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Importance sampling uses observations from one distribution to estimate for another distribution by
weighting the observations. Including the target distribution as one component of a mixture distribution
bounds the weights and makes importance sampling more reliable. The usual importance-sampling
estimate is a weighted average with weights that do not sum to I. We discuss simple normalization
and other, more efficient normalization methods. These innovations make importance sampling useful
in a wider variety of problems. We demonstrate with a case study of oil-inventory reliability at a large

utility.
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1. INTRODUCTION

Importance sampling is the process of estimating some-
thing about a distribution using observations from a differ-
ent distribution. It was first used as a variance-reduction
technique, in which the latter (“design”) distribution is
chosen to reduce the simulation effort required to obtain
answers about the former (“target”) distribution. This is
particularly effective in some of the most difficult simu-
lation problems—those in which it is necessary to obtain
information associated with rare events. By increasing
the design frequency of “important” events, it is possible
to accurately estimate the frequency or expected magni-
tude of those events using fewer Monte Carlo replications.
Importance sampling has been used in many fields to esti-
mate small probabilities, beginning with nuclear shielding
(Kahn 1950).

Importance sampling is also useful when it is impos-
sible or impractical to generate samples from the target
distribution—for example, in Bayesian analysis when the
posterior distribution is intractable (Kloek and van Dijk
1978 and many others).

Importance sampling is especially valuable in problems
with more than one target distribution. Rather than run-
ning a separate simulation for each distribution, impor-
tance sampling can be used to estimate results for many
distributions in a single simulation (Beckman and McKay
1987; Tukey 1987). The number of such distributions may
be infinite, as in the bootstrap tilting interval (Tibshirani
1984).

The classical importance-sampling method is designed
for Monte Carlo integration—the estimation of an inte-
gral, or equivalently the expected value of a random vari-
able. Let X be a random variable with known density f
and let Q(X) be a function of X with an unknown mean
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w = E¢[Q(X)]. The classical derivation of importance
sampling (Hammersley and Handscomb 1964) is to ex-
press u as

/ Q) f(x)dx = / Q(x)f(x)g(x)dx.
This leads to the usual importance-sampling estimate
QX)) f(Xi)
int = — , 1.1
i Z 2 (X)) (1.1)

where X; ~ gfori =1,...,n. We refer to (1.1) as the
integration estimate in the sequel.

We view importance sampling as a sampling strategy
rather than as an integration method. Importance sampling
produces an empirical distribution function consisting of
observations Q(X;) and associated weights, which coun-
teract the sampling bias. For example, if an observation X
is twice as likely under the design distribution g as under
the target distribution f, it should be given half as much
weight when computing results. Means, higher moments,
and percentiles can be computed from the empirical dis-
tribution function,

The integration estimate is a weighted average with
weights that do not sum to 1. Let

fx)
g(x)

be the weight function, based on the likelihood ratio be-
tween the target and design distributions; then the empir-
ical distribution function corresponding to the integration
estimate has weight Vi, ; = n~'W; on the output Q(X;)
from the ith replication, where W; = W (X;). The sum of
the empirical weights is W, which has expected value 1
but nonzero variance.

Wx) =
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In one class of problems it does not matter that the
weights do not sum to [, where w is the mean of an output
variable @ that is nearly always 0. This class includes the
important special case of estimating a small probability,
where Q = 1 ifarare event occurs, otherwise Q = 0. The
integration estimate works well for problems in this class
because it is insensitive to weights assigned to replications
for which Q is 0 (so it does not matter if those weights are
such that the sum of all weights is 1).

The integration estimate is less successful in other
problems. One example was presented by Hopmans and
Kleijnen (1979), with the revealing title “Importance Sam-
pling in Systems Simuiation: A Practical Failure?’ Be-
cause the weights do not add to 1, expected value estimates
are not equivariant; adding a constant to @ does not in-
crease the estimate by the same amount (Therneau 1983).
Distribution-function estimates have mass not equal to 1,
complementary probabilities do not add to 1, and vari-
ance estimates can be negative. An estimate can be dom-
inated by the sum of weights, particularly if Q is nearly
constant.

Normalizing the weights to sum to 1 solves those prob-
lems. The simplest normalization method gives the ra-
tio weights. More efficient are the regression, maximum
likelihood (ML), or exponential weights. We discuss the
integration estimate further in Section 2, the ratio estimate
in Section 3, and the other new estimates in Section 4. We
compare the estimates in Section 5.

The second reason that importance sampling sometimes
fails is that it may be difficult to choose a good design dis-
tribution. We propose defensive mixture distributions as a
simple way to bound the weights, and generally to make
importance sampling more reliable. We discuss the defen-
sive mixture technique and other practical ways to choose
design distributions in Section 6 and demonstrate the es-
timates and design techniques with a case study involving
oil inventory in Section 7.

Throughout this article, X and Q may be either univari-
ate or multivariate. If Q is multivariate, then u = E(Q)
and var(Q) are vectors the same length as Q. The use
of f, g, and integrals is for notational convenience only;
methods and results in this article do not require continu-
ous distributions.

