Sometopicsin nonparametri@andparametridRT, with some
thoughtsaboutthe future

Brian Junlert
Departmentf Statistics
Carngjie Mellon University
232Baker Hall
Pittsturgh PA 15213

brian@stat.cmu.edu

May 1, 2000

lOnleave atLearningResearckandDevelopmentCenter 39390’HaraStreetUniversityof Pittshurgh, Pittsturgh
PA 15260. Someof the work reportedherewasperformedin the courseof preparinga commissionegaperfor the
NationalResearciCouncil Committeeon Educationabnd PsychologicaFoundationof Assessment Jnited States
National Academyof Sciences.Preparatiorof this paperwassupportedn partby NSF grants#SES-99.0744and
#DMS-97.05032andthe hospitality of the LearningResearctand DevelopmentCenter Thanksto Anne Boomsma,
KlaasSijtsma,Lou Mariano,Matt JohnsonandL. AndriesvanderArk for theircommentsandsuggestions.



Nonparametri@andParametridRT, andthe Future 1

Abstract

Item responseheory (IRT) hasarguably beenone of the mostsuccessfuandwidely usedstatistical
modelingtechniquesn psychometricsyith applicationsn developmentalsocial,educationaandcognitive
psychologyfor example,aswell asin medicalresearchgdemographyandothersocialsciencesettings.In
this paperl will try to briefly summarizesomeof the importantresearctin nonparametri@and parametric
IRT today | will try to shawv thata broadunderstandingf IRT asaninstanceof mathematicaktatistics
in the serviceof substantie psychologytogethemwith anappreciatiorof someof the currentmeasurement
challengesn educatiorandcognitive psychologyleadusto assessmemhodelsthatdo notlook very much
liketodays IRT models but for whichthetoolsandconceptuaframenork of nonparametriandparametric
IRT arestill quitewell suited.

1 Introduction

In introducingSusanEmbretsors 1999 PresidentialAddressat the EuropearMeeting of the Psychomet-
ric Societyin Lunelurg Germay, Ivo Molenaardefinedpsychometricas “mathematicalstatisticsin the
serviceof substantie psychology”:thatdefinition cutsa pretty wide swath, andindicatesjust how general
the psychometricenterprisecanandshouldbe. Item responseheory(IRT; e.g.,FischerMolenaay 1995;
Van der Linden Hambleton,1997)is a psychometricapproachto modelingdatafrom social sureys and
educationabndpsychologicatests,datingbackat leastto Lord (1952)andRasch(1960),andto the work
of Loevinger andGuttmanbeforethem. IRT enableausto studythe characteristic®f testor suney items
acrosanultiple respondenpopulationsandto studyrespondentspropensitiego answermositively across
variousitems. IRT hasamuablybeenoneof themostsuccessfuandwidely usedtechniquesn psychomet-
rics, with applicationdgn developmentalsocial,educationabndcognitive psychologyfor example,aswell
asin medicalresearchgdemographyndothersocialsciencesettings.

In this paperl will try to briefly summarizesomeof theimportantresearchn nonparametri@andpara-
metricIRT today emphasizingheinterplaybetweerparametriandnonparametrienodelsthatis the hall-
mark of the approachinitiatedin the Netherlandsy Mokken andpursuedby Molenaay Sijtsma,andtheir
colleaguesandre-ignitedin the U.S. by Holland, Rosenbaumandtheir colleagues! will try to shav that
a broadunderstandingf IRT asaninstanceof “mathematicalstatisticsin the serviceof substantie psy-
chology”, togetherwith an appreciatiorof someof the currentmeasurementhallengesn educationand
cognitive psychologyleadusto assessmembodelsthatdo notlook very muchlike todays IRT models but
for which the tools and conceptuaframeavork of nonparametri@nd parametriclRT are particularlywell
suited.

2 Nonparametric IRT: Scale Construction

To save spaceandpresere focus, my summaryof nonparametri¢dRT will concentraten the scalingthe-
ory techniquesntroducedby Mokken and pursuedoy Molenaar Sijtsma,andtheir colleagues.Important
relatedwork on nonparametriessentialnidimensionality(e.g.,Stout1987,1990;ZhangStout,1996;and
Stout,Habing,Douglas,Kim, RoussoZhang,1996),nonparametricegressiorestimateof item response
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functionsandtestresponssurfacegespecialljRamsay1991,1995,1996),andrelatedparametri@andnon-
parametriovork (e.g.,Meijer, 1996;Cliff Donoghue;1992;Drasgav, Levine, Tsien,Williams Mead,1995;
Samejima1997)will notbeconsideredn detail.

2.1 Monotone Homogeneity / Strict Unidimensionality

TheMokken(1971)modelof monotondhomaeneitystartswith veryfew assumptionsA collectionof items
X = (Xi,...,X), which may include dichotomousprderedpolytomous,or even continuousresponse
items,satisfieghis model,if 8, thelatenttrait, is areal-\valuedrandomvariable(unidimensionality)ijf each
item stepresponsédunction (ISRF) P[X; > c|f] is non-decreasing 6 for eachitem responseariable X ;
andeachrealthresholdc (monotonicity);andif

J
P[X1>C1,...,XJ>CJ|9 H X >CJ|9 D)

for all possiblecutofs ¢; (localindependence)Whentheresponsés dichotomoug0/1) | referto P;(6) =
P[X; = 1|6] astheitem responséunction (IRF). In thatcase equation(1) reducedo thefamiliar form

J
P[Xi=x,...,X H ()% [1 — P;(0)]) . (2)

The datawe obsere whenexamineesor subjectsrespondo testor suney itemscanbe thoughtof as
i.i.d. sampledrom the maginal discretemultivariatedistribution,

P[X1 >c1,..0,Xyg >CJ] :/P[Xl >cC,.--,Xyg >CJ|9]dF(0), 3)

wheretheintegrandcomesfrom eitherequation(1) or equation(2), anddF'(#) representthedistribution of
0 in the populationof interest.Theassumptionsf unidimensionalitymonotonicityandlocalindependence
canberelaxedin variousways(e.g.,Sections2.2, 3.2 and4.1.3belaw), but this basicmodelhasbeenthe
foundationof muchnonparametriscaleconstruction.

2.1.1 Nonparametric scale construction

For dichotomoustems(X; = 0 or 1 indicatingincorrector correctanswer)atheoryof scaleconstruction—
selectinggroupsof items that hangtogetherwell in the sensethat the monotonehomogeneitymodelis
probablyappropriatefor them—hasexistedat leastsinceMokken (1971;1997; seealsoMolenaay 1991;
1997). The principaltools of thattheoryareadaptation®f Loevinger's (1948) H coeficients,comparing
the mamginal covarianceCov (X;, X;) of eachitem pair with the maximumcovarianceCov y,q. (X;, X;)
possible preservinghe magins of the obsered X; x X; table. The boundCov ,,,q,(X;, X;) is obtained
by adjustingthetableto remaove Guttmanerrors(e.g.,Molenaay 1991);andindeedthe original formulasfor
the H coeficientswereexpressedsratiosof Guttmanerrors(Mokken, 1997).

A relatedmodeling condition for dichotomousitemsis invariant item ordering which saysthat for
every item pair i and j, either P;(8) < P;(#) or the reverseinequalityis maintaineduniformly for all 6.
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Rosenbaun{1987a,b)andSijtsmaandJunler (1996,1997)explore andextendthis ideaandprovide scale
constructiorexamples.Mokken’s doublemonotonicitynodelincorporate®oththemonotonehomogeneity
andinvariantitem orderingassumptions.

The H coeficients are directly sensitve only to high or low correlationsbetweenitems, ratherthan
to local independencgiven 8 asin equations(1) and (2). If the correlationsare nearzero, we may be
unsatisfiedo assumehatsucha @ exists (seefor examplethediscussiorof co-monotonicityin Junler Ellis,
1997). While a perfectGuttmanscalewould produceH coeficients equalto one, large H coeficients
provide only indirect evidenceof a € “explaining” covariationin the item response the senseof local
independence.

