaustive (brute-force) fashion. Seemingly, the method
adapts to ‘local’ graphical structures and could be much more effective than
marginal screening. However, such a procedure has a computational cost
of O(p™) (excluding the computation cost for obtaining XY from (X,Y);
same below) which is usually not affordable when p is large.

The main computational innovation of the PS-step is to use a graph-
assisted m-variate y2-screening, which is both effective in variable selection
and efficient in computation. In fact, the PS-step only screens k-tuples of
coordinates of d that form a connected subgraph of G*, for all k¥ < m. There-
fore, if G* is K-sparse, then there are < Cp(eK)™*! connected subgraphs
of G* with size < m; so if K = K, is no greater than a multi-log(p) term
(see Definition 1.10), then the computational complexity of the PS-step is
only O(p), up to a multi-log(p) term.

Example 2(c). We illustrate the difference between the above three
methods with the toy example in Example 2(a), where p = 10 and the GOSD
is displayed in Figure 1(a). Suppose we choose m = 3. Marginal screening
screens all 10 single nodes of the GOSD. The brute-force m-variate screening
screens all k-tuples of indices, 1 < k < m, with a total of (})+...+(?) =175
such k-tuples. The m-variate screening in the PS-step only screens k-tuples
that are connected subgraphs of G*, for 1 < k < m, and in this example, we
only have 30 such connected subgraphs.

The computational complexity of the PE-step consists two parts. The first
part is the complexity of obtaining all components of U, which is O(pK)
and where K is the maximum degree of GT; note that for settings considered
in this paper, K = K,/ does not exceed a multi-log(p) term (see Lemma 5.2).
The second part of the complexity comes from solving (1.18), which hinges
on the maximal size of Z. In Lemma 2.2, we show that in a broad context,
the maximal size of Z does not exceed a constant [y, provided the thresholds
Q are properly set. Numerical studies in Section 3 also support this point.
Therefore, the complexity in this part does not exceed p - 3. As a result,
the computational complexity of the PFE-step is moderate. Here, the bound
O(pK +p- 3l0) is conservative; the actual computational complexity is much
smaller than this.
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How does CASE perform? In Sections 1.7-1.9, we set up an asymptotic
framework and show that CASE is asymptotically minimax in terms of the
Hamming distance over a wide class of situations. In Sections 1.10-1.11, we
apply CASE to the long-memory time series and the change-point model,
and elaborate the optimality of CASE in such models with the so-called
phase diagram.

1.7. Asymptotic Rare and Weak model. In this section, we add an asymp-
totic framework to the Rare and Weak signal model RW (¢, 7, 1) introduced
in Section 1.1. We use p as the driving asymptotic parameter and tie (e, 7)
to p through some fixed parameters.

In particular, we fix 9 € (0,1) and model the sparse parameter € by

(1.19) e=e=p 7.

Note that as p grows, the signal becomes increasingly sparse. At this sparsity
level, it turns out that the most interesting range of signal strength is 7 =
O(4/log(p)). For much smaller 7, successful recovery is impossible. For much
larger 7, the problem is relatively easy. In light of this, we fix r > 0 and let

(1.20) T =1, = v/2rlog(p).

At the same time, recalling that in RW (e, 7, 1), we require p € ©,(7) so
that |u;| > 7 for all 1 < i < p. Fixing a > 1, we now further restrict p to
the following subset of ©,(7):

(1.21) O, (1p,a) = {p € Op(7p) : 7p < |pil < amp, 1 <i <ph.

DEFINITION 1.9. We call (1.19)-(1.21) the Asymptotic Rare and Weak
model ARW (9,7, a, ).

Requiring the strength of each signal < a7, is mainly for technical reasons,
and hopefully, such a constraint can be removed in the near future. From a
practical point of view, since usually we do not have sufficient information
on u, we prefer to have a larger a: we hope that when a is properly large,
@;(Tp,a) is broad enough, so that neither the optimal procedure nor the
minimax risk needs to adapt to a.

Towards this end, we impose some mild regularity conditions on a and

the Gram matrix G. Let g be the smallest integer such that

(1.22) g > max{ (9 +r)?/(207),m}.
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For any p x p Gram matrix G and 1 < k < p, let A\;(G) be the minimum of
the smallest eigenvalues of all k x k principle sub-matrices of G. Introduce

(1.23) Mvp(co,g) = {G is a p x p Gram matrix, A\ (G) > ¢, 1 < k < g}.

For any two subsets Vj and V; of {1,2,...,p}, consider the optimization
problem

(0 (Vo Vi: @), 67 (Vo, V1: @) = argmin{(60) — 0y G(6") — 6},

up to the constraints that \Qz@\ > 71, if ¢ € Vj and 91(]“) = 0 otherwise, where
k = 0,1, and that in the special case of Vy = Vi, the sign vectors of (%) and
61 are unequal. Introduce

05(G) = ma max{[027 (Vo Vi G) oo, [0 (Vo Vi G) oo}

The following lemma is elementary, so we omit the proof.

LEMMA 1.3. For any G € Mp(CO,g), there is a constant C' = C(co,g) >
0 such that ay(G) < C.

In this paper, except for Section 1.11 where we discuss the change-point
model, we assume

(1.24) GeMog), a>dal(G).

Under such conditions, ©}(7,, @) is broad enough and the minimax risk (to be
introduced below) does not depend on a. See Section 1.8 for more discussion.

For any variable selection procedure B, we measure the performance by
the Hamming distance

p
ho(B;8.G) = B | > 1 {sen(B)) # sen(8)) }|X,8] .

Jj=1

where the expectation is taken with respect to B . Here, for any p x 1 vector
&, sgn(&) denotes the sign vector (for any number z, sgn(z) = 1,0, —1 when
x <0,z =0, and x > 0 correspondingly).

Under ARW (9, r,a,p), B =bo pu, so the overall Hamming distance is

Hp(B% 5p7M7G) = Eep {hp(B;ﬁvG)‘X} )
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where Ee, is the expectation with respect to the law of b. Finally, the mini-
max Hamming distance under ARW (¢, r, a, p) is

Hammy(9,7,a,G) = inf  sup Hp(,@;ep,,u, Q).
6 MEG;(TZHG‘)

In next section, we will see that the minimax Hamming distance does not
depend on a as long as (1.24) holds.

In many recent works, the probability of exact support recovery or oracle
property is used to assess optimality, e.g. [9, 35]. However, when signals are
rare and weak, exact support recovery is usually impossible, and the Ham-
ming distance is a more appropriate criterion for assessing optimality. In
comparison, study on the minimax Hamming distance is not only mathe-
matically more demanding but also scientifically more relevant than that on
the oracle property.

1.8. Lower bound for the minimaz Hamming distance. We view the (global)
Hamming distance as the aggregation of ‘local’ Hamming distances. To con-
struct a lower bound for the (global) minimax Hamming distance, the key
is to construct lower bounds for ‘local’ Hamming errors. Fix 1 < j < p. The
‘local’ Hamming error at index j is the risk we make among the neighboring
indices of j in GOSD, say, {k : d(j,k) < g}, where g is as in (1.22) and
d(j, k) is the geodesic distance between j and k in the GOSD. The lower
bound for such a ‘local’ Hamming error is characterized by an exponent ,0;7,
which we now introduce.

For any subset V' C {1,2,...,p}, let Iy be the p x 1 vector such that the
j-th coordinate is 1 if j € V' and 0 otherwise. Fixing two subsets Vj and V;
of {1,2,...,p}, introduce

(1.25)

Vo, Vi) = 72 - 0D _ gy (g —_p® })
= ) =7 <{e<k>=kaou<k>:u<k>e@;(ﬂf}homgn(mm)#sgnwﬂ»}{( YG )
and
(1.26)

1
p(Vo, Vi) = max{| Vo, [Vi[}9 +

2
s LVl = VoD

The exponent p; = p} (¥, r,a,G) is defined by

1.27 “(9,7,a,G) = i Vo, V1).
(1.27) p; (0,7, a,Q) (vo,vl?:l}?vouvf’( 0, V1)

The following notation L, is frequently used in this paper.
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DEFINITION 1.10. Ly, as a positive sequence indexed by p, is called a
multi-log(p) term if for any fived 6 > 0, limp_ Lpp5 = 00 and limy,_,~ Lp]f‘s =

0.

It can be shown that Lp]fpzf provides a lower bound for the ‘local’ mini-
max Hamming distance at index j, and that when (1.24) holds, p3 (9,7, a, G)
does not depend on a; see [20, Section 1.5] for details. In the remaining part
of the paper, we will write it as p} (9,7, G) for short.

At the same time, in order for the aggregation of all lower bounds for
‘local’ Hamming errors to give a lower bound for the ‘global’ Hamming
distance, we need to introduce Graph of Least Favorables (GOLF). Towards
this end, recalling g and p(Vp, V1) as in (1.22) and (1.26), respectively, let

(Voy» Vi) = argming, vi).ievouns, [vouvi |<g3 P(Vo, V1),

and when there is a tie, pick the one that appears first lexicographically. We
can think (VO*}, Vl’;) as the ‘least favorable’ configuration at index j; see [20,
Section 1.5] for details.

DEFINITION 1.11.  GOLF'is the graph G° = (V, E) where V = {1,2,...,p}
and there is an edge between j and k if and only if (Vg; UV N(V UV # 0.

The following theorem is similar to [20, Theorem 1.1] so we omit the
proof.

THEOREM 1.1.  Suppose (1.24) holds so that p}‘-(v“,r, a,G) does not de-
pend on the parameter a for sufficiently large p. As p — oo, Hammy (9,7, a,G) >
Ly[dy(G%)] 71 . p P0G where d,(G®) is the mazimum degree of all
nodes in G°.

In many examples, including those of primary interest of this paper,
(1.28) dp(G°) < Ly,

In such cases, we have the following lower bound:

p
(1.29) Hamm;(ﬁ, ra,G) > L, Zp—pj WrG)
j=1
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1.9. Main results. In this section, we show that in a broad context, pro-
vided the tuning parameters are properly set, CASE achieves the lower
bound prescribed in Theorem 1.1, up to some L, terms. Therefore, the
lower bound in Theorem 1.1 is tight, and CASE achieves the optimal rate
of convergence.

For a given « > 0, we focus on linear models with the Gram matrix from

M(7, g, co, A1) = Mp(co, g) N My (v, Ar),

where we recall that the two terms on the right hand side are defined in
(1.7) and (1.23), respectively. The following lemma is proved in Section 5.

LEMMA 1.4, For G € My (v,9,co, A1), dp(G°) < Ly. As a result, Hammy (9,7, a,G) >
Ly 00

For any linear filter D = Dy, ), let
on(z) = L+mz+...+np2"

be the so-called characterization polynomial. We assume the following regu-
larity conditions.

o Regularization Condition A (RCA). For any root zy of ¢, (2), |20| > 1.

e Regularization Condition B (RCB). There are constants x > 0 and
c1 > 0 such that A} (DGD’) > ¢1k™" (see Section 1.7 for the definition
of A}).

For many well-known linear filters such as adjacent differences, seasonal
differences, etc., RCA is satisfied. Also, RCB is only a mild condition since
k can be any positive number. For example, RCB holds in the change-
point model and long-memory time series model with certain D matrices.
In general, x is not 0 because when DG is sparse, DGD’ is very likely to
be approximately singular and the associated value of A} can be small when
k is large. This is true even for very simple G (e.g. G = I,, D = Dy, and
n=(1,-1)).

At the same time, these conditions can be further relaxed. For example,
for the change-point problem, the Gram matrix has barely any off-diagonal
decay, and does not belong to M. Nevertheless, with slight modification in
the procedure, the main results continue to hold.

CASE uses tuning parameters (J, m, Q, fP5, P¢ uP¢ vP¢). The choice of §
is flexible, and we usually set 6 = 1/log(p). For the main theorem below,
we treat m as given. In practice, taking m to be a small integer (say, < 3) is
usually sufficient, unless the signals are relatively dense (say, ¥ < 1/4). The
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choice of /P* and £P¢ are also relatively flexible, and letting /P* be a sufficiently
large constant and ¢P¢ be (log(p))” for some constant v < (1—1/«)/(k+1/2)
is sufficient, where « is as in Definition 1.2, and & is as in RCB.

At the same time, in principle, the optimal choices of (uP¢, vP¢) are

(1.30) uP® = /291logp, VP = /2rlogp,

which depend on the underlying parameters (¢, r) that are unknown to us.
Despite this, our numeric studies in Section 3 suggest that the choices of
(uP®, vP¢) are relatively flexible; see Sections 3-4 for more discussions.

Last, we discuss how to choose Q = {t(F', N) : (F', N) are defined as in the
PS-step}. Let t(F,N) = 2qlog(p), where ¢ > 0 is a constant. It turns out
that the main result (Theorem 1.2 below) holds as long as

(1.31) @ <q<q(FN),
where g > 0 is an appropriately small constant, and for any subsets (F, N),

(1.32)
¢*(F,N) = max {q: (IF| + [N])9 + (VB N)r = ValF): 2 2 o(F,N) }

here,
(1.33)
W(F,N) = (F’"’_MD0+{ %“’(R N)r, |[F'| is even,
’ 2 S+ 1 (Vw(F,N)r —9/\/w(F,N)r)4]%,  |F|is odd,
with
(134) w(F, N) — min gl[GF’F o GF’N(GN’N)_lGN’F]f,
EERIFL:|g;|>1
and
(1.35) O(F,N)=min  ¢[Qrr— Qrn(QnnN)'QnFIE,
EERITI:|E;[>1

where Qry = (BT"F) (HT" ") =Y(BT"N) with T = FU N, and Qn r,
Qr.r and QN are defined similarly. Compared to (1.15), we see that Qp v,
QrnN, Qnr and QN N are all submatrices of ). Hence, @(F, N) can be
viewed as a counterpart of w(F, N) by replacing the submatrices of GZZ by
the corresponding ones of Q.

From a practical point of view, there is a trade-off in choosing ¢: a larger ¢
would increase the number of Type II errors in the PS-step, but would also
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reduce the computation cost in the PE-step. The following is a convenient
choice which we recommend in this paper:

(1.36) t(F, N) = 24| F'|log(p),

where 0 < ¢ < cor/4 is a constant and ¢ is as in My (v, g, co, A1).
We are now ready for the main result of this paper.

THEOREM 1.2.  Suppose that for sufficiently large p, G € M3 (v, g, co, A1),
Dy, ,G € My(a, Ag) with o > 1, and that RCA-RCB hold. Consider Bcase =
BC“S‘Z(Y; d,m, Q, P (P¢ uP® vPe, Dy, . X, p) with the tuning parameters spec-
ified above. Then as p — oo,

p
(137)  sup  Hp(B“ ey 11, G) < Ly[p' =" 43" p i 0r D] 4 o(1).

HEO;(Tp,a) j=1

Combine Lemma 1.4 and Theorem 1.2. Given the parameter m is appro-
priately large, both the upper bound and the lower bound are tight and
CASE achieves the optimal rate of convergence prescribed by

p
(1.38) Hammy (4,7, a,G) = L, prp;w’r’c) + o(1).
j=1

Theorem 1.2 is proved in Section 2, where we explain the key idea behind
the procedure, as well as the selection of the tuning parameters.

1.10. Application to the long-memory time series model. The long-memory
time series model in Section 1 can be written as a regression model:

Y:X/B+Z7 ZNN(O7[n)7

where the Gram matrix G is asymptotically Toeplitz and has slow off-
diagonal decays. Without loss of generality, we consider the idealized case
where G is an exact Toeplitz matrix generated by a spectral density f:

Glid) = 5= [ cosli—jlrf @i, 10 <

2 J_,

In the literature [6, 23], the spectral density for a long-memory process is
usually characterized as

(1.39) flw) =1 — V71172 f* (w),
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where ¢ € (0,1/2) is the long-memory parameter, f*(w) is a positive sym-
metric function that is continuous on [—7, 7] and is twice differentiable ex-
cept at w = 0.

In this model, the Gram matrix is non-sparse but it is sparsifiable. To
see the point, let n = (1,—1)" and let D = D, be the first-order adjacent
row-differencing. On one hand, since the spectral density f is singular at the
origin, it follows from the Fourier analysis that

Gl = C(L+ i — )~
and hence G is non-sparse. On the other hand, it is seen that
l7—il+1

B(i,j) = V-1 wf(w)(A)dA,

7=l

where we recall that B = DG and note that § denotes the Fourier transform
of g. Compared to f(w), wf(w) is non-singular at the origin. Additionally,
it is seen that B € M, (2 —2¢, A), where 2 —2¢ > 1, so B is sparse (similar
claim applies to H = DGD'’). This shows that G is sparsifiable by adjacent
row-differencing.

In this example, there is a function pj, (¥,7; f) that only depends on
(9,7, f) such that

max 0, G) — pl (9,7 )|} — 0, as p — 0o,
{jrlog(p)ﬁjép—log(p)}{|p]( ) = Pias( ik

where the subscript ‘lts’ stands for long-memory time series. The following
theorem can be derived from Theorem 1.2, and is proved in Section 5.

THEOREM 1.3.  For a long-memory time series model where |(f*)"(w)| <
C|w|~2, the minimax Hamming distance satisfies Hammy (d,r, G) = Lyp*—Pies(rif)
If we apply CASE where (m~+1)9 > pj, (0,r; f), n = (1,—1)', and the tuning
parameters are as in Section 1.9, then

sup Hp(BmseE €p 11, G) < Lppl_pl*”(ﬁ’”f) +o(1).
ME@;(TIHQ)

Theorem 1.3 can be interpreted by the so-called phase diagram. Phase
diagram is a way to visualize the class of settings where the signals are so
rare and weak that successful variable selection is simply impossible [19]. In
detail, for a spectral density f and ¥ € (0, 1), let

Tits (0) = 1145(05 f)
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be the unique solution of pj, (¢, 7; f) = 1. Note that r = r}, (V) characterizes
the minimal signal strength required for exact support recovery with high
probability. We have the following proposition, which is proved in Section 5.

LEMMA 1.5. Under the conditions of Theorem 1.3, if (f*)"(0) ewists,
then i, (9; f) is a decreasing function in 9, with limits 1 and 2 [ f~!(w)dw
as ¥ — 1 and ¥ — 0, respectively.

Call the two-dimensional space {(,7): 0 < ¥ < 1, r > 0} the phase space.
Interestingly, there is a partition of the phase space as follows.

e Region of No Recovery {(9,r): 0 <r < 4,0 <9 < 1}. In this region,
the minimax Hamming distance 2 pe,, where pe, is approximately the
number of signals. In this region, the signals are too rare and weak and
successful variable selection is impossible.

e Region of Almost Full Recovery {(¥,r): ¥ <r <, (V; f), 0 < ¥ <1},
In this region, the minimax Hamming distance is much larger than
1 but much smaller than pe,. Therefore, the optimal procedure can
recover most of the signals but not all of them.

e Region of Exact Recovery {(¥,r): r > 1}, (¥; f), 0 < ¥ < 1}. In this re-
gion, the minimax Hamming distance is o(1). Therefore, the optimal
procedure recovers all signals with probability ~ 1.

Because of the partition of the phase space, we call this the phase diagram.

From time to time, we wish to have a more explicit formula for the rate
pis(U,7; f) and the critical value 7}, (¢; f). In general, this is a hard prob-
lem, but both quantities can be computed numerically when f is given. In
Figure 2, we display the phase diagrams for the FARIMA(0, ¢,0) process
where

-9
(1 —2¢)

Take ¢ = 0.35,0.25 for example, 7}, (9; f) = 7.14,5.08 for small 9.

(1.40) fr(w)

1.11. Application to the change-point model. The change-point model in
the introduction can be viewed as a special case of Model (1.1), where j is
as in (1.5), and the Gram matrix satisfies

(1.41) G(i,j) = min{i, j}, 1<4,j <p.

