Genetic Epidemiology 32: 9–19 (2008)

Pleiotropy and Principal Components of Heritability Combine
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When many correlated traits are measured the potential exists to discover the coordinated control of these traits via
genotyped polymorphisms. A common statistical approach to this problem involves assessing the relationship between each
phenotype and each single nucleotide polymorphism (SNP) individually (PHN); and taking a Bonferroni correction for the
effective number of independent tests conducted. Alternatively, one can apply a dimension reduction technique, such as
estimation of principal components, and test for an association with the principal components of the phenotypes (PCP) rather
than the individual phenotypes. Building on the work of Lange and colleagues we develop an alternative method based on
the principal component of heritability (PCH). For each SNP the PCH approach reduces the phenotypes to a single trait that
has a higher heritability than any other linear combination of the phenotypes. As a result, the association between a SNP and
derived trait is often easier to detect than an association with any of the individual phenotypes or the PCP. When applied to
unrelated subjects, PCH has a drawback. For each SNP it is necessary to estimate the vector of loadings that maximize the
heritability over all phenotypes. We develop a method of iterated sample splitting that uses one portion of the data for
training and the remainder for testing. This cross-validation approach maintains the type I error control and yet utilizes the
data efficiently, resulting in a powerful test for association. Genet. Epidemiol. 32: 9–19, 2008.
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INTRODUCTION
Quantitative traits often underlie risk for complex
disease. Risk for cardiovascular disease rises and
falls with measures of blood pressure. Risk for type
II diabetes increases with increasing obesity.
Although less direct, risk for psychiatric disorders
can follow the same pattern. For example, degrees of
obsessionality, perfectionism, and rigidity predict
liability to anorexia nervosa [Bulik et al., 2005].
Cardiovascular disease, obesity and anorexia are all
heritable, as are the quantitative traits (QT) underlying risk. Often the QT are more heritable, and are
thought to have a simpler genetic basis than
the heterogeneous disease itself. For that reason,
researchers hunting for disease susceptibility
loci often hunt for quantitative trait loci (QTLs)
underlying risk.
Suppose we wish to find a single nucleotide
polymorphism (SNP) corresponding to a QTL for
anorexia, say for a measure of obsessionality. It is
hard to imagine that this QTL does not impact other
quantitative traits, some of which could also be
related to risk for anorexia, such as perfectionism
r 2007 Wiley-Liss, Inc.

and rigidity. To find this QTL, one could seek for
association between individual SNPs and individual
traits. We will refer to this type of analysis as
phenotypic analysis (PHN). A drawback of this
approach is that it can require a substantial penalty
for multiple testing when dealing with many
phenotypes.
Clearly, power for association analysis can be
enhanced if the dimension of the problem is
reduced, consequently reducing the number of tests
performed. In this study we focus on decreasing the
dimension by decreasing the number of phenotypes
through transformations that exploit possible pleiotropic effects of the SNP. The best known method for
dimension reduction involves using one or more of
the principal components of the phenotypes (PCP) in
place of the original phenotypes. Although this
approach chooses a derived phenotype with maximum variability, it is not genetically based. Indeed,
it is quite possible that the PCP has a very low
heritability.
A little known alternative is a method based on
the principal component of heritability (PCH),
which derives a trait based on the measured
phenotypes to enhance the heritability. This concept
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or the PCP (Fig. 1). Indeed PCH is the optimal linear
combination of traits from a heritability point of
view. As a result, the association between a QTL and
the linear combination of phenotypes that maximizes the heritability attributable to the QTL should
be easier to detect than an association with any of the
individual phenotypes or the PCP. In addition the
PCH only requires one test and can be based on a
preset significance level a while PHN requires m
tests and the significance level has to be adjusted for
this multiplicity.
The main disadvantage when using PCH is that
one has to estimate the appropriate loadings for each
of the SNPs and each of the measured phenotypes.
For family trios, Lange et al. [2004] recommend
using a function of the allele frequency in the
parental generation to estimate this quantity. This
approach avoids double use of the data. In this
paper we consider population-based studies for
which this approach is not feasible. We explore an
efficient method of sample splitting and crossvalidation to determine these loadings from a
training set and then test for association using the
remainder of the sample. We investigate the power
trade off with this approach compared with the
PHN and PCP approaches in a variety of scenarios
through analytical calculations and simulated datasets, finding that in general PCH is a more powerful
approach for locating QTL.
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was introduced in the context of pedigrees by Ott and
Rabinowitz [1999]. The general notion has a history in
quantitative genetics [e.g., Klei et al., 1988] and more
recently for linkage analysis [Bauman et al., 2005], but
it is little used for association analysis. Recently the
PCH concept was applied to family-based association
studies by Lange et al. [2004]. PCH is based on the
notion of optimizing the phenotypic variance explained by the QTL (or genetic variant), e.g., the
heritability attributable to the QTL. Although derived
from the traditional meaning of the term, this notion
of heritability attributable to a QTL should not be
confused with the total genetic heritability of a trait
[Falconer, 1985]. The latter quantity is usually
calculated using family data, without reference to
any specific genetic variants. In contrast, the heritability attributable to a QTL can be calculated directly
from a random sample from the same population.
However, heritability in this context only accounts for
a small fraction of the total heritability. The remaining
polygenic part of the heritability remains as part of
the residual variance. Consequently the heritability
attributed to a specific QTL accounts for only a
fraction of the total genetic heritability of the trait
itself.
This approach, which we call PCH, reduces m
phenotypes to a single phenotype that has a higher
heritability attributable to the particular QTL than
the heritability of any of the measured phenotypes

