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Abstract

Item responsetheory (IRT) hasarguablybeenoneof the mostsuccessfulandwidely usedstatistical
modelingtechniquesin psychometrics,with applicationsin developmental,social,educationalandcognitive
psychologyfor example,aswell asin medicalresearch,demographyandothersocialsciencesettings.In
this paperI will try to briefly summarizesomeof the importantresearchin nonparametricandparametric
IRT today. I will try to show that a broadunderstandingof IRT asan instanceof mathematicalstatistics
in theserviceof substantive psychology, togetherwith anappreciationof someof thecurrentmeasurement
challengesin educationandcognitive psychology, leadusto assessmentmodelsthatdonot look verymuch
like today’s IRT models,but for whichthetoolsandconceptualframework of nonparametricandparametric
IRT arestill quitewell suited.

1 Introduction

In introducingSusanEmbretson’s 1999PresidentialAddressat the EuropeanMeetingof the Psychomet-
ric Societyin Lüneburg Germany, Ivo Molenaardefinedpsychometricsas“mathematicalstatisticsin the
serviceof substantive psychology”:thatdefinitioncutsa prettywide swath,andindicatesjust how general
the psychometricenterprisecanandshouldbe. Item responsetheory(IRT; e.g.,FischerMolenaar, 1995;
Van der Linden Hambleton,1997) is a psychometricapproachto modelingdatafrom socialsurveys and
educationalandpsychologicaltests,datingbackat leastto Lord (1952)andRasch(1960),andto thework
of LoevingerandGuttmanbeforethem. IRT enablesus to studythecharacteristicsof testor survey items
acrossmultiple respondentpopulations,andto studyrespondents’propensitiesto answerpositively across
variousitems.IRT hasarguablybeenoneof themostsuccessfulandwidely usedtechniquesin psychomet-
rics,with applicationsin developmental,social,educationalandcognitive psychologyfor example,aswell
asin medicalresearch,demographyandothersocialsciencesettings.

In this paperI will try to briefly summarizesomeof theimportantresearchin nonparametricandpara-
metricIRT today, emphasizingtheinterplaybetweenparametricandnonparametricmodelsthatis thehall-
markof theapproachinitiated in theNetherlandsby Mokkenandpursuedby Molenaar, Sijtsma,andtheir
colleagues,andre-ignitedin theU.S.by Holland,Rosenbaum,andtheir colleagues.I will try to show that
a broadunderstandingof IRT asan instanceof “mathematicalstatisticsin the serviceof substantive psy-
chology”, togetherwith an appreciationof someof the currentmeasurementchallengesin educationand
cognitivepsychology, leadusto assessmentmodelsthatdonot look verymuchlike today’s IRT models,but
for which the tools andconceptualframework of nonparametricandparametricIRT areparticularlywell
suited.

2 Nonparametric IRT: Scale Construction

To save spaceandpreserve focus,my summaryof nonparametricIRT will concentrateon thescalingthe-
ory techniquesintroducedby Mokken andpursuedby Molenaar, Sijtsma,andtheir colleagues.Important
relatedwork on nonparametricessentialunidimensionality(e.g.,Stout1987,1990;ZhangStout,1996;and
Stout,Habing,Douglas,Kim, RoussosZhang,1996),nonparametricregressionestimatesof item response
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functionsandtestresponsesurfaces(especiallyRamsay, 1991,1995,1996),andrelatedparametricandnon-
parametricwork (e.g.,Meijer, 1996;Cliff Donoghue,1992;Drasgow, Levine,Tsien,Williams Mead,1995;
Samejima,1997)will notbeconsideredin detail.

2.1 Monotone Homogeneity / Strict Unidimensionality

TheMokken(1971)modelof monotonehomogeneitystartswith veryfew assumptions.A collectionof items� ����� �	��
�
�
	� �
��� , which may includedichotomous,orderedpolytomous,or even continuousresponse
items,satisfiesthismodel,if � , thelatenttrait, is a real-valuedrandomvariable(unidimensionality);if each
item stepresponsefunction(ISRF) �
� ��������� ��� is non-decreasingin � for eachitem responsevariable

���
andeachrealthreshold

�
(monotonicity);andif

��� � � ��� �	��
�
�
	� �
�����	� � ��� � �!�#" � ��� ���$���%�&� ��� (1)

for all possiblecutoffs
�%�

(local independence).Whentheresponseis dichotomous(0/1) I referto � ��� � �('��� ���)�+*&� ��� astheitem responsefunction(IRF). In thatcase,equation(1) reducesto thefamiliar form

��� � � ��, �-��
�
�
.� �
�/��,0� � � �!�1" � � �&� � �3254 � *76 � �8� � � � �%9 254 
 (2)

Thedatawe observe whenexamineesor subjectsrespondto testor survey itemscanbe thoughtof as
i.i.d. samplesfrom themarginal discretemultivariatedistribution,��� � � �:� �	��
�
�
;� �
�����	� � �=< �
� � � ��� �	��
�
�
;� �
�����	�0� ���;>&? � � � � (3)

wheretheintegrandcomesfrom eitherequation(1) or equation(2), and >&? � � � representsthedistribution of� in thepopulationof interest.Theassumptionsof unidimensionality, monotonicityandlocal independence
canberelaxed in variousways(e.g.,Sections2.2,3.2 and4.1.3below), but this basicmodelhasbeenthe
foundationof muchnonparametricscaleconstruction.

2.1.1 Nonparametric scale construction

For dichotomousitems(
���@�BA

or 1 indicatingincorrector correctanswer)a theoryof scaleconstruction—
selectinggroupsof items that hangtogetherwell in the sensethat the monotonehomogeneitymodel is
probablyappropriatefor them—hasexistedat leastsinceMokken (1971;1997;seealsoMolenaar, 1991;
1997). Theprincipal toolsof that theoryareadaptationsof Loevinger’s (1948) C coefficients,comparing
the marginal covarianceCov

���/D � � � � of eachitem pair with the maximumcovarianceCov E(F 2 ���/D � � � �
possible,preservingthemarginsof theobserved

� DHG ���
table. TheboundCov E(F 2 ��� D � ���.� is obtained

by adjustingthetableto removeGuttmanerrors(e.g.,Molenaar, 1991);andindeedtheoriginal formulasfor
the C coefficientswereexpressedasratiosof Guttmanerrors(Mokken,1997).

A relatedmodelingcondition for dichotomousitems is invariant item ordering which saysthat for
every item pair I and J , either � D � � �LK � �&� � � or the reverseinequality is maintaineduniformly for all � .
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Rosenbaum(1987a,b)andSijtsmaandJunker (1996,1997)exploreandextendthis ideaandprovide scale
constructionexamples.Mokken’s doublemonotonicitymodelincorporatesboththemonotonehomogeneity
andinvariantitemorderingassumptions.

The C coefficients aredirectly sensitive only to high or low correlationsbetweenitems, ratherthan
to local independencegiven � as in equations(1) and (2). If the correlationsarenearzero, we may be
unsatisfiedto assumethatsucha � exists(seefor examplethediscussionof co-monotonicityin Junker Ellis,
1997). While a perfectGuttmanscalewould produceC coefficients equalto one, large C coefficients
provide only indirect evidenceof a � “explaining” covariation in the item responsesin the senseof local
independence.

More direct attackson the problemof establishingsucha � from dataanalysishave beenpursuedby
Stout,Ramsayandtheir studentsandcolleagues.Stout (1990; andsubsequentwork, for exampleStout,
Habing,Douglas,Kim, RoussosZhang,1996)basicallyconstructsa proxy for � from the total scoreon
a specially-selectedsubsetof the itemsandusesit to testa weakenedversionof monotonehomogeneity,
Stout’s essentialunidimensionalitymodel. MolenaarandStout (personalcommunication)arecurrently
working to find commongroundbetweenthesetwo approaches.Ramsay(1991)constructsnonparametric
regressionestimatesof item(step)responsefunctionsusingtotalscoreor restscore(seeSection2.1.2below
for definitions)asa proxy for � , which allows oneto explorenon-monotonicity. Ramsay(1995)constructs
nonparametricregressionestimatesof thejoint responsesurfaceof all itemsonthetest,usinganappropriate
proximity measureto determinewhichresponsepatternsare“closetogether”,whichenablestheexploration
of bothnon-monotonicityandlackof unidimensionality. Stout’s andRamsay’s methodsaregenerallymore
computationallycomplex, andseemto requirelargerexamineeanditemsamplesizes,thanthemethodsini-
tiatedby Mokkenanddevelopedby Molenaar, Sijtsma,Rosenbaumandtheircolleaguesandstudents.Thus
theMokkentechniqueshave beenmorewidely usedin smallersocialsurvey andexperimentalpsychology
settings.

