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Abstract

Singleandmultiple ratingsof testitemshave becomea stockcomponenbf standardize@d-
ucationaltestsand suneys. For both formative andsummatie evaluationof raters,a number
of multiple-readrating designsarenow commonplacéWilson andHoskens,1999),including
designswith asmary assix ratersperitem (e.g. Sykes,HeidornandLee, 1999). As digital
imagebasedlistributed rating becomesommonplacewe expectthe useof multiple ratersas
aroutinepartof testscoringto grow; increasinghe numberof ratersalsoraiseshe possibility
of improving the precisionof examineeproficieny estimatesln this paperwe develop Patz’s
(1996)hierarchicaratermodel(HRM) for polytomouslyscoreditem responselata,andshav
how it canbe used,for example,to scaleexamineesanditems,to modelaspectf consen-
susamongraters,and to modelindividual rater severity and consisteng effects. The HRM
treatsexamineeresponseto open-endedtemsasunobservedliscretevariables andit explic-
ity modelsthe “proficieng/” of ratersin assigningaccuratescoresaswell asthe proficieny
of examineesn providing correctresponsesiNe shaw how theHRM *“fits in” to thegeneraliz-
ability theoryframeawvork thathasbeenthetraditionalanalysigool for rateditem responselata,
andgive somerelationshipbetweerthe HRM, the designeffectscorrectionof Bock, Brennan
andMuraki (1999),andthe raterbundlesmodelof Wilson andHoskens(1999).Using simu-
lateddata,we compareanalysesisingthe corventionallRT Facetsmodelfor ratingdata(e.g.
Linacre,1989;Engelhard1994,1996)andillustrateparameterecoery for the HRM. We also
analyzedatafrom a study of threedifferentrating modalitiesintendedto supporta Grade5
mathematicexamgivenin the Stateof Florida (Sykes,HeidornandLee, 1999)to shav how
theHRM canbe usedto identify individual ratersof poor reliability or excessie severity, how
standarderrorsof estimationof examineescalescoresareaffectedby multiple readsandhow
theHRM scaleaupto ratingdesigngnvolving large numberof raters.

Keywords: Multiple ratings,generalizabilityraterconsensugaterconsisteny, raterseverity,
latentresponsenodel,hierarchicaBayesmodelingjtemresponséheory Markov chainMonte
Carlo,MCMC.



1 Intr oduction

Ratedresponse$o open-endedor “constructedresponse”}estitemshave becomea standardpart of the
educationahssessmemandscapeThe inclusionof open-endedemsin testingprogramss motivatedpri-
marily by validity concerns—thes&gemsarethoughtto bedirectand“authentic”evaluationsof competence
andtheirinclusionis thoughtto have positive consequencdsr educatior(Messick,1994)—andhallenged
mostfrequentlyon reliability concernge.g.,Lukhele, ThissenandWainer 1994).Assessinghereliability
of assessmeniscludingratedopen-endedemsrequireseplicationof thescoringprocessleadingto multi-
pleratingsof studentwork. Indeed multiple ratingsof testitem responseblave becomea stockcomponent
of standardize&dducationatestsand suneys, from the National Assessmenof EducationalProgressto
state-leel testsaimedat studentaccountabilityto testsdevelopedby commerciatestpublishersExamples
of multipleratingsinclude“check-sets’tonsistingof papergatedin advanceby expertsandusedto monitor
rateraccurag during operationakcoring,“blind doublereads”usedto monitorconsisteng of the scoring
processand“anchorpapers”with response$rom previous administrationaisedto monitor yearto-year
consisteng in the rating procesgWilson andHoskens,1999). The increasinguseof imagingtechnology
andcomputetbasedscoringmakesthesemultiple ratingsdesignseasierto implementmoreeffective, and
lessexpensve. With imagingtechnologyasmary assix or moretruly independentatingsmayberoutinely
gatheredor monitoring,evaluation,or experimentalpurposegsee for example,Sykes,Heidorn,andLee,
1999).

Multiple-readdesignsopenup a wide variety of dataanalysispossibilities—andhallengeslncreasing
thenumberof ratingsperitemimmediatelyaffordsusthe opportunityto improve theprecisionof estimating
examineeproficieny levels, just asincreasingthe numberof items canincreasethis precision.Multiple
ratingsalsooffer the opportunityto directly modelaspect®f consensuéor its lack) amonggroupsof raters,
and—asve shallsee—tanodelbiasandconsisteng within individualratersaswell. With thesepossibilities
comechallengeswhen using multiple readsto improve precisionof examineeproficieny estimatesye
mustbesurethatthe statisticalmodelis appropriatelyaggregatingevidencefrom the setof ratingsfor each
examineeor item. And in modelingindividual ratereffectsandinteractionsamongraters,we mustattend
carefullyto thetradeof betweerhaving sufiicient parameterto modelthe effectsof interestandhaving so
mary parametershatwe outstriptheinformationavailablein the data.