1

2

3

4

5

6

7

8

9

PCH

PCP

Fig. 1. Heritability of nine component traits compared with the heritability of the PCH trait and PCP trait. Data were simulated as
described in the Results section with h2j ¼ 0:08 for phenotypes j 5 1, 2; 0.04 for j 5 3, 4, 5; 0.0005 for j 5 6, 7, 8, 9 and N 5 1,500. Notice that
the heritability attributed to the linear combination defined by PCH is considerably larger than the heritability attributable to any of
the nine traits or the linear combination defined by PCP.
Genet. Epidemiol. DOI 10.1002/gepi
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METHODS

and


GENERAL BACKGROUND
Measure m traits yi ¼ ðyi1 ; . . . ; yim Þ for subjects
i 5 1, y, N. For each QTL l 5 1, y, L, we define the
allele count as the number of copies of the minor
allele. Call it xil for subject i. For each phenotype j
and QTL l, we assume a simple linear regression
model approximates the relationship between the yij
and xil
yij ¼ ml þ bjl xil þ eijl ;
ð1Þ
where ml is the intercept of the model and bjl is the
effect of the lth SNP on the jth trait. The residual
error, Var½eijl  ¼ s2Rjl , includes other genetic effects,
environmental effects, and measurement error. We
assume that e ¼ ðei1l ; . . . ; eiml Þt is approximately
normally distributed with mean 0.
On the basis of this model, in the tradition of
quantitative genetics [Falconer, 1985], we partition
the total phenotypic covariance of y as
VP ¼ VQl þ VRl ;
where VQl 5 Var[b1lxl, y, bmlxl] is the genetic variance due to the lth QTL, and VRl 5 Var[e] is the
residual covariance after removing the genetic effect
of the lth QTL.
In the sequel, we assume that we are focusing
on a particular SNP and drop the subscript l
for simplicity, but note that in practice each calculation must be done for each SNP. For any linear
combination of the phenotypes wt y ¼ w1 y1 þ    þ
wm ym the heritability attributable to QTL x is
defined as
h2w ¼

wt V Q w
:
wt VP w
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ð2Þ

TESTING
Three methods are investigated, two classic
methods, PHN, PCP, and one more recent development, PCH [Ott and Rabinowitz, 1999; Lange et al.,
2004], which we adapt for application in populationbased studies. Each of these procedures involves
the testing for association between one or more
phenotypes (wty) and x. For any choice of vector w
the linear association between wty and a QTL x
can be modeled by wty 5 m1bx1e. To test the
hypothesis, b 5 0 vs. b6¼0, we use a t-test T 5 b/
se(b), where b is the least-squares regression coefficient and se(b) is the standard error of that quantity.
From (2) and results from linear regression theory, it
follows that
 t
1=2
w VP w h2w
E½b ¼ b ¼
2pð1  pÞ