ExtendingMokken scalingand invariant item orderingmethodsto the caseof polytomousitem re-
sponseshasbeenmorerecent. Molenaar(1991)first observed that a direct generalizationof the C coef-
ficientsbasedon covariancesmadesense,andprovided an efficient computationalmethodfor obtaining
Cov E(F 2 ��� D � ���.� in thepolytomouscase.This providesthebasisfor Mokken-styleexplorationfor mono-
tonehomogeneityin polytomousitems,as illustratedby Hemker, SijtsmaandMolenaar(1995). Gener-
alizing invariant item orderingto the polytomouscaseturns out to be somewhat delicate. For example,
Molenaar’s (1997)doublemonotonicitymodelrequires��� ���M�N� � � ��� K �
� �LOP�Q�-R&� ��� , or the opposite
inequality, to hold uniformly in � , for each J , S ,

� � and
�-R

. But this model fails to maintain inequali-
ties like T
� ���8� �U� K T
� �LO�� ��� uniformly in � , which area naturalgeneralizationof the invariant item or-
deringconditiongiven above for dichotomousitems. Scheiblechner’s (1995) ISOPmodel requiresthat��� ���/�B��� ��� K ��� �LO��B��� ��� uniformly in

�
and � , but allows ISRF’s for items J and S at differentthresh-

olds
� � and

�-R
to cross;this modeldoesmaintaintheorderof expecteditem scoresacross� . SeeSijtsma

andHemker (1998)for a completeaccount.
Anotherapproachto understandingscalingby the Mokken model—indichotomous,polytomous,and

moregeneralsettings—wasinitiatedby Holland(1981),Rosenbaum(1984),andHollandandRosenbaum
(1986;seealsoMeredith,1965),who moreor lessindependentlydevelopedits threefundamentalassump-
tions underthe name“monotoneunidimensionallatentvariablemodel”, andcontinuedby Junker (1993),
Ellis andJunker (1997)andJunker andEllis (1997)underthename“strict unidimensionalitymodel”. They
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combineHollandandRosenbaum’s (1996)conditionalassociation(CA)conditionV
partitions

�W�X�ZY �-[ � � VL\ �^] non-decreasing_ V ` � [ � �
Cov

� \ �ZYa� �b] �ZYc��� ` � [ �%�ed:A � (4)

with a vanishingconditionaldependenceconditionV^f � as gihkj � ��� �	��
�
�
.� �
�l� becomeindependent,
given

��� ��m � ��
�
�
	� � ��m n � � (5)

to obtainacompletecharacterizationof aninfinite-item-poolformulationof thebasicmonotonehomogene-
ity model,in which � is bothgenuinelylatentandconsistentlyestimable,in termsof the joint distribution
of observableitemresponses.

2.1.2 Stochastic ordering

A sideeffect of theeffort to understandhow to characterizeandtestthemonotonehomogeneitymodelhas
beena selectionof othermodeltestingcriteria,suchasJunker’s (1993) “manifestmonotonicity”property
for dichotomousitemsfollowing themonotonehomogeneitymodel,��� ���)�o*&� �Pp 9 �1qm �=r � is non-decreasingin

r 
 (6)

This property, and examplesshowing that it doesnot hold when the “rest score”
� p 9 �1qm �ks Dut"�� �/D

is
replacedby the totalscore

��mP�=s �D " � � D , areincludedin unpublishedwork of MolenaarandTomSnijders
(Junker, 1993;Junker Sijtsma,2000).

Proving manifestmonotonicitydependson establishinga “stochasticordering” propertyfor � , given
thetotal score

� m
[or equivalentlytherestscore

� p 9 �#qm
]:��� � ����� ��mP�vr � is non-decreasingin

r
,
V � 
 (7)

Hemker, Sijtsma,MolenaarandJunker (1996,1997)call this property “SOL” (StochasticOrderingof the
Latenttrait by the sum score),and show that, surprisingly, this propertydoesnot generalizeto “most”
nonparametricordered-polytomousresponseIRT models.Thusfor example,rulesbasedon cutoffs for

��m
neednotbemostpowerful for “masterydecisions”in thesenseof � �:�

; ontheotherhand,suchcutoff rules
for

� m
aremostpowerful for masterydecisionsin thenonparametricdichotomousresponsecase(Grayson,

1988;Huynh,1994).
In the processof developing thesestochasticorderingideas,Hemker et al. (1997)andHemker and

Sijtsma(1999)have developeda taxonomyof nonparametricandparametricitem responsemodels,that
usefullycomplementsthe taxonomyof ThissenandSteinberg (1986). TheHemker taxonomyis basedon
thecumulative,continuation-ratio,andadjacent-category logitsthatarecommonlyusedto defineparametric
familiesof polytomousIRT models. Commonforms of gradedresponsemodels(GRM; Samejima,1997
for example),sequentialmodels(SM; Tutz, 1990; Mellenbergh, 1995; Samejima,1969,1995),andpar-
tial credit models(PCM; Masters1982)assume,respectively, that the logit functionslogit ��� ���P�w��� ��� ,
logit �
� ���a�x�U� � �x�y6z* � ��� , and logit ��� ���{�|�@}X*&� ���c~o�;� � ��}o*�� � ��� are linear in � . Hemker’s
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analogousnonparametricmodelclasses,the np-GRM, np-SMand np-PCM,assumeonly thattheselogits
arenon-decreasingin � .

This taxonomyis a powerful way to organizeideasaboutmodeldefinitionandmodeldevelopmentin
applicationsof bothparametricandnonparametricIRT. It follows thatthenp-PCMclassis nestedwithin the
np-SMclass,whichis nestedwithin thenp-GRMclass;moreoverall threelinear-logit familiesabove(GRM,
SM andPCM) arein fact subsetsof the np-PCMclass. As Hemker andSijtsma(1999)andVan der Ark
(1999)show, thisapproachalsohighlightslinks betweenpolytomousIRT andthemachineryof generalized
linearmodels(McCullaghNelder, 1989),just asit haslong beenrealizedthatparametricdichotomousIRT
is basicallymultivariatemixed effects logistic regression(e.g.,DouglasQui, 1997; seealsoLee Nelder,
1996). It is importantto realizehowever that of all of the modelsstudiedby Hemker andhis colleagues,
only theparametricPCMof Masters(1982)andits specialcases,have thenicestochasticorderingproperty
SOL(see7 above).

2.2 Some Interesting Questions

An ongoingquestionin this areais developingadequatedataanalysismethodology. Most of whatcannow
be done,in the dichotomousandpolytomouscases,is encodedin the computerprogramMSP (Molenaar
Sijtsma,1999).Sijtsma(1998)providesanexcellentsurvey of nonparametricIRT approachesto theanalysis
of dichotomousitemscores;Molenaar(1997)andSijtsmaandVanderArk (thisvolume)survey extensions
to the polytomouscase. Snijders(this volume) introducesMokken scalingtools for multilevel dataas
well. Ellis (1994) hasre-examinedMokken’s hypothesistestingframework for the C coefficients, and
developed,in principle,new testsbasedon the theoryof order-restrictedinferenceof Robertson,Wright
andDykstra(1988).Thesamemethodsmaybeusefulto developtestsof manifestmonotonicity. In addition
to HollandandRosenbaum’s (1986)applicationsof theMantel-Haenzeltest,YuanandClarke (1999)have
alsodevelopedasymptotictheoryfor testingtheconditionsof Junker (1993),thatshouldbeadaptableto the
conditionsof Junker andEllis (1997). A moredirectapplicationof thetheoryof order-restrictedinference
to testingCA andrelatedconditionswasgivenby BartolucciandForcina(in press).

In termsof themodelsthemselves,SijtsmaandVanderArk (this volume)discussesseveral interesting
problems,and currentprogress,relatedto the lack of SOL (7) in orderedpolytomousIRT modelsand
to the sensitivity and specificity of the manifestmonotonicitycondition (6) for detecting(violations of)
the monotonehomogeneitymodel. Oneof the strengthsof the nonparametricapproachto dichotomous
IRT is that it usuallyassuresus, undervery generalcircumstances,that simplesummariesof the dataare
informative aboutinferenceswe wish to make, yet the currentevidencesuggeststhat thereare no such
simplesummariesfor inferencesaboutordered-polytomousdata.Understandingtheimpactthatthishason
progresswith theoryandapplicationsof polytomousIRT modelswill surelyentail facingandsolving the
problemsthatSijtsmaandVanderArk discuss.