The purposeof this paperis to introduceand elaboratea statisticalmodelfor multiple ratingsof test
items, first proposedby Patz (1996), called the HierarchicalRater Model (HRM). The HRM is one of
se/eral new approachegseealsoBock, Brennanand Muraki, 1999; Junler and Patz, 1998; Verhelstand
Verstralen2000;andWilson andHoskens,1999)to correctinga problemin how the Facetsmodelwithin
item responseheory (Linacre, 1989) accumulatesnformationin multiple ratingsto estimateexaminee
proficiengy. The HRM providesan appropriatevay to combineinformationfrom multiple ratersto learn
aboutstudentperformancejtem parametersetc., becausét accountsfor maiginal dependencéetween
differentratingsof the samestudentwork. It makes available tools for assessinghe rater componenbf
variability in IRT modelingof rating datacorrespondindo thoseavailable in traditional generalizability
modelsfor ratingdata.ln addition,the HRM makespossiblecalibrationandmonitoringof individual rater
effectssuchasraterseverity andraterconsisteng

In thefollowing sectionswe developthe HRM for polytomousdata.In Section2 we shav somecon-
nectionshetweerthe HRM andsomeotherapproacheto ratedstudeniperformancelataby analogywith a
simplegeneralizabilittheorymodel;andin Section3 we give the specificparameterizatioandestimation
methoddor theHRM thatwe usein this paperIn Sectiord we describewo interestingdatasets:a dataset
simulatedrom theHRM itself to explore parameterecovery andsimilarissuesunderthe Facetanodeland
the HRM; andarealdatasetbasedon a studyof multiple ratersin the Floridastategradefive mathematics
assessmer(Sykes, Heidornand Lee, 1999). Thesedatasetsare analyzedin Section5 to shov how the
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Figurel: A hierarchicaliew of asimplegeneralizabilittheorymodelfor asituationin whichratersjtems
andexamineesarecompletelycrossedincompletelycrossecandunbalancediesignsareall modifications
of this setup.The variancecomponentsgr facetsof variability, aredisplayedasdifferentlevelsin thetree.
If thebranchesaremodeledwith the usualNormal-theorytrue-scorenodels,oneobtainsa standardyener

alizability theorymodel.If the branchesaremodeledwith IRT anddiscretesignaldetectiondistributions,

oneobtainsthe HierarchicalRaterModel (HRM).

HRM canbe usedto identify individual ratersof poorreliability or excessie severity, how standarcerrors
of estimationof examineescalescoresareaffectedby multiple readsandhow theHRM scalesupto rating

designsnvolving large numberof ratersin looselyconnectedatingdesignsWe alsobriefly discusoverall

modelfit issuesSomeextensionsof the HRM, andspeculationsiboutthe future of multiple ratingdesigns
andanalysescanbefoundin Section6.

2 SomeModelsfor Multiple Ratings of Testltems

Ratereffectshave beentraditionallymodeledandanalyzedntheraw scorescaleusinganalysisof variance
(ANOVA) or generalizabilitymethodology(e.g., Brennan,1992; Cronbach Linn, Brennan,and Haertel,
1995;Koretz,StecherKlein, andMcCaffrey, 1994).Whengreatermeasuremergrecisionis requiredfrom
a testcontainingratedresponsesf examineedo open-endedtems,we may considerobtainingeither 1)
response$o additionalitems(i.e., alongertestwith the samerating scheme)pr 2) additionalratingsper
responsdi.e., unchangedestlengthbut moreextensve ratings).The choicebetweerthe two (or of some
combinationof both) may be consideredn a generalizabilityor variancecomponentérameavork. By first
estimatingin a“G-study”) aratervariancecomponenaindanitemvariancecomponentywe canthenexplore
manipulation®f thetestdesign(in a“D-study”) to make eithercomponengrbitrarily small.

Figurel presents hierarchicaview of asimplegeneralizabilitytheorymodelfor asituationin which R
raters,J items,and N examineesrecompletelycrossedincompletelycrossecandunbalancedesignsare
all modificationsof this setup.The variancecomponentsor facetsof variability, aredisplayedat different
levelsin thetree,andlabelledatrightin Figurel. Thebranche®f thetreerepresenprobabilitydistributions
thatrelateparametersr obserationsat eachlevel. As usualin suchmodels,nodesat onelevel of thetree
are conditionallyindependentgiven the “parent” variable(s)that they areconnectedo at the next higher



level of thetree.If we parameterizéhebranchesn Figurel with theusualNormal-theontruescoremodels

0; ~ d.i.d. N(upop,02),i=1,...,N
¢ij ~ id4.d.N(0;,02), j=1,...,J, foreachi

€

Xijr ~ ii.d. N(&;,0¢), r=1,..., R, foreachi, j

we obtaina connectionbetweengeneralizabilitytheory and hierarchicalmodeling,that hasbeennoticed
severaltimesin theliterature(e.g.Lord andNovick, 1968;Mislevy, Beaton KaplanandSheehanl 992).The
expecteda-posterior{EAP) estimatesinderthis Normaltheorymodelof astudentproficiengy parameteé,
is alwaysexpressibleastheweightedaverageof therelevantdatameanandprior mean.Thegeneralizability
coeficientsarethe“dataweights”in theseweightedaveragesthelargerthe generalizabilitycoeficient, the
lessthe datameanis shrunktowardthe prior meanin the EAP estimate For example(seeGelman Carlin,
SternandRubin,1995,pp. 42ff; compareBock, BrennanandMuraki, 1999),focusingon aasinglebranch
connectinga; to a&;; we maycomputethe posteriormeanof ¢; given¢;; as