For technical reasons, it is more convenient not to normalize the diagonals
of G to 1.
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ot Exact Recovery . Exact Recovery

o Almost Full Recovery o Almost Full Recovery

Fic 2. Phase diagrams corresponding to the FARIMA(0,¢,0) process. Left: ¢ = 0.35.
Right: ¢ = 0.25.

The change-point model can be viewed as an ‘extreme’ case of what is
studied in this paper. On one hand, the Gram matrix G is ‘ill-posed’ and
each row of G does not satisfy the condition of off-diagonal decay in Theorem
1.2. On the other hand, G has a very special structure which can be largely
exploited. In fact, if we sparsify G with the linear filter D = Ds,, where
n=(1,-2,1), it is seen that B = DG = I,, and H = DGD' is a tri-diagonal
matrix with H(i,j) =2-1{i = j} — 1{|i — j| = 1} — 1{i = j = p}, which are
very simple matrices. For these reasons, we modify the CASE as follows.

e Due to the simple structure of B, we don’t need patching in the PS-
step (i.e., P =0).

e For the same reason, the choices of thresholds t(ﬁ N ) are more flexible
than before, and taking t(F, N) = 2qlog(p) for a proper constant ¢ > 0
works.

e However, since H is ‘extreme’ (the smallest eigenvalue tends to 0 as
p — 00), we have to modify the PE-step carefully.

In detail, the P E-step for the change-point model is as follows. Given #P¢,
let Gt be as in Definition 1.7. Recall that Z/{; denotes the set of all retained
indices at the end of the PS-step. Viewing U, as a subgraph of G*t, and
let Z <<Uy be one of its components. The goal is to split Z into N different
subsets

Z=72Wuy...uzW,

and for each subset ZF), 1 < k < N, we construct a patched set Z(k)-pe We
then estimate BI(M separately using (1.18). Putting Bz(k) together gives our
estimate of 5Z.

The subsets {(Z*), ZFPe)1N_ are recursively constructed as follows. De-
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note | = |Z|, M = (¢r¢/2)Y/(+D) " and write
T={j1, 52, »Ji}s 1 <j2<...<jp
First, letting k1 be the largest index such that jg, — jg,—1 > ¢P¢/M, define
T = (oo i, and ZOP = (i = 0% /2M), i+ 02,

Next, letting ko < k1 be the largest index such that jy, — jg,_1 > P¢/M?,
define

I(Q) = {jkm to 7jk1}7 1(2)’176 = {ij - gpe/(2M2)’ T ajk’1 + Epe/(2M)}

Continue this process until for some N, 1 < N <[, ky = 1. In this con-
struction, for each 1 < k < N, if we arrange all the nodes of Z(k)re in the
ascending order, then the number of nodes in front of Z(+) is significantly
smaller than the number of nodes behind Z().

In practice, we introduce a suboptimal but much simpler patching ap-
proach as follows. Fix a component Z = {jy,--- ,j;} of G. In this approach,
instead of splitting it into smaller sets and patching them separately as in
the previous approach, we patch the whole set Z by

(1.42) TP = {i: ) — 0P )4 < i < jj + 30°¢/4},

and estimate 4% using (1.18). Our numeric studies show that two approaches
have comparable performances.

Define
. [ 9+r/4, r/9 < 64 2v/10,
(L43) - popldir) = { 394 (r/2— 0)2/(2r), /9> 6+ 2/I0,

where ‘cp’ stands for change-point. Choose the tuning parameters of CASE
such that

(1.44) ¢ = 2log(p), uP® =+/20log(p), and vP¢ = \/2rlog(p),

that (m +1)9 > p%,(9,7), and that 0 < ¢ < §(v/2 —1)? (recall that we take
t(F', N) = 2qlog(p) for all (F,N) in the change-point setting). Note that
the choice of ¢P¢ is different from that in Section 1.5. The main result in this
section is the following theorem which is proved in Section 5.

THEOREM 1.4. For the change-point model, the minimax Hamming dis-
tance satisfies Hammy,(J, 7, G) = Lppl_pzpw’r). Furthermore, the CASE [3°*¢
with the tuning parameters specified above satisfies

sup Hp(ﬁcase; €p, 11, G) < Lpplfpzp(ﬂ’r) +o(1).
uE@;(Tp,a)
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Exact Recovery

ot Exact Recovery st

Almost Full Recovery

I Almost Full Recovery

Fic 3. Phase diagrams corresponding to the change-point model. Left: CASE; the boundary
is decided by (4—109)+24/(2 — 53)2 — 92 (left part) and 4(1—9) (right part). Right: hard
thresholding; the upper boundary is decided by 2(1 + /1 — 0)? and the lower boundary is
decided by 29.

It is noteworthy that the exponent p:p(ﬁ, r) has a phase change depend-
ing on the ratios of r /1. The insight is, when /9 < 6 4+ 2/10, the minimax
Hamming distance is dominated by the Hamming errors we make in dis-
tinguishing between an isolated change point and a pair of adjacent change
points, and when /9 > 6 4 2+/10, the minimax Hamming distance is domi-
nated by the Hamming errors of distinguishing the case of consecutive change
point triplets (say, change points at {j — 1, j,j — 1}) from the case where we
don’t have a change point in the middle of the triplets (that is, the change
points are only at {j — 1,j + 1}).

Similarly, the main results on the change-point problem can be visualized
with the phase diagram, displayed in Figure 3. An interesting point is that,
it is possible to have almost full recovery even when the signal strength
parameter 7, is as small as o(y/2log(p)). See the proof of Theorem 1.4 for
details.

Alternatively, one may use the following approach to the change-point
problem. Treat the liner change-point model as a regression model ¥ =
XB + z as in Section 1 (Page 2), and let W = (X'X)"'X'Y be the least-
squares estimate. It is seen that

W~ N(B,%),

where we note that ¥ = (X'X)7! is tridiagonal and coincides with H.
In this simple setting, a natural approach is to apply a coordinate-wise
thresholding B;’”’es" = W;1{|W;| > t} to locate the signals. But this neglects
the covariance of W in detecting the locations of the signals and is not
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optimal even with the ideal choice of thresholding parameter tg, since the
corresponding risk satisfies

sup  Hp(B" M (t0); e, 1, G) = Lpp! = /29,
{u€®;(1p,a)}

The proof of this is elementary and omitted. The phase diagram of this
method is displayed in Figure 3, right panel, which suggests the method is
non-optimal.

Other popular methods in locating multiple change-points include the
global methods (e.g. [16, 25, 29, 33]) and local methods (e.g. SaRa [24]).
The global methods are usually computationally expensive and can hardly
be optimal due to the strong correlation nature of this problem. Our pro-
cedure is related to the local methods but is different in important ways.
Our method exploits the graphical structures and uses the GOSD to guide
both the screening and cleaning, but SaRa does not utilize the graphical
structures and can be shown to be non-optimal.

1.12. Content. The remaining sections are organized as follows. Section
2 discusses the key steps for proving Theorem 1.2. Section 3 contains nu-
meric studies and comparisons with other methods. Section 4 contains sum-
marizing remarks and discussions. Section 5 contains the proofs for all other
theorems and lemmas in the paper.

Throughout this paper, D = Dy, ,, d = D(X'Y), B = DG, H = DGD/,
and G* denotes the GOSD (In contrast, d, denotes the degree of GOLF
and H, denotes the Hamming distance). Also, R and C denote the sets
of real numbers and complex numbers respectively, and RP denotes the p-
dimensional real Euclidean space. Given 0 < ¢ < oo, for any vector z, ||z,
denotes the L9-norm of x; for any matrix M, || M||, denotes the matrix L9-
norm of M. When g = 2, || M|, coincides with the matrix spectral norm; we
shall omit the subscript ¢ in this case. When M is symmetric, Apax(M) and
Amin (M) denote the maximum and minimum eigenvalues of M respectively.
For two matrices M7 and My, My = M, means that My — My is positive
semi-definite.

2. Proof of the main theorem. As mentioned before, the success of
CASE relies on two noteworthy properties: the Sure Screening (SS) property
and the Separable After Screening (SAS) property. In this section, we discuss
the two properties in detail, and illustrate how these properties enable us
to decompose the original regression problem to many small-size regression
problems which can be fit separately. We then use these properties to prove
Theorem 1.2.



28 T. KE, J. JIN AND J. FAN

We start with the SS property. Recall that U is the set of all retained
indices at the end of the PS-step. The following lemma is proved in Section
5.

LEMMA 2.1 (SS). Under the conditions of Theorem 1.2,

p
P (8 #0, jgUy) < Ly[p' =7 43" p A Or@] 4 o(1).
1 j=1

p
]:
This says that all but a negligible fraction of signals are retained in U;.

At the same time, we have the following lemma, which says that as a
subgraph of GT, U, splits into many disconnected components, and each
component has a small size.

LEMMA 2.2 (SAS). As p — oo, under the conditions of Theorem 1.2,
there is a fized integer ly > 0 such that with probability at least 1 — o(1/p),
each component of U, has a size < ly.

Together, these two properties enable us to decompose the original re-
gression problem to many small-size regression problems. To see the point,
let 7 be a component of U, and ZP¢ be the associated patching set. Recall
that d ~ N(Bg, H). If we limit our attention to nodes in ZP¢, then

(2.45) d* = (BB + N(0, HF" ™).
Denote V' = {1,--- ,p}\U,. Write

(2.46) (BB = BT + & + &,

where

&1 = Z B*"I 87, & =BV

T J<Uy, T#L

Now, first, by the SS property, V' contains only a negligible number of signals,
so we expect to see that ||€2|lcc to be negligibly small. Second, by the SAS
property, for any J <U,; and J # Z, nodes in Z and J are not connected
in G*. By the way G" is defined, it follows that nodes in ZP¢ and J are
not connected in the GOSD G*. Therefore, we expect to see that ||£1]co
is negligibly small as well. These heuristics are validated in the proof of
Theorem 1.2; see Section 2.1 for details.
As a result,
(2.47) d¥ ~ N(BT" gL, HT" 1)

)
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where the right hand side is a small-size regression model. In other words,
the original regression model decomposes into many small-size regression
models, and each has a similar form to that of (2.47).

We now discuss how to fit Model (2.47). In our model ARW (9,1, a, i),
BT =brout, and P(||f%||o = k) ~ e’;. At the same time, given a realization of
BE, d¥" is (approximately) distributed as Gaussian as in (2.47). Combining
these, for any eligible |Z| x 1 vector 6, the log-likelihood for 47 = § associated
with (2.47) is

1 e e e e e e
(2.48) — 5(d:“’ — BT Ly (HE ) (@ — BEL0) 4+ 9log(p)||6]|o | -

Note that 6 is eligible if and only if its nonzero coordinates > 7, in magni-
tude. Comparing (2.48) with (1.18), if the tuning parameters (uP¢, vP¢) are
set as uP® = /20 1og(p) and vP® = /2rlog(p), then the PE-step is actually
the MLE constrained in ©)(7;,). This explains the optimality of the P E-step.

The last missing piece of the puzzle is how the information leakage is
patched. Consider the oracle situation first where $Z° is known. In such a
case, by Y = X'Y ~ N(GS,G), it is easy to derive that

5}1 _ GZ’ICBIC ~ N(GI’ZBI, GI’I).

Comparing this with Model (2.47) and applying Lemma 1.2, we see that
the information leakage associated with the component Z is captured by the
matrix [U(U'(G7"7")1U) U152, where JP¢ = {1 < j < p: D(i,]) #
0, for some ¢ € ZP°} and U contains an orthonormal basis of Null(ZP¢, JP¢).
To patch the information leakage, we have to show that this matrix has a
negligible influence. This is justified in the following lemma, which is proved
in Section 5.

LEMMA 2.3. (Patching). Under the conditions of Theorem 1.2, for any
T AG" such that |Z| < ly, and any | TP¢| x (|TP¢| — |ZP¢|) matriz U whose
columns form an orthonormal basis of Null(ZP¢,JP€),

U@ (@77 ) U | = o(1),  p— oo
We are now ready for proving Theorem 1.2.

2.1. Proof of Theorem 1.2 . For short, write 3 = 3¢ and p; = p;(,r,G).
For any p € ©;(7,, a), write

Hp(B? 6paﬂ7G) =I1+1I,
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where
(2.49)
p P R
1= P(B;#0,j¢Uy), II=> P(jcUy, sgn(B)) #sgn(B;)).
j=1 j=1
Using Lemma 2.1, I < Ly[p'~(m+1V 4 Y P71+ o(1). So it is sufficient
to show
(2.50) IT < Ly[p'~m+17 4 Z P~

View Uy as a subgraph of G*. By Lemma 2.2, there is an event A, and a
fixed integer £y such that P(A}) < o(1/p) and that over the event A, each
component of Uy has a size < {y. It is seen that

p
<Y P(j €Uy, sen(By) # sen(B;), Ap) +o(1).
i=1

Moreover, for each 1 < j < p, there is a unique component Z such that
j € T<Uy, and that |Z| < £y over the event A, (note that Z depends on U,
and it is random). Since any realization of Z must be a connected subgraph
(but not necessarily a component) of G,

(251) IT<> > P(jeZauy, sgn(B;) #sgn(B;), Ap)+o(l);

J=1 I eZ<GH | ZI<Io

see Definition 1.8 for the difference between <1 and <. We stress that on the
right hand side of (2.51), we have changed the meaning of Z and use it to
denote a fixed (non-random) connected subgraph of GT.

Next, let £(ZP¢) be the set of nodes that are connected to ZP¢ by a length-1
path in G*:

E(ZP°) = {k : there is an edge between k and k' in G* for some k' € ZP°}.

Heuristically, S(8) N E(ZP€) is the set of signals that have major effects on
d?”. Let E,7 be the event that (S(8) N E(ZP¢)) C Z (note that Z is non-
random and the event is defined with respect to the randomness of 3). From
(2.51), we have

(2.52)

p
<Y Y P(jeTauy. sen(B) #sen(B)). 4,0 Eyz) +rem,
J=1Z:5eZG+,|Z|<lp
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where it is seen that

(2.53) rem<> Y P(I<Quy, A,NES;).

p
=1 T:jeTaG+,|Z|<lo

J

The following lemma is proved in Section 5.

LEMMA 2.4.  Under the conditions of Theorem 1.2,

p p
> D P ANE) <Ly PB 40, jEU).

7=1T:je72G+ |T|<lo =1

Combining (2.53) with Lemma 2.4 and using Lemma 2.1,

p
(2.54) rem < Lylp' ™7 +3 " p7Pi] 4+ 0(1).
j=1

Insert (2.54) into (2.52). To show (2.50), it suffices to show for each 1 < j <
b,
(2.55)
Z P(j e T<aly, sgn(B;) # sgu(B;), Ap NEpz) < Lpp .
T:§eT<G+,|Z|<lo

We now further reduce (2.55) to a simpler form using the sparsity of G*.
Fix 1 < j < p. The number of subgraphs Z satisfying that j € Z < G* and
that [Z| < Iy is no more than C(eK; ) [14], where K is the maximum
degree of G*. By Lemma 5.1 and Lemma 5.2 (to be stated in Section 5),
K, < C(tP*)?K,, where K, is the maximum degree of G*, which is an L,
term. Therefore, C(eK];r )l is also an L, term. In other words, the total
number of terms in the summation of (2.55) is an L, term. As a result, to
show (2.55), it suffices to show for each fixed Z such that j € Z < G" and
IZ| < lo,

(2.56) PieI< U;, Sgn(/éj) #sgn(Bj), ApNEyzr) < Lppip;-
Moreover, note that the left hand side of (2.56) is no more than

Y P(Supp(8) = Vo, Supp(B) = Vi, I<U;, sgn(B;) # sgn(B)), ApNEpz),
Vo,V1CZ:5eVouVy

where Vj and V; are any non-random subsets satisfying the restriction. Since
|Z| < ly, there are only finite pairs (Vp, V1) in the summation. Therefore, to
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show (2.56), it is sufficient to show for each fixed triplet (Z, Vj, V1) satisfying

TAG*, |Z| <lo, Vo, Vi € T and j € Vo U V; that

(2.57) ) )

P(Supp(%) = Vo, Supp(37) = Vi, T<Uy, sgn() # sen(y), ApEpz) < Lyp™.
We now show (2.57). Fix (Z,Vp, V1), and write d; = d**°, B = B*"*

and H; = H®T" for short. Define ©,(Z,a) = {# € R : ; = 0 or 7, <

10;] < atp} and ©,(T) = O,(Z,00). Since uP® = /2¢log(p) and vP¢ = 7,

the objective function (1.18) in the PE-step is

1
£(0) = 5(d = B1O) Hi  (dy — B19) + 9 log(p)[0]o-

Over the event {Z < Z/l;}, BI minimizes the objective function, so

L(BF) < £(8Y).

As a result, the left hand side of (2.57) is no greater than
(2.58) ) )
P(Supp(8”) = Vo, Supp(57) = Vi, L(B7) < L(B%),sgn(8;) # sen(B;), ApNEp ).

We now calculate (2.58). Write for short Q; = BinlBl, &= 7-;2(31 _
BEYQ1(FT — BT), and define

1 .
w_j(%a ‘/1aI) = 7_73 (ﬁ(l(})lyllgr}l))(ﬁ(l) - 5<0))/Q1(6(1) - B(O))a

where the minimum is taken over (5(0),ﬁ(1)) such that Sgn(ﬁj(o)) # Sgn(ﬁj('l))
and S*) € ©,(Z), Supp(8*) =V, k = 0, 1. Introduce

(2.59) 2
(Vi = %))
< =1 Vi) wj(VO,VNI)T>+]

1
i (Vo Vis T) = max{|Val, [Va}o-+

Over the event {Supp(B%) = Vo, Supp(67) = Vi }, L(B%) < £(8T) implies
(2.60)

(=BT Hy By (57— 57) 2 4 (BT BUHT By (BT 67)+ (Vi -1Vol) 9 log(p).

With the notation @, the right hand side of (2.60) is equal to

1.
(261) 5372+ (Val = Vol)9 log(p).
To simplify the left hand side of (2.60), we need the following lemma, which

is proved in Section 5.
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LEMMA 2.5.  For any fixzed Z such that |Z| < ly, and any realization of 3

over the event E, 1,
(Bﬁ)zpe —C+ BIPE,IﬁI,

for some ¢ satisfying ||| < C (7)Y ?[log(p)]~ 0~V 1,.

Using Lemma 2.5, we can write dj — B1fL = ¢ + Hll/zi, where ( is as in
Lemma 2.5 and Z ~ N(0, I|zpe|). It follows that the left hand side of (2.60)
is equal to

(2.62) ~C'Hy'Bi(BF - %) + 2 Hy P B1(BF - 67).

First, by Cauchy-Schwartz inequality, the second term in (2.62) is no larger
than ||Z]|y/@72. Second, we argue that the first term in (2.62) is o(|| BT —
B%||7,). To see the point, it suffices to check |Bj{H;'¢|| = o(7p). In fact,
note that since B € My(a, Ay), ||Bi|| < [|B|| < C; in addition, by RCB,
|HY < 7t zPe)® = O((£7¢)%). Applying Lemma 2.5 and noticing that
e = (log(p))” with v < (1 — 1/a)/(rk + 1/2), we have ||B{H;'(|| <
| B[ HHICH < €(epe)s+1/2log(p)]~ (A1), and the claim follows. Third,
from Lemma 1.2 and Lemma 2.3, ||GZ% — Q]| = o(1) as p grows. So for
sufficiently large p, Amin(@1) > %)\min(GI’I) > ( for some constant C' > 0.
It follows from the definition of @ that /@72 > C| B — BZ||. Combining

these with (2.62), over the event A, N E, 7, the left hand side of (2.60) is no
larger than

(2.63) T2 (2] + o(7p)) -

Inserting (2.61) and (2.63) into (2.60), we see that over the event {Supp(p?) =
Vo, Supp(5) = Vi, L(BT) < L(B), Ap N By},
1/ = Vi| — [Vo|)©9
2ot 120> g (VEr+ D) aiog 4 ofos).
Jr

Introduce two functions defined over (0,00): Ji(z) = Vo9 + L[(V& +

(AI=I0D2) 12 and Jo(z) = max{|Vol, [Vi|} + [ (v — (LALL0DIy 12,

By elementary calculations, Ji(z) > Ja(y) for any > y > 0. Now, by these
notations, (2.64) can be written equivalently as ||Z]|? > [Ji(@r) — |Vo|9] -
2log(p) + o(log(p)), and p;(Vp, V1;Z) defined in (2.59) reduces to Jo(w;r),
where w; = w;(Vp, Vi;Z) for short. Moreover, when sgn(ﬁjz) + sgn(ﬁjz),
@w > w; by definition, and hence Ji(@r) > Jo(w;r). Combining these,
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it follows from (2.64) that over the event {Supp(B%) = Vp,Supp(f%) =
Vi, L(BT) < L(BT),sen(57) # sen(B]), Ap N By 1},

121 > [p;(Vo, V15 Z) — [Vo|9] - 21og(p) + o(log(p)),

where compared to (2.64), the right hand side is now non-random. It follows
that the probability in (2.58)
(2.65)

< P(Supp(ﬁﬁ = Vo, |121? > [pj(Vo, Vi3 T) — |Vo|9] - 21og(p) + o(log(p))).