Finally, someof themachinerydevelopedto characterizemonotonehomogeneitymodelsseemsready
to applyto commonmodificationsof thisbasicmodel.For example,conditionalassociation(4) is basically
anextremesharpeningof thewell-known fact that inter-item correlationsarenonnegative undermonotone
homogeneity. Post(1992;PostSnijders,1993)hasestablishedasimilar factaboutaclassof nonparametric
probabilisticunfoldingmodels:theinter-item correlationmatrixhasabandof positive correlationsnearthe
maindiagonal,borderedby bandsof negativecorrelations.Is thereasharpeningof thePostresultanalogous
to conditionalassociation?Could this be combinedwith the vanishingconditionaldependencecondition
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of (5) to producea characterizationof Post’s models?Could sucha result follow from a “folding” of the
monotonehomogeneitymodelto producenonparametricunfoldingmodels,alongthelinesof Verhelstand
Verstralen(1993)or Andrich (1996)? In anotherdirection,muchof the work in Ellis andJunker (1997)
andJunker andEllis (1997)doesnotdependon thelatentvariable� beingunidimensional.Junker andEllis
(1997)for examplepoint out that their item-step“true scores”��� �������U� ������� � shouldform a manifoldof
thesamedimensionastheunderlyinglatentvariable � . A characterizationtheoremmay againresult,if a
weakeningof conditionalassociationto accommodatemultidimensional� couldbedeveloped.Suchtheo-
remsarevery helpful in focusingour ideasaboutwhat theobservabledatafrom a monotonehomogeneity
model,a probabilisticunfolding model,or a multidimensionalnonparametricIRT model,shouldbehave
like.

3 Parametric IRT: Modeling Dependence

ParametricIRT, assurveyedfor examplein theeditedvolumesof FischerandMolenaar(1995)andVanderLin-
den and Hambleton(1997), is a well-established,wildly successfulstatisticalmodelingenterprise. IRT
modelshave greatlyextendedthedataanalyticreachof psychometricians,socialscientists,andeducational
measurementspecialists.My summaryof parametricIRT will be even lesscomplete,relative to the vast
parametricIRT literature,thanmy summaryof nonparametricIRT.

A basicandfamiliar model in this areais the “two-parameterlogistic”, or 2PL, model for dichoto-
mousitemresponsevariables(e.g.,Chapter1 of VanderLindenHambleton,1997),givenby themonotone
homogeneityassumptionsin Section2 andtheassumptionof a logistic form for theitemresponsefunctions� �&� � D _5� � �%� ����' ��� � D �@�o*&� � D � � � �%� � � � **(}��-�l�^�b6 � � � � D 6 � � � � � (8)

describingthedichotomousresponseof examineeI to item J . The“discrimination” parameter� � controls
therateof increaseof this logistic curve, andis directly relatedto theFisherinformationfor estimating� ,
andthe“dif ficulty” parameter� � is thelocationonthe � scaleatwhichtheinformationis maximal;notealso
thatat � D(� � � , �
� �/D � ��* � �x*;���

. The3PL (three-parameterlogistic) modelextendsthe2PL modelby
addinganon-zerolowerasymptoteto eachitemresponsefunction;ontheotherhandtheRaschor 1PL(one-
parameterlogistic) modelis a restrictionof the2PL modelobtainedby setting � � identicallyequalto some
constant,usually1. SuchparametricIRT models,extendedby hierarchicalmixture/Bayesianmodeling
andestimationstrategies,make it possiblein principle andin practiceto incorporatecovariatesandother
structure. Many violationsof the basiclocal independenceassumptionof IRT modelsare in fact due to
unmodeledheterogeneityof subjectsanditems,thatcannow beexplicitly modeledusingthesemethods.

The main purposeof this sectionis to introducea generalmodelingframework andhighlight a few
developmentsin parametricIRT, someold andsomenew, thatwill berelevantto my discussionof applying
IRT andrelatedmodelsto cognitive assessmentproblemsin Section4 below.

3.1 Two-Way Hierarchical Structure

Theestimationof groupeffectsandtheuseof examineeanditem covariatesin estimatingitem parameters
plays an importantrole in the analysisof large multi-site educationalassessmentssuchas the National
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Assessmentof EducationalProgress(NAEP; e.g.,Algina, 1992;Johnson,Mislevy andThomas,1994;and
Zwick 1992).Theseefforts,which go backat leastto Mislevy (1985;seealsoMislevy Sheehan,1989)can
be recognizedas the weddingof hierarchicallinear or multi-level modelingmethodologywith standard
dichotomousandpolytomousIRT models. The generalmodel is a two-way hierarchicalstructurefor �
individualsand

f
responsevariables,asfollows

First level:
� D � � � � � D _�� � �3��� 4 � *H6 � � � D _�� � � � p �%9 ��� 4 q �I �o* ��
�
�
;� �c_0J �+* ��
�
�
;� f

Secondlevel: � D � \ D � � ������� � eachI� � � ] ��� � ������� � eachJ
Third level:

��� � ����� ���&����¡� ���&� ���.�

¢ ££££££££££££¤££££££££££££¥
(9)

where� D is theusualpersonparameter, � � is thevectorof itemparametersfor item J (e.g.,� � �o� � � �%� �.� in
the2PL modelabove), andwhereindependenceis assumedbetweenJ ’s conditionalon � D at thefirst level
andbetweenI ’satthesecondlevel. Theterms

���
and

���
representsetsof hyperparametersneededto specify

thepersondistributions
\ D

anditem distributions ] � , with hyperpriordistributions
���

and
���

, respectively.
Termsin the first level, for example,aremultiplied togetherto producethe usualjoint likelihoodfor the� G f

item responsematrix � � D � � ; the secondandthird levels canbe usedto imposeconstraintson the
first level parametersand latentvariable,to deducewhat integrationsareneededfor marginal likelihood
approaches,etc. The model(9) is expressedfor dichotomousitems,for simplicity of exposition,but can
easilybe generalizedto polytomousitems,or combinationsof item types(seefor examplePatz Junker,
1999a;1999b).It is alsousualto assumefor

\ D � � � a singlelatenttrait distribution not dependingon I , and
similarly for ] � .

Recentadvancesrelaxtheseassumptions,allowing for muchmoreflexible parametricmodelingof item
responsedata.We mayallow thedistribution of � to dependhierarchicallyon examineecovariates,that is,
insteadof taking

\ D ��¦§�
to bea singlelatenttrait distribution in (9), we canallow it to dependon examinee

covariatesto modelpopulationheterogeneity, asin themulti-groupIRT modelsof Mislevy (1985)andBock
andZimowski (1997),or to reflecthierarchicallinear structureas in Fox andGlas(1998). We may also
elaborate] � ��¦§� , for exampleby building linearstructureinto the item parameters.For examplein the2PL
model,where� � �o� � � �%� ��� , we might take¨©©©©©©ª � �� R

...� � 9 �� �
«­¬¬¬¬¬¬® �°¯ ¨©©©©ªc± �± R...±�²

«­¬¬¬¬® � (10)

where
¯

is an appropriatedesignmatrix of full columnrank, to reflect commonsources( ± O ’s) of item
difficulty ( � � ’s)acrossitems.In thecaseof Rasch(1PL) IRF’s, this is thelinearlogistic testmodel(LLTM;
Scheiblechner, 1972;Fischer, 1973).This modelandits variousgeneralizations(e.g.,GlasVerhelst,1989;
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PatzJunker, 1999b)continuesto beusedfor psychologicalexperimentswith multiple outcomespersubject
(e.g., Fischerand Molenaar, 1995 and the referencestherein)and for researchin cognitively-motivated
testdesign(Embretson,1995; 1999). Thereis no reasonto restrictattentionto the � ’s, andfor example
Embretson(1999)hasexploredasimilardecompositionof the � ’s in a2PLmodel.

As BockandZimowski (1997)pointout,thesegeneralizationsof thebasicIRT modelbothsimplify and
unify parametricapproachesto many thorny testanalysisquestions,includingdifferentialitem functioning
anditemparameterdrift, nonequivalentgroupsandverticalequating,two-stagetestingandmatrix-sampled
educationalassessmentsurvey work, etc. The computerprogramsConQuest(Wu, AdamsWilson, 1997)
and BILOG-MG (Zimowski, Muraki, Mislevy Bock, 1997) provide fairly generalE-M basedsolutions
when the underlyingIRT model is the 1PL (ConQuest),or 2PL or 3PL (BILOG-MG). Fox Glas (1998)
andPatz andJunker (1999a;1999b)give two differentMarkov chainMonte Carlo (MCMC) approaches
to the problem. Generalizationto polytomousitems,facets-styleratedresponsemodels,andmixturesof
item typesareconceptually, andoftencomputationally, straightforward; seefor exampleGlasandVerhelst
(1989)andPatzandJunker (1999a;1999b).