2 2

E[0;|&;] = ﬁeaz/ﬁwp + m&‘j = (1= p)pipop + PEij,
T € T €

wherep is the usualperitem generalizabilityFor a setof branchesonnectingan examinees ; to his/her
idealratingsé;1, - . . , &, thesuficient statisticfor 6; is €;. ~ N (6;,02/J), sothat

E[0;1&.] = (1= ps)ipop + pss.,

where

2
Or

PI= a2 02]]
is theusualtestgeneralizabilityAnd finally, usinga similar analysis,

E[0;| X;.] = (1= psr)tipop + prrX -,

where
az

- o02+402/J+7/JR

is ageneralizabilitycoeficientfor theinformationin all ratingsof examinee; for estimatinghatexaminees
0;. Thus,wereduceheitemvariancecomponenby increasingestlength,andwe reduceheratervariance
componenby obtainingadditionalratings(seefor example,Brennan1992;andCronbachet al. 1995).
This approachhowever, hasnot beensuficiently developedfor applicationgnvolving nonlineartrans-
formationsof raw testscoregBrennan,1997),individual discreteitem responses/ratingsic.,andso has
limited ability to quantifytherelationshipbetweerraters jndividualitems,andsubjectsA currentlypopu-
lar (e.g.Engelhard1994,1996;Myford andMislevy, 1995;andWilsonandWang,1995)item responsé¢he-
ory (IRT) basedapproactto modelingratereffectsis the“Facets’model(Linacre,1989),andhasthe same
mathematicaform asthe Linear Logistic TestModel (LLTM; Scheiblechnerl972;Fischey 1973,1983).
IRT Facetanodelsandtheirgeneralizationge.g.Patz, WilsonandHoskens,1997)producean ANOVA-lik e
decompositiorof effectsfor personsitemsandratersonthelogit scale andthusappeato bedirectly anal-
ogousto generalizabilityanalysison theraw scorescale For example,a Facetsmodelbasedon the partial
creditmodel(PCM; Masters 1982)providesadditive fixed effectsfor ratersererity, asfollows:

PJIR

logit P[X;;, = k|0;, Xijr € {k,k — 1}] = 0; — B — vk — ¢r, (1)
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Figure2: A hierarchicalview of the standardracetsmodelcorrespondingo Figurel. The layer of ideal
ratingvariablest;;, presentn thegeneralizabilityandHRM setupsjs missingin this model.

whereX;;, is theinteger polytomousratinggivento examinee:i onitem j by raterr, 6; is the latentprofi-
ciengy of theexaminee 3; is theitem difficulty, v, is theitem stepparameterandé, is theraterseverity.

The analogybetweenRT Facetsmodelsand generalizabilitytheory modelsbreaksdown in a funda-
mentaland very significantway, however, whenmultiple measuresre obtainedfrom multiple facets.In
IRT Facetsmodelsthe likelihood for the rating datais typically constructedoy multiplying togetherthe
probabilitiesdisplayedin (1) for all obsered examineex item x ratercombination(e.g.the examplesin
Wu, AdamsandWilson, 1997). Figure 2 presentsa hierarchicalview of this model. Essentiallythe IRT
Facetsmodelremovesthelayerof idealratingvariablest;; in themiddle of Figurel andmale directcon-
nectionsfrom eachd; to the corresponding/ R ratings.X;;,, typically modeledby (1) andthe assumption
of localindependencbetweeritemsandratingsof items.

The sameamgumentthat saysthat we can have arbitrarily preciseproficieny estimationfrom a suf-
ficiently long test (e.g., Birnbaums, 1968, test information increaseswithout bound) shaws that as the
numberof ratersperitemincreasesRT Facetanodelsappeato give infinitely precisemeasuremertf the
examinees latentscalescored;, eventhoughthe examineeanswersno moreitems(Patz, 1996;Junler and
Patz,1998).Wilson andHoskens(1999)andBock, BrennamandMuraki (1999)have alsonotedthe exces-
sively optimisticstandarcerrorsof estimationn IRT Facetanodels,andsimulationwork of Donoghueand
Hombo (2000) hasconfirmedempirically that for asfew astwo ratersperitem the IRT Facetsmodelcan
biasstandarderrorsfor 6; well belov whatwould be seenin the correspondindRT modelwith no raters.
Modelfit studies(seeSection5.3 belav; aswell asWilson andHoskens,1999)alsosuggesthatthelinear
logistic form of the IRT Facetsmodelmay not track the variability in actualrating dataaswell asmodels
thatexplicitly take into accounthedependencbetweerratingsdueto their nestingwithin ratersontheone
handandwithin examineenthe other