More direct attackson the problemof establishingsucha # from dataanalysishave beenpursuedby
Stout, Ramsayandtheir studentsand colleagues.Stout (1990; and subsequenivork, for example Stout,
Habing, Douglas,Kim, RoussosZhang,1996) basicallyconstructsa proxy for 8 from the total scoreon
a specially-selectedubsetof the itemsandusesit to testa wealenedversionof monotonehomogeneity
Stouts essentiaunidimensionalitymodel. Molenaarand Stout (personalcommunication)are currently
working to find commongroundbetweerthesetwo approachesRamsay(1991)constructsnonparametric
regressiorestimate®f item (step)responsdunctionsusingtotal scoreor restscore(seeSection2.1.2belov
for definitions)asa proxy for @, which allows oneto explore non-monotonicity Ramsay1995)constructs
nonparametricegressiorestimate®f thejoint responsesurfaceof all itemsonthetest,usinganappropriate
proximity measureo determinavhichresponsgatternsare“closetogether” which enableghe exploration
of bothnon-monotonicityandlack of unidimensionality Stouts andRamsays methodsaregenerallymore
computationallycomple, andseemo requirelargerexamineeanditem samplesizes thanthe methodsni-
tiatedby Mokkenanddevelopedby Molenaar Sijtsma,Rosenbaunandtheir colleaguesndstudentsThus
the Mokkentechniquesiave beenmorewidely usedin smallersocialsurney andexperimentalpsychology
settings.

ExtendingMokken scaling and invariantitem orderingmethodsto the caseof polytomousitem re-
sponsedasbeenmorerecent. Molenaar(1991)first obsered that a direct generalizatiorof the H coef-
ficients basedon covariancesmadesense and provided an efficient computationaimethodfor obtaining
CoV mae (X, X;) in the polytomouscase.This providesthe basisfor Mokken-styleexplorationfor mono-
tone homogeneityin polytomousitems, asillustratedby Hemker, Sijtsmaand Molenaar(1995). Genef
alizing invariantitem orderingto the polytomouscaseturns out to be somavhat delicate. For example,
Molenaars (1997)doublemonotonicitymodelrequiresP[X; > ¢;1]0] < P[X} > c2|6], or the opposite
inequality to hold uniformly in 6, for eachj, k, ¢; andc,. But this modelfails to maintaininequali-
tieslike E[X;|0] < E[X}|0] uniformly in 6, which are a naturalgeneralizatiorof the invariantitem or-
dering conditiongiven above for dichotomoustems. Scheiblechnes’ (1995) ISOP modelrequiresthat
P[X; > c|] < P[X}) > c|6] uniformly in ¢ and#, but allows ISRF's for items; andk atdifferentthresh-
olds¢; andcs to cross;this modeldoesmaintainthe orderof expecteditem scoresacross). SeeSijtsma
andHemler (1998)for acompleteaccount.

Anotherapproachto understandingcalingby the Mokken model—indichotomouspolytomous,and
moregeneralsettings—vasinitiated by Holland (1981),Rosenbaun(1984),andHolland andRosenbaum
(1986;seealsoMeredith,1965),who moreor lessindependentidevelopedits threefundamentahssump-
tions underthe name“monotoneunidimensionalatentvariablemodel”, and continuedby Junler (1993),
Ellis andJunler (1997)andJunler andEllis (1997)underthe name"strict unidimensionalitynodel”. They
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combineHollandandRosenbaunsg’ (1996)conditionalassociation(CA) condition

V partitionsX = (Y, Z), V f, g non-decreasingvh(Z), @)
Cov (f(Y),9(Y)[n(Z)) >0,

with a vanishingconditionaldependenceondition

VJ, asM — oo, (X1,...,X ;) becomendependent,
given(Xy1,---, Xyym),

(5)

to obtaina completecharacterizationf aninfinite-item-poolformulationof the basicmonotonenhomogene-
ity model,in which @ is both genuinelylatentand consistentlyestimablejn termsof thejoint distribution
of obserableitemresponses.

2.1.2 Stochastic ordering

A sideeffect of the effort to understandhow to characterizendtestthe monotonehomogeneitynodelhas
beena selectionof othermodeltestingcriteria, suchasJunler’s (1993) “manifestmonotonicity” property
for dichotomoustemsfollowing the monotonehomogeneitynodel,

P[X; = 1|X£L_j) = s] is non-decreasinm s. (6)

This property and examplesshaving that it doesnot hold whenthe “rest score"XfL_]) = Nz, X; Is
replacedy the totalscoreX, = 7 , X;, areincludedin unpublishedvork of MolenaarandTom Snijders
(Junler, 1993;Junler Sijtsma,2000).

Proving manifestmonotonicitydependson establishinga “stochasticordering” propertyfor 6, given

thetotal scoreX [or equ'valentlytherestscoreXS:j )]:
P[0 > ¢| X = s] isnon-decreasinm s, V c. (7)

Hemler, Sijtsma,MolenaarandJunler (1996,1997)call this property “SOL” (StochasticOrderingof the
Latenttrait by the sum score),and shawv that, surprisingly this property doesnot generalizeto “most”
nonparametriordered-polytomousesponséRT models.Thusfor example,rulesbasedon cutofts for X .
neednotbemostpowerful for “masterydecisions’in thesensef 6 > ¢; ontheotherhand,suchcutof rules
for X, are mostpowerful for masterydecisionsn the nonparametricichotomousesponsease(Grayson,
1988;Huynh,1994).

In the processof developing thesestochasticorderingideas,Hemker et al. (1997) and Hemker and
Sijtsma(1999) have developeda taxonomyof nonparametri@and parametricitem responsenodels,that
usefully complementshe taxonomyof Thissenand Steinbeg (1986). The Hemker taxonomyis basedon
thecumulative, continuation-ratioandadjacent-catgory logits thatarecommonlyusedto defineparametric
families of polytomouslRT models. Commonforms of gradedresponsenodels(GRM; Samejima, 1997
for example),sequentiaimodels(SM; Tutz, 1990; Mellenbegh, 1995; Samejima, 1969, 1995), and par
tial credit models(PCM; Masters1982) assumerespeciiely, thatthe logit functionslogit P[X; > c|6],
logit P[X; > ¢|X > ¢ — 1,0], andlogit P[X; = c + 1|X; € {c,c + 1},6] arelinear in §. Hemlker’s
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analogousionparametrienodelclassesthe np-GRM, np-SMand np-PCM,assumenly thatthesedogits
arenon-deceasingin 6.

This taxonomyis a powerful way to organizeideasaboutmodeldefinition and modeldevelopmentin
applicationof bothparametri@andnonparametri¢RT. It follows thatthenp-PCMclassis nestedwithin the
np-SMclasswhichis nestedvithin thenp-GRMclassmorewer all threelinearlogit familiesabose (GRM,
SM andPCM) arein fact subsetf the np-PCMclass. As Hemker and Sijtsma(1999) and Van der Ark
(1999)shaw, this approachalsohighlightslinks betweempolytomoud RT andthe machineryof generalized
linearmodels(McCullaghNelder 1989),just asit haslong beenrealizedthatparametricdichotomoudRT
is basicallymultivariate mixed effects logistic regression(e.g., DouglasQui, 1997; seealsoLee Neldet
1996). It is importantto realizehowever that of all of the modelsstudiedby Hemker and his colleagues,
only the parametridc®CM of Masterg(1982)andits specialcaseshave the nice stochastiorderingproperty
SOL (see7 above).