Recall that 8% = b% o ut, where b;’s are independent Bernoulli variables
with surviving probability €, = p~?. It follows that P(Supp(s%) = V) =
Lpp*|V0|’9. Moreover, ||Z||? is independent of %, and is distributed as x? with
degree of freedom |ZP¥| < L,,. From basic properties of the y?-distribution,
P(||2]|> > 2Clog(p) + o(log(p))) < Lyp~¢ for any C' > 0. Combining these,
we find that the term in (2.65)

(2.66) < Lpp*“/o|19*[Pj(V0:V1;Z)*|VOW} — Lppfpj(VmVl;I)'
The claim follows by combining (2.66) and the following lemma.

LEMMA 2.6. Under conditions of Theorem 1.2, for any (j, Vo, V1,T) sat-
isfying T GT, |Z| <lo, Vo,V1 CZ and j € Vo U V4,

pi(Vo, Vi;I) = pj(9,7,G) + o(1).
U

3. Simulations. We conducted a small-scale simulation experiment.
The goal is to investigate how CASE performs with representative parame-
ters. We focus the study on the change-point model and long-memory time
series model discussed earlier.

3.1. Change-point model. In this section, we use Model (1.2) to inves-
tigate the performance of CASE in identifying multiple change-points. For

a given set of parameters (p,9,r,a), we set ¢, = p~¥ and 7, = /27 log(p).
First, we generate a (p —1) x 1 vector 3 by f; i (1—ep)vo+ RU(1p, a1p) +
2U(—ap, —7p), where U(s,t) is the uniform distribution over [s,¢] (when
s =t, U(s,t) represents the point mass at s). Next, we construct the mean
vector 6 in Model (1.2) by 6; = 6,1 + 1, 2 < j < p. Last, we generate
the data vector Y by Y ~ N(6,1,).
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CASE uses tuning parameters (d, m, Q, /P¢, uP® vP¢). Among these tun-
ing parameters, (0, m, Q, ¢P¢) are reasonably flexible. The optimal choice of
(uP®,vP¢) depends on the unknown parameters (ep, 7,), and how to estimate
them in general settings is a lasting open problem (even for linear models
with orthogonal designs). However, we note that, first, Experiment 1.1(a)
shows that if we mis-specify (e,,7,) by a reasonably small amount and use
them to decide the optimal choice of (uP¢,vP¢), then the misspecification
usually has only a negligible effect on the performance of CASE. Second, in
some cases, (€p,7p) can be estimated satisfactorily; see Experiment 1.1(b).
For these reasons, in most experiments below, we set the tuning parame-
ters in a way by assuming (e, 7,) (or equivalently, (¢,7)) as known. To be
fair, when we compare CASE with other methods, we also assume (ep, 7p)
as known when we set the tuning parameters for the latter.

In light of this, we set m = 3 when ¥ < 0.3, m = 2 when 0.3 < 9 <
0.5, and m = 1 otherwise. In this setting, any 6 € (0,1) gives the same
graph G*, so we take § = 0.5. Additionally, we set u”® = /2log(1/e,) and
vP¢ = 7,,. The choice of /P¢ is heuristic and depends on how small p 7 is;
in our numerical studies, ¢P¢ ranges from 10 to 35 in the case p = 5000 for
different 9, and it ranges from 20 to 200 in the case p = 10°. Last, we take
the patching method as described in (1.42) and then apply the PE-step.

Ezperiment 1.1(a). In this experiment, we misspecify (ep,7,), say, as
(€p, Tp), and set uP® = ,/2log(1/€,) and v’* = 7,, and investigate how
the misspecification affects the performance of CASE. Fix (p,v,7p,a) =
(5000, 0.60, 5, 1), so that (ep,7,) = (0.006,5). We misspecify (ep,7,) by a
small amount where we let 7, vary in {4,4.5,---,6}, and let €, vary in
{0.005,0.0055, - - - ,0.007}. Table 1 reports the average Hamming errors of
50 independent repetitions. The results suggest that CASE is reasonably
insensitive to the misspecification: the performance of CASE where (e, ;)
are misspecified is close to the case where (e, 7,) are assumed as known.

For comparison, we also investigate the performance of SaRa (see [24]),
which is defined as

A 1 i+h i
BZSaRa = W;1{|W;] > A}, where W, = E( Z Yj - Z Yj).
j=it+1 j=i—h+1

SaRa uses two tuning parameters (h, A) which we set ideally assuming (e, 7)
as known: for all (h, \) satisfying h < |1/¢,| and A < 7, we choose (by ex-
haustive numerical search) the pair that yields the smallest Hamming error.
In this setting, the average Hamming error of SaRa is 9.02 (compare Table
1). We see that CASE consistently outperforms SaRa, even when CASE
uses the misspecified (€,,7,) to determine the tuning parameters (uP¢, vP¢),
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TABLE 1
Hamming errors in Experiment 1.1(a). p = 5000, ¥ = 0.60 and 7, = 5. The expected
number of signals is p*~? = 30.

€ T
P 4 4.5 5 5.5 6
0.0050 5.50 5.26 5.04 5.08 5.22
0.0055 5.10 5.04 4.84 4.82 5.12
0.0060 5.02 4.82 4.78 4.74 4.98
0.0065 5.06 4.86 4.78 4.76 4.98
0.0070 5.26 4.96 4.84 4.84 5.00

and SaRa uses the true values of (¢, 7,) to determine the tuning parameters
(A, h).

Experiment 1.1(b). In this experiment, we investigate the performance of
CASE when (e, 7,) are unknown but can be estimated. We propose the
following approach to estimate (e, 7p):

1 ) 1 &
=D U >0 = S W > AL
i=1 P =1

where W; = %(Z;i}fﬂ Y;— Z;‘:z;hﬂ Y;), and (A, h) are tuning parameters.
Our numerical studies find that the approach works satisfactorily, especially
when 7, is moderately large and ¢, is moderately small.

Fix (p,a,A,h) = (5000, 1,4.5,5). We investigate different settings with
¥ € {0.60,0.45} and 7, € {4,--- ,9}. We compare the performance of CASE
where (uP¢,vP¢) are computed based on (é,,7,), CASE where (uP®, vP¢) are
computed based on (€, 7,), and SaRa. Figure 4 summarizes the results based
on 50 independent repetitions. The results suggest that two versions of the
CASE have similar performance, which is substantially better than that of
SaRa.

Experiment 1.2. In this experiment, we compare CASE with the naive
hard thresholding (nHT') introduced in Section 1.11. The tuning parameters
of CASE are set in a way assuming (7, €,) as known. The threshold of nHT
is set ideally as (r + 29)?/(2r) - log(p) (where we also assume that (e, 7,)
as known). Fix p = 10 and a = 1. Let ¥ range in {0.35,0.5,0.75}, and T,
range in {5,---,13}. Figure 5 summaries the average Hamming errors of
50 independent repetitions. The results suggest that CASE outperforms the
naive hard thresholding.

Ezxperiment 1.3. In this experiment, we compare the performance of three
procedures, CASE, SaRa and the lasso, with a few representative pairs of
(¥, 7p). Note here that the lasso estimate, BZ“SSO, is the minimizer of the
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following functional
1
min 3 1Y = X6J2 + X8l

where A > 0 is a tuning parameter. We use the the glmnet package [13] in
the simulations.

Fix p = 5000 and a = 1. We let ¥ range in {0.3,0.45,0.65} and 7, range in
{3,4,---,10}. The tuning parameters of CASE and SaRa are set ideally as in
Experiment 1.1(a), assuming (e, 7,) as known. The lasso tuning parameter
A is also set ideally (we calculate the whole solution path and choose the
one with the smallest Hamming error). Table 2 displays the results based
on 50 independent repetitions, which suggests that CASE outperforms the
other two methods in most cases.

In particular, the lasso behaves unsatisfactorily, due to the strong depen-
dence among the design variables. Similar conclusion can be drawn in most
of the examples considered in the section, but to save space, we only report
that of the lasso here.

Experiment 1.4. In this experiment, we let a > 1 so the signals may
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TABLE 2
Hamming errors in Experiment 1.8 (p = 5000).

p
P
0 Sp

3 4 5 6 7 8 9 10

CASE 212.8 1069 524 25.1 14.8 9.90 7.64 6.66
0.30 3884 lasso 375.2 373.3 3749 3719 3726 3781 369.9 374.0
SaRa 2453 175.1 106.4 50.4 21.2 6.12 2.98 1.38

CASE  56.6 28.9 11.6 4.70 1.68 0.82 0.72 0.64
0.45 108.3 lasso 1054 106.1 105.8 1026 103.1 106.2 103.7 105.1
SaRa 76.0 48.3 31.1 18.3 9.16 3.84 1.76 1.06

CASE 11.8 5.94 2.36 0.96 0.38 0.18 0.12 0.14
0.65 19.7 lasso 19.7 18.3 18.8 19.2 19.1 20.1 20.1 194
SaRa 14.5 8.50 5.42 3.94 2.16 1.42 1.06 1.00

TABLE 3
Hamming errors in Experiment 1.4. p = 5000, ¥ = 0.5, p' =% = 70.7 and 7, = 4.5.

a

1 1.5 2 2.5 3
CASE 1426 6.32 5.50 4.78 4.56
SaRa 24.98 1896 16.56 14.00 12.50
CASE 13.44 6.18 4.90 5.38 4.14
SaRa  24.26 18.58 16.80 13.66 12.12

half-half

all-positive

have different strengths. Fix (p,v,7,) = (5000,0.50,4.5), and let a range
in {1,1.5,---,4}. We investigate a case where the signals have the “half-
positive-half-negative” sign pattern, i.e., 3; i (1 —€p)ro+ 65”U(7'p, artp) +
%"U (—atp, —7p), and a case where the the signals have the “all-positive” sign
pattern, i.e., §; id (1 — ep)vp + €,U(7p, a7). We compare CASE with SaRa
for different values of a and sign-patterns. The results of 50 independent
repetitions are reported in Table 3, which suggest that CASE uniformly

outperforms SaRa for various values of a and the two sign patterns.

3.2. Long-memory time series model. In this section, we consider the
long-memory time seris model with a specific f as in (1.39) and (1.40).
Fix (p, ¢, 9, 7y, a), where ¢ is the long-memory parameter. We first use f to

compute G and let X = GY/2. We then generate the vector 3 by Bj i (1-—
ep)Vo + U (1p, atp) + 2 U(—ary, —7p). Finally, we generate Y ~ N (X3, 1,).
CASE uses tuning parameters (m,d, P%, Q, (P¢ uP¢ vP¢). In experiments

below, we choose them as follows: m = 2, 6 = 0.35, uP® = /2¢1og(p) and
vPe = \/2rlog(p). We take t(EF',N) = ¢*(F, N)log(p), where ¢*(F,N) is
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TABLE 4
Hamming errors in Experiment 2.1 (¢ = 0.35, p = 5000).

Tp
v Sp 1 5 6 7 8 9 0 11
035 g3, CASE 130.6 669 294 111 420 226 136 142
lasso 1442 96.0 622 381 240 17.4 120 9.1
050 707 CASE 456 248 113 376 152 0.68 052 0.72
lasso  42.0 25.8 141 7.54 4.44 200 1.38 1.12
065 107 CASE 1227 656 248 0.6 038 022 006 0.2
lasso 114 624 274 1.14 036 018 0.08 0.00

defined in (1.31), and 5 < ¢P° < 10, depending on how large ¥ is (small ¥
corresponds to large ¢P%). ¢P¢ is chosen in this way: for a certain range of
integers, run the CASE for each and choose the largest integer such that
each component of U (as a subgraph G1) has a size < 10. In general, larger
£P¢ has better performance, but may result in longer computation time.

Ezperiment 2.1. Fix p = 5000, ¢ = 0.35 and a = 1. Let 9 range in
{0.35,0.5,0.65}, and 7, range in {4,--- ,11}. We compare the performance
of CASE with that of the lasso. The tuning parameters of CASE are set
as above. The tuning parameters of the lasso are the oracle ones as in Ex-
periment 1.3. The results based on 50 independent repetitions are summa-
rized in Table 4. We see that CASE uniformly outperforms the lasso when
¥ = 0.35,0.5. When 9 = 0.65, the performances of the two methods are
similar.

Ezxperiment 2.2. In this experiment, we force the signals to appear in
adjacent pairs or triplets. Fix p = 5000, ¢ = 0.35, ¥ = 0.75 and let 7,
range in {5,---,10}. We use ‘+—’ to denote the signal pattern ‘pairs of
opposite signs’, ‘++’ ‘pairs of the same sign’. Other signal patterns are
denoted similarly. To generate 8 corresponding to ‘+—’, we first generate a
(p/2) x 1 vector 6 by 0; i (1 —ep)vo+ 2U(1p, a1p) + 2U(—atp, —7p), then
let B2;_1 = 0; and (32; = 0;. Similarly for other signal patterns. Figure 6
displays the results of 50 independent repetitions. We see that in the four
patterns ‘+—’, ‘“++ =7, ‘+ — 4+’ and ‘+ — —’, CASE uniformly outperforms
the lasso when 7, > 6.

4. Discussion. Variable selection when the Gram matrix G is non-
sparse is a challenging problem. We approach this problem by first sparsify-
ing G with a finite order linear filter, and then constructing a sparse graph
GOSD. The key insight is that, in the post-filtering data, the true signals
live in many small-size components that are disconnected in GOSD, but
we do not know where. We propose CASE as a new approach to variable
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selection. This is a two-stage Screen and Clean method, where we first use
a covariance-assisted multivariate screening to identify candidates for such
small-size components, and then re-examine each candidate with penalized
least squares. In both stages, to overcome the problem of information leak-
age, we employ a delicate patching technique.

We develop an asymptotic framework focusing on the regime where the
signals are rare and weak so that successful variable selection is challeng-
ing but is still possible. We show that CASE achieves the optimal rate of
convergence in Hamming distance across a wide class of situations where G
is non-sparse but sparsifiable. Such optimality cannot be achieved by many
popular methods, including but not limited to the lasso, SCAD, and Dantzig
selector. When G is non-sparse, these methods are not expected to behave
well even when the signals are strong. We have successfully applied CASE to
two different applications: the change-point problem and the long-memory
times series.

Compared to the well-known method of marginal screening [10, 32], CASE
employs a covariance-assisted multivariate screening procedure, so that it is
theoretically more effective than marginal screening, with only a moderate
increase in the computational complexity. CASE is closely related to the
graphical lasso [12, 22|, which also attempts to exploit the graph structure.
However, the setting considered here is very different from that in [12, 22]
and our emphasis on optimality is also very different.

The paper is closely related to the recent work [20] (see also [19]), but is
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different in important ways. The work in [20] is motivated by recent litera-
ture of Compressive Sensing and Genetic Regulatory Network, and is largely
focused on the case where the Gram matrix G is sparse in an unstructured
fashion. The current work is motivated by the recent interest on DNA-copy
number variation and long-memory time series, and is focused on the case
where there are strong dependence between different design variables so G
is usually non-sparse and some times ill-posed. To deal with the strong de-
pendence, we have to use a finite-order linear filter and delicate patching
techniques. Additionally, the current paper also studies applications to the
long-memory time series and change-point problem which have not been
considered in [20]. Especially, the studies on the change-point problem en-
compasses very different and very delicate analysis on both the derivation
of the lower bound and upper bound which we have not seen before in the
literature. For these reasons, the two papers have very different scopes and
techniques, and the results in one paper cannot be deduced from those in
the other.

The main results in this paper can be extended to much broader settings.
For example, we have used a Rare and Weak signal model where the signals
are randomly generated from a two-component mixture. The main results
continue to hold if we choose to use a much more relaxed model, as long as
the signals live in small-size isolated islands in the post-filtering data.

In this paper, we have focused on the change-point model and the long-
memory time series model, where the post-filtering matrices have polynomial
off-diagonal decay and are sparse in a structured fashion. CASE can be
extended to more general settings, where the sparsity of the post-filtering
matrices are unstructured, provided that we modify the patching technique
accordingly: the patching set can be constructed by including nodes which
are connected to the original set through a short-length path in the GOSD
g*.

Another extension is that the Gram matrix can be sparsified by an op-
erator D, but D is not necessary linear filtering. To apply CASE to this
setting, we need to design specific patching technique. For example, when
D! is sparse, for a given Z, we can construct ZP¢ = {j : |D71(i,j)| >
01, for some i € 7}, where ¢; is a chosen threshold.

The paper is closely related to recent literature on DNA copy number
variation and financial data analysis, but is different in focus and scope. It
is of interest to further investigate such connections. To save space, we leave
explorations along this line to the future.
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5. Proofs. This section is organized as follows. In Section 5.1, we state
and prove three preliminary lemmas, which are useful for this section. In
Sections 5.2-5.12, we give the proofs of all the main theorems and lemmas
stated in the preceding sections.

5.1. Preliminary lemmas. We introduce Lemmas 5.1-5.3, where Lemmas
5.1-5.2 are proved below, and Lemma 5.3 is proved in [20, Lemma 1.4].

Recall that B = DG and G* is the GOSD in Definition 1.3 with 6 =
1/log(p). Introduce the matrix B** by

B (i,j) = BGi,j) - Hie&{ih) },  1<ij<p,
where for any set V- C {1,--- ,p},
E(V) = {k: there is an edge between k and k' in G* for some k' € V'}.

Recall that M, (c, Ag) is the class of matrices defined in (1.7).

LEMMA 5.1.  When B € My(a, Ag), G* is K,-sparse for K, < C[log(p)]"/?,
and || B — B** || < Cllog(p)]~! 7).

PRrROOF. Consider the first claim. Since B € M,(a, Ag) and H(i,j) =
ZZ:O neB(i, j+k), there exists a constant Af; > 0 such that H € M, («, Ap).
Let K, be the smallest integer satisfying

K, > 2[max(Ay, Ap)log(p)]*/<,

where it is seen that K, < C(log(p))!/®. At the same time, for any i, j such
that i —j|+1 > K, /2, we have |B(3, j)| < 0, |B(j,4)| < 0 and |H (4, 7)| < d.
By definition, there is no edge between nodes i and j in G*. This proves that
G* is Kp-sparse, and the claim follows.

Consider the second claim. When |B(i,j)| > ¢, there is an edge between
nodes i and j in G*, and it follows that (B — B**)(i,j) = 0. Therefore, for
any 1 <17 <p,

p
(B —B*)(i,j)| < > IBG)I+ > |B(4,7)]
j=1 Jilg—il+1>Kp/2 J:li—ilH1<Kp /2,| B(3,5)|<6
= I+1I,

where I < 24, Zk+1>Kp/2 ko < C’K;_O‘ and I] < K,6 = C’K;_O‘. Recall-

ing K, < Cllog(p)]®, |1B — B*|lec < CK}™® < Cllog(p)]~'71/*), and the
claim follows. O
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Next, recall that GT is an expanded graph of G*, given in Definition 1.7,
and Z <1 G denotes that Z is a component of G, as in Definition 1.8.

