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Improving Power in Genome-Wide Association Studies:
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The potential of genome-wide association analysis can only be realized when they have power to detect signals despite the
detrimental effect of multiple testing on power. We develop a weighted multiple testing procedure that facilitates the input
of prior information in the form of groupings of tests. For each group a weight is estimated from the observed test statistics
within the group. Differentially weighting groups improves the power to detect signals in likely groupings. The advantage
of the grouped-weighting concept, over fixed weights based on prior information, is that it often leads to an increase in
power even if many of the groupings are not correlated with the signal. Being data dependent, the procedure is remarkably
robust to poor choices in groupings. Power is typically improved if one (or more) of the groups clusters multiple tests with
signals, yet little power is lost when the groupings are totally random. If there is no apparent signal in a group, relative to
a group that appears to have several tests with signals, the former group will be down-weighted relative to the latter.
If no groups show apparent signals, then the weights will be approximately equal. The only restriction on the procedure is
that the number of groups be small, relative to the total number of tests performed. Genet. Epidemiol. 31:741–747, 2007.
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Thorough testing for association between genetic
variation and a complex disease typically requires
scanning large numbers of genetic polymorphisms.
In a multiple testing situation, such as a whole
genome association scan, the null hypothesis is
rejected for any test that achieves a P-value less
than a predetermined threshold. To account for the
greater risk of false positives, this threshold is more
stringent as the number of tests conducted increases.
To bolster power, recent statistical methods have
been proposed that up-weight and down-weight
hypotheses, based on prior likelihood of association
with the phenotype [Genovese et al., 2006; Roeder
et al., 2006]. Weighted procedures multiply the
threshold by the weight w, for each test, raising the
threshold when w41 and lowering it if wo1. To
control the overall rate of false positives, a budget
must be imposed on the weighting scheme. Large
weights must be balanced with small weights, so
that the average weight is one. These investigations
reveal that if the weights are informative, the
procedure improves power substantially, but, if the
weights are uninformative, the loss in power is
usually small. Surprisingly, aside from this budget
requirement, any set of non-negative weights is
r 2007 Wiley-Liss, Inc.

valid [Genovese et al., 2006]. Although desirable in
some respects, this flexibility makes it difficult to
select weights for a particular analysis.
The type of prior information readily available
to investigators is often non-specific. For instance,
single nucleotide polymorphisms (SNPs) might
naturally be grouped, based on features that make
various candidates more promising for this disease
under investigation. For a brain-disorder phenotype
we might cross-classify SNPs by categorical variables such as those displayed in Table I. The SNPs
in G1 seem most promising, a priori, while those in
G4 seem least promising. Those in G2 and G3 are
more promising than those in G4 , but somewhat
ambiguous. It is easy to imagine additional variables
that further partition the SNPs into various classes
that help to separate the more promising SNPs from
the others. Although this type of information lends
itself to grouping SNPs, it does not lead directly to
weights for the groups. Indeed it might not even be
possible to choose a natural ordering of the groups.
What is needed is a way to use the data to determine
the weights, once the groups are formed.
Until recently, methods for weighted multiple
testing required that prior weights be developed
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TABLE I. An illustration for grouping SNPs and tests