2.2 Somelnteresting Questions

An ongoingquestionin this areais developingadequatelataanalysismethodology Most of whatcannow
be done,in the dichotomousand polytomouscasesjs encodedn the computemprogramMSP (Molenaar
Sijtsma,1999).Sijtsma(1998)praovidesanexcellentsuney of nonparametritRT approaches theanalysis
of dichotomoustem scoresMolenaar(1997)andSijtsmaandVanderArk (this volume)surney extensions
to the polytomouscase. Snijders(this volume) introducesMokken scalingtools for multilevel dataas
well. Ellis (1994) hasre-examinedMokken’s hypothesistesting framewvork for the H coeficients, and
developed,in principle, newn testsbasedon the theoryof orderrestrictedinferenceof RobertsonWright
andDykstra(1988). Thesamemethodsnaybeusefulto developtestsof manifestmonotonicity In addition
to HollandandRosenbauns' (1986)applicationsof the Mantel-Haenzetest, YuanandClarke (1999)have
alsodevelopedasymptotidheoryfor testingthe conditionsof Junler (1993),thatshouldbe adaptabldo the
conditionsof Junler andEllis (1997). A moredirectapplicationof thetheoryof orderrestrictedinference
to testingCA andrelatedconditionswasgiven by BartolucciandForcina(in press).

In termsof the modelsthemseles, SijtsmaandVander Ark (this volume)discusseseveralinteresting
problems,and currentprogress relatedto the lack of SOL (7) in orderedpolytomousIRT modelsand
to the sensitvity and specificity of the manifestmonotonicity condition (6) for detecting(violations of)
the monotonehomogeneitymodel. One of the strengthsof the nonparametriapproachto dichotomous
IRT is thatit usuallyassuress, undervery generalcircumstanceshat simple summarief the dataare
informative aboutinferenceswe wish to make, yet the currentevidencesuggestghat thereare no such
simplesummariegor inferencesaboutordered-polytomoudata.Understandingheimpactthatthis hason
progresswith theoryandapplicationsof polytomouslRT modelswill surelyentail facingandsolving the
problemsthatSijtsmaandVanderArk discuss.

Finally, someof the machinerydevelopedto characterizanonotonenomogeneitynodelsseemgeady
to applyto commonmodificationsof this basicmodel. For example,conditionalassociatior{4) is basically
an extremesharpeningf the well-known factthatinteritem correlationsarenonngative undermonotone
homogeneityPost(1992;PostSnijders,1993)hasestablished similar factabouta classof nonparametric
probabilisticunfolding models:theinteritem correlationmatrix hasa bandof positive correlationsearthe
maindiagonal borderedy bandwf negative correlationsls therea sharpeningf the Postresultanalogous
to conditionalassociation?Could this be combinedwith the vanishingconditionaldependenceondition
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of (5) to producea characterizatiof Posts models?Could sucha resultfollow from a “folding” of the
monotonehomogeneitynodelto producenonparametricunfoldingmodels,alongthelinesof Verhelstand
Verstralen(1993) or Andrich (1996)? In anotherdirection, muchof the work in Ellis and Junler (1997)
andJunler andEllis (1997)doesnotdependn thelatentvariabled beingunidimensionalJunler andEllis
(1997)for examplepoint out thattheir item-step‘true scores”P[X; > ¢|7(X)] shouldform a manifold of
the samedimensionasthe underlyinglatentvariablef. A characterizatiotheoremmay againresult,if a
wealeningof conditionalassociatiorio accommodatenultidimensionall could be developed.Suchtheo-
remsarevery helpful in focusingour ideasaboutwhatthe obserable datafrom a monotonehomogeneity
model, a probabilisticunfolding model, or a multidimensionalnonparametridRT model, shouldbehae
like.

3 Parametric IRT: Modeling Dependence

ParametridRT, assuneyedfor examplein theeditedvolumesof FischerandMolenaar1995)andVanderLin-
denand Hambleton(1997), is a well-establishedwildly successfuktatisticalmodelingenterprise. IRT
modelshave greatlyextendedthe dataanalyticreachof psychometricianssocialscientistsandeducational
measuremengpecialists.My summaryof parametricRT will be evenlesscomplete relative to the vast
parametridRT literature thanmy summaryof nonparametri¢RT.

A basicandfamiliar modelin this areais the “two-parametetogistic”, or 2PL, modelfor dichoto-
mousitem response&ariables(e.g.,Chapterl of VanderLindenHambleton,1997),givenby themonotone
homogeneityassumptiong Section2 andtheassumptiorof alogistic form for theitem responséunctions

1
1+ exp(—a;[0; — B5])

P;(0i; o5, B;) = P[Xi5 = 1105, 5, B5] = (8)
describingthe dichotomougesponsef examinee: to item j. The “discrimination” parametery; controls
therate of increaseof this logistic curve, andis directly relatedto the Fisherinformationfor estimatingg,
andthe“difficulty” parametep; is thelocationonthe scaleatwhichtheinformationis maximal;notealso
thatat0; = f;, P[X;; = 1] = 1/2. The 3PL (three-parametdpgistic) modelextendsthe 2PL modelby
addinganon-zerdower asymptotdo eachitemresponséunction;onthe otherhandtheRaschor 1PL (one-
parametefogistic) modelis arestrictionof the 2PL modelobtainedby settinga; identicallyequalto some
constant,usually 1. SuchparametriclRT models,extendedby hierarchicalmixture/Bayesiarmodeling
andestimationstratgies, make it possiblein principle andin practiceto incorporatecovariatesand other
structure. Many violations of the basiclocal independencassumptiorof IRT modelsarein factdueto
unmodeledheterogeneitpf subjectsanditems,thatcannow beexplicitly modeledusingthesemethods.

The main purposeof this sectionis to introducea generalmodelingframewnork and highlight a few
developmentsn parametridRT, someold andsomenew, thatwill berelevantto my discussiorof applying
IRT andrelatedmodelsto cognitive assessmemtroblemsin Section4 below.

3.1 Two-Way Hierarchical Structure

Theestimationof groupeffectsandthe useof examineeanditem covariatesin estimatingtem parameters
plays an importantrole in the analysisof large multi-site educationalassessmentsuchas the National
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Assessmendf EducationaProgres§NAEP; e.g.,Algina, 1992;JohnsonMislevy andThomas,1994;and
Zwick 1992). Theseefforts, which go backat leastto Mislevy (1985;seealsoMislevy Sheehan]1989)can
be recognizedasthe weddingof hierarchicallinear or multi-level modelingmethodologywith standard
dichotomousand polytomousIRT models. The generalmodelis a two-way hierarchicalstructurefor N
individualsandJ responseariablesasfollows

Firstlevel: Xii ~ P(Oi;'yj)XU[l - P(Oi;fyj)](l—Xu), )
i=1,...,N;j=1,...,J

Secondevel:  6; ~ fi(0|\f), each:
: ’ 9)
vi ~ gi(7]}g), eachj
Thirdlevel: Ay ~ ¢r(Af)
>‘g ~ ¢g()\g) J

whered); is theusualpersonparametery, is thevectorof item parameteréor item j (e.9.,v; = («;, 8;) in
the 2PL modelabore), andwhereindependences assumedetweery’s conditionalon 6; atthefirst level
andbetween’satthesecondevel. Theterms)  and), represensetsof hyperparameterseededo specify
the persondistributions f; anditem distributions g;, with hyperpriordistributions ¢, and¢,, respectrely.
Termsin thefirst level, for example,are multiplied togetherto producethe usualjoint likelihoodfor the
N x J item responsematrix [X;;]; the secondandthird levels canbe usedto imposeconstraintson the
first level parametersand latentvariable,to deducewhat integrationsare neededor mamginal likelihood
approachesetc. The model(9) is expressedor dichotomoustems, for simplicity of exposition, but can
easily be generalizedo polytomousitems, or combinationsof item types(seefor example Patz Junler,
1999a;1999b).1t is alsousualto assumdor f;(#) a singlelatenttrait distribution not dependingon ¢, and
similarly for g;.