2. INTEGRATION ESTIMATE

The interpretation of importance sampling offered by
Hammersley and Handscomb (1964) is that they solve
a new problem—instead of estimating E([Q(X)], they
estimate E,[Y (X)], where

J(x)
g(x)

If g(x) > Owhen Q(x) f(x) # 0, the estimate is unbiased
and is asymptotically normally distributed with mean u
and normalized variance o2, = var,(Y) as long as o2, is

finite.

Y(x) = Q(x)
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The optimal design distribution for minimizing the vari-
nce of the thamhnn estimate is

ClEMIIf(x), 2.1

where C is a normalizing constant (Kahn and Marshall
1953).

Hammersley and Handscomb’s interpretation corre-
sponds to a transformation strategy rather than to a
sampling method. The design distribution g induces a
transformation Q(x) ~ Y(x) and should be chosen so
that Y is more nearly constant than is Q; indeed g* induces
the transformation that makes Y constant (if Q is non-
negative or nonpositive). When estimating the expected
value of a variable that is nearly always 0, this transfor-
mation idea agrees with the heuristic of sampling the rare
(nonzero) events relatively often. For other variables the
opposite can be true. For example, if Q(x) = 1 with prob-
ability .99 and @ = 0 with probability .01, a good design
distribution samples /less from the region where Q =
than does the target distribution.

The integration estimate can fail when there is more than
one output of a simulation because every component of Q

is transformed bv the same ratioc f/¢. For examnle. when
1§ fransformed by the same ralio f/g. I'or exampic, when

X has a standard normal distribution, a design distribution
g ~ N(2.326, 1) reduces the variability of the estimate of
the probability Pr(X > 2.326) by a factor of 37 compared
to simple random sampling, but increases the variance of
the estimate of E[X] by a factor of 1,433.

g;,[(X) =

3. RATIO ESTIMATE

The obvious solution to a set of weights that do not sum
to 1 is to normalize the weights. The ratio estimate is
obtained by simple normalization; let

Wi
atio,i = " -
Zi:] Wj

be the ratio weights; then the ratio estimate for p is

Vi

n
Praio = ) Veaiod QX)) = Y/W.  (3.1)
i=1

This estimate is consistent iff g(x) > 0 whenever f(x) >
0 so that E,[W(X)] = 1. It is asymptotically normally
distributed with normalized variance

2
Oratio

= var,(Y — uW) 3.2)

as long as g(x) > O whenever f(x) > 0 and u and o, mo
are finite (Hesterberg 1991). The design distribution that
minimizes (3.2) is

8ratio(¥) = C1Q(x) — | f(x), (3.3)

where C is a normalizing constant if the estimate is con-
sistent (i.e., if Pr(Q = u) = 0) (Hesterberg 1988).
The optimal design distribution for the ratio estimate
samples heavily when Q is relatively far from its mean
(8rvio & 1Q — ulf), which agrees with the heuristic of



WEIGHTED AVERAGE IMPORTANCE SAMPLING AND DEFENSIVE MIXTURE DISTRIBUTIONS 187

sampling rare events relatively often. In contrast (2.1)
samples heavily where Q is far from 0 (g5, o |Q — 0] f).

Importance sampling has been used for Bayesian calcu-
lations by Kloek and van Dijk (1978) and others by writing
an expected value as a ratio of two integration estimates,

W= / Q@) p(9 | data) do

_ J Q) {L(data | )7 (6)/8(6)}8(6) df
J{L(data | )m(6)/8(6)}g(6) d6

where 6 has prior distribution 7 and posterior distribution
p « mL and where L is the density of the data given
@, then estimating both the numerator and denominator
using observations from the same design distribution g.
We prefer to think of (3.4) as a ratio estimate, with f(8)
= p(@ | data), which is known up to a normalizing con-
stant. The normalizing constant drops out in the com-
putation of the ratio estimate (3.1). This leads naturally
to the optimal (asymptotic) design distribution given by
(3.3), obtained by Hesterberg (1988) using this approach
and Geweke (1989) using another approach.

, 34

4. REGRESSION, MAXIMUM LIKELIHOOD,
AND EXPONENTIAL ESTIMATES

The ratio estimate differs from the integration estimate
by multiplying each weight by the same factor, which is
chosen to make the weights sum to I. There is a problem
with this. Suppose, for example, that W < 1; the ratio
estimate increases the weight assigned to all replications,
relative to the integration estimate, even though small val-
ues of W are already overrepresented in the sample. The
estimates in this section improve on the ratio estimate by
giving smaller weight to such replications and correspond-
ingly larger weight to replications with larger values of W.

Note that the observations (Q;, W;) are bivariate ob-
servations from a distribution with E,[W] = 1. We as-
sign metaweights to the bivariate observations so that the
(meta-) weighted average of W is 1. The metaweights
satisty the unitary constraints ¥m; = | and T W; = 1.
Then the weights for estimating the distribution of Q un-
der f are the product weights V; = m; W,.