Brain expressed
Non-brain expressed

Functional

Function unknown

G1
G3

G2
G4

independently of the data under investigation
[Genovese et al., 2006; Roeder et al., 2006]. In this
article, we ask the following questions: if the weights
are to be applied to tests grouped by prior information, what choice of weights will optimize the
average power of the genetic association study?
How can we estimate these weights from the data to
achieve greater power without affecting control of
the family-wise error rate?
When analyzing data one often has candidate
genes derived from various sources. For instance,
consider a genome-wide analysis for association
with phenotype A. One might identify 250 genes
known to lie in pathways that affect this phenotype.
If all SNPs in these genes are grouped together, this
constitutes a group including, say, 2,500 SNPs. Next,
suppose phenotype B is similar to phenotype A. The
investigators are likely to think genes associated
with phenotype B might also affect phenotype A.
This delineates a natural choice for a second group
of SNPs. If 75 genes are natural candidates for
phenotypes, but 25 of these were already included
in group 1, then one could place the remaining, say,
500 SNPs in group 2. Continuing with this reasoning
one could delineate one or more additional groups
by identifying genes in other pathways, SNPs in
regulatory regions, SNPs in regions associated with
copy number variation, and so forth. Finally, we
envision one large group of SNPs for which there is
little prior evidence of association. This constitutes
the final grouping.
Alternatively, the groupings might be based
upon specific studies of the same phenotype,
choosing the groups based on reported linkage
peaks, results of previous genome-wide association
studies, or results of gene expression studies. For
instance, using the results of a linkage study, one
could place promising genes under peaks in group 1,
less promising genes under peaks in group 2, genes
near peaks in group 3, SNPs near peaks, but not in
genes in group 4, genes in candidate genes, but not
in peaks, in group 5, and finally, all other SNPs in the
remaining group.
Based on technical requirements our approach
places a minimum on the number of SNPs in a
grouping, but not a maximum. Hence, it is possible
to create hundreds or even thousands of groupings.
From a mathematical viewpoint this is acceptable,
but from a scientific viewpoint it seems implausible.
In a typical study, we anticipate investigators
Genet. Epidemiol. DOI 10.1002/gepi

identifying somewhere between 3 and 30 promising
groups of SNPs, each containing at least 20, but
usually many more SNPs.

METHODS
Consider m hypotheses corresponding to standardized test statistics T ¼ ðT1 ; . . . ; Tm Þ. The P-values
associated with the tests are ðP1 ; . . . ; Pm Þ. We assume
the jth statistic Tj is approximately normally distributed with non-centrality parameter xj  E½Tj , or
it is w2 distributed with non-centrality parameter x2j .
The non-centrality parameters divide the hypotheses
into disjoint sets, the nulls H0 ¼ fj : xj ¼ 0g, and the
alternatives H1 ¼ fj : x2j 40g, containing m0 and m1 ¼
m  m0 elements, respectively.
In practice, the noncentrality parameters are
unknown. We use the data to attempt to discover
the partition ðH0 ; H1 Þ. This problem is classified as a
multiple testing problem because the type I error can
be very large if one does not control for the number
of tests performed to determine the partition. Most
methods that control for multiple testing do so by
adjusting the threshold for rejecting the null hypothesis. When using a Bonferroni correction for m tests,
the threshold for rejection is achieved if the P-value
Pj  a=m. The weighted Bonferroni procedure of
Genovese et al. [2006] is as follows. Specify nonnegative weights w ¼ ðw1 ; . . . ; wm Þ and reject hypothesis Hj on the set j 2 R defined as


Pj
a

R¼ j:
:
ð1Þ
wj m
P
As long as m1 j wj ¼ 1, this procedure controls
family-wise error rate at level a. For a test of
xj ¼ 0 versus xj 6¼ 0, the power of a single weighted
test is








1 awj
1 awj
pðxj ; wj Þ ¼ F F
 xj þ F F
þ xj ;
2m
2m
where FðtÞ is the upper tail probability of a standard
normal cumulative distribution function. When the
alternative hypothesis is true, weighting increases
the power when wj 41 and decreases the power
when wj o1. We call pðxj ; wj Þ the per-hypothesis power.
For signals ðx1 ; . . . ; xm Þ and weights ðw1 ; . . . ; wm Þ the
average power is
1 X
pðy; wÞ ¼
pðxj ; wj Þ:
m1 j2H
1

The optimal weight vector w ¼ ðw1 ; . . . ; wm Þ that
maximizes
the average power subject to wj  0 and
P
m1 m
j¼1 wj ¼ 1 is
!
jxj j
m
c
þ
wðxj Þ ¼ F
ð2Þ
a
jxj j
2
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[Wasserman and Roeder, 2006], where c is the
constant that satisfies the budget criterion on
weights
m
1X
wðxj Þ ¼ 1:
m j¼1