Recentadwancegselaxtheseassumptionsallowing for muchmoreflexible parametrianodelingof item
responsealata. We may allow the distribution of # to depenchierarchicallyon examineecovariates thatis,
insteadof taking f;(-) to be a singlelatenttrait distribution in (9), we canallow it to dependon examinee
covariateso modelpopulationheterogeneityasin themulti-grouplRT modelsof Mislevy (1985)andBock
and Zimowski (1997), or to reflecthierarchicallinear structureasin Fox and Glas (1998). We may also
elaboratey;(-), for exampleby building linear structureinto the item parametersFor examplein the 2PL
model,wherey; = (a;, 8;), we mighttake

gl 1
? ¥
o l=e| T (10)
Br-1 '
;BJ ¢K

where @ is an appropriatedesignmatrix of full columnrank, to reflectcommonsources(z);’'s) of item
difficulty (3;’s) acrosdtems.In the caseof Rasch(1PL) IRF’s, thisis thelinearlogistic testmodel(LLTM,;
Scheiblechnerl972;Fischey 1973). This modelandits variousgeneralizationge.g.,GlasVerhelst,1989;
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Patz Junler, 1999b)continuedo beusedfor psychologicakxperimentswvith multiple outcomegersubject
(e.g., Fischerand Molenaay 1995 and the referencegherein)andfor researchin cognitvely-motivated
testdesign(Embretson,1995; 1999). Thereis no reasonto restrictattentionto the §’s, andfor example
Embretsor(1999)hasexploreda similar decompaositiorof the o’sin a 2PL model.

As Bockandzimowski (1997)pointout, thesegeneralizationsf the basiclRT modelbothsimplify and
unify parametriapproacheso mary thorry testanalysisgquestionsincluding differentialitem functioning
anditem parametedrift, nonequralentgroupsandvertical equating two-stagdgestingandmatrix-sampled
educationabssessmerguney work, etc. The computerprogramsConQuesi{Wu, AdamsWilson, 1997)
and BILOG-MG (Zimowski, Muraki, Mislevy Bock, 1997) provide fairly generalE-M basedsolutions
whenthe underlyingIRT modelis the 1PL (ConQuest)or 2PL or 3PL (BILOG-MG). Fox Glas (1998)
and Patz and Junler (1999a;1999b)give two differentMarkov chain Monte Carlo (MCMC) approaches
to the problem. Generalizatiorto polytomousitems, facets-stylaatedresponsanodels,and mixturesof
item typesare conceptuallyandoften computationallystraightforvard; seefor exampleGlasandVerhelst
(1989)andPatzandJunler (1999a;1999b).

3.2 Some Multidimensional M odels

Researchn multidimensionallRT modelshasconcentratean additive and conjunctve combinationsof
multiple traitsto produceprobabilitiesof response Additive models,knowvn as compensatorynodelsin
muchof theliterature replacethe unidimensionalatenttrait # with anitem-specificknown (e.g.,Embret-
son,1991; Steggelmann,1983; KeldermamandRijkes, 1994; and Adams,Wilson Wang,1997)or unknavn
(e.g.,Reckasel1985;Wilson, Wood Gibbons1983;FraseMacDonald,1988;Muraki Carlson,1995)linear
combinationof components;10; + - -- + a;404 Of a d-dimensionalatenttrait vectoy for examplein the
dichotomougespons&ase

P[Xj = 1‘01,...,0(1] = P(a]‘191 + e+ ajdﬁd — ﬁj),

where P(t) might be the logistic or probit responsdunction for example. Béguinand Glas (1998) sur
vey the areawell (seealso several contributed chaptersin Van der Linden Hamilton, 1997) and give an
MCMC algorithmfor estimatingthesemodels;GibbonsandHedeler (1997) pursuerelateddevelopments
in biostatisticalandpsychiatricapplications.

Conjunctve modelsareoftenreferredto asnoncompensatorygr componentiamodelsin theliterature.
Thesemodels(e.g.,Embretson1985,1997) combineunidimensionamodelsfor component®f response
conjunctvely, sothat

d
PIX; = 161,...,04 = [] Pie(6e)
=1

where Pj,(6,) areparametricunidimensionatlichotomousgesponsdunctions. The usualinterpretationis
thatthe P;,(6,) represenskills or subtasksll of which mustbe performedcorrectlyin orderto generatea
correctresponséo theitemitself. JanssemndDe Boeck(1997)give arecentapplication.
Compensatorgtructuresareattractve becausef their conceptuakimilarity to factoranalysismodels.
They have beenvery successfuln aiding the understandingf how studentresponsesan be sensitve to
major contentandskill component®f items,andin aiding paralleltestconstructionwhenthe underlying
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responsdehaior is multidimensionale.g.,Ackerman,1994). Noncompensatorgnodelsarelargely moti-
vatedfrom a desireto modelcognitive aspect®f itemresponseatopicto whichwewill returnin Sectiord.
Embretsor(1997)alsoreviews blendsof thesetwo approacheghergeneralcomponentatenttrait models;
GLTM).

3.3 ModeasThat Accommodate Extra Behavioral Features of Assessment

In additionto providing a way to modeldependencef item responsesn specificexamineeanditem co-
variatesthe hierarchicalor multi-level approactto IRT alsoallows usto modelextra behaioral featuresof
assessmen(This is a largely unexploredarea,but onewhich is worth further study sincecurrentmodels
andmethoddargely ignorethesefeaturesrelegatingthemto the“error distribution” of themodel.

Oneexampleof this sortof work involvesrecentefforts to moreelaboratelynodelthebehaior of raters
in rateditem responselata.Whenonly oneraterrateseachitem, it may be sufiicient to treateachratingas
adifferent,locally independenpseudo-item—sthatthefirst level in (9) containsonefactorfor eachrater
x item x examineecombination—ando modeltheratereffect asalinearinfluenceon theitem’s difficulty
parametep;. Mathematicallythis is equivalentto the LLTM modelsketchedabove, but it hascometo be
known in this settingasthe “Facetsmodel” (Linacre,1989;Engelhard,1994,1996).

For bothformative andsummatve evaluationof raters anumberof multiple-readratingdesignsarenow
commonplac€Wilson Hoskens,1999),including designswith asmary assix ratersperitem (e.g.,Sykes
Heidorn,1999). Thuseachexamineeperformanceds measuredeveral correlatedout fallible times. Junler
andPatz (1998) shaved that the usualFacetsmodelformulationin which the likelihoodis the productof
LLTM-stylefactorsfor eachratingof eachitem, accumulateshformationaboutf too optimistically sothat
with only oneitem responsein thelimit asthe numberof ratersgrows, the standarcerrorfor estimatingor
predictingd apparentlygoesto zero,contradictingthe notion (e.g.,Junler, 1993)thatthe numberof items
shouldtendto infinity in orderto malke the error of estimationof 8 vanishinglysmall. Insteadmodelsare
neededhat appropriatelyaccumulatenformationfrom multiple ratingsto the singleitem responséeing
rated,andthenaccumulaténformationacrosstem responseto learnaboutd itself.

Wilson and Hoskens’ (1999) rater bundle model (RBM) attacksthis problemby replacingthe Facets
productacrosgatersfor eachitemin level oneof (9) with alog-linearmodelthat modelsthe dependence
betweerratingsof theitem, conditionalon 8. Their approactseemsvery usefulfor, e.g.,modeling“table
effects”andotherraterdependencphenomenghatfollow whenratersareallowedor encouragetb discuss
ratingsamongsthemselesto increaseating quality andinter-raterreliability.

Patz,Junler andJohnsors (1999)hierarchicaratermodel(HRM) providesanalternatve approacthat
positsa‘“latentrating” &;; (notunlike Maris’, 1995,notionof latentresponsesalsonotetheconnectiorwith
thedataaugmentatioomethodin Bayesiarcomputationg.g., Tanney 1996)thatfollows a corventionallRT

model,suchas .

Pé- =1 0',05',,8' =
(i = 116r, o ] 1 + exp(—a;[6; — B;])
(or apolytomousvariant),anda“signal detectionrmodel” for eachraterr ratingthatitem responseuchas
1=
P[XZ]T = 1‘52]] = (1 _pOIT)&] plorgja
wherep, 1, is the probability thatraterr ratesa responsevith latentrating¢;; = 1 asa0, andpig, is the
probability that raterr ratesa responsewith latentrating §;; = 0 asa 1. ThefactorsP[X;;, = 1|&;]
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now appearat level oneof the hierarchy(9), andthe factorsP[¢;; = 1|6;, a5, ;] effectively form a new

level betweerlevels oneandtwo of (9). This producesa modelthatbehaes,for multiple discreteratings,
muchasastandardyeneralizabilitytheorymodelwould behae for multiple continuougatings(seeVerhelst
Verstralen1999,for a similar development).In additionto providing anappropriatevay to combineinfor-

mationfrom multiple ratersto learnaboutstudentperformancethe HRM makes possiblecalibrationand
monitoringof individual raterbehaioral effectssuchas,in the caseof polytomousresponsegaterseverity

andraterprecision.