We consider three sets of metaweights. The max-
imum likelihood (ML) metaweights maximize the em-
pirical likelihood function [}, m; and minimize the
Kullback-Leibler distance ZL] u; In(u; /m;) from the
weights {m;} to the uniform weights {u; = 1/n}. The
exponential metaweights minimize the Kullback—Leibler
distance )_;_, m; In(zr; /u;) from the uniform weights to
the metaweights, whereas the regression metaweights
minimize both the variance of the metaweights and the
Euclidean distance between the metaweights and uni-
form weights. The solutions can be written in the forms
i = a/(1 — b(w; —w)), Texp.i = @ exp(b(wi —w)),
and 7y ;i = a(l 4+ b(w; — W)), with a and b chosen to
satisfy the unitary constraints.

The constants for the regression weights can be obtained

in closed-form solution. The resulting product weights are

Vg = Wy oW =2 W) @.1

n

where b = (1 —W)/A and 5, = 15" (W, — W)

Note that if W < 1 the regression werghts are greater

for large W and less for small W than are the integration
weights.

Parameters for the other two estimates must be found
iteratively. The problem can be reduced to solving the
second unitary constraint as a function of b by letting
a = a(b) be the value of a that satisfies the first unitary
constraint. A good initial guess for b is the regression
solution b = (1 — W)/52.

The regression weights result in an estimate for u of
the form

ﬁreg = Z Vreg.iQ(Xi) =
i=]

—~

Y - B(W — 1), 4.2)

where E is the usual least squares regression slope of Y
against W. This estimate can be computed using linear
regression without explicitly computing the weights (4.1)
and may be computed in a single pass through a simulation
to avoid storing values of W and Q; in this case round-
off errors can be reduced by computmg /3 as (% W Y, —

"W N (EW—n W', where W, = W, — 1, rather than
by using the algebraically equrvalent formula using W.

For estimating quantiles of the distribution of Q, it is
necessary to store values of W and Q, and it is more
efficient to explicitly compute the weights (4.1) and use
the weights in a weighted empirical distribution for Q than
to use (4.2) to estiate many probabilities.

5. COMPARISON OF ESTIMATES

Despite the intuitive appeal of normalizing the weights,
the ratio estimate is worse than the integration estimate for
many problems, in particular for estimating small prob-
abilities. The regression, ML, and exponential estimates
are more accurate (at least for large n) than the integra-
tion estimate, by an incredible factor in many cases but
by an insignificant factor for estimating small probabili-
ties. Our basic recommendation, which we justify in this
section, is to use the integration estimate for estimating
small probabilities and the regression estimate for most
other problems.

We begin with a simple simulation problem, estimating
Pr(X > z,), Pr(X < z,), E[X], and a constant, when X
has a standard normal distribution, & = .01, and z, =
2.236, using n = 40 replications. The performance of
the five estimates is shown in Table 1 (for three design
distributions, which are discussed later). For estimating a
small probability Pr{X > z,}, the ratio estimate is worse
than the integration estimate, counter to our intuition that
weights should sum to 1, because it overreacts to weights
observed for observations outside the tail of interest. The

TECHNOMETRICS, MAY 1995, VOL. 37, NO. 2
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Table 1. Accuracy by Estimate and Design, for
Gaussian Example

Design  Method P{X > z,}) P{(X <z} E[X] nus=1
f SRS 2.475(%) 2.475(*) 0.025(*) 0

gs Integration .068 44,800(**) 16.4(**) 4.5(**)
Ratio 4.14 4.14 .68 0
Regression .23 .23 .42 0
Exponential .13 .13 .37 0
ML .16 .16 A1 0

go1 Integration .075 579.4 .096 .058

Ratio .240 .240 115 0
Regression .073 .073 091 0
Exponential .072 .072 .09 o©
ML .073 .073 090 0

gos Integration .13 59.4 .031 .0057
Ratio .18 18 032 0
Regression .12 12 .029 0
Exponential .12 a2 029 0
ML .12 .12 .029 0

NOTE: Table entries give the mean squared error of 2,000 Monte Carlo
experiments, with n = 40 observations in each experiment, for f =
N{(0,1) and 2z, = 2.326. The design distributions are go = N(z,, 1),
g.1 = 30%N(z,, N+10%N(0,1), g5 = 50%N(z,, 1)+50%N(0,1); the latter
two are stratified defensive mixtures, with 1 = .1 and A = .5. The
probabilities Pr{X > z,} and Pr{X < z,} are in units of %; divide entries
by 1002 to obtain mean squared errors for estimates of probabilities.
{*) = analytical result; (**) = estimated standard error of this entry
exceeds 10% of the entry.

other new estimates do better or worse than the integration
estimate, depending on the design distribution.