Thehierarchicaratermodel(HRM, Patz,1996)correctghe problemof excessiely optimisticstandard
errorsin conventionallRT Facetsmodelsby breakingthe datageneratiorprocesslovn into two stagesin
thefirst stage theHRM positsidealratingvariablest;;, describingexamineei’s performancenitem j, as
unobservegberitem latentvariables This idealratingvariablemayfollow, for example,a standard?CM,

logit P[¢ij = £|0i, Xijr € {&,§ — 1} = 0; — B — e, ()

or ary othercornvenientIRT model. Conceptuallywhenwe definea scoringrubric for anitem, we are
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Observed Rating (k)
0 1 2 3 4

Poor Poir Po2r P03r Podr
Ideal Plor Pilr Pl2r Pi3r DPlar
Rating P20r D21r P22r D23r D2ar

(€)

P3or P3ir P32r P33r P34r
P4or P4alr P4a2r P4a3r Pidr

B w N~ O

Table 1: The matrix of rating probabilitiesdescribingthe signal detectionprocessamodeledin the HRM.
perr = P[ Raterr ratesk | Idealrating¢ | in eachrow of this matrix.

defininga mapfrom the spaceof all possiblestudentresponseso an ordinal setof scorepoints;and¢;;
resultsfrom anidealapplicationof this mappingto examineei’s responseo item j. Statistically theideal
rating¢;; is amodelingdevice to capturedependencbetweermultiple ratingsof the samepieceof student
work (thisis how theHRM correctgheIRT Facetanodels underestimatioof standarcerrors);it is related
tothelatentresponseariablesof Maris (1995)within psychometricsandto data-augmentaticaindmissing
datamodels(e.g.Tanney 1996)in appliedBayesiarstatistics.

In the secondstage,oneor moreratersproducesa rating k for the item which may or may not be the
sameasthe ideal rating category. This rating procesds modeledas a discretesignal detectionproblem,
usinga matrix of rating probabilitiesp,,, = P[ Raterr ratesk | Idealrating¢ ] asdisplayedin Table 1.
Theratingprobabilitiesp,, in eachrow of this matrix mustusuallybe constrainedn someway to identify
the model, sinceotherwisewe mustestimateon the orderof K? parameterper raterwhenthe itemsare
ratedinto K cateyorieseach.It would be natural,for example,to posit a unimodal(unfolding) discrete
distributionin eachrow of thetable,with thelocationof themodeindicatingraterseverity andthe spreadf
thedistribution indicatingrater(un-)reliability Estimatef &;; mightthenbeviewedasakind of consensus
ratingfor examinee’swork onitem j, amongtheraterswho actuallyratedit. Non-squarenatricesof rating
probabilities—perhapreflectinga mismatchof the granularityof studentperformancewith the scoring
rubric—andinteractiondetweerratersanditemsor examineesanalsobemodeledn the secondstage.

The hierarchicalratermodel(HRM) canbe immediatelyseenasa reparametrizationf the lower two
setsof branchesn Figurel:

0; ~ d.i.d. N(upop,02), i=1,...,N, (asbefore);
&; ~ anlRT model(e.g.PCM), j =1,...,J, for each:
Xi;jr ~ thesignaldetectioomodelin Tablel, r =1,..., R, for eachi, j

Thus,theHRM is the generalizabilitytheorymodelin Figure 1, but with modificationsto the distributions
thatlink thefacetsof variability, to reflectthe discretenatureof IRT ratingdata.

Someauthors(e.g. Cronbachet al., 1995, p. 7) view obsered examineeperformanceas developing
alonga linear continuum,so thatideally a continuousrating would be given to eachperformanceln this
view, catayoricalor integerratingsarea practicalnecessitybut they resultin alossof informationrelative to
theideal continuougatingthatis to be minimized,e.g.by usingrubricswith mary allowablescorepoints,
half points,etc.Thiscouldbeaccommodatenh theHRM by makingthe¢;;'s becontinuoudatentvariables,
andthesignaldetectiormodelalogit or probitresponsenodel;howeverin somewaysthis conceptiorbeys
the questionof whatmakesa goodrubric. By contrastwe view the¢;;’s astheresultof anidealuseof the
givenscoringrubric to mapthe spaceof all examineeresponses—whicheednot bea continuumandmay
evenhave arich qualitatve structure—intaa setof ordinalratingcateyories.This helpsclarify whatis good
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or badabouta rubric (e.g.,undef or overspecification) andwhatis goodor badabouta rating (moreor
lessseverity, underuseof oneor more cateyories,etc.). It may alsohelp conceptuallyto identify changes
over time thataregood(e.g.,more completespecificatiorof the rubric), andthatarebad(e.g.,increasing
individual raterseverity, increasingndividual ratervariability, etc.).