3.4 Some Current Questions

Almost ary assessmerghenomenon—fronbetween-gamineedependencelueto institutional or socio-
logical factors,to behaioral aspectof raters,to the analysisof item responsesnto requisiteexaminee
skills or item features—care expressedn the hierarchicalmixture/Bayeanodelingframewvork, because
of its conceptuasimplicity. Recentadvancesn computationandMCMC methodsn particular have made
it possibleto estimatea vastly wider variety of thesemodelsthanwould have beenimaginableeven ten
yearsago.Questionsnotivating this work inevitably involve identifying phenomenahatareworth detailed
parametrianodeling,andseeingf the computationamachinerycanbe pushedo estimatenodelsof these
phenomenaRecentexamplesinclude multidimensionalGibbonsHedeler, 1992)andhierarchical(Brad-
low, WainerWang,1999)modelingof testletsblendingIRT andhierarchicalinearmodels,andbehaioral
modelssuchastheratermodelsdescribedbore.

Speedingup the computationswith approximations(including formal and informal applicationsof
Laplaces methodsuchas Rigdon Tsutakava, 1983 and Kass, Tiernegy Kadane,1990; blendsof Monte
Carlo and E-M approachess suneyed in Tanney 1996; and variationalmethods,e.g., Jaakkla Jordan,
1999)continuedo be anessentiabndfruitful avenueof research.

An avenuethat hasnot beenexploredas muchin IRT work is choosingmodelsfor which suficient
statisticsare simpleandinterpretable. The mostfamiliar “basic model” of this sortis of coursethe Rasch
model, but aswe shall seein the next sectionsomecurrentcognitively-motivatedmeasuremenproblems
mayrequirea new “basicmodel”.

4 Measurement Challenges Posed by Cognitive and Embedded Assessments

In recentyears,as cognitive theoriesof learningand instructionhave becomericher, and computational
methodgo supportassessmeriitave becomemorepowerful, therehasbeenincreasingoressurdéo make as-
sessmentsuly criterionreferencedthatis, to “report” onstudentachi&zementrelative to theory-drvenlists
of examineeskills, beliefsandothercognitve featuresneededo performtasksin a particularassessment
domain. For exampleBaxterand Glaser(1998) andNichols and Sugrue(1999) presentcompellingcases
thatassessingxaminees’cognitve characteristiceanandshouldbe the focusof assessmertesign.In a
similar vein, ResnickandResnick(1992)adwcatestandards-referead or criterion-referencd assessment
closelytiedto curriculum,asaway to inform instructionandenhancestudentearning.
Appropriatecriterion-referencetestingcanalsobeaneffective teachingool whenembeddedirectlyin
teachingpractice.Indeedthereis substantiahrgumentandevidence assummarizedor exampleby Bloom
(1984),thatpartof whatdistinguishesigherstudentachiezrementin “masterylearning”andindividualized
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tutoring settingsasopposedo the cornventionalclassroomis the useof frequentandrelatvely unobtrusie
formative testscoupledwith feedbackfor the studentsand correctve interventionsby the instructor and
follow-up teststo determinehow muchtheinternentionshelped. This approactcontinueso be adwcated
aspartof anaturalandeffective apprenticeshigtyleof humaninstruction(e.g.,Gardner1992),andit is the
basisof mary computetbasedntelligenttutoring systemgITS’s, e.g.,Anderson,1993;andmorebroadly
ShutePsotka,1996). Heretoo, a decompositiorof assessmetitemsinto appropriatecognitive attributesis
important:feedbackand/orcorrective actionin a masteryclassor from anITS depend®n knowing which
cognitive attributesthe examineehasandhasnot mastered.

Cognitive assessmemnmnodelsmust generallydeal with a more complex goal than linearly ordering
examineespr partially orderingthemin a low-dimensionalEuclideanspacewhich is what IRT hasbeen
designedand optimizedto do. The goal of cognitive assessmertan be thoughtof producing,for each
examinee a checklistof skills or othercognitive attributesthatthe examineemayor maynot possessyased
on the evidenceof tasksperformedby the examinee. The checklistof cognitve featuresin a cognitve
assessmemenerallycomesrom ananalysisof the cognitive attributesneededo successfullyperformeach
taskin adomainof interest.For a particularsetof tasks this analysiscanbeencodedn anincidencematrix,
the @-matrix (e.g., Tatsuoka1990,1995),whichwe will write asaJ x K matrix@ = [Q;x] of 0'sand1’s
with entries
Qi = { (1): :]1: Etcletutek is requiredby task (11)

While the Q-matrix doesnot captureall of thestructurenve maybeinterestedn (Q treatstheskills in aflat,
non-time-orderednanner andtheremay be both hierarchicalandtime-orderstructurein the skills asthey
areappliedto atask),it is a usefulbookkeepingdevice.

Many attemptge.g.,assuneyed by Roussos1994)to blendIRT andcognitve measuremerdrebased
on a linear decompositiorof item parametersasin the LLTM, or on a linear decompositiorof the latent
trait 8, asin the multidimensionatompensatoryRT models.CompensatoryRT models like factoranaly-
sismodels,canbe sensitve to relatively large component®f variationin examineeability or propensityto
answelitemscorrectly but they aregenerallynotsensitve to thefiner componentsf variationthatareoften
of interestin cognitve assessmenOf course whethercognitve assessmemtataactuallysupportamodels
thattrack this finer level of variationis an empiricalmatter LLTM-style modelscanbe sensitve to these
finer componentof variationamongitemsbut are not at all sensitve to componentf variationamong
examineesNoncompensatorgpproacheée.g.,Embretson1985,1997)areintendedo besensitve to finer
variationsamongexamineesjn situationsin which several cognitve componentsrerequiredsimultane-
ously for successfutask performanceput they may be attemptingto estimatemore (perskill latenttrait
valuesandskill-responsgarametersphanassessmemtataof the type we will considercanbe expectedio
support.Thesemodelsarealsorelatedto the probability matrix decompositioomodelsof Maris, De Boeck
andVanMechelen(1996).

4.1 Three Approachesto Cognitive Assessment

ToillustratethedifferencesdetweertraditionalIRT approacheandcognitively-motivatedapproacheto as-
sessmentonsidenwo publishedmodelsintendedo dealwith essentialljthe samedata:taskperformance
by studentdearningthe LISP programmindanguageausingone of the computerbasedntelligenttutoring
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systemglevelopedby JohnR. Andersomandhis colleaguest Carngie Mellon University (e.g.,Anderson,
Corbett,KoedingerPelletier 1995). Thefirst modelis the assessmemhodelactuallyembeddedn the tu-
toring software,asdescribedy Corbett,AndersonandO'Brien (1995);the seconds anIRT-basedmodel
for essentiallythe samedata,aspresentedby Drangy, Pirolli andWilson (1995). Thenl will presentathird
modelto illustratethat,althoughthe modelingtraditionsin IRT arenot muchlike thosein cognitive assess-
mentmodeling,the fundamentatechniquesandconceptsrom IRT modelingarequite usefulin cognitive
assessment.