For estimating quantities other than the small prob-
ability, the integration estimate is simply unacceptable
because it is so dependent on the sum of the observed
weights. The other estimates are all affine equivariant,
so they estimate both probabilities equally well, estimate
a constant correctly (this may be important for consis-
tency of different output estimates in a simulation, e.g.,
Pr(X > a) +Pr(X <a)=1),and sati§fy the us/gal alge-
braic relation for computing variances E[Q?] — E[Q)> =
E[(Q - E[Q])z]. The regression, exponential, and ML
estimates are nearly equivalent and are better than the ratio
estimate.

These empirical impressions are consistent with asymp-
totic results (Hesterberg 1988, 1991), some of which are
shown in Table 2. The regression, ML, and exponen-
tial estimates have the same asymptotic variance, which
is smaller than that for the integration estimate by a

T

factor of (1 — p?), where p is the correlation between W
and Y. When estimating a small probability, o is usually
small enough that these estimates give little improvement
over the integration estimate. Furthermore, in small sam-
ples, with anticonservative design distributions like go in
Table 1, the variance of these estimates can be worse than
for the integration estimate.

The new estimates are biased, but with large sample
sizes (which are usual in simulation) the bias is negligible.
In addition, for small samples the regression weights can
be negative. For large-sample simulations, the regression,
exponential, and ML estimates are nearly equivalent, but
the regression estimate is easier to implement.

The ratio and regression estimates correspond to the
estimates with the same names for estimating E[Y] in the
presence of a covariate W with known mean (e.g., Cochran
1977), and the regression estimate is equivalent to using
W as a control variate for estimating E[Y].

6. DESIGN DISTRIBUTIONS

Design distributions should be easy and fast to generate
and should have good statistical properties. In this section
we discuss what gives distributions good statistical proper-
ties and recommend a simple sampling technique, defen-
sive mixture sampling, that helps achieve those properties.
This technique overcomes the difficulty that led Bratley,
Fox, and Schrage (1983, p. 66) to conclude, “Because
there is no practical way to guard against gross misspec-
ification of g, multidimensional importance sampling is
risky.”

We follow two general principles—the likelihood ratio
g/f should be (1) relatively large in “important” regions of
the sample space but (2) not too small anywhere. Consis-
tency and robustness require the latter; efficiency requires
both. The second principle means that the weight function
W(x) = f(x)/g(x) must always be finite and in practice
should not be extremely large.

6.1 Defensive Mixture Distributions

We propose the use of defensive mixture distributions
(Hesterberg 1987, 1988) in which the design distribution
has the form

81 (x) = Af(x) + (I — A)go(x), (6.1

Table 2. Asymptotic Variance and Bias of Importance-Sampling Estimates

Method Variance (order n~') Bias (order n™')
Integration varg{Y) 0 (unbiased)
Ratio varglY — uW) —E lWxlY — uW)]
Regression varg(Y — pW) —E,IIW — DAY — i — BIW — 1]/ vary (W)
Exponential vargly — gW) —1E LW — 1Y — o — B(W — 1))]/vary (W)
ML varg(Y — pW) 0+ O(n™?)

NOTE: Y = Y(X), W = W(X), and g is the regression slope of Y on W. The variance of the regression,
exponential, and ML estimates is the smallest possible of the form var,(Y — cW) and equals {1 — pZ}varg(Y),

where p is the correlation of Y and W.

TECHNOMETRICS, MAY 1995, VOL. 37, NO. 2
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where 0 < A < 1 and g¢ is another design distribution,
which may be created using exponential tilting or gen-
eral mixtures, described later, or other techniques of Moy
(1965), Goyal, Heidelberger, and Shahabuddin (1987),
and Hesterberg (1988).

Defensive mixture distributions make importance sam-
pling robust in several ways. First, the weight function is
bounded by 1/X because

Wx) = fx) < Fx) :l,
anx) T Af(x) A

The term ‘“‘defensive” refers to the use of f as one com-
ponent of the mixture to bound W.

Second, the asymptotic variance of any of the equiva-
lent estimates is guaranteed no worse than 1/A times the
variance of the simple Monte Carlo estimate. This result
follows from (3.2) and (6.2) for the ratio estimate

2 2
o2 = / (Qx) — ) fx) I
g(x)

PRV 2
S/Mf(x)dx=%mﬂ

(6.2)

The same result holds for the other equivariant estimates
because their asymptotic variance is less than or equal
to that of the ratio estimate. This bound is useful with
multiple outputs because the design distribution may be
chosen to improve the estimate for one output without the
danger that estimates for other outputs will fail badly, as
observed in Table 1 and in Table 5, Section 7.

Third, results are much less dependent on the exact
shape of go than they would be if go were used alone.
In particular, the coverage provided by go can be much
less than the optimum design g* [(2.1) and (3.3)] in some
regions of the sample space without disastrous effects on
efficiency because f provides some coverage everywhere.
The mixture prevents accidental underrepresentation of
some region of the sample space. See the discussion of
the two-component mixture in the oil-inventory problem
that follows for an example.