LEMMA 5.2.  When G* is K -sparse, G is K (20P¢ + 1)2—5parse. In addi-
tion, for any set V.C {1,---,p}, let G\ be the subgraph of G formed by
nodes in V. Then for any T <1G;7, (V\I) N E(TP¢) = 0.

PRrROOF. Consider the first claim. It suffices to show that for any fixed
1 <i < p, there are at most K (2¢P¢+1)? different nodes j such that there is
an edge between i and j in GT. Towards this end, note that {i}® contains
no more than (2P + 1) nodes. Since G* is K-sparse, for each k € {i}P€,
there are no more than K nodes k’ such that there is an edge between k and
k' in G*. Again, for each such k', there are no more than (2P 4 1) nodes j
such that &’ € {j}P°. Combining these gives the claim.

Consider the second claim. Fix V and Z < Q‘J/r . Since 7 is a component,
for any ¢ € Z and j € V\Z, there is no edge between i and j in Q{/F. By
definition, this implies {j}P¢ N E({i}P¢) = 0, and especially j ¢ E({i}F°).
Since this holds for all such i and j, using that £(ZP¢) = U;ezE({i}P€), we
have (V\Z) N E(ZP¢) = (), and the claim follows. O

Finally, recall the definition of p}(J,7, a, @) in (1.27) and that of ¢ (F, N)
in (1.33).

LEMMA 5.3.  When a > ay(G), pj(9,r,a,G) does not depend on a and
p; (0, r,a,G) = p; (9,7, G) = min g Ny jer, Frn=0,r20 Y (F, V).

5.2. Proof of Lemma 1.2. For preparation, note that the Fisher Infor-
mation Matrix associated with model (1.13) is

Q= (BZ'*',I)/(HZ'*',Z'*')fl(BI‘*',I)'

Write D1 = DIT"IT and G = G777 for short. It follows that BT 7" =
DGy and HT"T" = DG, D). Let F be the mapping from 7t to {1,---, | 7|}
that maps each j € J7T to its order in J7, and let Z; = F(Z). By these
notations, we can write

(567) Q= Q%l’zl, where Q1= GlDll(DlGlDll)_lDlGl.
Comparing (5.67) with the desired claim, it suffices to show

(5.68) Q=G -UUG'u) U
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Let R = D1GY/* and Py = R/(RR')~'R. Tt is seen that
(5.69) Q1 = GI2PRGY* = Gy — GV — PR)GY2.

Now, we study the matrix I — Pg. Let k = |J |, and denote S(R) the row
space of R and NV (R) the orthogonal complement of S(R) in R*. By con-
struction, Pg is the orthogonal projection matrix from R¥ to S(R). Hence,
I — Pg is the orthogonal projection matrix from R* to NV(R). By definition,
N(R) = {n € R* : Rnp = 0}. Recall that R = DlGi/Q. Therefore, Rn = 0 if
and only if there exists ¢ € R¥ such that n = G1_1/2§ and D1 = 0. At the
same time, Null(Zt, 7%) = {¢ € R* : D1¢ = 0}. Combining these, we have

(5.70) N(R) = {G"%¢: ¢ e Null(ZT,TT)}.

Introduce a new matrix V = Gl_l/ ?U. Since the columns of U form an or-
thonormal basis of Null(Zt, J 1), it follows from (5.70) that the columns of
V form a basis (but not necessarily an orthonormal basis) of N'(R). Conse-
quently,

(5.71) I-pPp=V(V'V)" WV =6 Puweriv)ytuey .
Plugging (5.71) into (5.69) gives (5.68). O

5.3. Proof of Lemma 1.4. Write pj = p3 (9,7, G) for short. It suffices to
show for any log(p) < j < p — log(p), there exists (Vp, V1) such that
(5.72)
p(Vo, Vi) <pj+o(l),  je(VouVi)C{j+i:—log(p) <i<log(p)}

In fact, once (5.72) is proved, then d,(G°) < 2log(p) + 1, and the claim
follows directly.
We now construct (Vp, V1) to satisfy (5.72) for any j such that log(p) <

j < p—log(p). The key is to construct a sequence of set pairs (Vo(t), Vl(t))

recursively as follows. Let Vo(l) = Vj; and Vl(l) = Vi, where (Vg;, V75) are as
defined in Section 1.8. For any integer ¢ > 1, we update (Vo(t), 1(t)) as follows.

If all inter-distance between the nodes in Vo(t) U Vl(t) (assuming all nodes are
sorted ascendingly) does not exceed log(p)/g, then the process terminates.
Otherwise, there are a pair of adjacent nodes i1 and i3 in (Vo(t) UVl(t)) (again,
assuming the nodes are sorted ascendingly) such that ia > i; + log(p)/g. In

our construction, it is not hard to see that j € Vo(t) U Vl(t). Therefore, we
have either the case of j < i1 or the case of j > is. In the first case, we let

NED = NOnfii<ig},  FED=pFOn G <i),
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and in the second case, we let
NED = NO AL >0}, FED = FO A > 60,

where N® = V" v and FO = (VP U1VP)\ N®. We then update by
defining
Vo(t+1) _ Nt R V1(t+1) _ N
where (F’, F"") are constructed as follows: Write F'!) = {j, jo, -+ , ji} where
j1 < jo < ...<jrand k =|F®|. When k is even, let F' = {ji,- -, ji/o}
and F” = FW\ F’: otherwise, let F' = {ji,- - s J(k—1)/2} and F" = FO\F',
Now, first, by the construction, |F®) U N®)| is strictly decreasing in t.
Second, by [20, Lemma 1.2], [FD U N®| < [Vo; UVT5 < g. As a result, the
recursive process above terminates in finite rounds. Let 1" be the number of
rounds when the process terminates, we construct (Vp, V1) by

(5.73) =", wn=v".

Next, we justify (Vp, V1) constructed in (5.73) satisfies (5.72). First, it is
easy to see that j € Vo UV} and |V U V1| < g. Second, all pairs of adjacent
nodes in Vp UV have an inter-distance < log(p)/g (assuming all nodes are
sorted), so (Vo U V1) C {j —log(p),--- ,j +log(p)}. As a result, all remains
to show is

(5.74) p(Vo, V1) < pj +o(1).

By similar argument as in [20, Lemma 1.4] and definitions (i.e. (1.33) and
20, (1.23)]), if @ > a}(G), then for any (Vg, V{) such that [V U V/| < g, we
have p(V§,V{) > ¢(F',N'), where N' = VyNV/ and F' = (Vj U V])\N".
Moreover, the equality holds when |Vj| = |V]| in the case |F’| is even, and
[Vl — |V{| = £1 in the case |F’| is odd. Combining these with definitions,

p(Vo, Vi) = p(FED, ND) - pr = p(vgs, Vi) = p(V ), Vi) = (PO, NO),

Recall that T' is a finite number. So to show (5.74), it suffices to show for
each 1 <t<T —1,

(5.75) P(FED N < (PO N 4 0(1).

Fixing 1 < ¢t < T — 1, write for short F = F®), N = N® N, = NO+D)
and Fy = FD Let T = FUN and Z; = Fy, U N;. With these notations,
(5.75) reduces to

(5.76) Y(F1, N1) < 9(F,N) +o(1).
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By the way 1 is defined (i.e., (1.33)), it is sufficient to show
(5.77) w(F1,N1) <w(F,N)+ o(1).

In fact, once (5.77) is proved, (5.75) follows by noting that |Fi| + 2|Ni| <
|F| +2|N|— 1.
We now show (5.77). Letting Q = diag(GT+%r, GIVLI\L) | we write

w(F,N) = min 0'GH1o
ORIZI:|0;|>1,VicF
> min 0’00 — max 0'(GET — Q)0)
OcRIZI:|0;|>1 VieF 0cRIZI:10;|<2a,Vi
(5.78) > min o'chrg — max  |0/(GTT — Q)6
OcRIT1l:|0;|>1 Vic Fy 0€RIZI:0;|<2a,Vi
= w(F1,Ny) — max 0'(GFT — Q)),

0cRIZI:10;|<2a,Vi

where in the first and last equalities we use equivalent forms of w(F, N), in
the second inequality we use the fact that the constraints |6;| > 1 can be
replaced by 1 < [0;] < a for any a > aj and the triangular inequality, and
in the third inequality we use the definition of €.

Finally, note that for any k € Z; and k' € I\Zy, |k — k| > log(p)/g
holds. In addition, G has polynomial off-diagonal decays with rate v > 0.
Together we find that |GTT — Q| < C(log(p)/g)™" = o(1). As a result,
MaXgcRIzl:|g,|<2a,¥i 10/ (GET — )| < Ca? - ||GET — Q|| - |Z| = o(1). Inserting
this into (5.78) gives (5.77). O

5.4. Proof of Theorem 1.3. First, we define pj, (¥, r; f) as follows. For
any spectral density function f, let G = G*°(f) be the (infinitely dimen-
sional) Toeplitz matrix generated by f: G (i,5) = f(li—j]|) for any i, j € Z,
where f(k) is the k-th Fourier coefficient of f. In the definition of p(Vp, V1)
in (1.25)-(1.26), replace G by G* and call the new term p>°(Vp, V1). For any
fixed 7, let

5.79 s f) = i > (Vo, V1),
(5.79) Pjus(05 75 f) T o (Vo, V1)
where Vp, V; are subsets of Z. Due to the definition of Toeplitz matrices,

p;lts(z?,r; f) does not depend on j, so we write it as pj, (¢, 7; f) for short.
By (5.72), it is seen that

(580) p;(ﬁa T G) = p?(ts(19> T f) + 0(1)7 for any IOg(p) S ] S p— IOg(p)'

Now, to show the claim, it is sufficient to check the main conditions of
Theorem 1.2. In detail, it suffices to check that
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(a) G € My(7v,9,c0, A1) with vy =1—2¢ >0, A; > 0 and ¢y > 0.
(b) B € Mp(a, Ag) with & =2 —2¢ > 1 and Ay > 0.
(c) Conditions RCA and RCB hold with K =2 —2¢ > 0 and ¢; > 0.

To show these claims, we need some lemmas and results in elementary
calculus. In detail, first, we have

(5.81) f'@)] < Clw7®Y ()] < Cluw| =92,

For a proof of (5.81), we rewrite f(w) = f*(w)/|2sin(w/2)|??, where by
assumption f*(w) is a continuous function that is twice differentiable except
at 0, and |(f*)"(w)| < C|w|~2. Tt can be derived from basic properties in
analysis that

(5.82) [(f)' W) < Clw[™  |(f) (@] < Clwl™, and [f*(w)|<C.
At the same time, by elementary calculation,

@) < Clul" ()] + lw(f) @)]),
@I < Ol ()] + () @) + W (£5) " @))),

and (5.81) follows by plugging in (5.82).
Second, we need the following lemma, whose proof is a simple exercise of
analysis and omitted.

LEMMA 5.4. Suppose g is a symmetric real function which is differen-
tiable in [—m,0) U (0,7] and |¢'(w)| < Clw|™* for some a € (1,2). Then as
x— 00, [ cos(wz)g(w)dw = O (|x|_(2_°‘)).

We now show (a)-(c). Consider (a) first. First, by (5.81) and Lemma 5.4,
J™_cos(kw) f(w)dw < Ck~(1=29) for large k, so that |G(4, )| < C(1 + |i —
7[)~(=29). Second, by well-known results on Toeplitz matrices, Apin(G) >
Ming,e[—xq f(w) > 0. Combining these, (a) holds with v = 1 — 2¢ and
Co = minwe[fﬂ,ﬂ f(w)

Next, we consider (b). Recall that B = DG where D is the first-order row-
differencing matrix. So B(i,5) = 5= ["_[cos(kw) — cos((k + 1)w)] f(w)dw,
where k = ¢ — j. Without loss of generahty, we only consider the case k > 1.
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Denote g(w) = wf(w). By Fubini’s theorem and integration by part,

Bi,j) = - /O i [ /k k+1wsin(wx)dw] F(w)dw
iz

™

_ % /k h [ /0 " g(w) sin(w)dw

B 1/:H [—g(ﬂCOS(mj) +/07T mS(é&Jl‘)g/(w)dw} o

T T T
k+1 1 k+1 1 ™
_ _9m / cos(mz) , 1 1 [ / cos(w)g'(w) dw} o
T Ji T 27 Jp. T | ) _x
= h+1D
First, using integration by part, |I;| = ‘W g( ) k+1 Sl?r;;m da ’ . 72)_

Second, similar to (5.81), we derive that ¢”(w) = O(|w|~(*29)). Applying
Lemma 5.4 to ¢’, we have | [T cos(wz)g'(w)dw| < Clz|~ (1-2¢) "and so |I5| <
fkkH Cz= 229 dz = O(k—(2-29)). Combining these gives |B(i, )| < C(1 +

li — j1)~(=29) and (b) holds with o = 2 — 2¢.

Last, we show (c). Since ¢,(2) = 1 — 2z, RCA holds trivially, and all
remains is to check that RCB holds. Recall that H = DGD’, where D is
the first-order row-differencing matrix. The goal is to show there exsits a
constant ¢; > 0 such that for any triplet (k,b, V),

(5.83) VHYVb > e k=729 p)12,

where 1 < k < p is an integer, b € R¥ is a vector, and V C {1,2,...,p} is a
subset with |V| = k.

Towards this end, we introduce fi(w) = 4sin?(w/2) f(w), where we recall
that f is the spectral density associated with G. Fixing a triplet (k,b, V'), we
write b = (b1, b2, ...,bk) and V = {j1,- -, jx} such that j; < jo < ... < jg.
By definitions and basic algebra,

H(i,j) = G(i,5)—-G(li+1,j)—G(i,7+1)+G(i+ 1,7+ 1)

— % " 2 cos(kw) — cos((k + 1)w) — cos((k — 1)w)] f(w)dw
= % " cos(kw) f1(w)dw, where for short k =i — j,

—T

which, together with direct calculations, implies that

b/HVVb—27T/ Zbetcos Js—je)w) f1(w dw_/ ]Zberﬂsw

T s=1 t=1

fi(w)dew.
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At the same time, note that fi(w) > Clw|?>72? for any w # 0 and |w| < 7.
Combining these with symmetry and monotonicity gives
(5.84)

VHYb > C/W | Xk:b eVl
- T 0 S
s=1

Next, we write

k
1 [T .
(5.85) o =5 13 b
TJo s=1

where I and 17 are the integration in the interval of [0, 7 /(2k)] and [7/(2k), 7],
respectively. By (5.84) and the monotonicity of the function w?~2? in [r/(2k), 7],

W22 duw.

202729y > C/ Zb eV lisw|?
™ w/(2k) o—1

dw=1+1II,

=Ck 22971

(5.86) Y HY"Vb > Ck~2720). = ! / \Zb eV~ lisw?
w/(2k)

At the same time, by the Cauchy-Schwartz inequality, | Z];:l bse\/jjswl2 <
(5 eVl ) (8 bf?) = K[BI%, and so I < L 7/ k|jp]Pdw <
|b]|?/2. Inserting this into (5.85) gives

(5.87) 11> |[b]1* = [[b[|* /2 = |[]1*/2,

and (5.83) follows by combining (5.86) and (5.87). O

5.5. Proof of Lemma 1.5. First, we show 7}, (V) = 7},,(¥; f) is a decreas-
ing function of ¥. Similarly to the proof of Theorem 1.3, in the definition
of w(F,N) and ¢(F,N) (recall (1.33) and (1.34)), replace G by G*°, and
denote the new terms by w™(F,N) = w™(F,N;¥,r, f) and ¢*°(F,N) =
> (F, N;9,r, f), respectively. By similar argument in Lemma 5.3,

L0 f) = i (F,N).
plts( 7T7f) (F,N):F%%:@,F;ﬁ@w ( ) )
For each pair of sets (F, N) and 9 € (0,1) let r*(9; F, N) = r*(¢; F, N, f) be
the minimum 7 such that ¥>°(F, N;9,r, f) > 1. It follows that
Ls(9) = *(9; F,N).
rlts( ) (F,N):;’%?VX:@,F#(Z)T ( s L )
It is easy to see that r*(9; F, N) is a decreasing function of ¥ for each fixed
(F,N). So r},,(¥) is also a decreasing function of 9.
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Next, we consider limy_,; 77;,(¢). In the special case of FF' = {j} and
N =0, w™(F,N) =1, limy_,; 7*(9; F, N) = 1, and so liminfy_,; r};,(9) > 1.
At the same time, for any (F, N) such that |F|4+|N| > 1, ¢*°(F,N) > ¢ and
so limy_,1 7*(0; F, N) < 1. Hence, limsupy_,; rj;;(¢) < 1. Combining these
gives the claim.

Last, we consider limy_,q 7}, (9). First, since limy_,o *°(F, N) = w™(F, N)r/4
for any fixed (F, N), we have

-1

5.88 lim r, (9) = 4 i *(F,N
(5-88) 550 Tits (V) (F,N):Frrrﬁl]l\?zﬂ,F;é@w (F,N)
Second, by definitions,
(5.89)
min w>®(F,N) = lim min w(F,N),
(F,N):FNN=0,F#0 p—00 (F,N):(FUN)C{1, ,p},FNN=0,F#0

whenever the limit on the right hand side exists.

Third, note that (a) Given F, w(F, N) decreases as N increases and (b)
Given FFU N, w(F, N) decreases as N increases (the proofs are straightfor-
ward and we omit them). As a result, for all (F, N) such that (FUN) C
{1,---,p}, w(F,N) is minimized at F' = {j} and N = {1,--- ,p}\{j} for
some 7, with the minimal value equaling the reciprocal of the j-th diagonal
of G71. In other words,

(5.90)
lim min w(F,N) = [lim max G_l(jhj)]il-
p—00 (F,N):(FUN)C{1,- ,p},FNN=0,F#0 p—o0 1<5<p

Fourth, if we write G = G, to emphasize on the size of G, then by basic
algebra and the Toeplitz structure of G, we have (G,1)(j,) < (G;jk)(j +

koj+ k) forall 1 < k < p—jand (G3Y)(j.J) < (G310 — k,j — k) for
1 <k < j— 1. Especially, if we take k = log(p), then it follows that

5.91 lim max G~1(j,j) = lim max G714, 9).
( ) p—00 1<j<p (G.4) p—00 log(p)<j<p—log(p) G:9)

Last, we have the following lemma which is proved in Appendix A.

LEMMA 5.5.  Under conditions of Lemma 1.5,

1 s
lim max G4, 4) = / “(w)dw.
P—00 log(p) <j<p—log(p) G.9) 27 fnf )

Combining (5.88)-(5.91) and using Lemma 5.5,

2
lim 7}, (0) = 4 - [ li G (4,5 == Hw)dw.
ﬁlg%)rm( ) [ngolog(p)érjr'lg;ilog(p) (]7])] ™ —wf )
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5.6. Proof of Theorem 1.4. Write for short 3 = 3°5¢ and Pep = Pep(V57).
It suffices to show

(5.92) Hammy,(J, 7, G) > Lpplfpzp;

and for any u € ©;(7p, a),
P
(5.93)  Hy(B;ep, 1, G) = ZP sgn(f5;) # # sgn(B;)) < Lpp' P + o(1).
7=1

First, we show (5.92). The statement is similar to that of Theorem 1.1,
but d,(G°) < L, does not hold. Therefore, we introduce a different graph
GV as follows: Define a counter part of p;(0,1,G) as

5.94 pi (W, r,G) = min Vo, V1),
(5:94) Pil ) (Vo, Vi ):min(VoUVi )=j p(Vo, 1)
where min(VoUV1) = j means j is the smallest node in VoUV3. Let (Vg5, V75)
be the minimizer of (5.94), and when there is a tie, pick the one that appears
first lexicographically. Define the graph GV with nodes {1,--- ,p}, and that
there is an edge between nodes j and k whenever (Vg UV) N (Vi UVYL) # 0.
Denote d,(G") the maximum degree of nodes in GV. Similar to Theorem
1.1, as p — o0,

p
(5.95) Hamm’(9,7,G) > Lyldp(G7)] 7" Y p P OnG)

The proof is a trivial extension of [20, Theorem 1.1] and we omit it. Moreover,
the following lemma is proved below.