3.2 Some Multidimensional Models

Researchin multidimensionalIRT modelshasconcentratedon additive andconjunctive combinationsof
multiple traits to produceprobabilitiesof response.Additive models,known as compensatorymodelsin
muchof theliterature,replacetheunidimensionallatenttrait � with anitem-specific,known (e.g.,Embret-
son,1991;Stegelmann,1983;KeldermanandRijkes,1994;andAdams,Wilson Wang,1997)or unknown
(e.g.,Reckase,1985;Wilson,WoodGibbons,1983;FraserMacDonald,1988;Muraki Carlson,1995)linear
combinationof components³ � � � � }z¦�¦�¦&} ³ �5´ � ´ of a > -dimensionallatenttrait vector, for examplein the
dichotomousresponsecase��� ���@�+*&� � �	��
�
�
;� � ´ � � � � ³ � � � � }�¦�¦�¦�} ³ �#´ � ´ 6 � �.� �
where � ��µ¶� might be the logistic or probit responsefunction for example. BéguinandGlas(1998)sur-
vey the areawell (seealsoseveral contributed chaptersin Van der Linden Hamilton, 1997)andgive an
MCMC algorithmfor estimatingthesemodels;GibbonsandHedeker (1997)pursuerelateddevelopments
in biostatisticalandpsychiatricapplications.

Conjunctive modelsareoftenreferredto asnoncompensatoryor componentialmodelsin theliterature.
Thesemodels(e.g.,Embretson,1985,1997)combineunidimensionalmodelsfor componentsof response
conjunctively, sothat ��� ���)�+*&� � �	��
�
�
;� � ´ � � ´!· " � � � · � � · �
where � � · � � · � areparametricunidimensionaldichotomousresponsefunctions. Theusualinterpretationis
that the � � · � � · � representskills or subtasksall of which mustbeperformedcorrectlyin orderto generatea
correctresponseto theitem itself. JanssenandDeBoeck(1997)givea recentapplication.

Compensatorystructuresareattractive becauseof their conceptualsimilarity to factoranalysismodels.
They have beenvery successfulin aiding the understandingof how studentresponsescanbe sensitive to
major contentandskill componentsof items,andin aidingparalleltestconstructionwhentheunderlying
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responsebehavior is multidimensional(e.g.,Ackerman,1994).Noncompensatorymodelsarelargely moti-
vatedfrom adesireto modelcognitiveaspectsof itemresponse,a topic to whichwewill returnin Section4.
Embretson(1997)alsoreviews blendsof thesetwo approaches(hergeneralcomponentlatenttrait models;
GLTM).

3.3 Models That Accommodate Extra Behavioral Features of Assessment

In additionto providing a way to modeldependenceof item responseson specificexamineeanditem co-
variates,thehierarchicalor multi-level approachto IRT alsoallows usto modelextrabehavioral featuresof
assessment.This is a largely unexploredarea,but onewhich is worth furtherstudy, sincecurrentmodels
andmethodslargely ignorethesefeatures,relegatingthemto the“error distribution” of themodel.

Oneexampleof thissortof work involvesrecentefforts to moreelaboratelymodelthebehavior of raters
in rateditem responsedata.Whenonly oneraterrateseachitem, it maybesufficient to treateachratingas
a different,locally independentpseudo-item—sothat thefirst level in (9) containsonefactorfor eachraterG

item
G

examineecombination—andto modeltheratereffectasa linearinfluenceon theitem’s difficulty
parameter� � . Mathematicallythis is equivalentto theLLTM modelsketchedabove, but it hascometo be
known in thissettingasthe“Facetsmodel” (Linacre,1989;Engelhard,1994,1996).

For bothformativeandsummativeevaluationof raters,anumberof multiple-readratingdesignsarenow
commonplace(Wilson Hoskens,1999),includingdesignswith asmany assix ratersper item (e.g.,Sykes
Heidorn,1999).Thuseachexamineeperformanceis measuredseveralcorrelatedbut fallible times.Junker
andPatz (1998)showed that theusualFacetsmodelformulationin which the likelihoodis theproductof
LLTM-style factorsfor eachratingof eachitem,accumulatesinformationabout� toooptimistically, sothat
with only oneitem response,in thelimit asthenumberof ratersgrows, thestandarderrorfor estimatingor
predicting � apparentlygoesto zero,contradictingthenotion(e.g.,Junker, 1993)that thenumberof items
shouldtendto infinity in orderto make theerrorof estimationof � vanishinglysmall. Instead,modelsare
neededthat appropriatelyaccumulateinformationfrom multiple ratingsto the singleitem responsebeing
rated,andthenaccumulateinformationacrossitemresponsesto learnabout� itself.

Wilson andHoskens’ (1999)raterbundlemodel (RBM) attacksthis problemby replacingthe Facets
productacrossratersfor eachitem in level oneof (9) with a log-linearmodelthatmodelsthedependence
betweenratingsof the item, conditionalon � . Their approachseemsvery usefulfor, e.g.,modeling“table
effects”andotherraterdependencephenomenathatfollow whenratersareallowedor encouragedto discuss
ratingsamongstthemselvesto increaseratingqualityandinter-raterreliability.

Patz,JunkerandJohnson’s (1999)hierarchicalratermodel(HRM) providesanalternative approachthat
positsa“latent rating” ¸ D � (notunlikeMaris’, 1995,notionof latentresponses;alsonotetheconnectionwith
thedataaugmentationmethodin Bayesiancomputation,e.g.,Tanner, 1996)thatfollows aconventionalIRT
model,suchas ��� ¸ D �@�+*&� � D � � � �%� � � � **¹}��-�l�^�b6 � � � � D 6 � � � �
(or apolytomousvariant),anda “signaldetectionmodel” for eachrater º ratingthatitemresponsesuchas��� � D �¶»H�+*&� ¸ D � � �+�b*H6½¼�¾ � »;�3¿ � 4 ¼ �%9 ¿ � 4� ¾b» �
where

¼ �%� » is theprobability that rater º ratesa responsewith latentrating ¸ D �L�À*
asa 0, and

¼ � ¾b» is the
probability that rater º ratesa responsewith latent rating ¸ D �P�ÁA

as a 1. The factors ��� � D �¶»��Â*&� ¸ D � �
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now appearat level oneof the hierarchy(9), andthe factors ��� ¸ D ���Ã*&� � D � � � �%� � � effectively form a new
level betweenlevelsoneandtwo of (9). This producesa modelthatbehaves,for multiple discreteratings,
muchasastandardgeneralizabilitytheorymodelwouldbehavefor multiplecontinuousratings(seeVerhelst
Verstralen,1999,for asimilar development).In additionto providing anappropriateway to combineinfor-
mationfrom multiple ratersto learnaboutstudentperformance,the HRM makespossiblecalibrationand
monitoringof individual raterbehavioral effectssuchas,in thecaseof polytomousresponses,raterseverity
andraterprecision.

3.4 Some Current Questions

Almost any assessmentphenomenon—frombetween-examineedependencedueto institutionalor socio-
logical factors,to behavioral aspectsof raters,to the analysisof item responsesinto requisiteexaminee
skills or item features—canbeexpressedin thehierarchicalmixture/Bayesmodelingframework, because
of its conceptualsimplicity. Recentadvancesin computation,andMCMC methodsin particular, havemade
it possibleto estimatea vastly wider variety of thesemodelsthanwould have beenimaginableeven ten
yearsago.Questionsmotivatingthiswork inevitably involve identifyingphenomenathatareworthdetailed
parametricmodeling,andseeingif thecomputationalmachinerycanbepushedto estimatemodelsof these
phenomena.Recentexamplesincludemultidimensional(GibbonsHedeker, 1992)andhierarchical(Brad-
low, WainerWang,1999)modelingof testlets;blendingIRT andhierarchicallinearmodels,andbehavioral
modelssuchastheratermodelsdescribedabove.

Speedingup the computationswith approximations(including formal and informal applicationsof
Laplace’s methodsuchas Rigdon Tsutakawa, 1983 and Kass,Tierney Kadane,1990; blendsof Monte
Carlo andE-M approachesassurveyed in Tanner, 1996; andvariationalmethods,e.g.,Jaakkola Jordan,
1999)continuesto beanessentialandfruitful avenueof research.