When used in a defensive mixture, go should mimic g*
when g* is greater than f (but need not mimic f when
g* is smaller than f). From (2.1) and (3.3) we see that
g*/f is proportional to |Q(x) — ¢|, where ¢ = 0, u for
the integration and ratio estimates, respectively. So go
should sample heavily from “important” regions of the
sample space that correspond to the tails of @, ideally
with coverage proportional to |@ — ¢|. For the regression
estimate we suggest using the same heuristic, with ¢ = 0
if the most important and difficult aspect of the simulation
is estimating a small probability, and otherwise ¢ ~ p.

6.2 Choice of A

Results are not unduly sensitive to the choice of A as
long as A is not near 0 (Hesterberg 1988). We generally
use A between .1 and .5. A large value of A is more con-
servative and is appropriate in more difficult problems in

which gy does not mimic g* well, when there are many
different output quantities to estimate or when the ratio
estimate is used. A smaller value of A is appropriate if a
simulation demands accurate estimation of a small proba-
bility and the integration or regression estimate is used. In
favorable circumstances the integration estimate succeeds
with A = 0. See Table 1 for empirical results in a simple
problem, with A = 0, .1, and .5.

It is also possible to choose A adaptively or from a trial
study. The asymptotic variance of each estimate (Table 2)
can be written as an integral that depends on the design
distribution. The asymptotic variance for any proposed
design can be estimated from an available sample from
some other design (a trial study, or an initial set of ob-
servations), by treating the proposed design as a target
distribution.  Within the class of proposed designs that
differ only in the value of A it is possible to choose the
design that minimizes the estimated asymptotic variance.

Moy (1965) used a similar procedure to optimize
over other classes of proposed designs. This results in
some bias, however, particularly for flexible classes of
designs and for the integration estimate, for which the
estimated minimum-variance design is degenerate with
support solely on the current observations.

6.3 General Mixture Distributions

General mixture distributions of the form
K
g(0) =Y hgelx), (6.3)
k=1

where £, = 1, &, > 0, and possibly g = f, provide a
way to create design distributions for several situations.

In simulations with multivariate output, different com-
ponents of the mixture may be tailored to estimate different
output variables. When both tails of a single output are
important (for estimating moments or for estimating quan-
tiles in both tails), one component of a mixture can shift all
the input variables toward one tail and another component
toward the other tail. Hesterberg (1988) showed that this
is preferable to using an unmixed g under which the vari-
ance of each input variable is increased because of the large
conditional variance of W given Q under the latter design.

If the target distribution f cannot be used in a defensive
mixture (because f is unknown or it is impractical to gen-
erate observations from f), then two or more components
of a mixture may combine to ensure that no region of the
sample space is badly underrepresented. For example, one
component may mimic f in the center of its distribution,
while another has tails that are at least as heavy as those
of f.

Van Dijk and Kloek (1983) used mixture distributions in
Bayesian estimation; their mixtures had disjoint support
and formed a piecewise approximation to the posterior
distribution f. The mixtures here have overlapping sup-
port, ideally include f as one component, and mimic a
distribution that has heavier tails than f.

TECHNOMETRICS, MAY 1995, VOL. 37, NO. 2
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Table 3. Standard-Error Formulas With and Without Stratification of Mixtures

Method Unstratified Stratified
Integration o (Y- ¥)? mZL R
Ratio ‘n(nll—_‘” Z,"=1(YI - ﬂratio VI/I)Z T,,],T) 25:1 221 Yl:l - llra(io VVI:/)2
Regression s YL (Y= W — Y+ W2 T Loaer L (Y — BV

NOTE: Squared standard errors, for mixture distributions (6.3). In the stratified case exactly n, observations
are generated from distribution g, k = 1,..., K. Here Y, is the ith observation from distribution k, Yy =

n;‘ 27:‘1 Y. Y3 = Yei— Yi, and Wy, Wi, and W, are similarly defined. The standard errors for the exponential
and ML estimates are the same as for the regression estimate.

6.4 Stratified Mixture Proportions

For any mixture distribution, the best implementation
strategy is to stratify the mixture proportions. For a defen-
sive mixture this means to generate exactly nA replications
from f and n(1 — ) from ggy. The alternative to stratify-
ing is to independently generate replications from f with
probability A, else from go. Stratifying is more accurate,
resulting in bias and variance smaller than in Table 2. Nu-
merical examples in this article are stratified. In either
case W, is computed without regard to which distribution
was actually used to generate observation ;.

Standard errors with and without stratification are given
in Table 3. These standard errors may be untrustwor-
thy, however, even for large n because the distributions of
W and Y may be very skewed (this is a problem in any
simulation involving rare events, not just in importance
sampling). Three diagnostic procedures are available: W
should be close to 1, (XW;)?/(£W?) (a measure of the
effective sample size in weighted estimation) should be
reasonably large, and the sum of squares in the standard-
error formula should not be dominated by a small number
of the n squares.

Stratification seems to be especially useful for the inte-
gration and ratio estimates. In the oil problem in Section
7, for example, stratification improves the efficiency of the
integration, ratio, and regression estimates by factors of
4.0, 1.1, and 1.003, respectively, for estimating expected
inventory cost and by factors of 1.3, 1.9, and 1.009 for
shortage cost. It may be possible to improve the stratified
regression estimate by replacing 3 in (4.2) and Table 3
with B = (S, T Y W) /(S S W2, which minimizes
the estimated standard deviation in Table 3.