ð3Þ

Although we do not know xj it is useful to study the
form of the optimal weights. The optimal weights
vary with the signal strength in a non-monotonic
manner (Fig. 1). For any particular sample, c adjusts
the weights to satisfy the budget constraint on
weights. In doing so, it shifts the mode of the weight
function from left to right depending on the number
of small, versus large, signals observed.
The weights act directly on the P-values via (1),
which in turn affects the critical values. If chosen
optimally, the threshold for rejection varies smoothly
with the signal strength. Figure 2 plots the rejection
threshold log10 ðawj =mÞ, calculated for the data
displayed in Figure 1, as a function of the signal
strength and contrasts it with the rejection threshold
of a Bonferroni corrected test log10 ða=m). From
Figures 1 and 2 it is evident why an optimally
weighted test has greater power than a nonweighted test. The weighted threshold is less
stringent for signals in the midrange, and more
stringent for both large and small signals. Consequently, if the signal is likely to be very strong or
very weak, the test is down-weighted (weight less
than one). In practice, little power is lost by this
tradeoff. For small signals the chance of rejecting the
hypothesis is minimal with or without weights. For
large signals the P-value is likely to cross the
threshold regardless of the weight. Larger weights
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are focused in the midrange to help to reveal signals
that are marginal.
In practice xj is not known, so it must be estimated
to utilize this weight function. A natural choice is to
build on the two-stage experimental design [Satagopan and Elston, 2003; Wang et al., 2006] and split the
data into subsets, using one subset to estimate xi ,
and hence wðxi Þ, and the second to conduct a
weighted test of the hypothesis [Rubin et al., 2006].
This approach would arise naturally in an association test conducted in stages. It does lead to a gain in
power relative to unweighted testing of stage 2 data;
however, it is not better than simply using the full
data set without weights for the analysis [Rubin
et al., 2006; Wasserman and Roeder, 2006]. These
results are corroborated by Skol et al. [2006] in a
related context. They showed that it is better to use
stages 1 and 2 jointly, rather than using stage 2 as an
independent replication of stage 1.
To gain a strong advantage with data-based
weights, prior information is needed. One option
is to order the tests [Rubin et al., 2006], but with
a large number of tests this can be challenging.
Another option is to group tests that are likely
to have a signal, based on prior knowledge, as
follows:
1. Partition the tests into subsets G1 ; . . . ; GK , with the
kth group containing rk elements, ensuring that rk
is at least 20–30.
2. Calculate the sample mean Yk and variance S2k for
the test statistics in each group.
3. Label the ith test in group k, Tik. At best only a
fraction of the elements in each group will have a
signal, hence we assume that for i ¼ 1; . . . ; rk the
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Fig. 1. Distribution of optimal weights for m 5 100,000 simulated tests (a random selection of 5,000 are displayed). The
signal strength n is the non-centrality parameter for a standard
normal test statistic; if the test statistic is v2 distributed, the
signal strength is the square root of the non-centrality
parameter. The weight is w(n).
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Fig. 2. Threshold for rejecting P-values versus signal strength.
The log10 P-value is rejected if it is larger than the threshold. For
this illustration m 5 100,000 and a 5 0.05. The unweighted
Bonferroni has a constant threshold value (horizontal line).
The weighted threshold varies as a function of the weight
(curved line). The optimal weight is calculated as a function of
the (estimated) signal strength.
Genet. Epidemiol. DOI 10.1002/gepi
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distribution of the test statistics is approximated
by a mixture model
Tik  ð1  pk ÞNð0; 1Þ þ pk Nðxk ; 1Þ
or
Tik  ð1  pk Þw21 ð0Þ þ pk w21 ðx2k Þ;
where xk is the signal size for those tests with a
signal in the kth group. This is an approximation because the signal is likely to vary across
tests. The mixture of normals is only appropriate
when the tests are one-sided. For two-sided
alternatives, the w2 is the natural approach. This
test squares the non-centrality parameter, effectively removing any ambiguity about the direction of the associations.
4. Estimate ðpk ; xk Þ using the method of moments
estimator (for details see appendix). Because xk
has no meaning when pk ¼ 0, the b
xk is set to 0
when b
pk is close to zero. For the normal model the
estimators are
b
pk ¼ Y2k =ðY2k þ S2k  1Þ;

b
xk ¼ Yk =pk ;