LEMMA 5.6.  As p — 00, MaXye(p)<j<p—log(p \pj(ﬁ r,G) — pr(0,7)| =
o(1), and dp(G") < L.

Combining (5.95) with Lemma 5.6 gives (5.92).

Second, we show (5.93). The change-point model is an ‘extreme’ case and
Theorem 1.2 does not apply directly. However, once we justify the following
claims (a)-(c), (5.93) follows by similar arguments in Theorem 1.2.

(a) SS property:

p
STP(B #0,5 ¢ U) < Lyp' P 4 o(1).
7j=1
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(b) SAS property: If we view U, as a subgraph of G*, there is a fixed
integer Iy > 0 such that with probability at least 1 — o(1/p), each
component of Uy has a size < lo.

(c) A counter part of Lemma 2.6: For any log(p) < j < p — log(p), and
fixed Z < GT such that j € Z and |Z| < Iy, suppose we construct
{I(k'),I(k/)’pe, 1 < k' < N} using the process introduced in the PE-
step, and j € Z(). Then for any pair of sets (Vp, V1) such that Z(+) =
Vo U Vi,

pi(Vo, Vi; I®) > pi, + o(1),

where p;(Vo, Vi; Z(®)) is defined in (2.59).

Consider (a) first. Following the proof of Lemma 2.1 until (5.119), we find
that for each log(p) < j < p — log(p),

. « _Tl9— - 2
p(ﬁj 40, §éup) < Z Lyp IZ19—[(vwor—/a)+]
(Z,F,N):j€Z<G*,|Z|<m,FUN=Z,FNN=0,F#0)

+Lyp~ MY 1 o(1/p)

where wg = TI;Q(BF)’[QF’F — QEN(QNMNTIQNF)BF and Q is defined as
in (1.15). First, by the choice of m, Lpp*(mﬂ)19 < Lpp_pzﬁ. Second, using
similar arguments in Lemma 2.1, the summation contains at most L,, terms.
Third, by (1.35), wp > @(F, N). Combining the above, it suffices to show for
each triplet (Z, F, N) in the summation,

(5.96) 1Z19 + (VB N)r — @) 2 = gty
The key to (5.96) is to show
(5.97) &(F,N) > 1/2.

Once (5.97) is proved, since ¢ < %(v2 — 1),

IZ19 + (VO (F, N)r = /@)]2 = |ZI0 +7/4 > py,

where in the last inequality we use the facts pj, <9 +1/4 and |Z| > 1. This
gives (5.96).

All remains is to show (5.97). We argue that it suffices to consider those
(Z, F,N) where both Z(= F'U N) and F are formed by consecutive nodes.
First, since G is tri-diagonal, the definition of G* implies that any Z < G* is
formed by consecutive nodes. Second, by (1.35) and basic algebra,

(5.98) G(F,N)= min ¢[(QHM ],
EERIFI|g|>1
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where @ is defined in (1.15). Note that B is an identity matrix and ZP* = 7.
So Q! = H%ZL, which is a tri-diagonal matrix. It follows from (5.98) that
if F' is not formed by consecutive nodes, there exist F} C F and Ny = Z\ F;
such that w(Fy, N1) < @(F,N). The argument then follows.

From now on, we focus on (Z, F, N) such that both Z and F are formed
by consecutive nodes. Elementary calculation yields

1 /

D L Byl k) -~
(5.99) (@D = (H) T = Q) — =i

where k = |F]|, Q%) is the k x k matrix defined by Q¥ (4, j) = min{s, j}
and n = (1,--- ,k)’. We see that w(F, N) only depends on k. When k = 1,
W(F,N) = 1/2 by direct calculations following (5.98) and (5.99). When
k > 2, from (5.98) and (5.99),

k

~. — 3 2_71 2
W(F’N)_sewrﬁfé\zl ;(&Jr + &) = g @26+ k)

Let s; = E?:l &;. The above right hand side is lower bounded by Zle st —

(2521 s)?/k = i (si = si)?/k, where 37 /(s — s)? > Efz_ll(slﬂ -
s1)? > k — 1. Therefore,

G(F,N) > (k—1)/k > 1/2.

This proves (5.97).

Next, consider (b). We check RCB, and the remaining proof is exactly the
same as in Lemma 2.2. Towards this end, the goal is to show there exists a
constant ¢; > 0 such that for any (k,V) where V .C {1,--- ,p} and k = |V,

(5.100) Amin(HYY) > 1572,

Since H is tri-diagonal, it suffices to show that (5.100) holds when V' is
formed by consecutive nodes, i.e., V.= {j,--- ,j+k} forsome 1 < j <p—k.
In this case, we introduce a matrix ©*), which is ‘smaller’ than HY"Y but
much easier to analyse:

2@ ) =2 Hi= - Uli—jl=1}-Ui=j=k}, 1<ij<k.
It is easy to see that H""Y — 2 (*) is positive semi-definite. Hence,

(5.101) Amin(HYY) > Ain (23)).
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Observing that (2*)~1 = Q®) where Q%) is as in (5.99), we have
(5102)  Amin(E®) = Panax ()] > [10B) o] T = 2/(8* + K.

Combining (5.101)-(5.102) gives (5.100).
Finally, consider (c). Fix 1 < j < p and the triplet (Z*), Vp, V1), where
|Z(*)| < Iy. The goal is to show

(5.103) pi(Vo, Vi; IW) > p2 + o(1).

Introduce the following quantities: From the PFE-step and the choice /¢ =
2log(p), we can write

TWPe = {ji+1,- i+ L} and IW = {j; + My, j1 + M},

where the integers L, My and M, staisfy

(5.104)

My — M <ly+1, My > [log(p)]/®*Y, (L— M) /My > [log(p)]"/ o).
Denote K = My— My +1, My = My — 22 and T = {My, -~ , Mo+ K —1}.
Let F be the one-to-one mapping from Z(*) to Z” such that F(i) = i — (j; +
M) 4+ My. Denote Vy' = F(Vp) and V{" = F(V1). Recall the definitions of
@;(Vo, V1;Z0) and w* (Vp, V1) (see (2.59) and (1.25)). We claim that

(5.105) @ (Vo, Vi; T > w* (V]! V') + o(1).

Once we have (5.105), plug it into the definition p;(Vp, Vi;Z(®)) and use
the monotonicity of the function f(z) = [(x — a/x)+]? over (0,00) when
a > 0. It follows that

1
pi(Vo. Vi:ZW) = max{|Vol. [Va[} 0+

w*r

2
(v WY T
+

where w* is short for w*(V{’, V{'). Compare the first term on the right hand
side with (1.26) and recall that |Vy'| = |Vo| and |V{'| = |V4]. It follows that

(5.106) i (Vo, Vi; T8 > p(Vy, V") + o(1).
Moreover, since My = min(Vy', V{"), by (5.94),

(5.107) PV V') 2 iy
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Note that (5.104) implies My > My > [log(p)]"/(*+10), By a trivial extension
of Lemma 5.6, we can derive that MAX (1)) 1/ (1+0) < j<p—(log(p)) 1/ (1+0) p; —
Pepl = o(1). These together imply

(5.108) it = Py + 0(1).

Combining (5.106)-(5.108) gives (5.103).

What remains is to show (5.105). The proof is similar to that of (5.152).
In detail, write for short w] = w](VO,Vl;I(k)), w* = o (Vy', V), B1 =
BI(k>’pe’I<k), H, = gI® eI and Q1= BinlBl. By similar arguments
n (5.153), w; > minjez wj, and there exists a constant a; > 0 such that

minw,; — | < max "NGT'T" — < |Gt — .
| i w; | < cerF IS o 1€ ( Q¢ < Q1|

Therefore, it suffices to show that
(5.109) G — @y = o(1).

Note that Q1 is the (Z’,Z")-block of Hl_l, where the index set 7 = {My, - - - , Ma}.
By (5.99), H ' = QW) — L%rlm]’, where n = (1,2,--- , L) Tt follows that

1
Qr = (M1 = 1)igl + Q0 = ——ed

where 1x is the K-dimensional vector whose elements are all equal to 1,

and £ = (My,--- , My)". Define the L x L matrix A by A(i,7) = i];ﬁ%, for

1 <i,7 < L and let A be the submatrix of A by restricting the rows and
columns to Z’. By these notations,

Ql ( 0_1)1K1K+Q( ) — Al.
At the same time, we observe that
GI”’I” = (M() — 1)1K1IK + Q(K)

Combining the above yields that GZ"Z" — Q; = A;. Note that |A(i, )| <
2 2

M M (IOH)(%]EIHOH) o(1) for all 4,5 € Z'. Hence, ||A1]| = o(1) and

(5. 109) follows directly. O

5.6.1. Proof of Lemma 5.6. To show the claim, we need to introduce
some quantities and lemmas. First, by a trivial extension of Lemma 5.3,

(9. ) — ~ F,N).
Py (0,1, G) (F,N):min(FLJJI\][fl)I:nJQFﬂN:QLFﬂ’w(7 )
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where (F, N) = ¢(F, N;9,r,G), defined in (1.33).
Second, let R, denote the collection of all subsets of {1,---,p} that are
formed by consecutive nodes. Define

59,7, G) = min F,N),
pj( 1, G) (F7N):min(FUN):j7FﬁN:@7F3é®,FUN€Rp7F6Rp7‘F‘§37|N‘§2dj( )

where we emphasize that the minimum is taken over finite pairs (F, N). The
following lemma is proved in Appendix A.

LEMMA 5.7.  As p — 00, MaXig(p)<j<p-log(p) |75 (V7 G) — /3;?(19,7”, G)| =

o(1).
Third, for each dimension k, define the k x k matrix E&k) as
(5.110) =M (i,5) =2 1{i = j} - 1{}i — j| = 1},

except that E,(Fk)(l, 1) = E&k)(k, k) =1, and the k x k& matrix Q% as

(5.111) (i, j) = min{i, j} — 1.
Let
. k —
(c0) mingezirig; >1 € [(2)FF171E, [N] >0
00 _ . k
w>N(F,N) = MiNgcRizie,>1,1¢—0 ngi )57 IN|=0, |F|>1
oo, |N|:07 ‘F’:1

and define w(oo)(F, N) = ¢(°°)(F, N;9,r,G), a counter part of ¢)(F, N), by
replacing w(F, N) by w(®)(F, N) in the definition (1.33). Let

P (9, r) = min Y(®)(F,N),
(F,N):min(FUN)=1,FNN=0,F#0,FERp,FUNER,,|F|<3,|N|<2

where we note that p(°°) (9,7) does not depend on j. The following lemma
is proved in Appendix A.

LEMMA 5.8.  As p — 00, MaXg(p)<j<p—Ilog(p) \,5;(0,7“, G) — p>) (W, r)| =

o(1).

Now, we show the claims. Write for short p; = pj(J,r, G), and 5;, Pep
similarly. First, we show

dp(G7) < Ly.
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Denote (F TN ) the minimum in defining 5}“, and if there is a tie, we pick
the one that appears first lexicographically. By definition and Lemma 5.7,
for any log(p) < j < p — log(p),

B(FF N =5 =i +o(1),  and  (FfUN])C {j,--- ,j +4}.

By the definition of GV, these imply that there is an edge between nodes j
and k only when |k — j| < 4. So d,(GY) < C.
Next, we show for all log(p) < j < p — log(p),

Pj = Pep +o(1).
By Lemma 5.7 and Lemma 5.8, it suffices to show
(5.112) pt>) = p.
Introduce the function v(-; F, N) for each (F, N):

(IF| +2IN)/2 + w®)z /4, |F| is even,
(IF| + 2|N| 4+ 1)/2 4+ [(Vw(®)z — 1/Vw®)z) ]2 /4, |F|is odd,

v(a; F,N) = {

where w(®) is short for w(®)(F, N). Then we can write
YN F N9, r,G) =9 -v(r/0;F,N).

Let v*(z) = mingg ) v(z; F, N), where the minimum is taken over those
(F,N) in defining p(°°) . Tt follows that
(5.113) P> (9, 1) = min 8- v(r/d; F,N) =9 v*(r/9).

Below, we compute the function v*(-) by computing the functions v(-; F, N)
for the finite pairs (F, N) in defining p(°) . After excluding some obviously
non-optimal pairs, all possible cases are displayed in Table 5. Using Table
5, we can further exclude the cases with |F| = 3. In the remaining, for each
fixed value of w(®®), we keep two pairs of (F, N) which minimize |F| + 2|N|
among those with |F'| odd and even respectively. The results are displayed in
Table 6. Then v*(-) is the lower envelope of the four functions listed. Direct
calculations yield

. {1—{—m/4, 0<z<6+2V10;
v (z) =

34+ (v —2/y/x)?%/8, x> 6+2/10.

Plugging this into (5.113) and comparing it with the definition of pf,, we
obtain (5.112). O
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TABLE 5
Calculation of W™ (F,N)
F N (=)FF o £ w!™)(F,N)
5! 21 1 - 1 1
{2} {13} 2 - 1 L
0 0 /
{1,2} 0 - (0 1) (1,-1) 1
1 -1 )
wyowm (43 : (1,-1) i
2 -1 / 2
en oan o (5 3) : (a.-1) 2
0 0 0
{1,2,3} 0 - 01 1| (1,-21) 2
0 1 2
1 -1 0
{17273} {4} -1 2 -1 - (17_%7 1)/ %
0o -1 2
2 -1 0
{2,3,4y {1,5} [-1 2 -1 - (1,-1,1) 1
0o -1 2
TABLE 6
Calculation of v(z; F, N)
W |F| N| V(x;IR N) - €7 Mo
1 T 1T 2+i(Ve— 5% |
1 2 0 1+2 1
1 1 2 3+5(Ve- 53 1
2 2 2 3+¢% 1

5.7. Proof of Lemma 2.1.

Fix ¢ and r. Write for short p} = p;(¥J,r,G).

To show the claim, it suffices to show for each 1 < j < p,

(5.114)

P(Bj#0, j¢U) < Lylp" +p ™) 4 o(1/p).

Fix 1 < j < p. Recall that Gg is the subgraph of G* by restricting the
nodes into S(f3). Over the event {3; # 0}, there is a unique component 7
such that j € Z < G§. By [14, 20], |Z| < m except for a probability of at

most L,p~(m+1)?

, where the randomness comes from the law of 5. Denote

this event as A, = A, ;. To show (5.114), it suffices to show

(5.115)

P(B; #0, j U, Ay) < Lyp ¥ +o(1/p).

Note that Z depends on  (and so is random), and also that over the event
Ap, any realization of Z is a connected subgraph in G* with size < m.
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Therefore,

P(B;#0, j¢Us, A< Y. PGHeI<Gs jEUr, Ay,
T:5€Z4G*,|T|<m

where on the right hand side, we have misused the notation slightly by
denoting Z as a fixed (non-random) connected subgraph of G*. Since G* is
K -sparse (see Lemma 5.1), for any fixed j, there are no more than C'(e&),)™
connected subgraph Z such that j € Z and |Z| < m [14]. Noticing that
C(eKp)™ < Ly, to show (5.115), it is sufficient to show for any fixed Z such
that j € Z<4G* and |Z| < m,

(5.116) P(jeT<Gs, jeU;, Ay) < Lyp i +o(1/p).

Fix such an Z. The subgraph (as a whole) has been screened in some sub-
stage of the PS-step, say, sub-stage t. Let N=UDNT and F = I\N be
as in the initial sub-step of the PS-step. By definitions, the event {j ¢ U} is
contained in the event that 7 fails to pass the x2-test in (1.17). As a result,

P(jeI<Gsj¢U,Ay) <P(jeI<GyT(d F,N)<2(F, N)log(p), Ap)

< 3 P(j € T 4G5, T(d, F,N) < 2q(F, N) log(p), 4,).
(F,N):FUN=I,FNN=0,F+#0

where (F, N) are fixed (non-random) subsets, and g = ¢(F, N) is either as
in (1.31) or in (1.36). Since |Z| < m, the summation in the second line only
involves at most finite terms. Therefore, to show (5.116), it suffices to show
for each fixed triplet (Z, F, N) satisfying j € ZJG*, |Z| <m, FUN =T,
FNN=0and F # 0,
(5.117)

P(j €T <1G%, T(d,F,N) < 2q(F,N)log(p), Ap) < Lpp "5 + o(1/p).

Now, we show (5.117). The following lemma is proved below.

LEMMA 5.9. For each fized (Z,F,N) such that Z=FUN, FN N = {,
F # 0 and |Z| < m, there exists a random variable Ty such that with probabil-
ity at least 1 —o(1/p), |T(d, F, N) —Ty| < C(log(p))*/*, and conditioning on
BE, Ty has a non-central x*-distribution with the degree of freedom k < |I|
and the non-centrality parameter

50 — (BF)/ [QF’F _ QF,N(QN,N)leN,F] 5F’
where Q is as defined in (1.15).
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Fix a triplet (Z, F, N) and let dp be as in Lemma 5.9. Then
(5.118) P(T <G5, T(d, F,N) < 2q(F,N)log(p), Ap,)
< P(T<G% Ty < 2q(F,N)log(p) + C(log(p))"/*) + o(1/p)
< P(Z<Gs) - P(Ty < 2q(F, N)log(p) + C(log(p) )L WI) +o(1/p).

Denote wy = 71;250. By Lemma 5.9, (Tp|8%) ~ x2(2rwplog(p)), where k <

m. In addition, (log(p))/* < log(p) by recalling that o > 1. Combining
these and using the basic property of non-central y2-distributions,

P(Ty < 24(F, N)log(p) + C(log(p))"/* |5%) < Lyp™ VT VAN,
Inserting this into (5.118) and noting that P(Z <1 G%) < Lyp~ 1Y we have

P(I<4G%, T(d, F,N) < 2q(F,N)log(p), 4,) < Lpp—lf\ﬂ—KW—vﬂFvN))H?+o(1/p).

Comparing this with (5.117) and using the expression of pj in Lemma 5.3,
it suffices to show

(5.119) IZ19 + [(Vawor — V/a(F, N))4)2 > (F, N).

Recall that ¢ = ¢(F, N) is chosen from either (1.31) or (1.36). In the
former case, since wg > @(F, N) by definition (see (1.35)), it follows imme-
diately from (1.31) and (1.32) that (5.119) holds. Therefore, we only consider
the latter, in which case ¢(F, N) = ¢|F| and (5.119) reduces to

(5.120) IZ)9 + [(Vwor — V@ F|)+]? > ¢(F, N).
By the expression of ¢(F, N),
Y(E,N) < (IZ] = [F]/2)9 + (wr/4 4 9/2) < |Z]J + wr/4,

where w is a shorthand of w(F, N). Therefore, to show (5.120), it suffices to
check

(5.121) (Vaor — alF] ), > var/2.