6.5 Exponential Tilting

The most common design technique for importance
sampling is exponential tilting (Clark 1966), in which g
has marginal distributions of the form

g_,-(xi) = (.‘_/'((X) exp(at_,-x_,-)f,—(x,—), (64)

where o determines the overall amount of tilting, ¢; de-
termines the amount of tilting for variable j relative to
other variables, and ¢; is a normalizing constant. If the
original joint distribution f has independent marginal
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distributions, then (unmixed) exponential tilting produces

d d
g = [ep) =[] ej@ explarix)) £x))

j=1 i=l

d
c(@)exp (oc > tjxj) fx), (6.5)

J=1

where the normalizing constant is the product of the
marginal normalizing constants.

Note that the weight function W = f/g in (6.5) de-
pends solely on a linear combination of the input variables.
Exponential tilting is most useful for estimating tail prob-
abilities and moments for variables that are (nearly) linear
combinations of the X’s because the conditional variance
of W given such a variable is (nearly) 0. For nonlinear
statistics the conditional variance of W makes the variance
of Y = WQ larger.

To estimate Pr(Z‘;zl t;x; < k), we choose o so that
EH[Z‘]{=l t;jX;]1 = k. This choice of « minimizes the
maximum value of W over the tail region, if input distri-
butions are normal, is nearly optimal in many applications,
and is more robust to nonlinearity and nonnormality than
the choice given by, for example, Johns (1988).

The ¢;’s can be chosen based on knowledge of the phys-
ical problem, or they may be set to the multiple regression
coefficients for Q against the input variables, using ni
replications from f as data. We use a combination of the
physical method and the data-based regression method in
the “two-component” design distribution in the oil prob-
lem that follows.

In practice output variables are rarely exactly linear
combinations of the input variables and, because the
weight function W that results from exponential tilting
is unbounded, exponential tilting should be used in com-
bination with mixture distributions.

7. OIL SIMULATION

The importance-sampling ideas presented here orig-
inated in work I performed on a Monte Carlo model
designed to evaluate electric-power-plant oil-inventory
stocks at a large western utility (Hesterberg 1987). The
utility has a diverse electrical generation system and burns
oil only when the other generation is inadequate. This hap-
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pens only in winter and even then infrequently. A com-
bination of high demand and low generation from other
facilities over a sustained period, however, could exhaust
the oil stocks and result in a potentially major long-term
“shortage” in which there is simply not enough oil on hand
to generate sufficient electricity to satisfy all customers.
The size and complexity of the model and the importance
of the results (inventory was valued at about $200 million,
and potential shortage costs are many times greater) make
an efficient estimation scheme important.

The most important question is how much oil to carry in
inventory at the start of a winter: If too little oil is carried,
the risk of shortage and the expected shortage costs is
high; if too much is carried, the inventory costs are high.
The determination of oil level involves balancing those
costs and also balancing expected total cost against the
insurance value of carrying higher inventory levels.

Two characteristics of this problem make importance
sampling necessary:

1. Shortages are rare enough (probability about .003
in our example) that simple Monte Carlo sampling would
require a prohibitively large number of replications to ac-
curately assess shortage probability or the distribution of
shortage magnitude.

2. Other variance-reduction techniques, including an-
tithetic variates, control variables, and stratified sampling,
are relatively ineffective due to the large number (about
900) of input random variables, variety of input distribu-
tions, and nonlinearity of the problem.

We use a simplified version of the original model in this
article to demonstrate the estimation and sampling meth-
ods discussed previously. We will see that a relatively
simple combination of exponential tilting with defensive
mixtures performs reasonably well, 25 times more effi-
ciently than simple Monte Carlo sampling for estimating
average shortage cost, but that a more complicated, gen-
eral mixture model is 200 times as efficient. There are
other quantities of interest that are generally easier to esti-
mate than shortage costs and so were not considered in the
importance-sampling design; even so, for these quantities
the new methods do about as well as simple Monte Carlo,
so there is no need to estimate those quantities from a
separate simulation. In contrast, without a mixture the in-
tegration estimate would do 3,000 times worse and the re-
gression estimate 20 times worse than simple Monte Carlo
for these quantities.