It is alsovaluableto comparethe HRM approacho correctingthe IRT Facetsmodelwith someother
recentapproachesverhelstand Verstralen(2000) have developedan approachto multiple ratingsthatis
relatedto the HRM, in which a continuoudatent“quality” variableplaysa role similar to thatof our ¢;;’s,
andratersare allowed to vary in severity only. The approachof Bock, Brennanand Muraki (1999)is to
comparestandarderrorsfor estimatingd undergeneralizabilitytheorymodelscorrespondingo Figuresl
and2, andto computea “designeffects” correctionthatapproximatelycorrectshe corventionallRT Facets
likelihoodfor omitting the ¢ layer The approactof Wilson andHoskens(1999)is to build “rater bundles”
analogoudo Rosenbauns’'(1988)item bundles,that explicitly modeldependenceetweermultiple reads
of the samestudentwork, by replacingthe conditionalindependencenodelin eachsubtreeof Figure 2
with anappropriatdog-linearmodel.This raterbundlemodel(RBM) works quite well for modelinga few
specificdependenciedetweenspecificpairs of raters,or betweenspecificratersand specificitems. The
HRM may beviewed asa kind of restrictionof Wilson andHoskens’ RBM, thatmorereadily scalesup to
largernumberf ratingsperitem, becausé treatsratersasa-priori exchangeable.

Finally we notethat the generalizabilitycoeficients indicatedat the beginning of this sectiondo not
have directcorrespondents the HRM, becausaswith mostIRT-basednodels(andin contrasto models
motivatedfrom Normaldistribution theory),locationandscaleparameteraretied togethersothatthesizes
of thevariancecomponentshatmale upthegeneralizabilitycoeficientschangeaswe move alongthelatent
proficieny andidealrating scalesHowever, the HRM males available analogougools, suchasperrater
estimate®f reliability, thatin somewaysimprove our ability to monitorrateruncertaintyandincorporatet
appropriatelyinto estimate®n the latentproficieny scale.

3 Model Specificationand Estimation Methods

3.1 The Hierarchical Rater Model

The hierarchicaformulationof the HRM thatwe usebgginsat the datalevel with a matrix of rating proba-
bilities (Table1) for eachrater For the applicationsof the HRM in this paperwe wish to parameteriz¢he
rating probabilitiesin eachrow of Table1 sothatthe modelis sensitve to eachindividual raters severity
andconsisteny. We do this by makingthe probabilitiesp,,,, = P[ Raterr ratesk | Idealrating | in each
row of this matrix proportionalto a Normaldensityin k& with location{ + ¢, andscaley,:

pekr = P[XijT=k|fij=5]ocexp{—ﬁ[k—@wr)]?} 3)

i=1,...,N;3=1,....J; r=1,...,R

This parameterizatioapecifieanaximumprobabilityof responséor catgory k whenk is nearesto £ + ¢,
Wheng, = 0, themaximumprobabilityof responsés for £ = &, theidealratingcategory; wheng, < —0.5,
themaximumprobabilityof responsés for & < &, andwheng, > 0.5 themaximumprobabilityof response
isfor k > £. Thus,theshift parametety, measuremdividual rater severity, with ¢, < 0 indicatinggreater
severity, and ¢, > 0 indicatinggreaterlenieng. Similarly, the scaleparameten), controlshow quickly
the probabilitiesof responsdall to zeroas |k — (£ + ¢,)| grows; and hence, is inverselyrelatedto
individual rater reliability: the smallers), the greaterthereliability or consisteng of raterr. Thus,raters
have establishedtonsensusvith eachotherto the extentthat both ¢, ands), arecloseto zeroacrossall



raters.Differentitemsmay have differentnumbersof idealandobsered rating cateyories,andwe usethis
flexibility in analyzingtherealdataexamplebelow.

Sincewe do nothave stronginformationaboutary of theraterparameterg ouranalysedelov wetook
theprior distributionfor the ¢, to bearelatively uninformative Normaldistribution with mean0 andvariance
10, N(0,10), andfor v, a similar log-Normal density log(¢,) ~ N(0,10). In practiceit is common
for ratersto qualify for live scoringby performingsuficiently well on examineeresponse$or which the
“ideal rating” hasbeendeterminedn adwance.Informationfrom theseso-called‘qualifying rounds”and
“checksets’maybe analyzedn termsof therating probabilitiesin Table1, andthesepreliminaryanalyses
may supportthe useof moreinformative prior probabilitieson theraterseverity parameterg,. and+,..

We assumen this paperthattheidealratingsé;; follow aPCM asin (2), namely

3
EXP{Z(@ - Bj) —ij}

Pl = €161, 5j,vie) = (@)
> EXP{Z(@' —Bj) — ij}
h=0 k=1

whereg; is theitem location(difficulty) parametgrandsumswhoseindicesrun from 1 to 0 aredefinedto
bezero(andK neednotbethe samefrom oneitemto the next).
We take the populationmodelfor thelatentproficieng to be

0; ~ ii.d. N(u,0?),i=1,...,N, (5)

asindicatedaborve in Section2. Of courseary otherplausiblepopulationdistribution for 8 couldbeusedas
well. It is corvenientto placetheprior distribution ;15 ~ Gammd&, n) ono?, thepopulationvarianceof 6;
andto reflectlittle prior knowvledgeabouto? we have chosera flat Gammadistribution with o = n = 1 for
ouranalyses.