bk 41=rk ; otherwise b
xk ¼ 0.
provided p
2
For the w model they are
 2

2
2
S
þ
Y
þ
3
Yk  1
k
k
b
b
x ¼
;
pk ¼
Yk  1
xb2k

ð4Þ

ð5Þ

provided Yk 41 and 1=rk ob
pk oðrk  1Þ=rk ; otherwise
b
xk ¼ 0.
5. For each of the k groups, construct weights wðb
xk Þ.
It is apparent in Figure 1 that if jb
xk jod, for d
near 0, then wðb
xk Þ  0 and it is unlikely that any
tests in the kth group will be significant, regardless of the P-value. The stochastic quantity
d depends upon the relative values of
ðb
x1 ; . . . ; b
xK Þ, and the number of elements in each
group. For this reason we have found that
smoothing the weights generally improves power
of the procedure. We suggest using a linear
combination such as
b k ¼ ð1  gÞ wðb
w
xk Þ þ g K1

X

The inflation term in the error rate is near zero under
most plausible circumstances. The basic requirement
is that each group contains a sufficient number of
elements to permit valid estimation of ðx1 ; . . . ; xK Þ.
For instance, suppose we are testing 100,000 SNPs
and we have chosen 10 groups, each of size 10,000.
In this case the error term is proportional to 0.01.
More realistically, suppose we have five groups,
four with 1,000 elements each and one with
96,000 elements. Then the error is proportional
to 0.002.
Figure 3 illustrates how wðb
xk Þ varies with b
xk and
the sample variances (weight is proportional to the
diameter of the circle). Notice that weight increases
as a function of the signal until it becomes fairly
large and then declines.

RESULTS
wðb
xk Þ

k

with g 5 0.01 or 0.05. The larger the choice of g,
the more evenly distributed the weights across
groups. Alternatively, one could smooth the
weights by using a Stein shrinkage estimator
or bagging procedure to obtain a more robust
estimator of ðx1 ; . . . ; xK Þ [Hastie et al., 2001].
Genet. Epidemiol. DOI 10.1002/gepi

Regardless of how the weights are smoothed,
one should renorm them to ensure the weights
sum to m. Each test in group k receives the weight
b k . Another effect of the smoothing is to ensure
w
that each group gets a weight greater than zero.
This weighting scheme relies on data-based
estimators of the optimal weights, but with a
partition of the data sufficiently crude to preserve
the control of family-wise error rate. The approach is
an example of the ‘‘sieve principle’’ [Bickel et al.,
1993]. The sieve principle works because the number
of parameters estimated is far less than the number
of observations. Thus, many observations are used
to estimate each parameter. Consequently parameters are estimated with substantially less variability than if they were estimated using only the test
statistics from the particular gene under investigation. Because the weights are determined by the size
of the tests in the entire cluster the probability of upweighting simply because a single test is large, due
to chance, is small. More formally this result is stated
in the following theorem.
P
P pﬃﬃﬃﬃ
b j ¼ m, then
Theorem. Let bm ¼ m1 k rk . If m
j¼1 w
the rejection rule defined in (1) controls family-wise
error at level a þ Oðbm Þ. Proof is in the appendix.
This result establishes control of family-wise error
at level a, asymptotically, provided
P pﬃﬃﬃﬃ
rk
bm ¼ Pk
! 0;
as m ! 1:
r
k k