Towards this end, recalling that F C Z, we let & and % be the respective
submatrices of (GZZ)~! and Q! formed by restricting the rows and columns
from 7 to F. Let &* = 7, 13F By elementary calculation and noting that
a > ay(G),

w= _min g7 wp= ()57
EeRIFLIL|g|<a
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On one hand, since G € M3 (7,9, ¢, A1) and |Z| <m < g,
(5.122) w > |F| Amin(GET) > ¢o - |F.
On the other hand, noting that ||{*||« < a,

(5123) lw—wo| € max ¢ =SNE < (- [BT = ST
EERIFL1<|¢|<a

We argue that |21 —X~1|| can be taken to be sufficiently small by ¢P* suffi-
ciently large. To see the point, note that [|[S~1—X~1| < ||GTZ|121Q~1||?|GTE -
Q||. First, since |Z| < m, ||GZZ||? < C. Second, note that @ is the Fisher In-
formation Matrix associated with the model d2”° ~ N(BI" 2L HI" 1),
Using Lemma 1.2 and (5.143), ||GTZ — Q|| < C(¢P%)~7. Third, ||(GF%)~!|| <
cy ', since G € M (7,9, co, A1). Finally, [|Q7H] < 2¢5 " when G and Q
are sufficiently close. Combining these gives that | ~1 — 271 < C(7%)~7,
for sufficiently large ¢P°, and the claim follows.
As a result, by taking /P° a sufficiently large constant integer, we have

(5.124) Az —27 < (%ﬁ— Vi),

where we note the right hand side is a fixed positive constant. Combining
(5.122)-(5.124),

Vo=l < (5@~ VamVIF] < 5V — VFlr,

where the first inequality follows from (5.123) and (5.124), as well as the
fact that § < cor/4 (so that 3./co — \/q/r > 0); and the last inequality
follows from (5.122). Combining this to the well known inequality that /a+

V(b —a); > /b for any a,b > 0, we have
Voo 2 Vi~ /@~ = Ve~ (3v@ ~ VAT > 3vi + VAT,

and (5.121) follows directly. O

5.7.1. Proof of Lemma 5.9. Recall that T(d, F, N) = W'Q'W-Wi(Qnn) Wy
where d = DY, W and @ are defined in (1.15) which depend on Z = FUN,
and Wy and Qn n are defined in (1.16). Let V' = S(5)\Z. By definitions,

W = QB*+&+u, where £ = (BT TY/(HT"I")=1BT"V 8V and u ~ N(0, Q).
Denote W = QB% + u. Introduce a proxy of T(d,F,N) by
To(d, F,N) = W'Q'W — (WY (@¥M)~'wh.



62 T. KE, J. JIN AND J. FAN

Write for short T = T'(d, F, N) and Ty = Ty(d, F, N). To show the claim,
it is sufficient to show (a) |T' — Ty| < C(log(p))Y/* with probability at least
1 —o(1/p) and (b) (To|B") ~ xi(do)-

Consider (a) first. By direct calculations,
(5.125) | —To| < 20€]l - UB% + QNI + 21Q 2 NIQ ™ ?ull).

First, since |Z| < m and |||/ < a7y, < Cy/log(p), ||BF|| < Cy/log(p). Sec-
ond, by definitions, max{||Q~'/?|, |Q ||} < C. Last, note that Q~/?u ~

N(0, I;7)) and so with probability at least 1—o(1/p), QY 2u|| < Cy/log(p).
Inserting these into (5.125), we have that with probability at least 1—o(1/p),

T —To| < Clig]l (v1og(p) + lI€])-

We now study ||£||. By definitions, it is seen that
el < IBE - I EE ) - 182V 8V

First, we have | < < , |ZPs| < C, by RCB,
Amin(HZ ™) > 7P| =% > C' > 0, and so ||(HZ"Z")~!|| < C. Third, by
basic algebra,

(5.126) BTV < VTes] - (IBFTY Y [loe < OB o - [18Y oo

Here, we note that ||BZ"V || < |[|[B — B**|co, where B** is defined in
Section 5.1, and where by Lemma 5.1, |B — B**||oo < C(log(p))~ 11/,
As a result, ||B < C(log(p))~ =), Inserting this into (5.126) and

recalling that [|3Y || < C/log(p),
I BTV Y| < C(log(p))~17) - \/log(p) = C(log(p))/* /2.

Combining these gives that ||¢]| < C(log(p))*/*~1/2. This, together with
(5.125), implies that

IT—To| < C(log(p))"/*~"/2[v/loa(p) +(0g(p)) /2] < C[(loa(p))"/*+(los(p) ¥ ]

and the claim follows by recalling a > 1.

Next, consider (b). Write for short R = (HZ"2"*)~1/2BI"T  Also, recall
that ' and N are subsets of Z. We let Rrp and Ry be the submatrices of R
by restricting the columns to F' and N, respectively (no restriction on the
rows). By definitions, @ = R'R and u ~ N(0,Q), so that we can rewrite
u = R'Z for some random vector Z ~ N (0, Iles'). With these notations, we
can rewrite Tj as

To = (RBT 4+ 2)[R(R'R) 'R’ — Ry (RyRn)"'Ry](RBT + 2).



COVARIANCE ASSISTED SCREENING 63

Therefore, (Tp|3%) ~ x3(do) [21], where k = rank(R) — rank(Ry) < |Z|, and
do = (RBT)[R(R'R)™'R' — Ry (RyEx) ™ Ry|(RFT).

By basic algebra, 80 = 0o. This completes the proof. O

5.8. Proof of Lemma 2.2. Viewing U, as a subgraph of G+, we recall
that Z <l stands for that Z is a component of U;. The assertion of Lemma
2.2 is that there exists a constant integer [y such that

(5.127) P(|Z] > Iy for some Z <Uy) = o(1/p).
The key to show the claim is the following lemma, which is proved below:

LEMMA 5.10.  There is an event A, and a constant C1 > 0 such that
P(A35) = o(1/p) and that over the event Ap, |d%"*||? > 5C1|Z|log(p) for all
TaU,.

By Lemma 5.10, to show (5.127), it suffices to show
(5.128) P(|Z] > lo for some Z <1Uy;, A,) =o(1/p).

Now, for each 1 < j < p, there is a unique component Z such that j € Z<U;.
Such 7 is random, but any of its realization is a connected subgraph of G*.
Therefore,

(5.129)

oo

P(|Z] > Iy for some Z<U,, A,) < Z Z P(je <y, A,),

J=11=lo+1 T:jeT<G+ |T|=I

where on the right hand side we have changed the meaning of Z to denote
a fixed (non-random) connected subgraph of G*. We argue that

(a) for each (j,1), the third summation on the right of (5.129) sums over
no more than L, terms;
(b) there are constants Co,C3 > 0 such that for any (j,Z) satisfying j €

I4GH, P(jeT<alUy, Ay) <L, [p—Oz\/ﬁ +pCaltl],
Once (a) and (b) are proved, then it follows from (5.129) that
P(|I| > [y for some I<]Z/{;, Ap) <L, [pl—sz/E +p1_c3l°],

and (5.128) follows by taking ¢y sufficiently large.
It remains to show (a) and (b). Consider (a) first. Note that the number of
connected subgraph Z of size [ such that j € Z<G™" is bounded by C (eK; )
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[14], where K, is the maximum degree of G*. At the same time, by Lemma
5.1 and Lemma 5.2, K,/ is an L, term. Combining these gives (a).
Consider (b). Denote V' = {j : B**(i,7) # 0, for some i € ZP*}, where
B** is defined in Section 5.1. Write for short d; = d*°, B; = BV and
Hy = HT” 2" With these notations and by Lemma 5.10, (b) reduces to

(5.130) P(j € T, [[di]]* > 5C1[Z] log(p)) < Ly[p~ VI 4 p~Csi7].

We now show (5.130). Note that dy = B13Y + & + Z, where & = [(B —
B**)B)*" and Z ~ N(0, Hy). For preparation, we claim that

(5.131) l€]f* = |Z] - o(log(p))-

In fact, first since (P* is finite, |ZP°| < C|Z| and it follows that |¢||* <
C|Z| - ||€]|%- Second, by Lemma 5.1, ||B — B**||ooc = o(1). Since [|8]s <

atp < C/log(p), it follows that ||{]|cc < ||B — B™||ac||Blloc = 0(1/log(p)).
Combining these gives (5.131).

Now, combining (5.130) and (5.131) and using the well-known inequality
(a +b)? < 2a® 4 202 for a,b € R, we find that for sufficiently large p,

(5.132) P(j €T U, ||di|® > 5C1|T|log(p))
< P(jeI<l, |BifY + 2| > 4C1 1) log(p))
P(jeZ Uy, BBV +12? = 2C1|Z]1og(p))
P(IB18Y |2 = C1IZlog(p)) + P> > C1IZ|log(p)) = I +11.

VAVAN

We now analyze I and I1 separately. Consider [ first. We claim there is a
constant Cy > 0, not depending on |Z|, such that || B1 8" < v/Cslog(p)|8Y llo-
To see this, note that ||B13Y|| < [|B18Y |1 < | B11]|8Y |1, where ||B1]j; <
|Bll1 < C, with C' > 0 a constant independent of |Z|. At the same time,
18Y|l1 < a7p||8Y]lo- So the argument holds for Cy = 2ra?C?. Additionally,
18" |lo has a multinomial distribution, where the number of trials is |V| < L,
and the success probability is €, = p~?. Combining these, we have

(5.133) 1< P(I8"]lo > V(C1/Ch)|T]) < Lyp~?V(C/COII,

where |z] denotes the the largest integer k such that k < x.
Next, consider II. Note that ||Hi| < |[H| < Cs, where C5 > 0 is a

constant independent of |Z|. It follows that ||Z]|? < C’5_1||Hf1/22|]2, where
||Hfl/22||2 has a x2-distribution with degree of freedom |ZP¢| < C|Z|. Using
the property of y2-distributions,

(5.134) 1T < P(|H; 22|12 > C1Cs5|T) log(p)) < Lyp~ (C1C/21,
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Inserting (5.133) and (5.134) into (5.132), (5.130) follows by taking Cy >
19\/01/04 and C3>ClC5/2. O

5.8.1. Proof of Lemma 5.10. For preparation, we need some notations.
First, for a constant dp > 0 to be determinded, define the p x p matrices B
and H by

B(i,j) = B(i, ){|B(i, 4)| > 6o}, H(i,j) = H(i, j)I{[H(i,5)] > do}-

Second, view Uy as a subgraph of GT. Note that in the PS-step, each
G; is a connected subgraph of G. Hence, any G; that passed the test must
be contained as a whole in one component of . It follows that for any
T < Uy, there exists a (random) set 7 C {1,---,T} such that T = Uye7G;.
Therefore, we write

1= Ufilvh

where each V; = G; for some t € T, and these V;;’s are lis:ced in the order
they were tested. Denote N; = U NG, and F; = Gi\N;. Let W(i) and
Q(#) be the vector W and matrix @ in (1.15). From basic algebra, the test
statistic can be rewritten as
(5.135)
ORT 2 — v—1/2p5F Fi Nyt AN Ny — 117, N

T(dsz‘aNi) - ||U(Z)H ) Uiy = E(i) [W(i) - Q(i) (Q(i) ) W(i)]a
where E(z) — Qé'z),ﬁz _ Q{}),NZ [Qf\;f;,Nz]—le\;f;,Fz

Third, define o o ‘

Wy = (BY W) (HY V)~

and ug;) as in (5.135) with W(; replaced by W) Let u be the |Z| x 1 vector
by putting {u(;),1 <i < 80} together, and define u* similarly.

With these notations, to show the claim, it suffices to show there exist
positive constants Cg, C7 such that with probability at least 1 — o(1/p), for
any 7 1U,,

(5.136) [u*]|* > Cs|Z|1og(p),
and
(5.137) [u*[|* < Cr|d™" |12

Consider (5.136) first. Since each V; passed the test, [Jug)||* > t(Ey, N;). If
t(E;, N;) is chosen from (1.31), t(Fy, N;i) > 2qolog(p) > 2(qo/m)|Fj|log(p);
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otherwise it is chosen from (1.36), then t(Fj, N;) > 24| F;|log(p). In both
cases, there is a constant g > 0 such that

Hu(i)||2 > 2q| F}| log(p), 1 <4< 3.

In addition, it is easy to see that U; F} is a partition of Z. It follows that

30
(5.138) lull> =" llug 1> = 24|17 log(p).
i=1

At the same time, let A, be the event {||d|l. < Coy/log(p)}, where we
argue that when Cp is sufficiently large, P(A5) = o(1/p). To see this, recall
that d = BB + H'Y?%, where 2 ~ N(0, I,). By the assumptions, || Bl < C,

1Blloc < C'/log(p) and ||H||oo < C. Therefore, [|d]jec < C(y/10g(p)+||Z]loc)-
It is well-known that P(]|Z]|cc > y/2alog(p)) = L,p~® for any a > 0. Hence,

when Cj is sufficiently large, P(A5) = o(1/p).
We shall show that over the event A,, by choosing dg a sufficiently small
constant,

(5.139) lu — w*||* < q|Z|log(p) /2.

Once this is proved, combining (5.138) and (5.139), and applying the in-
equality (a + b)? < 2(a? + b?) for any a,b € R, we have

2q|Z|og(p) < [ull* < 2(||u”|* + lu — w*|[*) < 2l|u”||* + q|Z| log(p).

Hence, (5.136) holds with Cs = ¢/2.
What remains is to prove (5.139). It follows from G € M;y(v,g,co, A1)
and |Vj| < m < g that [[(GY#Y)71| < ¢! As a result, ||Q(;)1|| < C. Also,

Z(_l)l is a submatrix of Q&)l; and hence HZ(;)IH < C. This implies
(.40)  ug - uly| < CIWey - Woll, 1< < 0.

Since B enjoys a polynomial off-diagonal decay with rate o, [|(B—B)Yi V|
C5y* . Noting that [VP*| < C, this implies ||(B — B)Y"Ve|| < Cog /.
Similarly, we can derive ||(H — H)V V|| < C 5(1)71/ “. These together imply

(5.141)  [[Wey — Wil < Oy 1dv | < €8y ldlle, 1< < S0,

where in the last inequality we use the facts that [V?*| < C and ||d"" ||« <
||d||oo. Combining (5.140) and (5.141), over the event A,

lugy — iy |2 < €O log(p), 1< < 4.
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Noting that o > 1, we can choose a sufficiently small §p such that 05(2)(1_1/ )
q/2, and (5.139) follows by noting |5o| < |Z|.
Next, consider (5.137). We write

IN

—_— ps
uw* =Ere 4,

where the matrices =, I" and © are defined as follows: = is a block-wise
diagonal matrix with the i-th block equals to E(_l. Iisa |Z] x (322, |Vil)

i)
matrix, with the (E}, V;)-block is given by
Fi,Vi _ FmNi NmNi -1
Pt =1, —Q ™ (@) ]
and 0 elsewhere. © is a (3250, |Vi|) x [ZP%| matrix, with the (V;, V/*)-block

ViV — (BVipS,Vi)/(ﬁVfS,Vips)—l
9
and 0 elsewhere.
Note that these matrices are random (they depend on U, and 7). Below,
we show that for any realization of U, and any component Z < Uy,

(5.142) |ZEre|| < C.

Once (5.142) is proved, (5.137) follows by letting C7 = C2.
We now show (5.142). Since [|ZT'O|| < ||Z]|||IT]|||©]], it suffices to show

IElL T, e < €.

First, ||Z]|| < max; HQGl | < C. Second, the entries in I' and © have a uniform
upper bound in magnitude, and each row and column of I has < m non-zero
entries. So ||I'|| < C. Finally, each row of © has no more than 2m/#P* entries;
as a result, to show ||©|] < C, we only need to prove that each column of ©
also has a bounded number of non-zero entries.

Towards this end, write for short B(i) = BY""Vi and ﬁ(i) = V"V for
each 1 <14 < §. By definition,

O(k,j) = Y B\ kHG (7.j), keVi jeVP”
jIEVipS

First, given the chosen &y, each row or column of B and H has < Ly non-zero
entries, where Lg is a constant integer. Therefore, for each j’, the number
of k such that B(j’,k) # 0 is upper bounded by Lg. Second, we define a
graph G = G(dy) where there is an edge between nodes j and j if and only if
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H(j,7") # 0. For each 1 < i < ¢, let G; be the restriction of G to the nodes
in V. We see that IjI(i) is block-diagonal with each block corresponding
to a component of G;, and so is (ﬁ(i))_l. This means (ﬁ(i))_l(j’,j) can be
non-zero only when j and j’ belong to the same component of G;. Since
|VP?| < 2mePs for all i, necessarily, there exits a path in G of length < 2m/(P*
that connects j and j’. Third, since G is Lg-sparse, for each j, the number
of 7’ that is connected to j with a path of length < 2m/P* is upper bounded
by L%meps. In summary, for each fixed j, there are no more than Ly - L(Q)meps
nodes k such that O(k, j) # 0, i.e., each column of © has < Lgmﬂm+l NoNZero
entries and the claim follows. U

5.9. Proof of Lemma 2.5. Fix Z and recall that J = {j : D(i,j) #
0, for some i € Z}. In this lemma, 7ZP¢ is as in Definition 1.6, but JP¢
is redefined as JP¢ = {j : D(i,j) # 0, for some i € ZP°}. Denote M =
| TP¢| — |ZP¢| and write G77" = G for short. Let F be the mapping from
JPe to {1,---,|TP¢|} that maps each j € JP¢ to its order in JP¢. Denote
7, = F(Z). By these notations, the claim reduces to: for any | JP¢| x M
matrix U whose columns contain an orthonormal basis of Null(ZP¢, JP¢),

U GO U] = o(1).
It suffices to show
(5143) H[U(U’Gl_lU)*lU/]Zl,Il H < C(Epe)fﬁ/’

where v > 0 is the same as in M3(7, g, co, A1). In fact, once this is proved,
the claim follows by noting that ¢*¢ = (log(p))” — oc.
We now show (5.143). By elementary algebra,

Bus) G < @6 ) W
Consider H(U’GflU)_lH first. Since U'U is an identity matrix, we have
IU'GTU) M = PainU'GTU)] ™ < Paain(GT ] = (|G- Addition-
ally, the assumption G € M (7, g, co, A1) implies that [|G1]| < A Z‘J‘Zﬂ j7Y <
C|JPe|}=7. Last, when |Z| < g, 2/P¢ + 1 < |JP¢| < (207¢ + 1)lp. Combining
the above yields

(5.145) H(U'Gl_lU)*lu < C(ﬁpe)l*’)"

Next, consider [|(UU")*7t[|. Note that [[(UU")"7 || < |Zi|-max; ver, |(UU)(i,7)],
where max; i’'e1, |U,U(Z, Z/)| < M~maxiezl71§j§M |U(Z,])|2 Here |Il| = ’I| <
lo and M < h|Z| < hly. It follows that

NT1,11 < -\ (2
(5.146) H(UU) H < C’iezllgzgaoj;SMW(z,]ﬂ .
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The following lemma is proved in Appendix A.

LEMMA 5.11.  Under the conditioins of Lemma 2.3, for any T <G such
that |Z| < lo, and any matriz U whose columns form an orthonormal basis

of Null(IPe, JPe),

Ui )2 < C(ere)—1.
ief(z)jlggl%e'f'pe‘\ (i,7)|7 < C(F)

Using Lemma 5.11, it follows from (5.146) that
(5.147) (U2 < cere)~t.
Inserting (5.145) and (5.147) into (5.144), we obtain (5.143). O

5.10. Proof of Lemma 2.4. Write for short

P P
M=y Y P, ANE), Ma=Y P(B#0, kEU).
J=1T:j€14G+,|T|<lo k=1

With these notations, the claim reduces to M1 < Ly, - Ms.
The key is to prove

(a) for each Z < G*, over the event {Z < Uy, AN E7 7}, it always holds
that (S(8) N &(27)) \Uy # 0

(b) for each k, there are no more than L, different Z such that Z < G+,
|Z| <lp and k € E(Z7°).