As is usualwith thePCMthereis alocationindeterminag in thateitheru orthe 8’s mustbe constrained
to getanidentifiedmodel.For thesimulateddataesxamplebelonv we have takeny = 0 andallowedthe’sto
befree,sampled.i.d. from arelatively uninformatve N (0, 10) prior distribution, to facilitatecomparisons
with ananalogousRT Facetanodel.For thereal-dataaxampleswe have allowed i to befreewith thesame
uninformatve Normalprior, N (0, 10), andforcedthe ’s to satisfya sum-to-zeraonstraintoy computing
By = — Z{_l B;. This hasthe effect of making the posteriordistrikution for 1 more pealed, sinceit
dependon all the data, which makes our Markov Chain Monte Carlo (MCMC) estimationprocedures
somevhatmorestable(seee.q.Gilks, RichardsorandSpiggelhaltey 1995).

Recallthatfor a K -cateyory item, 8; + v, arethelocationsof the K — 1 pointsatwhichadjacentate-
goryresponseurvescross;soonly K — 1 «y;;’s areformally includedin themodel.Thereis still alocation
indeterminag in they’s (adda constantto 8; andsubtractthe sameconstanfrom all the corresponding
v;k)- Thuswe take the K — 1 item stepparameters;;,’s for a K -cateyory to bei.i.d. froma N (0, 10) prior
distrikution, exceptthatthe lasty;;, for eachitemis alinearfunctionof the others,accordingto a sum-to-
zeroconstraintanalogoudo the 5’s. Thusonly K — 2 item stepparametersieedto be estimatedfor each
item.

For incompletedesignssuchasthereal-dateexamplewe considetbelav, we includeonly thosefactors
implied by the modelspecification(3), (4) and(5), thatarerelevant to the obsered datain the likelihood.
This hasthe effect of treatingthe datamissingdueto incompletenessf the designasbeingmissingcom-
pletely at random(MCAR; seefor exampleMislevy andWu, 1996). The MCAR assumptioris usually
correctfor datamissingby designin straightforvard suney andexperimentaldesignsvheremissingness
is not informative aboutthe parameter®f interest.However, MCAR is not innocuous,and Wilson and



Hoskens(1999)indicatesome“multiple-read” designgsuchasformative read-behindby expertraters)in
whichthepresencer absencef asecondatingcanbequiteinformative aboutthequality of thefirst rating.

3.2 Mark ov Chain Monte Carlo Estimation

Estimationof the item difficulty parameterg;, the ratershift (severity) ¢,, raterscale(unreliability) v,
and hyperparameter®f the latentproficieny distribution, was carriedout usinga Markov Chain Monte
Carlo (MCMC) algorithm.Giventhe ideal rating variables¢;;, MCMC estimationof the posteriorof the
partialcreditmodel(PCM)is straightforvard (see for example,PatzandJunler, 1999a,b)JohnsonCohen,
andJunler (1999)implementMCMC estimationof the PCM modelparametersn BUGS (Spiegelhaltey
ThomasBestandGilks, 1996),andwe extendtheir MCMC procedurdor the PCMto the HRM by adding
a stepthat draws ideal ratingsfrom the relevant completeconditionaldistributions. The resultwas pro-
grammedn C++,

In theremaindenf thissubsectionve indicatethecompleteconditionaldistributionsneededo construct
aMCMC estimatiorprocedurdor thespecificatiorof theHRM laid outin Section3.1.In whatfollows, the
(incomplete)matrixof all obseredrating/item/personombinationss denoted¥’; thenotationf (al|b, c, . . .)
is usedgenericallyto indicatethe densityor probabilitymassfunctionof parameteu givenparameters, c,
etc.;andunderliningsuchas”q” indicatesa vectorof parametersvith similar namesn themodel.

We bggin with the completeconditionaldistribution for eachsubjects ideal ratingson eachitem. The
completeconditionalposteriorfor §;; < = 1,...,N; j=1,...,Jis

(Tijr—Eij—¢r)*

XD\~ Lrery; ~ agr

£(&118, .7, &, X) { 7 (;igﬁ_mi

reri; 2Zk=0 @(p{——wg—

whereR;; is the setof ratersthatgradedthe respons®f subject: to item 5. Similarly the completecondi-

tional posteriordistribution for theratershift parametersg,. is

(@ijr—€ij —¢r)*
9(9{—2(1',1')65, g }

r

)2 f‘I>(¢r)
[igyes, i op{— 85520
whereS, is the setof subject-itempairsthatwereratedby raterr, and fs(¢) is the prior distribution for
each¢. The completeconditionalposteriorfor the raterscaleparametet), is almostidentical,with fg(¢)
replacedwith fy (1), theprior distribution for eachnp.
Conditionalon the ideal ratings¢é the PCM parametersire independenof the dataX. The complete
conditionalposteriordensityfor theitem difficulty parametep; is

} eXp{fij(Oi —Bj) — 'YJ'&J'}

f(@rlthr, & X)

e E+iBi
Y o exp{k(0: — B;) — vjr}

where¢, ; = Efil &i;- Similarly the completeconditionaldistribution for theitem-stepparameterss

f(Bil€,,0)

f8(B))

elikYik
(0.4
1L Yy exp{k(0; — B;) — vjk}

wherenj;, = Ef‘il Tig =1y the numberof respondentsvhoseideal rating catgory wask onitem j. The
conditionalposteriordistribution for thelatentproficieny paramete®g; is

fr(vir)

2
eSitli—53

[T S5 exp {k(0; — B;) — vk}
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where¢;, = 23-’:1 &i;. The completeconditionaldistribution for the latentproficieny varianceis 2|6 ~
N b
Inverse-Gamma<a + N,n+ ¥) ; cf. e.g.Gelmanetal. (1995,pp.474-475).