seðbÞ ¼

1=2
wt VP w ð1  h2w Þ
:
2Npð1  pÞ

Consequently, TNormal (d,1) with noncentrality
parameter

1=2
Nh2w
d
:
ð3Þ
1  h2w
From this calculation it is clear that the power of the
test for association increases if either the heritability
or the sample size increases. This is the motivation
behind the PCH approach.
Of the three approaches to testing we consider,
PHN is the simplest, involving a univariate test of
association for each of the m measured traits:
w1 5 (1, 0, y, 0), w2 5 (1, 0, y, 0), and so on. This
approach results in a vector of tests, T 5 (T1,y,Tm).
As multiple tests are conducted, a multiple testing
correction is required. The component tests are
correlated due to the correlation among the measured traits, hence a Bonferroni correction for m tests
is conservative.
To obtain a size a test we first determine the
number of effective tests by solving for me such that
Pðmaxj jTj j4Za=2me Þ ¼ a when dj 5 0, for j 5 1, y, m,
1rmerm. This calculation is performed assuming
TMVN(0,CR), in which CR 5 correlation (y).
The power of this approach is then computed
by determining Pðmaxj jTj j4Za=2me Þ. This calculation
is made assuming T 5 MVN(d,CR), where d 5
(d1, y, dm)t is the vector of noncentrality parameters
determined by the heritability of each of the traits.
PCP offers a lower dimensional approach to
testing multiple phenotypes. It chooses loadings w
to create a phenotype that maximizes Var[wty]. Here
the eigenvalue decomposition of VP is used to obtain
VP 5 VDVt. One or more columns of V, say wk, are
then chosen to define univariate phenotypes wtk y,
k 5 1, y, K.
The heritability of each linear combination is
described in equation (2). The power of PCP can be
computed directly because
Q the PCP vectors are
orthogonal: power ¼ ½1  Kk¼1 ð1  powerk Þ, where
powerk is the power of detecting association between
wtk y and x using the kth column of V. For each of K
linear combination tested, we obtain an independent
test (T1,y,TK) and reject the null hypothesis
if maxk|Tk|4Za/2k. To select K we determine
which columns of V correspond to eigenvalues
greater than 1.
PCH. The PCH method seeks loadings w such
that the heritability attributable to the QTL is
maximized (Fig. 2) for wty. The w that maximizes
Genet. Epidemiol. DOI 10.1002/gepi
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Fig. 2. The components of the loadings, w, that maximize the heritability of the data described in Figure 1.

this quantity is quite easily obtained by analyzing
the eigenstructure of VQ and VR. To estimate these
covariance matrices we adopt the following scheme.
Define a diagonal matrix

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
G ¼ diag jb1 j varðxÞ; . . . ; jbm j varðxÞ
ð4Þ
and vector 1 5 (sign(b1),y,sign(bm))t. Then the QT
variance matrix is VQ 5 G11tG. After fitting the linear
model in (1) for j 5 1, y, m, replace bj with the leastsquares estimator bj and eij with the corresponding
residual rij. Both Var(x) and the residual covariance
matrix VR 5 Cov(r
P 1, y, rm) can be estimated empirically: sjj0 ¼ N1 i rij rij0 .
The principal component of heritability is based
on the canonical transformation of VP using a
Cholesky decomposition to decompose VR 5 LLt,
followed by an eigenvalue decomposition of
L1VQ(L1)t  PLPt. The canonical transformation
is then defined as PtL1. It is easy to see that this
transformation of y reduces both the covariance
matrices to diagonal form:
VarðPt L1 yÞ ¼ Pt L1 VP Lt P
¼ Pt L1 ðVQ þ VR ÞLt P ¼ L þ I :
Because of the special structure of VQ, which is rank
1, only one eigenvalue l will be non-zero. Call the
eigenvector that corresponds to this eigenvalue v.
For w 5 (L1)tv, the heritability of wty is l/(l11).
This vector maximizes the heritability as defined in
equation (2); see Ott and Rabinowitz [1999] and
Lange et al. [2004].
Genet. Epidemiol. DOI 10.1002/gepi

The calculations above rely on x defined as an
allele count, 0, 1, or 2, which is appropriate for an
additive model. For a dominant or recessive model,
similar results apply with x defined as a binary
variable.
For the PCH method, if w were known, implementation would involve a single test of association
between wty and x. Power would be calculated as
P(|T|4Za/2) using d as defined in equation (3)
(see Appendix for details). Implementing the PCH
approach and assessing its power is complicated,
however, because w must be estimated, as described
in the following section.
Sample splitting for PCH. If we estimate w
from the data and then test for association between
wty and x on the same data, the type I error rate will
be inflated. To implement PCH we propose a
method of sample splitting similar to cross-validation (Hastie et al., 2001). The algorithm involves
splitting the sample into disjoint subsets using N0
observations for training (estimation of w) and the
remaining N1 observations for testing, with c 5 N0/N
typically being a small fraction, say 0.2. Conditional
on the estimated quantity w and corresponding
heritability h2w, the resulting test statistic TN(d,1),
with d ¼ ðN1 h2w Þ=ð1  h2w Þ. Unfortunately, this approach has a substantial drawback: the resulting
test statistic varies considerably depending on the
choice of training and testing subsets. To circumvent
this problem we propose calculating the test statistic
repeatedly using random splits of the data. Ultimately, the p-value is derived from an integration of
the individual test statistics.