We simulate a three-month winter, with random vari-
ables aggregated monthly and independence between
months. The random inputs are hydro ~ gammalu =
(500, 600, 600), shape = (5, 6,7)], nuclear ~ density
x exp(x/100) for 0 < x < 300, temperature ~ N[(54,
52,55), (5%, 5%,5%)], degree days = max(0, 60 — tem-
perature), electric demand ~ N[(1,600, 1,650, 1,600),
(100%, 1002, 100%)] + 10 degree days, and gas demand
~ N[(1,600, 1,700, 1,600), (100%, 100%, 100?)] + 40 de-
gree days. Variables are vector quantities unless specified,

and the maximum is taken for each monthm =1, 2, 3 in-
dependently. There are 500 units of other electrical gen-
eration and 2,500 units of gas available each month, and
the initial oil inventory is inventoryy = 1,200 (in the orig-
inal application the model was used to select an initial
inventory level, by comparing simulations from different
initial levels). Then gas available = max(0, 2,500 ~ gas-
demand), balance = electric demand — 500 — hydro —
nuclear — gas available, oil need = max(0, balance), and
inventory,, = max(0, inventory,, _, — oil need,). The
following quantities are scalar, and costs are based on an
inventory cost rate of 1 (dollars/barrel per month) and a
shortage cost rate of 80 (dollars/barrel): inventory cost =
S} _, inventory,,, shortage = 1,200 — Z?n:l oil need,,,
shortage cost = 80 shortage, and total cost = inventory
cost + shortage cost.

The problem would be linear and ideal for exponen-
tial tilting if the relationship between temperature and
demand were linear and if oil need would depend only
on the sum of demands minus the sum of supplies (i.e.,
excess energy from one month could be used in an-
other month), in which case a shortage would occur iff
Ztix; > 1,200 4+ 3(500 4 2,500), where the 7; scale all
variables to common energy units (from gigawatt-hours,
barrels, cubic feet, or degrees fahrenheit; in this article
electricity, oil, and gas are already in common units) and
are positive for demand variables and negative for supply
variables. Then 7, can be used for ¢; in (6.4) to increase
the sampling frequency of shortages.

The relationship between temperature and heating de-
mands 1s nonlinear, however, and there are nonlinear tem-
poral effects because extra supplies in one month cannot
be used in another month. A two-month example of this
is shown in Figure 1. The shortage region corresponds to
a net “balance” (¥ demands — X supplies) that exceeds
the initial inventory level for either month individually or

A January Net Oil Demand

Shortage Region
Means of components )l

f design distributi
of design distribution N

" S L.
\ December Net

o) Oil Demand
Mean of target distributio%

Figure 1. A Shortage Occurs if the December Balance, the
January Balance, or the Sum of the Two Exceeds 1,200, Where
Balance = Net Oil Demand = ¥ Demands — T Supplies. The
design distribution covers the shortage region by using one
component for each set of months that can combine to create
a shortage.
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for the sum of both months. A linear problem would have
a linear boundary for the shortage region.

Simple (unmixed) exponential tilting moves the mean
of the design distribution up and to the right in Figure 1
and the weight function increases down and to the left; this
weight function is unbounded, even within the shortage re-
gion. This unboundedness may be impossible to diagnose
in a simulation using observed values of W because there
might not be any replications observed from the underrep-
resented part of the shortage region. But it can be easily
prevented using a defensive mixture distribution,

We consider two designs here. The first is a rela-
tively quick-and-dirty design, consisting of a mixture of
the target distribution with A = .5 and a single expo-
nentially tilted alternate distribution g¢ of the form (6.5),
with t; = rnt;, where r,, is a factor that depends on
the likelihood that month m will contribute to a shortage;
for example, January values are tilted more than February
values, and the T values normalize to common energy units
(assuming cold weather for the temperature variables).
We choose the r,,, to maximize the empirical correlation
of oil requirements with the linear combination Xr,7;x;
of input factors, using data from the initial An = 250 ob-
servations, and choose the overall tilting parameter « so
that the mean of the linear combination under g¢ is ap-
proximately at the 99th percentile of distribution of the
linear combination under f.

A more efficient, though more complicated, design
uses an alternate distribution, which is itself a mixture
of seven component distributions, which correspond to
the 23 — 1 nonempty subsets of months. For each such
component, only the variables in the corresponding sub-
set are tilted. This gives g of the form g(x) = Af(x) +
(1 — A)X Pygu(x), where M indexes the subsets (e.g.,
“Dec&Jan”), Py, are mixing proportions, and gy (x) =
CuexplapyXtjx;) f(x) is an exponentially tilted distri-
bution in which only variables in the corresponding subset
are tilted; that is, t; = t; if variable j occurs in one of the
months in M, otherwise ¢; = 0.

The tilting parameters o,y in this design tilt the input
distributions so that the mean oil requirement for the cor-
responding subset of months is on the boundary of the
shortage region, uy = E,u[X] € 8{shortage region}.
The three points on the border of the shortage region in
Figure 1 correspond to the values of i for the 22 —1 = 3
combinations of months in that two-month figure. The
mean of the target distribution is in the lower left quadrant
because in both January and December the expected bal-
ance is negative. The topmost dot is the mean of a (com-
ponent) design distribution in which January variables are
tilted to increase demands and reduce supplies so that the
(tilted) mean January balance is 1,200, on the border of
the shortage region. The other component distributions
have just December, or both January and December, vari-
ables tilted so that the mean balance is on the border of
the shortage region.