To simulate a large scale study of association, we
generate test statistics from m ¼ 10; 000 tests to
mimic the second stage of a two-stage genome-wide
association study, with about 1/3–1% of the initial
SNPs tested at stage 2. Each test statistic is simulated
as Tj ¼ xj þ ej with ej  Nð0; 1Þ. We simulate linkage
disequilibrium between test statistics by generating
them in correlated ‘‘haplotype blocks’’, including
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five tests per block, with squared correlation
between ðej ; ej0 Þ equal r2 ¼ :8 when ðj; j0 Þ are elements
in a common block. Tests not in a common block are
simulated independently.
The majority of the tests, m0 , are generated under
the null hypothesis (xj ¼ 0) and the remaining m1 ¼
100 are generated with a signal (x40). In actual data,
clusters of tests in close proximity tend to exhibit a
signal. To simulate this feature we choose 20 blocks
with signal strengths within each block equal to
ðx1 ; . . . ; x5 Þ ¼ x0  ð1; 1:5; 2; 2:5; 3Þ. This mimics a
situation with 20 actual causal variants present in
the genome, leading to approximately 100 tests
associated with the phenotype at varying levels of
intensity. The five levels of signal are meant to
represent the causal SNP, with signal 3x, and the
associated SNPs in the block with slightly weaker
signals, between x and 2:5x.
To illustrate the effect of weights, we group the
10,000 tests into six categories, G1 ; . . . ; G6 , using
‘‘prior’’ information of varying quality. We chose
six groups because it seems like a reasonable
number to reflect actual prior knowledge. Groups
1–5 are reserved for tests that we expect to yield a
signal and group 6 contains what we believe are less
promising tests. The number of elements in group 6
is far larger than the number in groups 1–5.
In reality the signal strength of any particular test
would be unknown. Nevertheless, in our simulation
we use our knowledge of ðx1 ; . . . ; xm Þ to generate the
groupings. We initially create perfect groupings and
then permute some tests to degrade the information
in the prior groupings. The more tests permuted, the
greater the degradation. When we permute tests, we
always place all tests within a block in a common
grouping.
We start the process by placing all m0 tests with
x ¼ 0 in G6 . Then the m1 remaining tests are
distributed evenly in the remaining five categories,
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G1 ; . . . ; G5 . Next, to create more realistic groupings,
we move some tests from G1 ; . . . ; G5 into G6 and vice
versa. Specifically, we move a fraction p0 of the m0
null tests to G1 ; . . . ; G5 , and distribute them evenly.
Likewise, we move a fraction p1 of the m1 tests from
G1 ; . . . ; G5 to G6 . By varying ðp0 ; p1 Þ, we obtain various
levels of informativeness of the groupings, reflecting
priors of various value.
After forming the groupings, we measure the
information content based upon the clustering of the
signals. Let xik be the signal of the ith element in Gk ,
x :k be the mean signal in Gk , and x :: be the mean
signal of the whole set, respectively. The information
in a prior grouping is summarized by the R2
P P
ðx  x :k Þ2
2
R ¼ 1  Pk Pi ik
:
 2
k
i ðxik  x:: Þ
For instance, if p0 ¼ p1 ¼ 0 then R2 is near 1, but if
p0 ¼ p1 ¼ :5 then R2 is near 0.
Figure 4 displays the difference in power as a
function of R2, in which the proportion of null tests
in G1 ; . . . ; G5 , and alternative tests in G6 varies as
follows: p0 2 ½0:01  0:5 and p1 2 ½0:01  0:95. These
results show that, provided p0 o0:4 and p1 o0:4, the
weighted method is more powerful than the
unweighted method (plot symbol ‘‘1’’). For R2 near
0 the loss in power from poorly selected groupings
varies from near zero to 5% (plot symbol ‘‘’’).
To see the effect of including null loci in the same
grouping as the tests with true effects, we fix ðx0 ¼
2; p1 ¼ 0; m1 ¼ 100Þ and vary p0. Setting p0 ¼ 0:5 (0.1)
increases the number of elements in G1 ; . . . ; G5 to
1,010 (218), but only 20 are true alternatives. For
p0 5 0.01, 0.1, 0.25, and 0.5 we find a difference in
power (weighted minus the unweighted procedure)
of 12, 8, 5, and 1 percent, respectively. Next we
explore the effect of failing to place all of the true
effects in G1 ; . . . ; G5 . To do so, we fix ðx0 ¼ 2;
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Fig. 4. Net power difference between weighted Bonferroni and
unweighted, as a function of R2. The best cases are p0 o0:4 and
p1 o0:4 (plot symbol 1). All other conditions are depicted with
plot symbol .
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p0 ¼ :1; m1 ¼ 100Þ and vary p1. For p1 5 0.05. 0.1, 0.5,
and 0.9, we find a difference in power of 8, 7, 2, and
2 percent, respectively. Even when 90% of the true
alternatives are grouped with large numbers of nulls
in group 6, the loss in power is relatively small.