Principal Components of Heritability for Association Analysis

For a given split of the sample, regress wty
and x and compute the resulting t-test Ts 5 b/se(b).
For each sAS, the set of all possible subsets of
size N1, repeat this process. The average of these
tests is

T¼

N
N1

1 X

Ts :

ð5Þ

s2S

This is a generalized U-statistic, which has certain
well-known properties [Lee, 1990]. For computational efficiency, T can be well approximated by
taking an average of tests derived from many
random subsets of size N1. When the number of
subsets, S, is very large, and c is small, T is
approximately normally distributed. Under the null
hypothesis of no association E½T ¼ 0. Thus for large
N, a size a test rejects H0 if jTj=seðTÞ4Za=2 , for
se2 ðTÞ  Var½T.
An analytical calculation of seðTÞ is intractable
due to correlation between pairs of tests (Ts ; Ts0 ).
An estimate of seðTÞ can be obtained by simulating
the U-statistic process under the null hypothesis
by the following steps. (1) Generate data by
randomly permuting the multivariate phenotypes
(jointly together) independently of the individuals’
genotypes. This maintains Var[y] 5 VP while
breaking any relationship to the SNP genotypes. Generate g such data sets. (2) For each
permutation and each SNP, calculate T. For L
SNPs this yields gL realizations of the statistic.
(3) Compute se2 ðTÞ from the variance of the resulting
gL values of T.
These steps complete the outline of the process,
but two other actions are required for effective
analyses, namely a ‘bagging sub-step’ to refine the
estimates of the weights w and a step to estimate the
distribution of T.
Bagging. For a given split of the data, s, we use
N0 training observations to estimate ws; for the
remaining N1 testing observations we compute wts y;
and finally we compute Ts using the testing
observations. Because N0 constitutes a small fraction
of the data, ws is susceptible to the influence of
outliers in the training set. Bagging is a statistical
technique for reducing the variability of non linear
estimators of this sort [Bishop, 2006]. In its simplest
form, bagging draws bootstrap samples from the
training sample, applies the estimation procedure to
each bootstrap sample, and then averages the
resulting estimator across bootstrap samples. In
our application this means, for each bootstrap
sample from the particular training data set s
training data, we determine VQ and VR and then
solve for w; call it wbs. We then take the average of
these values
over B bootstrap samples, to obtain
P
ws ¼ B1 b wbs . Finally, we apply these loadings and
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calculate Ts. We found that the use of bagging
increased the power of our test, without compromising the size of the test.
It is worth noting that the canonical transformation is an orthogonal projection in which the
direction (positive or negative) of the projection axes
is arbitrary. General eigenvalue decomposition algorithms and software assign these directions randomly. As a result the same training set can have a
large positive coordinate associated with a phenotype for one bootstrap sample, but a large negative
coordinate for the next bootstrap sample. We found
that requiring the coordinate for the first phenotype
to be positive controlled this artifact. Also, when the
minor allele frequency of an allele is less than 0.05,
there may be too few individuals with the minor
allele in the training sample to estimate w. Increasing
N0 and skipping the bagging step of the algorithm
can circumvent this problem.
Distribution of T . For a fixed partition, (N0,N1),
the testing sample is independent of the training
sample. The test statistic Ts, however, depends on w,
and hence is not independent of the training
sample. This induces extra correlation between
pairs of statistics ðTs ; Ts0 Þ beyond what is expected
in a traditional U-statistic. This results in a statistic T
with heavier tails than expected. We account for
this by modeling T using a t-distribution with
unspecified degrees of freedom d. We estimate d
under the null hypothesis using a method of
moments estimator that finds d such that
PðjTj=seðTÞ4Qd;0:01 Þ ¼ 0:01, where Qd,a is the (1a)
quantile of a t-distribution with d degrees of
freedom. This calculation is made using the gL
realizations of T obtained in the permutation
procedure. The tests rejects the hypothesis of no
association when jTj=seðTÞ4Qd;a=2 .
Algorithm. To obtain the P-value for a single
SNP:
1. Randomly split the data into a partition called s
containing (N0, N1) observations.
(a) Within the N0 observations, perform the
bagging calculations to obtain ws.
(b) Using ws on the N1 observations, calculate Ts.
2. Repeat the first step S times and average the tests
to obtain T.
3. From the calculation of the null distribution
(below) obtain seðTÞ and d.
4. Define zobs ¼ jTj=seðTÞ. P-value 5 2P(Z4zobs)
where Zt with d degrees of freedom.
To obtain the null distribution of T:
1. Permute the data g times.
2. For each permutation and each SNP, repeat steps
1 and 2 above to obtain T.
Genet. Epidemiol. DOI 10.1002/gepi
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3. Using each of these realizations of the statistic,
compute seðTÞ and d.
The process of finding the standard error and
degrees of freedom need only be performed once for
each combination of phenotypes. These quantities
can then be used for tests of any SNP potentially
associated with a given set of phenotypes and SNPs.