Once (a) and (b) are proved, the claim follows easily. To see the point, we
note that

P((SB)NE@ N A0) < S P(B#0, k¢ ).

ke& (Tre)
Combining this with (a), we have
Mi<)y > ), PBAOkEW).
§=1 T:§€T4G+,|T|<lo kEE(TPe)
By re-organizing the summation, the right hand side is equal to

> > IZ|- P(Br #0, k¢ U),

k=1 T:I4G+,|Z|<lo,k€E (IPe)
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which < L, - M5 by (b), and the claim follows.
We now show (a) and (b). Consider (a) first. Fix Z < G*. Suppose (a)
does not hold, i.e., the following event

{Tauy, (S(B)NE@T))\Uy =0, AyN Bz}

is non-empty. View U as a subgraph of G*. Applying Lemma 5.2 to V = Uy,
we find that Z <tU; implies (U;\Z) N E(ZP¢) = . Therefore, the following
event

(5.148)  {UN\T)NETP) =0, (S(B) NET)\U; =0, Ay N ESs)

is non-empty. Note that 7 C &£(Z7°). From basic set operations, (U;\Z) N
E(TP°) = 0 and (S(B) NE(ZP*))\U; = O together imply

(S(8) N ET)) C T.

By definition, this belongs to the event E, 7. Hence, the event in (5.148) is
empty, which is a contradiction.

Consider (b) next. Fix k and denote K the collection of Z satisfying the
conditions in (b). Let V = {1 < i <p: k € E{i}F*)}. Since E(IP¢) =
Uiez€({i}P¢), we observe that

K = Uiev K, where K; = {I: IQGT, |Z| <1y, i€ I}.

Note that by Lemma 5.1 and 5.2, G* is K)-sparse and G is K;r-sparse,
where both K, and K; are L, terms. First, we bound |V|: By definition,
k € £({i}F°) if and only if there exits a node k¥’ € {i}P¢ such that k¥’ and k
are connected by a length-1 path in G*. Since G* is Kp-sparse, given k, the
number of such £’ is bounded by K. In addition, for each £, there are no
more than (2¢P¢+1) nodes ¢ such that k¥’ € {i}P¢. Hence, |V| < (20P°+1) K.
Second, we bound max;cy |K;|: For each node i € V, there are no more than
C’(eK;r )lo connected subgraph of G that contain i and have a size < I
[14], i.e., |Ki| < C(eK; ). Combining the two parts, |K| < Kp(207° + 1) -
C’(eK;')lo, which is an L, term. O

5.11. Proof of Lemma 2.5. Let Vi = S(B)NE(ZP€) and Vo = S(B)\E(ZP¢).
We have (BB)T"™ = B VigV1 4 ¢, where ¢ = B">V232. Note that over
the event E,7, Vi C Z. It follows that BZ"V1g"1 = BT"Z3Z  Combining
these, to show the claim, it is sufficient to show

(5.149) 1]l < C(P) 2 10g(p)] -1 7,
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Recall the matrix B** defined in Section 5.1. Since B**(i,j) = 0 for j € V3,
we have |[BT"V2||, < ||B — B**||s, where by Lemma 5.1, || B — B**||o <
Clog(p)]~U=Y*). Moreover, |||l < a,. Consequently,

(5.150) I¢lloe < 1B = B lscl18" (|0 < Cllog(p)] "/,

At the same time, note that |ZP¢| < [o(20P¢ + 1) < C¢P°. It follows from
the Cauchy-Schwartz inequality that [|C]| < /[|Z¢||¢]lec < C(7%)Y?(|¢]| oo
Combining this with (5.150) gives the claim. O

5.12. Proof of Lemma 2.6. Fix (4, Vo, V1, Z) and write for short p;(Vp, Vi) =
p;i(Vo, Vi; Z) and pj = pj (9,7, G). The goal is to show p;(Vo, V1) > pj +o(1).
We show this for the case Vy # V1 and the case Vjy = V separately.

Consider the first case. By definition, pj < p(Vo, V1), where p(Vo, V1) is as
in (1.26). Therefore, it suffices to show

(5.151) pi(Vo, V1) = p(Vo, V1) + o(1).

Introduce the function
1 2
f(z) = max{|Vol, [Vi|}9 + Z[(ﬁ — Vol = lj9/vz) )7, x> 0.

Then p;(Vo, Vi) = f(wjr) and p(Vo, Vi) = f(w*r), where w; = w;(Vp, Vi;1)
and w* = w*(Vp, V1), defined in (2.59) and (1.25) respectively. Since f(x)
is an increasing function and |f(z) — f(y)| < |z — y|/4 for all z,y > 0, to
show (5.151), it suffices to show

(5.152) w; > w" +o(l).

Now, we show (5.152). Introduce the quantity w = minc(y,u1,) @;. Write
By = B Hy = H?” and Q, = B{H;'B;. Given any C > 0, define
O(C) as the collection of vectors & € RIZI such that for all i, either fi(k) =0
or ]&ng)\ > 1, and that Supp(é®)) = V4, [|€#) | < C, for k = 0, 1. Denote
© = O(00). By these notations and the definitions of w; and @w*, we have

(€D — Oy Qg™ — £,

= min
(€M) £ €O,k=0,1;5gn(£(0))#£sgn(£(M))

w’ =

- (1) _ Oy GTIe) _ ¢0)y.
(£(©,£M): 6(’”E@(a)gi%,l;sgn(ﬁ(o))#Sgn(ﬁ(l))(f o € &

First, since a > agy(G), in the expression of @”, ©(a) can be replaced by
O(C) for any C > a. Second, since Apin(Q1) > C, from basic properties of
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the quadratic programming, there exists a constant ag > 0 such that for any
(§i0),§£1)), a minimizer in the expression of w, max{Hin) || cos ||§,(k1) lloo} < ap.
Therefore, in the expression of w, © can be replaced by ©(C) for any C' > ay.
Now, let a; = max{agp, a} and we can unify the constraints in two expressions
to that £ € ©(ay), for k = 0,1, and sgn(£(©)) # sgn(¢M). Tt follows that

(5.153) |w—w*| < max |€(GTF = Q1)¢| < O|GFT — ).
§€R‘I|:||§Hoo§2a1

Note that @7 is the Fisher Information Matrix associated with model d; ~
N(B15%, Hy), by Lemma 1.2 and Lemma 2.3, |GTZ — Q]| = o(1). Plugging
this into (5.153) gives | — w*| = o(1). Hence, w; > w > w* 4 o(1) and
(5.152) follows.

Next, consider the case V) = Vj. Pick an arbitrary minimizer in the defini-
tion of w;, denoted as (59), 55})), and define F' = {k : Sgn(fig)) # Sgn(fig)}
and N = Vp\F. It is seen that j € F. By Lemma 5.3, p; < ¢(F, N), where
P(F,N) is defined in (1.33). Hence, it suffices to show

(5.154) p(Vo, V2) = $(F, N) + o(1).

On one hand, when |Vp| = |Vi1], the function f introduced above is equal to
[Vo|9 4+ /4 and hence

pi(Vo, V1) = f(w;r) = VoV + w7 /4.

On the other hand, using the expression of (F, N) in (1.33) and noting
that |F| > 1,

(F,N) < ([F|+ [N+ wr/4 = [Vo|9 + wr/4,

where w = w(F, N) is defined in (1.34). Therefore, to show (5.154), it suffices
to show

(5.155) w; > w+o(1).

Now, we show (5.155). From the definition (1.34) and basic algebra, we
can write
w= min gatle.
EERITI: £=0,i¢Vo3|&i|>1 i€ F
Denote &, = &El) —&EO). By our construction, w; = £,Q1&, & = 0 for i ¢ Vp,
and [&.;| > 2 for i € F. As a result,

(5.156) &G, > w.
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At the same time, we have seen in the derivation of (5.153) that there exists

a constant ap > 0 such that HESKO)HOO, H&S)Hoo < ag and |GHT — Q1| = o(1).
Therefore, ||¢4]|? < 2ao|Z] < C and

(5.157)  |ow; — ELGTTE] = [6.Qué, — E.GTTE| < OGP — Qu|l = o(1).
Combining (5.156) and (5.157) gives (5.155). O

APPENDIX A: SUPPLEMENTARY PROOFS

In this section, we prove Lemma 5.5, 5.7, 5.8 and 5.11.

A.1. Proof of Lemma 5.5. Write k), = maxXog(p)<j<p—log(p) G 1(j5,7)
and ag = 5 [ f7!(w)dw. The assertion of Lemma 5.5 is
phﬁrglo Kp = ag.
To show this, denote k,, = minjog(p)<j<p—log(p) G714, ), and k), = trace(G1)/p.
Since log(p) < p and all diagonals of G~! are bounded from above, it follows
from definitions that

(A.158) Ky +0o(1) < Ky <Fp +o(1).
At the same time, the conditions of Lemma 1.5 ensure that f*(w) is contin-
uously differentiable on [—m, 7|. By [26],

lim &, = aop.
p—00

Therefore, liminf, .ok, > lim, oo kp = ap, and all we need to show is
limsupp oo < ag.

Towards this end, write G = G, to emphasize on its dependence of p.
For any positive definite p X p matrix A and a subset V' C {1,---,p}, if
we let B be the inverse of AY"Y and Bs the (V,V)-block of A~!, then by
elementary algebra, By — By is positive semi-definite. Now, for any (i, j)
such that log(p) < j < p —log(p) and 1 < ¢ < [log(p)], let V. = {j —
i+1,---,5— i+ [log(p)]} (|z] denotes the largest integer k such that
k < x). Applying the above argument to the set V' and matrix A = G, we
have [(Gp)VV]7(i,i) < G,1(j,j). At the same time, the Toeplitz structure
yields (G,)V"V = Gllog(p)|- As a result, Gﬁég(p” (i,i) < G, '(j,7). Since this
holds for all ¢ and j, we have

Fliog(p)] < K-
Combining this with the first inequality of (A.158), F|1og(p)| < Kp +0(1). It
follows that limsup,_,,,%p < lim;, o £ and the claim follows.
We remark that additionally lim, . £, = ag, whose proof is similar so

p
we omit. 0
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A.2. Proof of Lemma 5.7. Fix log(p) < j < p — log(p). Denote the
collection of pairs of sets

C;={(F,N):min(FUN)=j, FNN =0, F # 0},
and its sub-collection
C;={(F,N)eCj:FeR,, (FUN)eR,, |F|<3and |N|<2},

where we recall that R, is the collection of sets that are formed by consec-
utive nodes. The claim now reduces to

i F,N)= mi F,N 1).
(Ffznvﬁlelc;w(’ ) (Fglvl)récjw(, ) +o(1)

Noting that C7 C Cj, it suffices to show for any (F,N) € Cj, there exists
(F', N") such that

(A.159) W(F',N') <(F,N)+o(1) and (F',N’)e€C:.
To show (A.159), we introduce the notation (F’, N') < (F, N) to indicate
G(F,N') <4(F,N), [F|<|F|, and [N'|<|NJ|.

Using these notations, we claim:

(a) For any (F,N) € C;, there exists (F', N’) € C; such that ¢(F',N') <
Y(F,N) +o(1) and |F’'| < 3.

(b) For any (F,N) € Cj, there exists (F',N’) € C; such that (F',N') <
(F,N) and (F'UN') € R,.

(c) For any (F, N) € C; satisfying (FUN) € R,, there exists (F’, N') € C;
such that (F',N’) < (F,N), (F" UN’') € R, and F’ € R,.

(d) For any (F,N) € C; satisfying (FUN) € R, and F' € R, there exists
(F',N') € Cj such that (F/,N') < (F,N), (FFUN') e R, F' € R,
and |N'| < 2.

Now, for any (F, N) € C;, we construct (F’, N') as follows: First, by (a),
there exists (F1, N1) such that ¢(Fi, N1) < ¢(F,N) + o(1), and |F;| < 3.
Second, by (b) and (c), there exists (Fa, Na) such that (Fy, Na) < (F1, Ny),
Fy € Ry and (Fy, U N2) € R,,. Finally, by (d), there exists (F3, N3) such
that (F3, N3) = (Fa,N3), (F3 U N3) € Ry, F3 € R, and |Ns| < 2. Let
(F',N') = (F3, N3).

By the construction, (F" UN') € Rp, F' € R, and

Y(F', N') = o(F3, N3) < ¢(Fa, Na) < 9(Fy, Ni) < (F,N) + o(1).
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Moreover, |F'| = |F3| < |Fy| < |Fi| < 3, and |N'| = |[N3| < 2. So (F',N')
satisfies (A.159).

All remains is to verify the claims (a)-(d). We need the following results,
which follow from basic algebra and we omit the proof: First, recall the
definition of w(F, N) in (1.34). For any fixed (F,N), let Z = F U N and
R = (GF1)~!. Then

(A.160) w(F,N)= min ¢RI ¢
EERIFLL|g;|>1

Second, when (FUN) € R,

1
(A.161) R= jnn'+z£f“>, k=|FUN]|,

where 5 = (1,0, - ,0) and £ is as in (5.110).
Now, we show (a). The case |F'| < 3 is trivial, so without loss of generality
we assume |F'| > 4. Take

Fr={j+1,j+2}, N ={j}

We check that (F’, N') satisfies the requirement in (a). It is obvious that
(F',N') € C; and |F’| < 3. We only need to check ¢(F’,N') < ¢(F,N) +
o(1). On one hand, direct calculations yield w(F',N') = (5 +1)/(j +2) =
1+0(1), and
(F',N') <29 +r/4+ o(1).

On the other hand, by (A.160), w(F, N) > |F|- [Amax(R)] 7 > |F| - Anin(G).
Noting that G=! = H, we have |G| < [[H|oo < 4. S0 Amin(G) > 1/4.
Therefore, w(F, N) > 1. It follows that

B(F,N) > [FI0/2 4+ w(F, N)r/4 > 20 + /4.

Combining the two parts, we have ¢ (F', N') < (F, N) + o(1).

Next, we verify (b). We construct (F’, N’) by constructing a sequence of
(F®O_ N®) recursively: Initially, set F(!) = F and N = N. On round
t, write FO UN® = {j;,---,ji}, where the nodes are arranged in the
acceding order and k = |[F® U N®|. Let Iy be the largest index such that
g1 =j1+1—1for alll <ly. If Iy = k, then the process terminates. Otherwise,
let L = jj,+1 — j1 — lo and update

FUD = L5 L1 > 1o} : jre FO}, N = L5 L1{l > lo} : jy e NOL.

By the construction, it is not hard to see that [y strictly increases as
t increases, and k remains unchanged. So the process terminates in finite
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rounds. Let T be the number of rounds when the process terminates, we
construct (F’, N') by

F=r® N =nND,

Now, we justify that (F’, N') satisfies the requirement in (b). First, it is
seen that min(F® U N®) = j on every round ¢. So min(F U N) = j and
(F,N) € C;. Second, on round T, ly = k, which implies (F’ U N') € R,.
Third, |F®| and |[N®| keep unchanged as t increases, so |F’| = |F| and
|N'| = |N|. Finally, it remains to check ¥(F’, N') < ¢ (F, N). It suffices to
show

(A.162) PP NEDY < (PO NOY - fort=1,-.. T —1.

Let Z = FO UN® and 7, = FD U NG+HD | We observe that GTv 11 =
GTT — Ly, where n = ( I Legy)+ So GTT — G111 is positive semi-definite.
It follows form (A.160) that w(FHD NEDY < (F®O N®) and hence
(A.162) holds by recalling that |[Ft*1| = |F®)] and [N+ = |[N®)|.
Third, we prove (c). By assumptions, (FUN) € R, so that we can write
FUN ={j,j+1,---,j+k}, where k +1 = |FFU N|. The case F' € R,
is trivial. In the case F' ¢ R,, we construct (F’, N') as follows: Let ig be
the smallest index such that iy ¢ F and both F; = FN{i: i < ip} and
F5 = F\F; are not empty. We note that such ig exists because F' ¢ R,,. Let

F=F={icF:i<iy, N ={ieN:i<ip}.

To check that (F’, N') satisfies the requirement in (c), first note that
min(F'UN’) = j and hence (F', N') € C;. Second, it is easy to see that |F'| <
|F| and |N'| < |N|. Third, from the definition of ig, F’ € R,. Additionally,
since i9 € N, we have F' UN' = {j,j + 1,--- ,i0p} € R,. Last, we check
Y(F',N') <¢(F,N): Since |F'| < |F| and |[N'| <|NJ, it suffices to show

(A.163) W(F',N') < w(F,N).

Write Z = FUN and denote R = (GTZ)~!. From (A.161), R is tri-diagonal.
So RFF is block-diagonal in the partition F' = I} U F. Using (A.160), it is
easy to see

w(F1,I\F) < w(F,I\F) = w(F, N).
At the same time, notice that both Z and 7’ = F’ U N’ have the form
{j,7+1,--+ ,m} with m > max(F;) + 1. Applying (A.160) and (A.161), by
direct calculations,

w(F,I\Fy) = w(F,T'\F}) = w(F',N').
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Combining the two parts gives (A.163).

Finally, we justify (d). By assumptions, (FUN) € R, and F' € R, so
that we write FUN = {j,j+1,--- ,k}, and F' = {jo,jo+ 1, - , ko}, where
jo > j and ko < k. The case |N| < 2 is trivial. In the case |N| > 2, let
mg = |F| and we construct (F’, N') as follows:

F'=F, N ={ko+1}, when jo = j;
F/:{.]+1a.7+27a.7+m0}7 N/:{]7]+m0+1}7 When]0>]7k0<ka
F':{j+1,j+2,---,j+m0}7 N,:{j}, Whenj0>j,k‘0:k‘.

Now, we show that (F’, N') satisfies the requirement in (d). First, by the
construction, (F’, N') € C;, (F'UN') € R, and F’ € R,,. Second, |F'| = |F]|,
|IN’| <2 < |N|. Third, we check ¢(F’, N') < (F,N). Applying (A.160) and
(A.161), direct calculations yield w(F’, N') = w(F, N). This, together with
|F'| <|F| and |N'| < |N|, proves ¢)(F’', N') < (F,N). O

A.3. Proof of Lemma 5.8. Recalling the definition of C7 in the proof
of Lemma, 5.7, the claim reduces to

i F N)= mi ) p N 1 ] <i<p—1 .
M%Qq¢(’) @%Qq¢ (F,N)+o(1), og(p) < j < p—log(p)

We argue that on both sides, the minimum is not attained on (F, N) such
that [N| = 0 and |F| = 1. In this case, on the left hand side, F' = {j} and
N = (. By direct calculations, w(F, N) = j > log(p), and hence ¢ (F, N) can
not be the minimum. Similarly, on the right hand side, w(*)(F, N) = co by
definition, and the same conclusion follows. Therefore, the claim is equivalent
to

(F,N) YN (F,N) + o(1).

min = min
(F,N)EC;:| F|+|N|>1 (F,N)ECE:| F|+|N|>1

Fix log(p) < j < p —log(p). Define a one-to-one mapping from C; to Cy,
where given any (F,N) € Cy, it is mapped to (F1, N1) such that

Fr={i—-j+1:icF}, Ni={i—j+1:i€e N}
To show the claim, it suffices to show when |F|+ |N| > 1,
G(F,N) = 6 (Fi, Ny) + o(1).
Since |Fy| = |F| and |Ny| = |N|, it is sufficient to show

(A.164) w(F,N) = w®)(F, N1) 4 o(1).
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Now, we show (A.164). Consider the case N # () first. Suppose |Z| = k
and writeZ = FUN = {j,--- ,j+k—1}, where 1 < k <5.Let R = (GF1)~!
and R, = (Egﬁk))FhFl, where Eﬁk) is defined in (5.110). We note that when
N # ), R, is invertible. Using (A.160) and the definition of w(®®),

(A.165)  |w(F,N) —w™(F,Ny)| < max |¢[(RPF)™ - R
EeRF:|¢;|<2a

Since Z € R, we apply (A.161) and obtain

REF = () () + (5) 10,

where 7 = (1,0, ---,0)’ € R*. By matrix inverse formula,
(A166)  IRM)T = R = —[j+ (") RS THE R ™),
Combining (A.165) and (A.166),

W(F,N) —w®(F, N <570 max  [ER7MP <7 ORI
EERF:|E;|<2a

Since N1 # () and k is finite, Apin(R«) > C > 0 and hence |R; || < C.
Noting that j > log(p), (A.164) follows directly.
Next, consider the case N = (). Suppose |F| = k and write F' = {j,--- ,j+

k —1}, where 1 < k < 3. We observe that G'f' = j11' + Q% where Q) is
defined in (5.111). By definition

W(F,N)= min ¢GPF¢= min j(1’§)2+§'9i"7)§].
ceRbg |21 ceRbg,[>1

On one hand, if we let £&* be one minimizer in the definition of w(>) (Fy, Ny),
then 1'¢* = 0. As a result,

(A.167) w(F,N) < j(1'e")2 + &yole = (eyaPer = w0 (R, Ny).
On the other hand, we can show
(A.168) w(F,N) > w®) (F,N)) —1/(j +1).