41.1 TheCorbett/Anderson/O’Brien mode

For the“knowledgetracingmodel”’embeddedh theLISP tutor software(Corbett, AndersonO’Brien, 1995)
for this data,define

Xij(n) = 1lor0 indicatingwhetheror not student
1 performedtask j correctly at
timen

Qjr = 1o0r0 indicating whetheror not task j
requiresskill &

aig(n) = 1lor0 indicatingwhetheror not student
i possesseskill k£ attimen

&j(n) = Tl Qjp=1 a;x(n)  indicatingwhetheror not student
1 hasthe skills neededor task j
attimen

s = P[Xj;(n) =0|¢;(n) = 1] auniversalslip parameter

g = P[X;;(n) =1]&;(n) =0] auniversalguessingparameter

Themodelof taskperformancembeddedn theknowledgetracingmodelis essentially
P[Xyj(n) = 1] = P[g;(n) = 1](1 — 5) + (1 — P[&;(n) = 1])g, (12)

whereP[¢;;(n) = 1] follows asimpleconjunctve model(thoughmorecomplex expressionsilongthelines
of Mislevy, 1996,couldbeimagined):

P[&ij(n) =1] = [ Pleuir(n) > Qjil- (13)
k=1

It is worth notingthatthe;;(n)’s [or the o (n)’s] canbeinterpretedasplayingtherole of Maris’s (1995)
latentresponsegthey canalso be interpretedin termsof the methodof dataaugmentatiorin Bayesian
computationg.g.,Tanney 1996).

It is the probabilitiesP[a;x(n) > Qjk], treatinga;x(n) asthe unknavn or randomquantity thatare
actuallyof primaryinterestin assessmefitasecbn this modelof taskperformanceGiven currentestimates
of Pla;r(n) > Qji], thetutor canbothidentify which skills needadditionalpractice,and selectitems of
suitabledifficulty thatexercisethoseskills, to assignto the studeninext.

Corbett, Andersonand O’Brien (1995) were particularly interestedn how to gatherevidenceabout
Pla,(n) > Q] asthe numberof opportunitiesn to apply rule & increases—i.ethey areinterestedn
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modelinglearning. To accountfor the orderin which correctandincorrectactionsare obsered whenskill
k is calledfor, they suggestreatinge;,(n) asahiddenMarkov chainwith anabsorbingstate,

e v

() | aip(n — =

Plaiy(n) |@(n—1)] = 1-T (14)
Plaik(n) | aix(n —1)] = 0,

where® ;i (n)” standdor “a;x(n) = 17 and“@;,(n)” standdor “a;;(n) = 0"

Thetutoringsystemis arrangedo directly obsere evidencea;;(n) = 0 or 1 thatthe correctactionwas
performedvhenskill k£ wascalledfor, greatlysimplifying theinferentialtask. Corbettetal. (1995)positthe
following relationshipsetweerthe hiddenstateca;; (n) = 0 or 1 andthe obserable evidencea;;(n) = 0
orl:

Plagk(n) | ai(n)] = Plai(n—1) | aix(n) ]
+ (1 = Plajg(n—1) | aix(n)]) T

Plaik(n) | @ix(n)] = Plai(n —1) [@ik(n) ]
+ (1 = Plag(n — 1) [@x(n)])) T
Plog(n—1) [agx(m)] = {(1-9)Pla(n -1} 4o
/{1 =s)P[ag(n —1)]
+gPlag(n—1)]}
Plaig(n —1) |apx(n)] = {sP[ai(n—1)]}
/ {sP[aix(n —1)]
+ (1 —g) Pl[@ix(n — 1) ]}.
Given a-priori fixed valuesof T, s, g, anda probability p, that eachskill is in the learnedstatebefore
the tutoring begins, we may substitutep, for P[a;i(n — 1)] whenn = 1, andthe abore formulasgive an
algorithmfor recursvely updatingP[«;x (n)] onthebasisof the obsered sequencef correctandincorrect
actionsin the first n opportunitiesto apply rule k. This is a particularly simple and fast computational
method,capableof updatingthe tutor’s modelof the students skills in realtime asthe studentworkswith
thetutor.

It is interestingto notethatin orderto producea well-fitting model,Corbettetal. (1995)hadto allow
the probabilitiesT, s, g, andthe probability py that eachskill wasalreadyin the learnedstatebeforethe
tutoring began, to be perturbeddifferently from overall populationvaluesfor eachstudent:; effectively,
they allowed theseparameterso becomerandomeffects. Thus,in additionto theindividual differencesn
skills acquisitionthatthemodelhadbeendesignedo detect thereweresubstantiaindividual differencesn
startingknowledgeof the studentsin tendeng to slip or guessandin therateof learning,underthis model.

4.1.2 TheDraney/Piraolli/Wilson model

Drangy, Pirolli andWilson (1995)developan LLTM-style modelto analyzeessentialljthe samedata. The
modelthey considerbegins with an indicator a;;;(n) = 1 if studenti performscorrectly whenthe nth
opportunityto useskill £ occurs,underconditionj; anda;jx(n) = 0 otherwise.Thesea;;;(n) differ from
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Corbettetal’s (1995)a;x(n) only in thatthetaskthatprovidesa context for performingtheskill is allowed
to affect the difficulty of correctskill performanceln the Drang etal. (1995)model,the “skill response
functions”aregivenby

1
1+ exp(—6; + 7; + 0 — ylog(n))

P[aijk(n) =1 | ei,Tjaékaﬂ

This modelessentialljdecomposethe difficulty parametefs in the Raschmodelaccordingto a Q matrix,
asin equationg10) and(11), in termsof parametersor task,7;, skill, §;, andslopeof thelearningcurwe,
~. Thelogarithmicdependencenn is intendedo follow thedevelopmeniof Anderson(1993,Appendixto
Chapterl). If thedecompositiorof tasksinto skills is complete andthe skills areof a suitablegranularity
Andersons (1993) ACT-R theorypredictsthat skill “performanceswill be approximatelyindependenbf
oneanother given the relevant difficulty and studentparameters.This is essentiallya statemenbf local
independencesothatthe “skill responsdunctions”abose may be multiplied togetherin the usualway to
form anIRT likelihood.

It is interestingto comparehe Corbettet al. andDraney etal. modelingapproachesk-or example,for
adatasetsimilarto thatanalyzedoy Drangy etal., theassessmemhodelof Corbett,AndersonrandO’Brien
(1995,p. 32; seealsoDrangy, Pirolli Wilson, 1995,p. 115)would emplgy essentiallyfour continuoudatent
variables,and33 dichotomoudatentattribute indicators per studentested—in additionto 132 parameters
to characterizéeatureof theskills beingassessedJsingtheirvariationon standardRT models Draney et
al. provided equivalentor betterfit to learningcurves,emplo/ing onecontinuoudatentvariableperstudent
tested(Draney, Pirolli Wilson, 1995,p. 109),and36 parametersor the skills beingtested(Drangy, Pirolli
Wilson, 1995,p. 115). Thus,if thegoalis to modellearningcurves,clearlythemorecomplex Corbettetal.
modelis not needed.

However, the usesto which thetwo modelscanbe put, andthe substantie interpretation®of estimated
parameterén thetwo models,arevery different. The Corbettet al. modelis immediatelyusefulfor diag-
nosingindividual differencesn studentaskperformancdehaior by relatingit directly to specificskills in
thetaskdecompositiorof their taskdomain,but canonly indirectly assesshe validity andreliability of the
tasksin theassessmenthroughfit to learningcurvesor othersummarie®f studentaskperformance.

The Drang et al. modelis notimmediatelyusefulfor studentdiagnosis,sinceits studentparameter
is one-dimensional After fitting the model, Dranegy et al. go backandrank studentshasedon (empirical
Bayes)estimated’s (in the context of learningcurves analysis,the 8’s essentiallycode students'initial
facility in thetaskdomainprior to tutoring, muchasthe randomeffect versionof py doesin the Corbettet
al. model),andcompareestimatedkill performancdlifficultiesto thestudentsaggreated distribution; see
for exampletheir Figure5.1,p. 112. Suchdisplaysallow usto predictwhich skills a “typical” studentwith
somefixedvalueof § might be expectedto performcorrectly andarevery usefulcommunicatiordevices.
However, detailedcognitive diagnosisof individual studenton the basisof the 8’s is not possible without
a post-hocanalysisof somesort. Indeed for assessingvhetherindividual studentshave learnedparticular
skills, Dranegy et al. replacethe IRT modelwith a Bayesianinferencenetwork thatis focusedon inferring
theprobabilitythatanindividual haslearnedoneor moreskills, usingpriors constructedrom thefitted IRT
modelandnew datafrom furtherattemptdo performthe skill(s).