An avenuethat hasnot beenexploredasmuch in IRT work is choosingmodelsfor which sufficient
statisticsaresimpleandinterpretable.Themostfamiliar “basicmodel” of this sort is of coursetheRasch
model,but aswe shall seein thenext sectionsomecurrentcognitively-motivatedmeasurementproblems
mayrequirea new “basicmodel”.

4 Measurement Challenges Posed by Cognitive and Embedded Assessments

In recentyears,ascognitive theoriesof learningand instructionhave becomericher, andcomputational
methodsto supportassessmenthavebecomemorepowerful, therehasbeenincreasingpressureto makeas-
sessmentstruly criterionreferenced,thatis, to “report” onstudentachievementrelative to theory-drivenlists
of examineeskills, beliefsandothercognitive featuresneededto performtasksin a particularassessment
domain. For exampleBaxterandGlaser(1998)andNichols andSugrue(1999)presentcompellingcases
thatassessingexaminees’cognitive characteristicscanandshouldbethe focusof assessmentdesign.In a
similar vein,ResnickandResnick(1992)advocatestandards-referenced or criterion-referenced assessment
closelytied to curriculum,asaway to inform instructionandenhancestudentlearning.

Appropriatecriterion-referencedtestingcanalsobeaneffectiveteachingtoolwhenembeddeddirectlyin
teachingpractice.Indeedthereis substantialargumentandevidence,assummarizedfor exampleby Bloom
(1984),thatpartof whatdistinguisheshigherstudentachievementin “masterylearning”andindividualized
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tutoringsettingsasopposedto theconventionalclassroom,is theuseof frequentandrelatively unobtrusive
formative testscoupledwith feedbackfor the studentsandcorrective interventionsby the instructor, and
follow-up teststo determinehow muchthe interventionshelped.This approachcontinuesto beadvocated
aspartof anaturalandeffectiveapprenticeshipstyleof humaninstruction(e.g.,Gardner, 1992),andit is the
basisof many computer-basedintelligent tutoringsystems(ITS’s, e.g.,Anderson,1993;andmorebroadly
ShutePsotka,1996).Heretoo,a decompositionof assessmentitemsinto appropriatecognitive attributesis
important:feedbackand/orcorrective actionin a masteryclassor from anITS dependson knowing which
cognitive attributestheexamineehasandhasnotmastered.

Cognitive assessmentmodelsmust generallydeal with a more complex goal than linearly ordering
examinees,or partially orderingthemin a low-dimensionalEuclideanspace,which is what IRT hasbeen
designedandoptimizedto do. The goal of cognitive assessmentcanbe thoughtof producing,for each
examinee,achecklistof skills or othercognitive attributesthattheexamineemayor maynotpossess,based
on the evidenceof tasksperformedby the examinee. The checklistof cognitive featuresin a cognitive
assessmentgenerallycomesfrom ananalysisof thecognitiveattributesneededto successfullyperformeach
taskin adomainof interest.For aparticularsetof tasks,thisanalysiscanbeencodedin anincidencematrix,
the

¯
-matrix (e.g.,Tatsuoka,1990,1995),whichwewill write asa

f G�Ä
matrix

¯°� � ¯ � O � of 0’sand1’s
with entries ¯ � O��QÅ * � if attribute S is requiredby task JA � if not

(11)

While the
¯

-matrixdoesnotcaptureall of thestructurewemaybeinterestedin (
¯

treatstheskills in aflat,
non-time-orderedmanner, andtheremaybebothhierarchicalandtime-orderstructurein theskills asthey
areappliedto a task),it is a usefulbookkeepingdevice.

Many attempts(e.g.,assurveyedby Roussos,1994)to blendIRT andcognitive measurementarebased
on a linear decompositionof item parameters,asin theLLTM, or on a linear decompositionof the latent
trait � , asin themultidimensionalcompensatoryIRT models.CompensatoryIRT models,like factoranaly-
sismodels,canbesensitive to relatively largecomponentsof variationin examineeability or propensityto
answeritemscorrectly, but they aregenerallynotsensitive to thefinercomponentsof variationthatareoften
of interestin cognitive assessment.Of course,whethercognitive assessmentdataactuallysupportsmodels
that track this finer level of variationis an empiricalmatter. LLTM-style modelscanbesensitive to these
finer componentsof variationamongitemsbut arenot at all sensitive to componentsof variationamong
examinees. Noncompensatoryapproaches(e.g.,Embretson,1985,1997)areintendedto besensitive to finer
variationsamongexaminees,in situationsin which several cognitive componentsarerequiredsimultane-
ously for successfultaskperformance;but they may be attemptingto estimatemore(per-skill latent trait
valuesandskill-responseparameters)thanassessmentdataof thetypewe will considercanbeexpectedto
support.Thesemodelsarealsorelatedto theprobabilitymatrix decompositionmodelsof Maris,De Boeck
andVanMechelen(1996).

4.1 Three Approaches to Cognitive Assessment

To illustratethedifferencesbetweentraditionalIRT approachesandcognitively-motivatedapproachesto as-
sessment,considertwo publishedmodelsintendedto dealwith essentiallythesamedata:taskperformance
by studentslearningtheLISP programminglanguageusingoneof thecomputerbasedintelligent tutoring
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systemsdevelopedby JohnR. Andersonandhis colleaguesat Carnegie Mellon University(e.g.,Anderson,
Corbett,KoedingerPelletier, 1995). Thefirst modelis theassessmentmodelactuallyembeddedin thetu-
toring software,asdescribedby Corbett,AndersonandO’Brien (1995);thesecondis anIRT-basedmodel
for essentiallythesamedata,aspresentedby Draney, Pirolli andWilson (1995).ThenI will presenta third
modelto illustratethat,althoughthemodelingtraditionsin IRT arenotmuchlike thosein cognitive assess-
mentmodeling,the fundamentaltechniquesandconceptsfrom IRT modelingarequiteusefulin cognitive
assessment.

4.1.1 The Corbett/Anderson/O’Brien model

For the“knowledgetracingmodel”embeddedin theLISPtutorsoftware(Corbett,AndersonO’Brien,1995)
for thisdata,define� D �8��Æ^�Ç� *

or
A

indicatingwhetheror not studentI performedtask J correctly at
time

Æ¯ � O � *
or
A

indicatingwhetheror not task J
requiresskill S� D Ol��Æ^�Ç� *

or
A

indicatingwhetheror not studentI possessesskill S at time
Æ¸ D ����Æ^�Ç� È O.É-Ê 4�Ë " � � D OÌ��Æ^� indicatingwhetheror not studentI hastheskills neededfor task J

at time
ÆrÍ� �
� �/D � ��Æ^�Î�BA�� ¸ D � ��Æ^���o* � auniversalslip parameter] � �
� � D �8��Æ^�Î�+*&� ¸ D �&��Æ^���vA � auniversalguessingparameter

Themodelof taskperformanceembeddedin theknowledgetracingmodelis essentially��� � D �8��Æ^���+* � � ��� ¸ D �8��Æ^���Ï* � �b*76ar�� }v�b*H6 ��� ¸ D �&��Æ^�Î�+* � � ]�� (12)

where��� ¸ D �&��Æ^�Î�+* � follows asimpleconjunctive model(thoughmorecomplex expressionsalongthelines
of Mislevy, 1996,couldbeimagined):��� ¸ D � ��Æ^�Î�+* � � ²!O " � �
��� D Ol��Æ^�ed:¯ � O � 
 (13)

It is worth notingthatthe ¸ D ����Æ^� ’s [or the � D Ol��Æ^� ’s] canbeinterpretedasplayingtherole of Maris’s (1995)
latent responses(they can also be interpretedin termsof the methodof dataaugmentationin Bayesian
computation,e.g.,Tanner, 1996).

It is the probabilities �
��� D O���Æ^�Ldw¯ � O � , treating � D O8��Æ^� asthe unknown or randomquantity, that are
actuallyof primaryinterestin assessmentbasedon thismodelof taskperformance.Givencurrentestimates
of ����� D O���Æ^�$dQ¯ � O � , the tutor canboth identify which skills needadditionalpractice,andselectitemsof
suitabledifficulty thatexercisethoseskills, to assignto thestudentnext.