DISCUSSION
Whole genome analysis has generated much
discussion about power, the effect of multiple testing
on power, and various multistage experimental
designs [e.g., Wang et al., 2006]. We investigate the
performance of a weighting scheme that allows for
the input of weak prior information, in the form of
groupings of tests, to improve power in large scale
investigations of association. The method can be
applied at any stage of an experiment. The beauty of
the grouped-weighting concept is that it is likely to
lead to an increase in power, provided multiple tests
with signals are clustered together in one (or more)
of the groups. Little power is lost when many groups
contain no true signal. This remarkable robustness is
achieved because the procedure uses the observed
test statistics in the grouping to determine the
weight. If there is no apparent signal, the group will
be down-weighted. The only restriction on the
procedure is that the number of groups be small,
relative to the total number of tests performed, and
the number of elements in each group be sufficiently
large (say 20 or more).
As discussed in Genovese et al. [2006], under a
broad set of conditions, weighted procedures perform in a desirable asymmetrical fashion: good
choices of weights lead to substantial gains in
power, while poor choices lead to modest losses.
The requirement is that the number of up-weighted
tests is relatively small, compared with downweighted tests, so that the majority of the tests are
not strongly down-weighted. For the grouped
weighting scheme, the weights are determined by
a data-based estimate of the effect size in a grouping.
Because most groupings will not contain a detectable
signal, the sparce weighting criterion is met naturally. The non-monotonic form of the optimal weight
function limits the size of weight attributed to each
group. Finally, the smoothing of weights and the
constraint that limits the weights to sum to m
ensures that each test receives at least a baseline
weight. These features in total ensure that the
procedure typically either gains power and losses
are minimal. In our simulations we did not discover
any conditions for which the power loss was
dramatic; however, we did not explore weighting
schemes with large numbers of small groups. It is
possible that under these conditions a poor choice
of groupings could lead to a more serious loss in
power.
Genet. Epidemiol. DOI 10.1002/gepi

Using groupings and weights to interpret the
many tests conducted in a large scale association
study has potential, regardless of power lost when
weights are poorly chosen. Typically some SNPs are
favored due to knowledge gleaned from the literature and prior investigations, yet SNPs with no
relationship to phenotype can often produce smaller
P-values than the favored candidates. Moreover, it
often happens that promising candidate SNPs do
produce small P-values, but these P-values are not
small enough to cross the significance threshold
when a Bonferroni correction is applied. After the
huge investment of a whole genome scan it would
be foolhardy not to pursue both (i) SNPs that
produce tiny P-values and (ii) SNPs that produce
more modest P-values that would have been
significant had a formal weighting scheme been
utilized to incorporate prior information. We suggest
using the weighting method of analysis described
here as a way to formalize the incorporation of prior
information.
Weights can be incorporated into various multiple
testing procedures, including false discovery methods. This paper considers controlling family-wise
error rate, but similar results hold for false discovery
control [Benjamini and Hochberg, 1995] and will be
pursued elsewhere.

ELECTRONIC DATABASE
INFORMATION
Software for computing weighted P-values is available
from: http://wpicr.wpic.pitt.edu/WPICCompGen/
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rejected, respectively. With fixed weights, the familywise error is


awj
Pð#ðR \ H0 Þ40Þ ¼ P Pj 
for some j 2 H0
m
X 
awj  a X

P Pj 
wj  aw ¼ a:
¼
m j2H
m
j2H

APPENDIX

The estimated signal in the group occupied by the
jth test, b
xk , is estimated from a sample of rk test
1=2
statistics, consequently b
xk ¼ xk þ Oðrk Þ. Thus with
random weights

Derivation of (4): E½T ¼ px and var½T ¼ 1þ
x2 pð1  pÞ. Set E½T ¼ Y and var½T ¼ S2 and solve
for p and x.
Derivation of (5): E½T ¼ px2 þ 1 and E½T 2  ¼ px4 þ
6px2 þ 3. Set E½T ¼ Y and E½T 2  ¼ S2  Y2 and solve
for p and x2 .
Proof of Theorem 1. Recall that H0 and R define
the set of tests for which the null is true and null is

0

0

!
awj ðb
xk Þ
Pð#ðR \ H0 Þ40Þ 
P Pj 
m
j2H0
n

o
X
a

wj ðxk Þ þ wj ðb
xk Þ  wj ðxk Þ
m j2H
X

0

 að1 þ Oðbm ÞÞ:
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