The mixture proportions for the larger design are pro-
portional to the likelihood ratio between the component
density and the target density evaluated at the mean,
Py o f(unm)/gm(pear). This approximately minimizes
the maximum W value over the shortage region, though
not exactly because the components do not have disjoint
support. The mixing proportions are shown in Table 4.
Note that the mixing proportions reflect the relative like-
lihoods of shortages; for example, shortages are much
more likely to occur from unfavorable circumstances in
December and January than from unfavorable circum-
stances in February alone. The smaller components could
be eliminated to simplify the simulation.

Numerical results for both designs and for all estimates
are shown in Table 5. All estimates perform well for
estimating shortage cost and shortage probability—these
quantities depend solely on rare events, and fit into the
traditional importance-sampling scheme. For example,
the regression estimate is about 238 times as efficient as

“simple Monte Carlo sampling for estimating the expected

shortage cost, and the integration estimate is about 212
times as efficient. The new estimates are also reasonably

Table 4. Mixing Proportions for the Eight-Component Mixture Design

Monthly  Mean of St. dev. of # st. dev.’s Proportion Proportion Observations

tilted balance balance from shortage of gy of design  when n = 500
Dec —-216 371 3.82 .007 .007/2 2
Jan —66 384 3.30 .056 .056/2 15
Feb —416 397 4.20 .001 .001/2 1
Dec & Jan —282 534 272 472 472/2 117
Dec & Feb —632 543 3.46 .036 .036/2 9
Jan & Feb —482 552 3.13 27 .127/2 32
Dec-Feb -698 665 2.93 .302 .302/2 74
Original(f) 5 250

NOTE: “Balance” is the sum of demands minus the sum of supplies. The initial oil inventory is 1,200, so
a December mean balance of —~216 implies that the balance must be 1,416 units from its mean (under the
target distribution) to cause a shortage in that month. The first component of the mixture has (only) December
variables tiited to modify the mean balance by 1,416 units, which represents 3.82 times the standard deviation
of the December balance. The design is a defensive mixture with A = .6. The number of observations from
each component are stratified by multiplying each proportion by n = 500 and rounding smalfer numbers up
and larger numbers down; values of A are adjusted accordingly prior to computing W.
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Tabie 5. Efficiency by Design and Estimate for the
Oil Simulation

Regression,
Simulation ML, and
output Integration Ratio exponential

Two-component mixture

Shortage cost 26.3 25.1 26.8
Inventory cost .09 1.14 1.32
Total cost .27 2.95 3.19
December inventory .05 0.90 .93
January inventory 14 1.21 1.44
February inventory .16 1.15 1.35
Shortage probability 12.3 11.8 12.6
Eight-component mixture

Shortage cost 212 175 238
Inventory cost .14 1.01 1.04
Total cost .42 2.85 2.89
December inventory .07 .83 .84
January inventory .21 .99 1.02
February inventory .24 1.05 1.09
Shortage probability 55 50 58

NOTE: Entries in this table represent the estimated efficiency relative
to simple random sampling, var¢(Q)/vary(ji), based on 1,600 experi-

butions are described in the text. The standard errors of the estimates
in this table are less than 1/26 times the corresponding estimate, ex-
cept for the two-component mixture estimates for shortage cost and
shortage probability, which are around 1/12. The regression, ML, and
exponential results are the same, to the number of digits shown in the
table.

accurate for estimating other outputs, but the integration
estimate is not; for example, for estimating one key output,
expected total cost, the regression and integration meth-
ods are about 2.89 and .42 times as efficient as simple
Monte Carlo, respectively.

The two-component and eight-component designs are
roughly comparable for estimating most quantities, but
the eight-component design is more accurate for shortage
cost and probability. In the original application it is im-
portant to estimate the derivative of total cost with respect
to the initial inventory level accurately because the mini-
mum cost point is where the derivative is equal to 0. The
derivative is closely related to the shortage probability so
that the extra effort required for the eight-component de-
sign is justified by its accuracy for estimating the shortage
probability.

8. SUMMARY

Importance sampling has traditionally been used for es-
timating probabilities of rare events. In rare-event prob-
lems with nice structure, there may be no need to use either
the new estimates or design methods described in this ar-
ticle. The methods in this article are intended for more
general simulation problems in which the structure of a
problem is not nice, in which more than one output quan-
tity is to be estimated, or in which importance sampling
is used by necessity rather than choice.

Of the estimation techniques discussed in this arti-
cle, the classical integration estimate is adequate for

estimating small probabilities, and the new regression esti-
mate is preferred in most other problems. The importance
sampling found in the Bayesian literature is equivalent to
use of the ratio method, which proved to be less efficient; I
conjecture that adaptations of the regression method may
be valuable in Bayesian analysis.

The relatively simple defensive mixture design tech-
nigue makes importance sampling robust. General mix-
ture distributions can also play arole in simulation designs,
particularly in simulations in which more than one tail of
a variable or more than one variable are of interest.

COMPUTATIONAL DETAILS

All simulations were run in S-PLUS (Becker and
Chambers 1984; Statistical Sciences Inc. 1991). Pro-
grams are available via electronic mail from the author,
T_Hesterberg @FandM.edu.
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