TABLE II. Size of PCH test and estimated degrees of
freedom (d) for population size (N), and fraction of data
used for training (c)
a
N

c

d

0.05

0.001

400

0.10
0.20
0.25
0.33
0.50

61
26
21
15
12

0.050
0.045
0.044
0.044
0.049

0.0009
0.0015
0.0012
0.0009
0.0005

800

0.05
0.13
0.19
0.20
0.25
0.33
0.50

39
49
39
31
25
14
14

0.046
0.047
0.048
0.045
0.044
0.042
0.047

0.0010
0.0005
0.0017
0.0012
0.0019
0.0009
0.0007

1,600

0.06
0.09
0.20
0.25
0.33
0.50

146
500
34
22
18
13

0.047
0.050
0.045
0.045
0.045
0.049

0.0015
0.0013
0.0009
0.0005
0.0012
0.0006

RESULTS
Our simulations target a portion of the parameter
space in which power is not universally high. To
accomplish this aim we keep heritability attributable
to individual SNPs modest. In addition, SNP
variation impacts only a small fraction of the traits
measured for most scenarios. We investigated designs with a small, moderate and large number of
measured traits (m 5 5, 10, 20). Each trait had one of
three levels of heritability attributable to a particular
SNP, dubbed high (0.8%), medium (0.4%) and very
low (0.005%). Heritabilties of levels (high, medium,
very low) were distributed across the m traits using
four patterns of counts in each category: (A) (m, 0, 0);
(B) (1, 0, m1); (C) (1, 1, m2); and (D) (2, 2, m4).
Two levels of residual correlation between traits
were explored, namely high (H) and low (L)
(Table I).
As noted in the Methods, the test statistic developed here cannot be assumed to follow a normal
distribution. Rather we approximate it as a t-distribution and estimate its degrees of freedom. Note
that a t-distribution with a small number of degrees
of freedom has notably heavier tales than a normal
distribution. To evaluate this approach, we performed a simulation study. We let the fraction of the
data used for training c range from 0.05 to 0.5 and
N 5 (400, 800, 1600) using model C, with correlation
H and m 5 10. (Recall that degrees of freedom d are
chosen to ensure type I error control of 0.01 when
a 5 0.01.) Results (Table II) indicate that when N is
small or c is large, d is small indicating that the
normal approximation is not adequate. For instance,
when half the data are used for training, d of
approximately 12 is required to control the type I
error. But when N 5 1600 and c 5 0.06, d 5 146 is
TABLE I. Residual covariance matrices for the high and
low covariance structures
high

med

low

H

high
med
low

0.9
0.6
0.3

0.6
0.9
0.1

0.3
0.1
0.1

L

high
med
low

0.5
0.3
0.1

0.3
0.5
0.1

0.1
0.1
0.1

Genet. Epidemiol. DOI 10.1002/gepi

Note: Simulations were repeated 10,000 times. The standard error
of the size of the test is approximately [a(1a)]1/2/100.