Thetime it takesto completea sufficiently long run for this MCMC algorithmdepend®n the number
of subjectsjtems,andraters.The speedof the algorithmis approximately5000 Markov chain stepsper
houron a datasetwith two raters,elevenitems,and 500 subjectson a Hewlett Packard9000/770UNIX
workstation;similartimescould be expectedon afastPC. Correlationdbetweerparameteri the posterior
distribution canbelarge, soto ensureadequatanixing it is necessaryo performmoderateljjong MCMC
simulationsln our analysesve have used20000Markov chainstepsafteraburn-in periodof 10000steps.
Thealgorithmis availablein a C++ programfrom us(contactmasjohns@stat.cmu.edu).

The Facetsmodelcanbe estimatedria MCMC using essentiallythe samesoftware, by first removing
the signal-detectior{matrix of rating probabilities)level of the algorithm,andthenusingthe PCM level
of the algorithmto connecteachrater x item combinationdirectly to examineeproficienciesasseparate
“virtual items” (asin FischerandPonocly, 1994)with additive effectsfor raters,item locationsanditem
stepsThusalthoughthe HRM andIRT Facetanodelsarerelated they arenotnestedn thelikelihood-ratio
testingsensewhich complicatesnodelcomparisongn Section5.3below.

4 The Example Data Sets

We will exploretheuseof theHRM in two examplesIn thefirst example we examinedatasimulatedrom
theHRM asdescribedn Section3.1,andcomparethefit of the HRM itself to thefit of ananalogoudRT
Facetsmodel.In the secondexample,we apply the HRM to datafrom a rating modality study conducted
recentlyby CTB/McGraw-Hill for the FloridaComprehensie Assessmenitest(FCAT).

4.1 Simulated Data

Using the HRM asdescribedn Section3, we simulatedR = 3 ratingsfor eachof N = 500 students
on J = b5 testitems,usingfive cateyoriesper item for both obsered and ideal ratings. The examinee
proficienciest;, weredravn from a N (0,4) distribution, andthe ideal rating variables¢;; followed the

partial creditmodel (PCM) with item location (difficulty) parameterg = (2,1,0, —1,—2), anditem-step
parametersy;; drawvn from a N(0,1) distribution. Obsered ratingswerethensimulatedaccordingto the

matricesof rating probabilitiesasin Table1 with rows modeledasin (3). Thevaluesof ¢, and+,., usedto

simulatethethreeratersy = 1, 2, 3, aregivenin therightmostcolumnof Table4. Thesevalueswerechosen
to reflectrealisticwithin-raterseverity andreliability, atlevelswe foundin ourinitial analyse®f the FCAT

datadescribedelon (Section5.2.1).We will analyzethe obsered ratings(threeperitem) only, andtreat
theidealratingsasmissingdata.

4.2 The Grade 5 Florida Mathematics Assessment

Thesedatacomefrom a field study conductedoy CTB/McGraw-Hill in supportof the Florida Compre-
hensve Assessmentest(FCAT), describedoy Sykes,HeidornandLee (1999).In the study response$o
open-endedield testitemswere scoredby ratersunderseveral designsfor assigningexamineeresponses
to raters,usingan computerimage-basedcoringsystem.Threeassignmentlesigng“scoring modalities”)
were investigated and eachresponseavas ratedtwice undereachmodality In modality one raterswere
trainedto scorethe completesetof open-endedtems,andthey would thenscoreintact studentbooks.In
modality two, raterswere assignedo scoreonly a single open-endedtem at a time. This modality was
intendedo mitigatetheimpactof raterseverity differencesn studeniscoreslin thethird scoringmodality



Modality 1: Rater 1 2 3 4 5 6 7
ResponseRated| 187 2068 1859 2376 2651 1914 1199

Modality 2: Rater 9 10 11 12 13 15 16 17 18 19
ResponseRated| 486 412 423 573 530 449 517 537 426 70
Rater| 20 21 22 23 24 25 27 28 29 30
ResponseRated| 550 547 543 915 554 442 433 404 521 502
Rater| 31 32 33 36 37 38
ResponseRated| 306 459 382 557 466 250

Modality 3: Rater 8 9 10 11 12 13 14 15 16 17
ResponseRated| 244 268 596 276 676 1168 800 792 776 1012
Rater| 20 21 23 24 25 26 28 33 34 35
ResponseRated| 1008 676 279 594 465 620 594 405 378 627