Corbett,Andersonand O’Brien (1995) were particularly interestedin how to gatherevidenceabout����� D OÌ��Æ^�
dw¯ � O � asthe numberof opportunities
Æ

to apply rule S increases—i.e.they areinterestedin
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modelinglearning.To accountfor theorderin which correctandincorrectactionsareobservedwhenskillS is calledfor, they suggesttreating � D Ol��Æ^� asahiddenMarkov chainwith anabsorbingstate,����� D OÌ��Æ^�Ð� � D OÌ��ÆÑ6�*;� � � Ò����� D OÌ��Æ^�Ð� � D Ol��ÆÑ6�*;� � � *��� � D OÌ��Æ^�Ð� � D OÌ��ÆÑ6�*;� � � *76MÒ��� � D O8��Æ^�Ð� � D Ol��ÆÑ6�*;� � � A � (14)

where“ � D Ol��Æ^� ” standsfor “ � D OÌ��Æ^�¹�+*
” and“ � D OÌ��Æ^� ” standsfor “ � D Ol��Æ^���BA

”.
Thetutoringsystemis arrangedto directlyobserve evidence³ D Ol��Æ^���BA

or 1 thatthecorrectactionwas
performedwhenskill S wascalledfor, greatlysimplifying theinferentialtask.Corbettetal. (1995)positthe
following relationshipsbetweenthehiddenstate� D Ol��Æ^�H�oA

or 1 andtheobservableevidence³ D OÌ��Æ^�7�oA
or 1: ����� D Ol��Æ^�Ð� ³ D OÌ��Æ^� � � ����� D OÌ��ÆÑ6�*;�e� ³ D OÌ��Æ^� �}z�b*�6 ����� D Ol��ÆÑ6�*;�Ð� ³ D OÌ��Æ^� � �&Ò����� D Ol��Æ^�Ð� ³ D OÌ��Æ^� � � ����� D OÌ��ÆÑ6�*;�e� ³ D OÌ��Æ^� �}z�b*�6 ����� D Ol��ÆÑ6�*;�Ð� ³ D OÌ��Æ^� � �&Ò�
��� D Ol��ÆÑ6�*;�e� ³ D OÌ��Æ^� � � �8�b*H6cr�� ����� D Ol��ÆÑ6�*;� � ��y�8�b*H6ar�� ����� D Ol��ÆÑ6�*;� �} ] ��� � D Ol��ÆÑ6�*;� � ��
��� D Ol��ÆÑ6�*;�e� ³ D OÌ��Æ^� � � �.r ����� D O8��ÆÓ6Ô*;� � ��y�.r �
�.� D OÌ��ÆÑ6�*;� �}z�b*H6 ] � �
� � D OÌ��ÆÑ6:*;� � � .

(15)

Given a-priori fixed valuesof
Ò

,
r
, ] , anda probability

¼�¾
that eachskill is in the learnedstatebefore

the tutoringbegins,we maysubstitute
¼�¾

for ����� D OÌ��ÆM6B*;� � when
Æ��w*

, andtheabove formulasgive an
algorithmfor recursively updating����� D Ol��Æ^� � on thebasisof theobservedsequenceof correctandincorrect
actionsin the first

Æ
opportunitiesto apply rule S . This is a particularly simple and fast computational

method,capableof updatingthetutor’s modelof thestudent’s skills in real time asthestudentworkswith
thetutor.

It is interestingto notethat in orderto producea well-fitting model,Corbettet al. (1995)hadto allow
the probabilities

Ò
,
r
, ] , andthe probability

¼�¾
that eachskill wasalreadyin the learnedstatebeforethe

tutoring began, to be perturbeddifferently from overall populationvaluesfor eachstudentI ; effectively,
they allowedtheseparametersto becomerandomeffects.Thus,in additionto theindividual differencesin
skills acquisitionthatthemodelhadbeendesignedto detect,thereweresubstantialindividualdifferencesin
startingknowledgeof thestudents,in tendency to slip or guess,andin therateof learning,underthismodel.

4.1.2 The Draney/Pirolli/Wilson model

Draney, Pirolli andWilson (1995)developanLLTM-style modelto analyzeessentiallythesamedata.The
model they considerbegins with an indicator ³ D � OÌ��Æ^�y��*

if studentI performscorrectly when the
Æ

th
opportunityto useskill S occurs,undercondition J ; and ³ D � OÌ��Æ^�Î��A

otherwise.These³ D � OÌ��Æ^� differ from
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Corbettetal.’s (1995) ³ D Ol��Æ^� only in thatthetaskthatprovidesacontext for performingtheskill is allowed
to affect thedifficulty of correctskill performance.In theDraney et al. (1995)model,the “skill response
functions”aregivenby��� ³ D � Ol��Æ^�Î�+*�� � D � �¶� �5Õ O �bÖ � � **(}��-�l�^�b6 � D }×�¶�¹} Õ O)6 Ö)ØÚÙUÛ ��Æ^�%� 

This modelessentiallydecomposesthedifficulty parameter� in theRaschmodelaccordingto a

¯
matrix,

asin equations(10) and(11), in termsof parametersfor task,
� �

, skill, Õ O , andslopeof thelearningcurve,Ö . Thelogarithmicdependenceon
Æ

is intendedto follow thedevelopmentof Anderson(1993,Appendixto
Chapter3). If thedecompositionof tasksinto skills is complete,andtheskills areof a suitablegranularity,
Anderson’s (1993)ACT-R theorypredictsthat skill “performances”will beapproximatelyindependentof
oneanother, given the relevant difficulty andstudentparameters.This is essentiallya statementof local
independence,so that the “skill responsefunctions”above maybemultiplied togetherin theusualway to
form anIRT likelihood.

It is interestingto comparetheCorbettet al. andDraney et al. modelingapproaches.For example,for
adatasetsimilar to thatanalyzedby Draney etal., theassessmentmodelof Corbett,AndersonandO’Brien
(1995,p. 32;seealsoDraney, Pirolli Wilson,1995,p. 115)wouldemploy essentiallyfour continuouslatent
variables,and33 dichotomouslatentattribute indicators,per studenttested—in additionto 132parameters
to characterizefeaturesof theskills beingassessed.UsingtheirvariationonstandardIRT models,Draney et
al. providedequivalentor betterfit to learningcurves,employing onecontinuouslatentvariableperstudent
tested(Draney, Pirolli Wilson, 1995,p. 109),and36 parametersfor theskills beingtested(Draney, Pirolli
Wilson,1995,p. 115).Thus,if thegoalis to modellearningcurves,clearlythemorecomplex Corbettetal.
modelis notneeded.

However, theusesto which thetwo modelscanbeput, andthesubstantive interpretationsof estimated
parametersin thetwo models,arevery different. TheCorbettet al. modelis immediatelyusefulfor diag-
nosingindividualdifferencesin studenttaskperformancebehavior by relatingit directly to specificskills in
thetaskdecompositionof their taskdomain,but canonly indirectlyassessthevalidity andreliability of the
tasksin theassessment,throughfit to learningcurvesor othersummariesof studenttaskperformance.

The Draney et al. model is not immediatelyuseful for studentdiagnosis,sinceits studentparameter
is one-dimensional.After fitting themodel,Draney et al. go backandrank studentsbasedon (empirical
Bayes)estimated� ’s (in the context of learningcurvesanalysis,the � ’s essentiallycodestudents’initial
facility in thetaskdomainprior to tutoring,muchastherandomeffect versionof

¼ ¾
doesin theCorbettet

al. model),andcompareestimatedskill performancedifficultiesto thestudents’aggregate� distribution; see
for exampletheir Figure5.1,p. 112.Suchdisplaysallow usto predictwhich skills a “typical” studentwith
somefixedvalueof � might beexpectedto performcorrectly, andarevery usefulcommunicationdevices.
However, detailedcognitive diagnosisof individual studentson thebasisof the � ’s is not possible,without
a post-hocanalysisof somesort. Indeed,for assessingwhetherindividual studentshave learnedparticular
skills, Draney et al. replacetheIRT modelwith a Bayesianinferencenetwork that is focusedon inferring
theprobabilitythatanindividualhaslearnedoneor moreskills, usingpriorsconstructedfrom thefitted IRT
modelandnew datafrom furtherattemptsto performtheskill(s).

The utility of the Draney et al. IRT model for analyzingimportant task performancefeatures,and
aggregateexamineebehaviors, shouldnot be minimized however. For example,Junker, Koedingerand



NonparametricandParametricIRT, andtheFuture 15

Trottini (2000)areusingessentiallythe samemodelingframework to develop a semi-automaticstepwise
variableconstruction/modelselectionprocedure,with the goal of identifying skills that were either too
narrowly or too broadlydefinedin a cognitive tutor (theseresultin stylizeddeviations,or “blips” from the
theoreticallypredictedlearningcurvesfor theskills). In a similar vein, Huguenard,et al. (1997;seealso
Patzetal., 1996)appliedapolytomousversionof theLLTM to studytherelationshipbetweentaskfeatures
andworking memoryload, usingthe IRT � parameterto soakup residualbetween-subjectsvariationnot
modeledby experimentalandworkingmemoryfactors.