The utility of the Drang et al. IRT modelfor analyzingimportanttask performancefeatures,and
aggrgate examineebehaiors, shouldnot be minimized however. For example, Junler, Koedingerand



Nonparametri@andParametridRT, andthe Future 15

Trottini (2000) are using essentiallythe samemodelingframeavork to develop a semi-automatistepwise
variable construction/modeselectionprocedure with the goal of identifying skills that were either too

narravly or too broadlydefinedin a cognitive tutor (theseresultin stylizeddeviations,or “blips” from the

theoreticallypredictedlearningcurvesfor the skills). In a similar vein, Huguenardet al. (1997;seealso
Patzetal., 1996)applieda polytomousversionof the LLTM to studytherelationshipbetweertaskfeatures
andworking memoryload, usingthe IRT 8 parameteto soakup residualbetween-subjectgariation not

modeledby experimentalandworking memaoryfactors.

4.1.3 An IRT-like cognitive assessment model

As the precedingexamplemakes clear traditional parametriclRT approachesnay not be well suitedto
individual assessmertasksin computerbasedntelligenttutoring systems.The sameissuescanalsoarise
in standalon@assessmentbataredesignedo assespresencer absencef specificskills—ratherthanto
sortexamineesalongalinearscale—basedn performancen afixedsetof tasksgivenasa standalongest.

To illustrate this we considera modified versionof the assessmerntodel of Corbett, Andersonand
O’Brien (1995). We omit the hidden-Marlkv learningmodelandassumehat examineebehaior is only
obsenred at the tasklevel, not the skill level. This modelcanalsobe connectedo multidimensionahon-
compensatoryRT models,sinceit is interpretableas a simplified version of Embretsors (1985, 1997)
multicomponentatenttrait (MLTM) model.Define

X;; = 1lor0 indicating whetheror not student;
performedask; correctly
Qjr = 1lor0 indicatingwhetheror not task j re-
quiresskill &
ajr = 1or0 indicating whetheror not student;
possesseskill &
& i = g Qjr=1 ik indicating whetheror not student;

hastheskills neededor task;
sj = P[X;; =0|,; =1] aperproblemslip parameter
g; = P[X;; =1|&,; =0] aperproblemguessingarameter

Notethatthe );; arethe usualconstanentriesin the Q-matrix, andthe¢;; aredeterministicfunctions
of the a;;’s and@. The goalis to try to estimatethe «;;;’s, or more preciselyP[a;, = 1], from the task
performancealata.

Our basicresponsenodel[level onein the hierarchy(9)] is

PlXi; =1]§,8,9] = &;(1—s5)+(1—&;j)gj
o1&
= (1- s]-)gng §]’
andsofor the entireexamineesy tasksmatrix [ X;;] of taskresponses,
P[X;j = zij, Vi,5 | &, 8, 9] X
o1& T R Y P ]
LT [0 )00 1= 1 g =0] (16)

HZ, Hj [(1 _ Sj)l‘ij 8;—.’13ij:|§”4 [g;cij (1 B gj)l—zij] _
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To seehow estimationof the parametergepend®nthedata,it is instructve to setup thefirst stageof
an estimationalgorithmfor the model. In particular let's assumehat prior distributions have beenchosen
[for levelstwo andthreein the hierarchy(9)], sothats; ~ m(s;), g; ~ T4(g;), @ik ~ mp* (1 — )1~ %k,
andperhapsr, ~ 7w(m). Theseprior distributionswill be usedas“placeholders’in the notationbelow;
their particularform will not affect our conclusionsn ary substantialvay. We will calculatethe so-called
“completeconditional” distributions(e.g.,Gelman,Carlin, SternRubin, 1995) of eachparametergiventhe
dataandtherestof the parametersSucha calculationis directly usefulin settingup an MCMC algorithm
for Bayesianestimationof the model parameterge.g., Patz Junler, 1999a;1999b),andis also usefulin
someversionsof the E-M algorithm,suchaseCME (e.g.,Liu Rubin,1998). However, evenwhenE-M is
“possible” for a modellike (16), it neednot be practical,dueto the needto sumover all configurationsof
thelatenta vector(seeequationl? belov). For casesn which relatively few a’s carry mostof the latent
trait distribution, MCMC canbe a more efficient—albeitapproximate—ay to estimatethe model. This
phenomenoimasbeenfoundin othermodelswith complec discretelatentstructureaswell (e.g.,Seltman,
1999;SnijdersNowick, 1997;andTer Hofstede SteenkampWedel,1999).

As usualin settingupanMCMC calculationwe notethatthe completeconditionaldistribution for each
parametepr latentvariableis proportionalto the productof only thoselikelihoodand prior factorsin (9)
dependingon thatparameterThuswe obtainfor example

p(3j|rest) x (1 — 3]-)2¢ zij&jsjzzi(l*wij)fij 7Ts(5j)7

plgilresy o g2 7076 (1 g ) Z 00—t ().
j =1,...,J, where“rest” standsfor the dataandthe restof the parametersn the model. From these
it is easyto seethe intuitively plausiblefactsthatthatthe slip parametes; is sensitve only to successes
andfailuresof examineesvho we hypothesiz&throughthe valuesof ¢;; uponwhich we have conditioned)
do have the requisiteskills to performtask j, andsimilarly the guessingparametey; is sensitve only to
successeandfailuresof examineesvho we hypothesizelo not have the requisiteskills. Theseparameters
might be given Betadistribution priors,to male life easyfor estimation.

More centralto the goal of assessingxamineeswe seethatthe completeconditionaldistributionsfor

oy, areof theform:

p(o|resy
(=k)

x H [(1 — s5)%i S;_“’z’j]aikfiz‘

J: Qjk=1

1—ag El(j_k)

(677 (1 — g;) ']
X w0 (1 — ),

wheregz(j_k) = H#k:Qﬂ:l a;e, Which indicatespresencef all skills neededor taskj, exceptfor skill k.
Fromthesecompleteconditionalswve canseethat

. Whengi(j’k) = 1, thesuggestednodelfor «;; is somesortof Bernoulli, whichmakessense.

e Whenthereareno taskssuchthatboth@;; = 1 andff{k) = 1, thenqyy is sensitve only to its prior
distribution mry* (1 — mg )1~k nolearningfrom dataoccurs.
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The secondobsenation is really a versionof the credit/blameassignmenproblem(e.g.,VanLehnNiu, in
press):we cannotinfer whetherq;;, waslearned,f we are hypothesizinghat anothemeededskill is still
unlearned.Roughly theremustbe informationin the task performancedatato allow usto assigncredit
(whenataskis performedcorrectly)or blame(whenit is performedncorrectly)to every cognitive attribute
relatedto thetask.

Thereare essentiallytwo waysto avoid the credit/blameproblem. In somesituations,skills canbe
scoreddirectly; this is possiblefor examplewithin Andersons ITS’s for LISP, algebraandgeometry be-
causestudentsarerequiredto successfullyperformeachsubgoal/skill,with hints andrepeatedattemptsf
necessarybeforemoving on the next subgoalin the task (seealsoEmbretson,1985). If onecannotscore
the taskssubgoalby subgoal,one cantry to designthe assessmere.g.,by handor usingmethodsfrom
traditional statisticalexperimentaldesign)so that the tasksefficiently exerciseall skills in the skillsetin
suchaway that,takentogetherthetaskperformancalatainformsusabouteachskill. VanLehnNiu, Siler,
and Gertner(1998) illustrate the inferential difficulties that can result whenitem setsare not constructed
with the goalof designingaroundthe credit/blameproblem.

Finally if we wantto estimatethe skill baseratesn, in the population(a measuref skill difficulty) we
mayincludea fourth setof completeconditionals

p(mk|resy oc it (1 — me) V=% (my),

wherec, = 3, a;y is thenumberof studentsvho arepresentlyestimatedo have skill £ (again,aBetaprior
densityfor y, is suggested).