Combing (A.167) and (A.168), and noting that j > log(p), we obtain (A.164).
It remains to show (A.168). When k = 2, by direct calculations, w(F, N) =
w®)(F,N) = 1. When k > 2, write £ = (&,&,&') for any ¢ € R¥, and
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introduce the function g(z) = Zf:_f(xl + i1+ 4 Tp_0)?, for x € RF2,

We observe that

(A.169) ¢aMe = (¢ — €)% + ().

Let gmin = mingepr—2,5,>1 9(z). We claim that there exists ¢ € R* such
that

Ug=0, ¢OY¢=14gmn, and |g|>1, for 1 <i<k
To see this, note that under the constraints |z;| > 1, g(z) is obviously
minimized at z* = (---,—1,1,—1,1). Observing that 1’(z*) is either 0 or
1, we let ¢ = (1,—1,(2*)")’ when 1'(z*) = 0, and let ¢ = (1,-2, (z*)")

when 1’(z*) = 1. Using (A.169), it is easy to check that ¢ satisfies the above
requirements. It follows that

(A.170)  w(®)(F, Ny) = min flﬂﬁk)f < qlﬁgﬁk)q =1+ gmin-
EERF:|g;]>1,16=0

At the same time, since GF = j11’ + Q,(kk), we can write from (A.169) that

(A171) §GNTe = (Ve + (1€ - &)° +9(6)-
Note that min, {jy? + (y — ¢)?} = ¢ j/(j + 1), for any ¢ € R. So
S+ (Ve = &) = [al’i/G+1).

Plugging this into (A.171), we find that

(A.172) wF,N)= min &GP > /(G + 1)+ gmin.
€ERk:|g;|>1
Combining (A.170) and (A.172) gives (A.168). O

A.4. Proof of Lemma 5.11. To show the claim, we first introduce
a key lemma: Fix a linear filter Dy, ,, for any dimension k > h, let D)
be the (k — h) x k matrix, where for each 1 < i < k — h, D®)(i,4) = 1,
E(k)(i,i +1)=m, -, DW) (i, i + h) = np, and D(k)(i,j) = 0 for other j.
Define the null space of Dy, ,, in dimension k, Nully(n), as the collection of
all vectors ¢ € R¥ that satisfies ﬁ(k)ﬁ = 0. The following lemma is proved
below.
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LEMMA A.1. For a given n, if RCA holds, then for sufficiently large n

and any k > n, there exists an orthonormal basis of Nulli(n), denoted as
€W oo W) such that

(42 -1
max ) <C,n
1<i<k—n,1<j<h ‘52 ’ =" ’

where Cy > 0 is a constant that only depends on 1.

Second, we state some observations. Fix Z<IG™. Partition ZP¢ uniquely as
7r¢ = U, Vi, so that V; = {ig,i;+1,--+ , 5 — 1,5} is formed by consecutive
nodes and j; < 441 for all ¢. Denote M = |JP¢| — |ZP¢|. It is easy to
see that T < M and M < h|Z| < Ilph, so both M and T are finite. Let
Vi={1<j<p:D(j) #0for some i € V;} and define Null(V;,V}) in
the same way as Null(ZP¢, JP¢). Recall that F is the mapping from nodes
in JP¢ to their orders in J7¢. Similarly, define the mapping F; from V; to
{1,---, \f/t\} that maps each j € V, to its order in V;. Denote Z; = F(ZnW).
We observe that:

(01) ViNVy # 0 only when [t — ¢'| < 1; and Vi N Vig1| < h—1, for all ¢.

(O2) Null(V, V) = Nulth'(n) for all ¢, where Nullg(n) is as in Lemma
Al

(03) JP¢ = UL, Vi; and V| > V| > 207° + 1, for all t.

(O4) Any node i € Z; satisfies that 1 <14 < |V;| — P, for all ¢.

(Os) Forany ¢ € RV™I ¢ € Null(ZP, J7¢) if and only if F (Vo) ¢ Null(V;, V)
for all t, where ¢7 (V4) is the subvector of ¢ formed by elements in F (‘N/t)

Due to (O2) and Lemma A.1, for each ¢, there exists an orthonormal basis
€& oo gWh) for Null(V;, V) such that

(A.173) max |€Z-(t’j)|2 < Cyn~t, forany 1 <n < |V
1<i<|Vi|—n,1<j<h

Let U; be the matrix formed by the last h rows of [£(tD) ... ¢®M)] From

the explicit form of the basis in the proof of Lemma A.1, we further observe:

(06) ¢ < Amin(UU]) < Mnax(UU]) < 1 — ¢, where 0 < ¢, < 1 and
c+d <1

(O7) For each 1 < hg < h, the submatrix of U; formed by its last hy rows
has a rank hy.

Now, we show the claim by constructing a matrix W, whose columns form
an orthonormal baisis for Null(ZP¢, JP¢), and it satisfies

(A.174)  max  |[W(4,j))? <Ont, forany 1 <n < |JF.
1<iL|JPe|-n,1<j<M
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In fact, once such W is constructed, any U whose columns form an orthon-
romal baisis for Null(ZP¢, JP¢) can be written as

U=WR,

where R has the dimension M x M and R’'R is an identity matrix. By basic
algebra, for any mxn matrix A and nxp matrix B, maxi<;<p |(AB)(i, j)* <
n||B'B|| - maxj<j<n |A(4, k)|? for each 1 < i < m. Applying this to W and
R, and noting that ||R'R|| =1 and that M is finite, we obtain

A.175 UG, HP<C W (i, )%

( ) ie}(%§?§j§A4| (4, 5)" < ie}(§§?§jgﬂ4! (4,5)|

At the same time, for any ¢ € Z, there exists a unique ¢ such that ¢ € ZNV;.
In addition, from (O4), Fi(i) < |V;| — €P¢. By the construction, this implies
F(i) < |JP¢| — ¢P¢. Combining this to (A.174), we find that

A.176 W (i, j)]? < C(ere)=L.

( ) ie}(%§?§jgﬂfl (4, 4)|7 < C()

The claim then follows from (A.175) and (A.176).

To construct W, the key is to recursively construct matrices Wp, Wr_1, - -
Denote my = h — |Vi N Vig1|, with mp = h by convention; M; = Zzzt Mg
and L; = | UL, V4|; in particular, My = |JP¢| — |ZP¢| = M and L, = | JP?°|.
Initially, construct the L x M7 matrix

W%:[éﬂ%“wgﬂm’

where {¢T) : 1 < j < h} is the orthonormal basis in (A.173). Given Wy, 1,
construct the L; x M; ma‘Erix Wt as follows: Denote W41 the submatrix of
Wit formed by its first |V, N Vigi| (= h — my) rows and write

quwwm}:Eﬂ7
t

where A; has (|V;| — h —my) rows and B; has (h —m;) rows. From (O7), the
rank of By is (h — my). Hence, there exists an h X m; matrix @, such that
Q;Q; is an identity matrix and B;Q; = 0. Now, construct

(A.177) 1%:ﬁ&@&VWHA£1

Wit 0
Continue this process until we obtain W; and let

W =Wy (Wiwy) /2,
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Below, we check that W satisfies the requirement. First, we show that the
columns of W form an orthonormal basis of Null(ZP¢, JP¢). Since W has
M = |JP¢| — |ZP¢| columns and its columns are orthonormal, it suffices to
show that all its columns belong to Null(ZP¢, J?¢). By (Os), we only need
to show that for each 1 <t < T, in the submatix of W formed by restricting
rows into F(V;), all its columns belong to Null(V;, V;). By the construction,
only the first M; columns of this submatrix are non-zero and they are equal
to

AtBY(BiBy) "' Wi AQy

Wit 0 By

= [At] | BUBB) W, Qi)

where in the equality we have used the facts that W; = B,B}(B;B}) "W,
and B;Q¢ = 0. Combining this to the definition of A; and By, we find that
each column of the above matrix is a linear combination of {£®1) ... ¢(®h)}
and hence belongs to Null(V;, V;).

Second, we show that W satisfies (A.174). It suffices to show, for t =
T, .1,

(a) maxi<i<r,—n1<j<m, [Wili, 5)[* < Cn~h, for any 1 <n < Ly.
(b) Amin(W{W3) > C > 0.

In fact, once (a) and (b) are proved, by taking ¢ = 1 and noticing that
Ll = |jpe|’ we have max1§i§|Jpe|_n71§jSM\Wl(i,j)|2 < C’n_l, for 1 <
n < |JP°; and |(WiW1) 7Y = Pmin(W{W1)]~t < C. Hence, by similar
arguments in (A.175), for each 1 < i < |JP¢| — n, maxj<j<pm |[W(i,5)]? <
M||[(W{W1) 7Y - maxi<j<ar [Wi(i, j)|* < Cn~L. This gives (A.174).

It remains to show (a) and (b). Note that for Wz, by the construction
and (A.173), (a) and (b) hold trivially. We aim to show that if (a) and (b)
hold for Wiy 1, then they also hold for W;. For preparation, we argue that

(A.178) |A:B)(BB)) " Wys1 > < C(7°) ™ = o(1).

To see this, note that Ly > 2¢P¢ 4+ 1 from (O3); in particular, h — m; <
Lt+1—£pe. Hence, if (a) holds for Wt+1, maxlgigh_mtvlngMtH ’WtJrl(ia j)’Q <
cre)=1 e, |/V[7t+1(i,j)| < C(eP)~1, for any (i, 7). Since W41 has a finite
dimension, this yields ||Wt+1|\2 < C(¢P¢)~!. Furthermore, from (Og) and
that B;Bj is a submatrix of U;U}, Amin(BtBy) > ¢ > 0. So |[(B:B))™!| < C.
In addition, [|A¢]],||Bt|| < 1. Combining the above gives (A.178).

Consider (a) first. By (A.177), (A.178) and the assumption on Wy, it
suffices to show

(A.179) _max |A:Q:(i,7)]> < Cn~t, forany 1 <n <|Vi.
1<i<|V|—n, 1< <my
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By similar arguments in (A.175) and the fact that ||Q;Q:|| = 1, the left hand
side is bounded by C'max, ;-\, 1<j<m, | A4 (i, 7)]?. Therefore, (A.179) fol-
lows from (A.173) and the definition of A;.

Next, consider (b). Using (A.177) and (A.178), we can write

WiaWi + A4 Ay
A Qi AL AQ: ]’

where [|Ay|| = o(1) and [|Az|| = o(1). So it suffices to show Amin (W}, Wiy1) >
C and Apin(Q}A;A:Q) > C. The former follows from the assumption on
Wit1. To show the latter, note that Q}Q: is an identity matrix, and so
Amin (Q1A; A1 Q1) > Amin(ALAL). Also, since AjA; + BBy is an identity ma-
£5%, Ammin(A5A¢) = 1— Amax(BiBy). Additionally, Amax(B/Bt) = Amax(B:BY),
where By Bj is a submatrix of U;U}, and by (Og), Amax(U:U;) < 1 —c. Com-
bining the above yields Apin(Q}A}A:Q¢) > ¢ > 0. This proves (b). O

WIW, =

A.4.1. Proof of Lemma A.1. For each k > h, we construct a k x h matrix
U whose columns form an orthonormal basis of Nully(n) as follows: Recall
the characteristic polynomial ¢, (2) =1 +nz 4 - + el Let 2,z
be m different roots of ¢, (2), each replicating hq, - - - , hy, times respectively
(hi+--++hy=~h). For1 <j<mand1<s<hj, when z; is a real root,

let ,
J

) z
ZJ 9

and when zj4 = |zj\eiﬁej, 6; € (0,m/2], are a pair of conjugate roots, let

Iu(j-‘r,s) — (k,s—lcos(k_lm L 35_1 cos 20j 25_1 cos 9j 1>/
|25k 1 2412 kA

. . . /

u(j_vs) = (ks_1W7 T 35_1SH1 220j7 28_1SH1 Hj’ 1) .
2] Bl kA

It is seen that {u(j’s),l < j <m,1 < s < hj} are h vectors in RE. Let
€05 = 1,0:9) /|| u99)|| for each (4,s), and construct the k x h matrix

R::kum,.wguﬁn,“,gmm,”,gmﬁm}_

Define
U = R(R'R)™/2

Now, we show that the vectors {u(j’s), 1<7<m,1<s< hj} are linearly
independent and span Nully(n). Therefore, U is well defined and its columns
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form an orthonormal basis of Nullx(n). To see this, note that for any vector
n € R* if we write n; = f(k), ---, me = f(1), then £ € Null,(n) if and only
if f(i)’s satisfy the difference equation:

(A.180) f@O+mfli—1)+-+nf(i—h)=0, h+1<i<k

It is well-known in theories of difference equations that (A.180) has h inde-
pendent base solutions:
fisty=""27"  1<j<m, 1<s<h;.

By the construction, when z; is a real root, u\*) = (f; 5(k), -, f;s(1))’; and
when z;4 are a pair of conjugate roots, pt5) and U3 are the real and
imaginary parts of the vector (fjs(k),---, f;s(1)). So the vectors {u\9*)}
are linearly independent and they span Null(n).

Next, we check that the columns of U satisfy the requirement in the claim,
i.e., there exists a constant Cj, such that for any (n, k) satisfying k > n > h,

Ui, §)> < Cyn™t.
15251551%99’ (6" < Cyn

Since maxj<;<p |U(i,7)] < h|[(R'R)7!| - maxi<;j<p |R(i, j)|?, it suffices to
show that

A.181 RUi D2 < O]
( ) 1g¢§k@2§§jgh‘ (i,7)]" < Cn™7,

and that for all £ > h,
(A.182) Amin(R'R) > C > 0.

Consider (A.181) first. It is equivalent to show that

A.183 max ,u(j’s) u(j’s) < Cnil/Q, 1<ji<m,1<s<h;.
1<i<k v J

In the case |z;| > 1, x99 < C. In addition, |z;|* > Ci*~/? for sufficiently

large ¢, and hence maxj<j<g_n |M§J’s)| < max;s, C(i*~1il/2=%) < on~1/2.

So (A.183) holds. In the case |zj| = 1, it can be shown in analysis that
|u9)|| > Ck*=1/2] where C' > 0 is a constant depending on 6, but inde-

pendent of k. Also, maxj<i<k—n |,ul(-j’s)| < max, <<k Ci*~! < Ck*~1. Hence,

max<icp_n |17]/[|n09) || < Ck~1/2 < Cn~/2 and (A.183) holds.

i
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Next, consider (A.182). R'R is an h x h matrix. For convenience, we use
{(4,s) : 1 <j<m,1<s < h;}toindex the entries in R'R. By construction,
all the diagonals of R'R are equal to 1, and the off-diagonals are equal to

(Gs) 1, (7"8")
et G.9) £ ().

1 £|[[[ "5
It is easy to see that as k — oo, each entry of R'R has a finite limit.
Therefore, as k — oo, R'R approaches a fixed h x h matrix A element-wise.
In particular, Apin (R'R) — Amin(A). Hence, to show (A.182), we only need
to prove that A is non-singular.

Write R = (R, R2), where Rp is the submatrix formed by columns
corresponding to those roots |z;| > 1, and Ry the submatrix formed by
columns corresponding to those roots |z;| = 1. Note that when |z;| = 1 and
|250] > 1, as k = oo, |(u0), u0"N)| < C, ||u0)|| — o0 and ||ul")| > C;
so (R'R)(js),(s) — 0. This means R} Ry approaches the zero matrix as
k — oo. Consequently,

A = diag(A1, Ag), where R{R; — A; and RyRs — Ay, as k — oo.

(A.184) (R'R)(j).(j0.)

Therefore, it suffices to show that both A; and A, are non-singular.
Consider A first. Denote ho = _; h;1{|2| > 1} so that Ry is a k x ho

matrix. Let R} be the k x ho matrix whose columns are {u() : |z;| > 1},
M be the hg x hg submatrix formed by the last hg rows of R* and A =
diag(||0+9)||) is the hg x ho diagonal matrix. Now, suppose A1 is singular, i.e.,
there exists a non-zero vector b such that b’ A1b = 0. This implies ||R1b|| — 0
as k — o0o. Using the matrices defined above, we can write Ry = RTA; so
||RTAb|| — 0. Since || M Ab|| < ||RAD||, it further implies [[MAb|| — 0. First,
we observe that M is a fixed matrix independent of k. Second, note that
when |z;] > 1, ||u99)| — ¢js, as k — oo, for some constant cjs > 0; as a
result, A — A* as k — oo, where A* is a positive definite diagonal matrix.
Combining the two parts, ||[MAb|| — 0 implies | M (A*b)|| = 0, where A*b
is a fixed non-zero vector. This means M is singular. Therefore, if we can
prove M is non-singular, then by contradiction, A; is also non-singular.

Now, we show M is non-singular. Let M be the matrix by re-arranging
the rows in M in the inverse order. It is easy to see that M is non-singular if
and only if M is non-singular. For convenience, we use {1,--- ,ho} x {(j, s) :
|zj| > 1,1 < s < h;} to index the entries in M. Tt follows by the construction
that

- a1 —(1—1
Mi,(j,s) —_ lzj (3 )7

M; (j—s) = is_1|zj|_(f_1) cos((i — 1)0;),
M; (-5 = 7Yz 7Y sin((i — 1)6;),

zjisareal, 1 <1i < hg

zj+ are conjugates, 1 < ¢ < hg.
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Define an hg X hg matrix T by

Tie =12 7Y, 1<i <.

Let V be the hg x hg confluent Vandermonde matrices generated by {zj_l

|zj| > 1}:
0 1<i<s—1,
ViGs) =94 (=1!_ —(i—s) s <i<ho.

(i—s)1%j

First, it is seen that each column of T is a (complex) linear combination of
columns in M. Second, we argue that each column of V is a linear combi-
can be written in the

nation of columns in 7'. To see this, note that V; ;
form V; ¢ o) = gs—1(1) j_(z_ ) where gs—1(z) =(x—1)(x—2)- - (r—s+1) is
a polynomial of degree s — 1. Let ¢, - - - , cs—1 be the coefficients of this poly-

nomial. Then, for each i > s, V; ;o = zj_(i_s) o Olclz = >, o7 Gi)»
where o = zj_lcl_l. The argument follows. Finally, it is well known that

det(V) # 0. Combining these, we see that det(M) # 0. Therefore, M is
non-singular.

Next, we show Ay is non-singular. Note that Ele i° = If:ll (1+0(1)),

Sk i cos2((7;—1)9) = 2’;;11)<1+o( )) and o5, i° sin?((i—1)6) = gy (1+
o(1)), for 8 # —75,0, 5. Also, E ~i%sin((i — 1)0) = o(k*T1) for all 6, and
Zle i® cos((i — 1)0) = o(k5+1) for 8 # 0. Using these arguments and basic
equalities in trigonometric functions, we have

(2s—1)(2s'—1)

. ./
RR)ig(irey=01)+< ~ sts—1 I =7
( )(G,5),5") (1) { 0, elsewhere.

As a result, A, is a block-diagonal matrix, where each block corresponds to
one z;j on the unit circle and is equal to the matrix W (h;), where h; is the

replication number of z; and W (h)(s,s') = \/(2s — 1)(2s' — 1)/(s + ' — 1),
for 1 < s,s" < h. Since such W (h)’s are non-singular, Ay is non-singular.

O
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