4.1.3 An IRT-like cognitive assessment model

As the precedingexamplemakesclear, traditionalparametricIRT approachesmay not be well suitedto
individual assessmenttasksin computerbasedintelligent tutoringsystems.Thesameissuescanalsoarise
in standaloneassessmentsthataredesignedto assesspresenceor absenceof specificskills—ratherthanto
sortexamineesalongalinearscale—basedonperformanceonafixedsetof tasksgivenasastandalonetest.

To illustrate this we considera modifiedversionof the assessmentmodelof Corbett,Andersonand
O’Brien (1995). We omit the hidden-Markov learningmodelandassumethat examineebehavior is only
observed at the tasklevel, not theskill level. This modelcanalsobeconnectedto multidimensionalnon-
compensatoryIRT models,sinceit is interpretableas a simplified versionof Embretson’s (1985, 1997)
multicomponentlatenttrait (MLTM) model.Define� D �

= 1 or 0 indicating whetheror not student I
performedtask J correctly¯ � O

= 1 or 0 indicatingwhetheror not task J re-
quiresskill S� D O = 1 or 0 indicating whetheror not student I
possessesskill S¸ D � =

È O.É-Ê 4�Ë " � � D O indicating whetheror not student I
hastheskills neededfor task Jr#�

= ��� � D �)�BA�� ¸ D �@�+* � aper-problemslip parameter] � = ��� � D �)�+*&� ¸ D �@�BA � aper-problemguessingparameter

Notethat the
¯yD �

aretheusualconstantentriesin the
¯

-matrix, andthe ¸ D � aredeterministicfunctions
of the � D O ’s and

¯
. The goal is to try to estimatethe � D O ’s, or moreprecisely ����� D OÜ�Ã* � , from the task

performancedata.
Ourbasicresponsemodel[level onein thehierarchy(9)] is��� � D �@�+*&� Ý �#Þ���ß � � ¸ D ���b*H6cr#�;�à}v�b*H6 ¸ D �;� ] �� �b*H6cr#�;� ¿ � 4 ] �%9 ¿ � 4� �

andsofor theentireexamineesby tasksmatrix � � D � � of taskresponses,��� � D �@�B, D � � V I � J ��Ý �#Þ���ß �� È D È �âá �b*H6Pr#��� ¿ � 4 ] �%9 ¿ � 4� ã 2 � 4 á *ä6:�b*H6ar1�;� ¿ � 4 ] �%9 ¿ � 4� ã �%9 2 � 4� È D È �âá �b*H6Pr � � 2 � 4 r �%9 2 � 4� ã ¿ � 4 á ] 2 � 4� �b*H6 ] � � �%9 2 � 4 ã �%9 ¿ � 4 (16)
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To seehow estimationof theparametersdependson thedata,it is instructive to setup thefirst stagesof
anestimationalgorithmfor themodel. In particular, let’s assumethatprior distributionshave beenchosen
[for levelstwo andthreein thehierarchy(9)], sothat

r1�)�°å�æ;�çr#���
, ] ���°å��&� ] �.� , � D O��°å è � ËO �b*76På�O�� �%9 è � Ë

,
andperhaps

å�OÑ�wå��Zå�O��
. Theseprior distributionswill be usedas“placeholders”in the notationbelow;

their particularform will not affect our conclusionsin any substantialway. We will calculatetheso-called
“completeconditional”distributions(e.g.,Gelman,Carlin,SternRubin,1995)of eachparameter, giventhe
dataandtherestof theparameters.Sucha calculationis directly usefulin settingup anMCMC algorithm
for Bayesianestimationof the modelparameters(e.g.,Patz Junker, 1999a;1999b),and is alsouseful in
someversionsof theE-M algorithm,suchasECME (e.g.,Liu Rubin,1998). However, evenwhenE-M is
“possible” for a modellike (16), it neednot bepractical,dueto theneedto sumover all configurationsof
the latent é vector(seeequation17 below). For casesin which relatively few é ’s carrymostof the latent
trait distribution, MCMC canbe a moreefficient—albeitapproximate—way to estimatethe model. This
phenomenonhasbeenfound in othermodelswith complex discretelatentstructureaswell (e.g.,Seltman,
1999;SnijdersNowick, 1997;andTerHofstede,SteenkampWedel,1999).

As usualin settingupanMCMC calculation,wenotethatthecompleteconditionaldistribution for each
parameteror latentvariableis proportionalto theproductof only thoselikelihoodandprior factorsin (9)
dependingon thatparameter. Thuswe obtainfor example¼��çr � �

rest
�Çê �b*76ar � �%ë � 2 � 4 ¿ � 4 r ë � p �%9 2 � 4 q ¿ � 4� å æ �çr � � �¼�� ] � � rest
�Çê ] ë � 2 � 4 p �%9 ¿ � 4 q� �b*H6 ] � �%ë � p �%9 2 � 4 q p �%9 ¿ � 4 q å � � ] � � �J �k* ��
�
�
;� f , where“rest” standsfor the dataand the restof the parametersin the model. From these

it is easyto seethe intuitively plausiblefactsthat that the slip parameter
r1�

is sensitive only to successes
andfailuresof examineeswho we hypothesize(throughthevaluesof ¸ D � uponwhichwe have conditioned)
do have the requisiteskills to performtask J , andsimilarly the guessingparameter] � is sensitive only to
successesandfailuresof examineeswho we hypothesizedo nothave therequisiteskills. Theseparameters
might begivenBetadistribution priors,to make life easyfor estimation.

More centralto thegoalof assessingexaminees,we seethat thecompleteconditionaldistributionsfor� D O areof theform:¼ì� � D O�� rest
�ê !� É�Ê 4�Ë�í�î á �b*76ar#�.� 2 � 4 r �%9 2 � 4� ã è � Ë ¿#ïñð Ëbò� 4 á ] 2 � 4� �b*H6 ] �.� �%9 2 � 4 ã �%9 è � Ë ¿1ïñð Ëbò� 4

G å è � ËO �b*76På�OU� �%9 è � Ë �
where ¸ p 9 O qD � �QÈ · t" O;É Ê 4çó " � � D · , which indicatespresenceof all skills neededfor task J , exceptfor skill S .
Fromthesecompleteconditionalswe canseethatô When ¸ p 9 O qD � �+*

, thesuggestedmodelfor � D � is somesortof Bernoulli,whichmakessense.ô Whenthereareno taskssuchthatboth
¯ � O��õ*

and ¸ p 9 O qD � �X*
, then � D O is sensitive only to its prior

distribution
å è � ËO �b*76På�OU� �%9 è � Ë

: no learningfrom dataoccurs.
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Thesecondobservation is really a versionof thecredit/blameassignmentproblem(e.g.,VanLehnNiu, in
press):we cannotinfer whether � D O waslearned,if we arehypothesizingthatanotherneededskill is still
unlearned.Roughly, theremustbe information in the taskperformancedatato allow us to assigncredit
(whena taskis performedcorrectly)or blame(whenit is performedincorrectly)to everycognitive attribute
relatedto thetask.

Thereare essentiallytwo ways to avoid the credit/blameproblem. In somesituations,skills canbe
scoreddirectly; this is possiblefor examplewithin Anderson’s ITS’s for LISP, algebraandgeometry, be-
causestudentsarerequiredto successfullyperformeachsubgoal/skill,with hintsandrepeatedattemptsif
necessary, beforemoving on thenext subgoalin the task(seealsoEmbretson,1985). If onecannotscore
the taskssubgoalby subgoal,onecantry to designthe assessment(e.g.,by handor usingmethodsfrom
traditionalstatisticalexperimentaldesign)so that the tasksefficiently exerciseall skills in the skillset in
suchaway that,takentogether, thetaskperformancedatainformsusabouteachskill. VanLehn,Niu, Siler,
andGertner(1998) illustratethe inferentialdifficulties that canresultwhenitem setsarenot constructed
with thegoalof designingaroundthecredit/blameproblem.

Finally if we wantto estimatetheskill baserates
å�O

in thepopulation(a measureof skill difficulty) we
mayincludea fourthsetof completeconditionals¼��Zå�Ol�

rest
�ÎêBå ö ËO �b*H6På�O��b÷ 9 ö Ë å��Zå�O�� �

where
�-Oâ� ë D � D O is thenumberof studentswhoarepresentlyestimatedto haveskill S (again,aBetaprior

densityfor
å�O

is suggested).