sufficient; in this instance the distribution is
approximately normal. Next, to determine if the
t-distribution provides an adequate approximation
to the true distribution of the statistic, we compare
the achieved size of the test to the target. The results
indicate that the test is well calibrated for a 5 0.05
and 0.001 (Table II). This comparison shows that
choosing d to control the size of the test at a 5 0.01
successfully controls the size of the test more
generally.
Because the test is valid under the null hypothesis
for a broad range of choices for c, we use power to
determine the best choice for this parameter (Fig. 3).
From our simulations, the optimal choice varies with
N. For N 5 1600, c of about 9% is ideal, but for
N 5 800 c of about 19% is best. In both cases this
involves using 150 observations for training. For
N 5 400, however, the optimal choice is less clear. We
suggest using about 20% of the sample for training
when the sample size is small and otherwise using
about 150 observations.
Next we explored the choice of the number of
bagging steps, B, and the number of subsampling
steps, S. In view of our investigations it appears that
both size and power of the test are essentially
unchanged for B and S at least 50 (Tables III and IV).
Nevertheless, we recommend using 100–200 repetitions for SNPs that yield promising results to ensure
precise P-values.
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1.0

TABLE IV. Power of PCH test

S

0.6

50
50
50
100
100
100
200
200
200

0.0

0.2

0.4

Power

0.8

a

0.0

0.1
0.2
0.3
0.4
0.5
Fraction of data used for training

0.6

Fig. 3. Power of PCH test at a 5 0.01, for different population
sizes N (B, N 5 400; , N 5 800; n, N 5 1,600) and different
fractions c of data used for training. The power is maximized for
c 5 0.09 when N 5 1,600 and c 5 0.19 when N 5 800, which is in
both cases a sample of about 150 observations. For N 5 400 the
power remains almost unchanged.

TABLE III. Size of PCH, PHN and PCP tests
a
PCH
S
50
50
50
100
100
100
200
200
200
PHN
PCP

B

0.05

0.001

50
100
200
50
100
200
50
100
200

0.047
0.044
0.047
0.044
0.046
0.049
0.049
0.042
0.048

0.0006
0.0005
0.0013
0.0007
0.0018
0.0018
0.0006
0.0007
0.0009

0.048
0.049

0.0009
0.0011

Note: For PCH test, the size was calculated for different numbers
of iterations for the random samples, B is the number of bootstrap
iterations of the bagging procedure, and S is the number of
iterations of the subsampling procedure. Simulations were
repeated 10,000 times. The size of the test is essentially unchanged
for B and S of at least 50.

To compare PHN, PCP and PCH, we simulated
power for each of the 24 configurations described
using N 5 800 subjects and N0 5 150 (Fig. 4). For
design A, which resembles a repeated-measured
design, PCP is most powerful, as expected. With this
type of data it makes sense to use PCP or the sample
average for the phenotype, but it would be difficult
to know when this model would be applicable
unless the traits were direct repeated measures.
Alternatively, for design B, the ‘‘one trait’’ model,

B

0.05

0.01

0.001

50
100
200
50
100
200
50
100
200

0.68
0.66
0.69
0.69
0.69
0.70
0.70
0.68
0.70

0.44
0.40
0.45
0.44
0.44
0.46
0.46
0.43
0.46

0.21
0.15
0.21
0.18
0.19
0.22
0.21
0.18
0.22

Note: See Table III for details.

PCP has essentially no power and should be
avoided. PCH is more powerful than PHN in this
setting because PHN takes a multiple testing
penalty. This difference is more marked for larger
m. For designs C and D, which include a mix of
heritabilities across traits, PCH tends to be considerably more powerful than either PHN or PCP. The
difference in power between PCH and the other
methods is affected by the correlation structure. As a
general rule, if the traits are highly correlated, and/or
numerous, then the advantage of PCH becomes
more notable for all designs investigated. Finally, we
note that designs C and D are just two of many
possibilities that incorporate a mix of heritabilities
across the traits and PCH tends to be the best
method for data of this type.
We also compared theoretical power calculations
(see Methods and Appendix) to empirical power
achieved in the simulation experiment for all 24
scenarios. For PCH, implementation of the test
requires a choice of w for each SNP. For a given
genetic model, one can calculate the ‘‘oracle power’’
using the noncentrality parameter (2) that corresponds to the best w, but this power cannot be
achieved in practice. Power is lost due to the
variability in the estimated quantity w versus the
optimal choice. We found that, for N 5 800 and
N0 5 150, the achieved power is very closely
approximated by the oracle power calculated with
N replaced by 0.67 N when m 5 5 and m 5 10 (Fig. 5).
For m 5 20, however, the difference between the
oracle and the achieved power is larger and the
match between simulated and theoretical power
would be better for 0.6 N.
All of our simulations thus far have had complete
data. To study the effect of missing data, we
simulated a complete data set consisting of 1,000
individuals, 10 traits and 4,000 SNPs. For 10 SNPs
we used model D with correlation H; the rest of the
SNPs were simulated under the null hypothesis. To
generate phenotypes and/or genotypes missing at
Genet. Epidemiol. DOI 10.1002/gepi
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Fig. 4. Power of PCH (solid), PHN (open) and PCP (hatched) tests for different designs: the number of measured traits is m 5 5 (upper),
10 (center), or 20 (bottom), the two types of correlation are H (L), with high (moderate) covariance between traits with similar
heritabilities and moderate(low) between all remaining traits. Heritabilities of level (high, medium, very low) are distributed across the
m traits using four models for each category: A (m, 0, 0), B (1, 0, m1), C (1, 1, m2), D (2, 2, m4).