4.2 A Rolefor Nonparametric IRT Methods?

Suchmodelsas(16) mayseemvery far removed from the settingin which nonparametri¢tRT methodsare
familiar. | wantto suggestseveralwaysin whichthey arenotsofarremoved.

First,supposehattheskill variablesy;;, varyindependentlypf oneanotheiin apopulationof studentsor
examineesaswould beconsistentvith e.g.,Andersons (1993)ACT-R theory andsupposghattheslip and
guessingarameters; andg; arefixedandsatisfytheplausibleinequality(1—s;) > g; (but s; andg; need
not be known). A modelfor the task performanceof a randomly-sampledxamineefrom the population
wouldthenbe

P[X = z]
- Y11 [(1 —s5)5@ gjlasj(a)]wf [1 _(1—s)8@ gjlsma)} T (@)
a
= Y I Pi(&(e)) [1 - Pi(&(a)]' ™™ p(a) (17)
@ g
wherep(a) is a productmeasureover the spaceof binary skills o = (o, ..., ax), andP;(¢;(a)) is the

monotongunction 1-¢ ()
Pi(€j(e)) = (1 — s5)5(@g, ™%

of {;(ax)); henceP;(¢;(a)) is alsomonotonen the coordinatesy, of a. Note the similarity of equation
(17)to (2) and(3).
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It follows immediatelyfrom Lemmaz2 of Holland and Rosenbaun{1986; seealso Kamae,Krengel
O’'Brien, 1977)thatfor ary non-decreasingummaryg(X) of X = (Xy,...,Xs), E[g(X) | a] is non-
decreasingn eachcoordinateq;, of a; this impliesthe SOM (StochasticOrdering of the Manifestscore
X by thelatenttrait) propertyof Hemler etal. (1997),that P[X, > ¢ | a] is non-decreasingn each
coordinaten;;, of ae. Not muchis known abouttheinverseandmoreusefulpropertySOL (see7) whenthe
latent“trait” is multidimensionalWe might conjecturefor examplethat

Plag=1| Y X;=s] (18)
J:Qjr=1
would be non-decreasing s. As in corventionaldichotomoudRT modelswe hopethat sucha property
is true, becauset meansthata mostpowerful testof masteryof skill £ canbe basedon a simpletotal of
correctly-performedasksinvolving skill &.

It alsofollows from Theorem8 of Holland and Rosenbaun{1986; seealso Jogdeo,1978)that since
a is a collection of independentpr more generally associatedrandomvariables,the collection of re-
sponsevariablesX is alsoassociatedhatis, for ary two non-decreasingummariesf(X) andg(X), that
Cov (f(X,g(X)) > 0. In general conditionalassociatiorappeargo bea difficult propertyto prove when
the underlyinglatentvariable,a in this case,is continuousand multidimensionalbut it may be easierto
eitherderive conditionsfor the binary coordinatesy;;, underwhich conditionalassociatiordoeshold—in
which casemonotonehomogeneityRT modelsbegin to be competitorsfor modelingthe sameresponse
dataasthe cognitively-motivatedmodel—orat leastto obtainthe appropriategeneralizatiorof conditional
associatiorfor cognitve assessmemhodelssuchasthis.

Next, aninvariantitem orderingproperty suchas P; (¢;(a)) < Py (&x(a)) uniformly in o, appeardo
bedifficult to obtainunlessl — s;, g;, and{;(a), arecomonotoneas; varies,for all a.. Thisis akind of
Guttmanscalingconditiononthelatentresponseg;, thatsaysfor examplethateasiemguessings associated
with lower skill requirementsandvice-versa. Thus, our cognitive assessmemhodel (16) providesfertile
groundfor thinking aboutinvariantitem ordering,without necessaril\beingtied to preconceptionabout
continuousunidimensionalRT models.

More broadly Hoijtink andMolenaar(1997)shov how nonparametrianodelfeaturessuchas condi-
tional association(4) and manifestmonotonicity (6) can be directly relevant to assessingnodelfit in a
parametricBayesiansetting. Given a completeand interestingset of nonparametrianodel featuresfor
modelslike (16),asimilar approacto modelfit maybetakenhere.

Finally, amongmary who work in the nonparametridRT traditionsof Mokken, Molenaay Sijtsma,
Holland, Rosenbaurmandtheir colleaguesit is the sourceof somebemusementhat we work so hardto
establistithatscoresuchas X ., which areperfectlygoodin the Raschmodel,themoststringentof logistic
IRT models,alsosufiice to orderexamineesassessonotonicitypropertiesof the underlyingmodelfrom
obserabledata,make masterydecisionsetc.,in generahonparametrisettings.Certainlycomparisonde-
tweenRaschandMokkenscalingarenotnew (e.g.,Meijer, SijtsmaSmid, 1990),andmorerecentlyaspects
of both Holland’s (1990)“Dutch identity” work andScheiblechnes’ (1995;seealsoJunler, 1998)“ISOP-
model” work canbe seenpartly asattemptgo formalizethe connectiorbetweerRaschandnonparametric
IRT methods.

| believe thatthe connections actuallyrathersimple,andis nearlyolbviousfrom Holland’s (1990)work:
The Raschmodelis a very well-behaed exponentialfamily modelwith immediatelyunderstandablsuffi-
cientstatisticsfor items, given personparametersandimmediatelyunderstandablsuficient statisticsfor
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personsgiven item parameters.Much of the work on monotonehomogeneitynodelsandtheir cousins
is directedat understandingust how generallytheseunderstandablehut no longer formally suficient,
statisticsyield sensibleinferencesaboutexamineesanditems. The model (16) provides us with a differ-
ent“basic’—albeitnot exactly exponential-&mily—modelfor cognitve assessmenin which parameters
dependon immediatelyunderstandablsummarief the data,asillustratedby the completeconditional
calculationsabore. We mayaskhow comple therelationshipbetweertheexamineeskill parameterse and
the taskperformancadataX canget, andstill have thesesummariesde informative aboutguessingslips
presencer absencef skills, etc. We may alsotake anexcursioninto parametriomodels,asl have done,
andaskwhetherthis is the “right” parametrianodelon which to basea nonparametritheoryof cognitive
assessment-or example,otherpossiblemodelswe might considerinsteadof (16) asa startingpoint for
sucha nonparametri¢heoryinclude the constrainedatent classmodel of Haertel(1989) andthe hybrid
modelof YamamotcandGitomer(1993).

In additionto theintrinsic interestof this enterprisethe resultingnonparametritheoryof cognitive as-
sessmentay have somepracticalutility. The relatve easewith which the original Corbett,Andersonand
O’Brien (1995)modelcanbe estimateds a consequencef bothits carefultailoring to the psychological
theory andthefactthatdatacouldbecollectedat the skill level (samegranularityasthe psychologicathe-
ory), ratherthanatthetasklevel, by the LISP tutor. But otherassessmersiettingsmaynot permitsuchtight
bindingof datacollectiondesignandpsychologicatheory;andour discussiorof themodel(16) shavs that
evenrelatively minor modificationsalongtheselines canmale the inferentialtaskmoredifficult. Estima-
tion probablyrequirese-M, MCMC, or someothercomputationallyintensive method,andgreatcaremust
be taken sothatevery parameters identifiablefrom the data. Modelsbeingproposedn the psychometric
literaturetodayto help unify the traditional IRT and discrete-cognitie-atributes approachessuchasthe
Unified Model of DiBello, JiangandStout(in press)alsoappeato requiresuchtreatmentln mary cases,
the estimatiormethodwhile feasible maywell betoo slow for usein real-timefeedbackaswith computer
basedntelligenttutoring systemsandtoo complicatedor teacheiscoringof assessmentmbeddedh in-
struction. A cleartheoryof which fasterdatasummariesarerelevantto the cognitive inferenceswe wish
to make, over a wide variety of cognitive assessmemhodels,would be animportantcontritution from the
interfacebetweemonparametri@andparametric'IRT” models.
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