4.2 A Role for Nonparametric IRT Methods?

Suchmodelsas(16) mayseemvery far removedfrom thesettingin which nonparametricIRT methodsare
familiar. I wantto suggestseveralwaysin which they arenot sofar removed.

First,supposethattheskill variables� D O varyindependentlyof oneanotherin apopulationof studentsor
examinees,aswouldbeconsistentwith e.g.,Anderson’s (1993)ACT-R theory, andsupposethattheslip and
guessingparameters

r1�
and] � arefixedandsatisfytheplausibleinequality

�b*�6Lr1���Ðd ] � (but
r#�

and ] � need
not be known). A model for the taskperformanceof a randomly-sampledexamineefrom the population
would thenbe��� �ø�Bù �� ú é ! � á �b*H6ar1�;� ¿ 4 p é q ] �%9 ¿ 4 p é q� ã 254 á *76:�b*H6Pr1�.� ¿ 4 p é q ] �%9 ¿ 4 p é q� ã �%9 254 ¼�� é �� ú é ! � � �&� ¸ �8� é �%� 254 � *ä6 � �&� ¸ �8� é �%� � �%9 254 ¼�� é � (17)

where
¼�� é � is a productmeasureover thespaceof binaryskills é �À� � �	��
�
�
	� � ² � , and � �8� ¸ �&� é �%� is the

monotonefunction � �&� ¸ �&� é �%���X�b*H6ar1�;� ¿ 4 p é q ] �%9 ¿ 4 p é q�
of ¸ �&� é �%� ; hence� �&� ¸ �&� é �%� is alsomonotonein thecoordinates� O of é . Note thesimilarity of equation
(17) to (2) and(3).
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It follows immediatelyfrom Lemma2 of Holland and Rosenbaum(1986; seealso Kamae,Krengel
O’Brien, 1977)that for any non-decreasingsummary] �Z�=�

of
� �û��� �	��
�
�
;� �
�l� , T
� ] �Z�=��� éH� is non-

decreasingin eachcoordinate� D O of é ; this implies the SOM (StochasticOrderingof the Manifestscore��m
by the latent trait) propertyof Hemker et al. (1997), that ��� ��mQ�ü��� é7� is non-decreasingin each

coordinate� D O of é . Not muchis known abouttheinverseandmoreusefulpropertySOL (see7) whenthe
latent“trait” is multidimensional.Wemight conjecturefor examplethat� á � O��+*$ýýý ú� É Ê 4�Ë " � ���@�=r ã (18)

would benon-decreasingin
r
. As in conventionaldichotomousIRT modelswe hopethatsucha property

is true,becauseit meansthata mostpowerful testof masteryof skill S canbe basedon a simpletotal of
correctly-performedtasksinvolving skill S .

It alsofollows from Theorem8 of Holland andRosenbaum(1986; seealsoJogdeo,1978)that sinceé is a collection of independent,or more generally, associated,randomvariables,the collection of re-
sponsevariables

�
is alsoassociated,thatis, for any two non-decreasingsummaries

\ �Z�v�
and ] �Z�v�

, that
Cov

� \ �Z� �b] �Z�=�%�@dÍA 
 In general,conditionalassociationappearsto bea difficult propertyto prove when
the underlyinglatentvariable, é in this case,is continuousandmultidimensional,but it may be easierto
eitherderive conditionsfor thebinarycoordinates� D O underwhich conditionalassociationdoeshold—in
which casemonotonehomogeneityIRT modelsbegin to be competitorsfor modelingthe sameresponse
dataasthecognitively-motivatedmodel—orat leastto obtaintheappropriategeneralizationof conditional
associationfor cognitive assessmentmodelssuchasthis.

Next, an invariantitem orderingproperty, suchas � �8� ¸ ��� é �%�äK � Ol� ¸ OÌ� é �%� uniformly in é , appearsto
bedifficult to obtainunless

*)6�r1�
, ] � , and ¸ ��� é � , arecomonotoneas J varies,for all é . This is a kind of

Guttmanscalingconditiononthelatentresponseş
�
, thatsaysfor examplethateasierguessingis associated

with lower skill requirements,andvice-versa.Thus,our cognitive assessmentmodel(16) providesfertile
groundfor thinking aboutinvariant item ordering,without necessarilybeingtied to preconceptionsabout
continuousunidimensionalIRT models.

More broadly, Hoijtink andMolenaar(1997)show how nonparametricmodelfeaturessuchascondi-
tional association(4) and manifestmonotonicity(6) can be directly relevant to assessingmodel fit in a
parametricBayesiansetting. Given a completeand interestingset of nonparametricmodel featuresfor
modelslike (16),a similarapproachto modelfit maybetakenhere.

Finally, amongmany who work in the nonparametricIRT traditionsof Mokken, Molenaar, Sijtsma,
Holland, Rosenbaumandtheir colleagues,it is the sourceof somebemusementthat we work so hardto
establishthatscoressuchas

��m
, whichareperfectlygoodin theRaschmodel,themoststringentof logistic

IRT models,alsosuffice to orderexaminees,assessmonotonicitypropertiesof theunderlyingmodelfrom
observabledata,makemasterydecisions,etc.,in generalnonparametricsettings.Certainlycomparisonsbe-
tweenRaschandMokkenscalingarenotnew (e.g.,Meijer, SijtsmaSmid,1990),andmorerecentlyaspects
of bothHolland’s (1990)“Dutch identity” work andScheiblechner’s (1995;seealsoJunker, 1998)“ISOP-
model” work canbeseenpartly asattemptsto formalizetheconnectionbetweenRaschandnonparametric
IRT methods.

I believethattheconnectionis actuallyrathersimple,andis nearlyobviousfrom Holland’s (1990)work:
TheRaschmodelis a very well-behavedexponentialfamily modelwith immediatelyunderstandablesuffi-
cientstatisticsfor items,given personparameters,andimmediatelyunderstandablesufficient statisticsfor
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persons,given item parameters.Much of the work on monotonehomogeneitymodelsand their cousins
is directedat understandingjust how generallytheseunderstandable,but no longer formally sufficient,
statisticsyield sensibleinferencesaboutexamineesanditems. The model(16) providesus with a differ-
ent “basic”—albeitnot exactly exponential-family—modelfor cognitive assessment,in which parameters
dependon immediatelyunderstandablesummariesof the data,as illustratedby the completeconditional
calculationsabove. Wemayaskhow complex therelationshipbetweentheexamineeskill parametersé and
the taskperformancedata

�
canget,andstill have thesesummariesbe informative aboutguessing,slips

presenceor absenceof skills, etc. We mayalsotake anexcursioninto parametricmodels,asI have done,
andaskwhetherthis is the“right” parametricmodelon which to basea nonparametrictheoryof cognitive
assessment.For example,otherpossiblemodelswe might considerinsteadof (16) asa startingpoint for
sucha nonparametrictheory includethe constrainedlatentclassmodelof Haertel(1989)and the hybrid
modelof YamamotoandGitomer(1993).

In additionto theintrinsic interestof thisenterprise,theresultingnonparametrictheoryof cognitive as-
sessmentmayhave somepracticalutility. Therelative easewith which theoriginal Corbett,Andersonand
O’Brien (1995)modelcanbeestimatedis a consequenceof both its carefultailoring to thepsychological
theory, andthefactthatdatacouldbecollectedat theskill level (samegranularityasthepsychologicalthe-
ory), ratherthanat thetasklevel, by theLISPtutor. But otherassessmentsettingsmaynotpermitsuchtight
bindingof datacollectiondesignandpsychologicaltheory;andourdiscussionof themodel(16)shows that
evenrelatively minor modificationsalongtheselinescanmake the inferentialtaskmoredifficult. Estima-
tion probablyrequiresE-M, MCMC, or someothercomputationallyintensive method,andgreatcaremust
betakensothatevery parameteris identifiablefrom thedata.Modelsbeingproposedin thepsychometric
literaturetodayto help unify the traditional IRT anddiscrete-cognitive-attributes approaches,suchasthe
Unified Model of DiBello, JiangandStout(in press),alsoappearto requiresuchtreatment.In many cases,
theestimationmethod,while feasible,maywell betooslow for usein real-timefeedback,aswith computer
basedintelligenttutoringsystems,andtoo complicatedfor teacherscoringof assessmentsembeddedin in-
struction. A cleartheoryof which fasterdatasummariesarerelevant to thecognitive inferenceswe wish
to make, over a wide varietyof cognitive assessmentmodels,would beanimportantcontribution from the
interfacebetweennonparametricandparametric“IRT” models.
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