random we used a Poisson distribution with the
expected number of missing traits per individual
equal to 0.10 and expected number of missing SNPs
per individual equal to 5. The procedure resulted in
79 individuals with one missing phenotype, and 7
with two missing phenotypes. When SNP genotypes
were missing, we removed the subjects from the
analysis; when phenotypes were missing, we either
imputed the values or dropped the individuals.
Then the following subsets of these data were
analyzed: (i) the complete data set; (ii) missing
phenotypes only, with missing traits imputed; (iii)
missing SNPs only; (iv) missing phenotypes and
SNPs, with missing traits imputed; and (v) missing
phenotypes only, remove individuals with missing
traits. Of those SNPs with a P-value of 0.05 or less
from analysis (i), the mean P-value for methods
(ii)–(iv) was approximately 0.025 while method (v)
had a mean of 0.049. In this restricted range of
values, the correlation between P-values obtained
Genet. Epidemiol. DOI 10.1002/gepi

for approach (i) with approaches (ii)–(v) was 0.87,
0.82, 0.81, and 0.51, respectively. Only dropping
individuals with missing data had a substantial
effect on the analysis. This experiment suggests that
the imputation of missing data successfully preserves the data structure and has a non-negligible
effect on the size and power of the test. Alternatively, removing missing data appears to diminish
the power of the test.

DISCUSSION
An increasing number of genetic studies have
measured numerous related traits and seek to
identify genetic variation having substantial impact
on the population-level variance of these traits.
When individually testing many traits for association with many SNPs, power can be low due to
corrections for multiple testing. To improve power,
one could limit the number of tests performed by
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implementing a standard dimension reduction technique. A common approach involves finding the
principal component of the phenotypes. This derived trait is the linear combination of individual
traits that accounts for the maximum variance.
Although the principal component approach sometimes works well in practice, there is no reason to
believe this linear combination of traits has particular genetic relevance. We develop an alternative
method based on a different type of principal
component known as the principal component of
heritability. This approach finds the distinct linear
combination of traits that maximizes the power to
detect association with a given SNP under investigation. Because the linear combination differs for each
genetic variant, we much estimate the linear combination from a set of training data. We develop a
method of cross-validation that facilitates an iterative training and testing procedure for this task.
The methods proposed here build on the work of
Lange et al. [2004], but their methods are tailored to

family-based association designs. While our results
target population-based designs, it would be interesting to see if the techniques we use here would be
of value in the family-based setting. Like other
analytic approaches, such as linkage analysis of
complex traits [Sobel and Lange, 1993], our analysis
has a stochastic component so that results can differ
slightly by using different starting values. For
instance, we repeated the analysis of a data set with
4,000 SNPs, 3,990 of which were not associated with
the phenotypes. The second analysis differed only in
the random subsets chosen. The correlation between
the resulting P-values was considerably less than
unity because the PCH method has this component
of randomness. The variability among P-values was
far greater for SNPs that were not associated with
any of the phenotypes; for those SNPs with a strong
signal the P-values were nearly identical for different starting values.
When measuring multiple phenotypes, the genetic
underpinnings vary between two extremes. On one
Genet. Epidemiol. DOI 10.1002/gepi
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extreme each phenotype is measuring essentially the
same underlying trait. In this scenario each measurement has a similar heritability. Traits will tend to
have a high correlation also, due to the common
influence of other genes and environmental factors.
With this type of data, often called repeated
measures, a nearly ideal method of analysis assesses
the correlation between the SNPs and the average
measured phenotype. PCP generates a single trait
that is highly correlated to the sample average, so
this approach is tailored for this type of data. With
PHN, each repeated measurement of the trait is
compared with the SNP genotypes, sequentially.
Because the traits are highly correlated, the effective
number of tests will be near one; nevertheless, some
power is lost due to multiple testing and extra
residual variability. Finally, PCH will estimate a
linear combination similar to the one used by PCP;
however, power will be lost due to the penalty for
estimation that is not incurred by PCP.
On the opposite extreme, consider a study for
which only one phenotype is genetically linked to
the variant under investigation. The remaining
phenotypes are linked with the heritable trait only
through environmental factors and perhaps other
genes. In this scenario, the analysis should assess the
correlation between the genetic variant and the
appropriate phenotype. PHN analysis will make
this comparison, but it does not achieve it without
incurring a multiple-testing penalty. This penalty
can be substantial if the correlation between traits is
low. PCP will create a linear combination that
includes many phenotypes that are unrelated to
the variant of interest, generating a noisy phenotype.
Finally, PCH comes the closest to estimating the
optimal trait. The PCH-defined trait features the
desired phenotype, and it can also enhance the
power by taking a linear combination of phenotypes
that reduce the variability due to measurement error
[see Lange et al., 2004]. In spite of the penalty for
estimation, this approach yields the best power in
this scenario.
On the basis of our simulations we find that
models between these two extremes also favor PCH
in terms of power. The method performs well with a
broad range of phenotypes, ranging from 5 to 20 in
our simulations (Fig. 4). Remarkably, the approach
has good power even when 19 of the 20 traits have
negligible heritability. Thus, we believe the PCH is a
good choice for analysis provided the traits are not
primarily repeated measures of a single trait. If
several of the traits are repeated measures, we
suggest replacing these repeated measures with a
simple average of the measures. This will reduce the
dimension of the problem, which facilitates the
estimation of the trait loadings in the analysis. Also,
for any investigation of many traits, one might
Genet. Epidemiol. DOI 10.1002/gepi

perform an additional exploratory analysis using
PHN, to identify SNP/phenotype combinations that
might merit further investigation.
An alternative approach to test for an association
between a suite of traits and a genotype is traditional
multivariate analysis of variance. In an informal
simulation study this approach showed no advantages (results not shown). Overall, the power is not
greater, and it has the disadvantage of relying on
many assumptions.
Three other features of our analyses should be
noted. (1) We did not explore the performance of the
dimension reduction approach when the number of
traits was greater than 20. If a very large number of
traits have been measured, we suggest a preliminary
analysis step in which related measures are averaged, or subsets of traits are analyzed separately. (2)
As in any population-based test for association
population, structure can lead to spurious associations. To remove this effect while using the PCH
method, one could apply the eigenstrat principle
[Price et al., 2006] as follows: compute the principal
component decomposition following Price et al.;
obtain the residuals for each phenotype after
regressing out several principal components; and
finally, perform the association study using the
residuals rather than the original phenotypes. (3)
When PCH is applied SNP by SNP, as we explore it
does not assimilate information across a gene to
discover the PCH for a gene. Such an approach
could be beneficial in some circumstances and we
plan to extend the method to handle more diverse
types of data.
An interesting contrast can be drawn between the
family-based and population-based implementations of PCH. With the former, heritability can be
increased by using a linear combination of traits
even if many of the traits do not have a genetic
effect. This advantage is less likely to occur for the
latter implementation. In a family-based design the
loadings are estimated using ‘‘supplementary information’’, specifically the expected allele transmission, given the parents genotypes. Thus no
information is lost due to estimation of the loadings.
Power can be gained by using additional correlated
traits that reduce the overall variance. The same
would be true in population-based studies if the
loadings were estimated from a pilot study, published data, or an earlier stage of a multistage design
(e.g., a two-stage genome-wide association study).
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APPENDIX
The following describes an algorithm for calculating the power of PCH, given a particular genetic model.
1. Choose the heritability of each measured trait ðh21 ; . . . ; h2m Þ, allele frequency p, and residual variance matrix
VR. For convenience we assume the variables are scaled so that the latter is a correlation matrix.
2. From equation (2) the heritability of a single phenotype is
h2j

¼

2pð1  pÞb2j
2pð1  pÞb2j þ s2Rj

:

Solving for bj we find
b2j ¼

3.
4.
5.
6.

h2j
ð1  h2j Þ2pð1  pÞ

:

Solve for G and then for VQ in terms of (b1,y,bm) using equation (4).
Solve for w in terms of VQ and VR using the canonical decomposition.
Solve for nonconcentrality parameter d using equation (3), with sample size N 5 0.67 N, for mE10.
Approximate power is P(|T|ZZa/2), using d calculated above.
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