Table2: Distribution of ratersamongmodalitiesanditem responseamongratersin the Grade5 Mathemat-
ics Testratingmodality study

Item9 Item10

Score RaterCombination Score RaterCombination
Combination|| 12-13| 12-16| 13-16 | Total Combination|| 12-15| 12-36| 15-36| Total
0-0 20 9 235 264 0-0 45 74 278 397
0-1 0 1 37 38 0-1 0 2 5 7
0-2 0 0 9 9 0-2 0 0 0 0
0-3 0 0 0 0 1-0 0 0 6 6
04 0 0 0 0 1-1 4 4 34 42
1-0 4 1 9 14 1-2 4 7 15 26
1-1 3 4 22 29 2-0 0 0 0 0
1-2 2 0 4 6 2-1 0 0 1 1
1-3 1 0 0 1 2-2 3 21 54 78
1-4 0 0 0 0 [ Total [ 56| 108] 393 557]
2-0 1 0 1 2

2-1 1 0 20 21

2-2 2 6 54 62

2-3 1 1 5 7 Item11

2-4 0 0 1 1 Score RaterCombination

3-0 0 0 2 2 Combination|| 12-37| 12-38] 36-37| 37-38| Total
3-1 1 0 2 3 0-0 231 84 53 146 514
3-2 0 0 14 14 0-1 0 0 0 0 0
3-3 2 1 14 17 0-2 0 0 0 0 0
34 0 0 0 0 1-0 0 0 0 0 0
4-0 0 0 2 2 1-1 9 3 0 6 18
4-1 0 0 1 1 1-2 0 0 0 1 1
4-2 0 0 3 3 2-0 0 0 0 0 0
4-3 0 0 4 4 2-1 2 0 0 0 2
4-4 2 4 51 57 2-2 9 4 3 6 22
| Total [ 40] 27] 490] 557] [ Total [ 251] 91| 56| 159 557]

Table3: Cross-tablationsof modalitytwo ratingsby pairsof raters,for items9, 10,and11 of the Florida
gradeb Mathematicassessment.
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raterswereassignedo scoreblocksof itemsconstitutingroughly onethird of thetest.A completedescrip-
tion of the datasetandthe resultsof the scoringmodality studymay be foundin Sykes,HeidornandLee
(1999).

The dataconsistof scoresassignedo open-endedesponse$rom 557 examineego 11 open-ended
items—9two-pointitemsand 2 four-point items—»by38 raters.As describedabore eachitem wasrated
twice within eachof threeratingmodalities for atotal of six ratingsperitem. The setof raterswho ratedin
onemodalitywasnot necessarilyistinctfrom the setwho ratedin anothemodality asshavn in Table2.
Thestudydesignis incompleteandunbalancedh theassignmenof itemsto raters,ascouldbe expectedo
betrueof essentiallyall practicalmultiple rating situations.

Despitethefactthatevery pieceof studentvork is ratedsix timesin this study thedatacanbeextremely
sparseasillustratedby Table 3, which takulatesrating agreementsnd disagreementamongpairs of all
ratersratingitems9, 10 and11 in modalitytwo. Consideringhe Item 9 subtablefor example,we seethat
of the 40 occasion®n which raters12 and13 bothratedan Item 9 response20 timesthey agreedhatthe
responseshouldbe ratedO, four timesrater12 ratedthe responsexsa 1 andrater13 ratedit asa 0, three
timesthey agreedon arating of 1, andsoforth. For all threeitems, mostof the actionis in the low rating
catgyories,indicatingthatthesetemsarerelatively difficult for theexaminees.

5 Analyseswith the HRM

Ouranalysezoncentrat®nthetwo datasetsdescribedn Sectiond. In Sections.1we describeanalyse®f
the simulateddatausingbotha Facetsmodelwith additive effectsfor itemsandraters,andthe HRM. This
allows usto illustratesomequalitiesof usingthe HRM whenit fits well, andalsoallows usto examinethe
Facetamodelfit whenthe dataclearly containsmoredependencthanthe Facetsmodelcanaccommodate.
In Section5.2 we usethe HRM to examinethree subsetghe Florida math assessmermater study data:
in Section5.2.1we examinea small subsetof the modality two ratingswhoserater x items designis
approximatelbalancedijn Section5.2.2,we briefly considerall of the rateditemsin modality two, which
is the samesubsef this datathat Wilson andHoskens(1999)usedto illustratethe RaterBundle Model,
andin Section5.2.3we extendthe analysisto all of the rating datafrom all threerating modalitiesin the
Floridaraterstudy In Section5.3we comparehefits of FacetsandHRM modelsin the simulatedandreal
datasets Finally in Sections.4weillustratethe effectsof increasinghenumberof itemsandthenumberof
ratingson shrinkingintenal estimate®f examineeproficieny scalescorespy comparingscoreestimates
from variousanalyse®f the Floridadata.

By working with a fully Bayesianformulationof the model,asin PatzandJunler (1999a,b)we are
ableto find the posteriordistributionsof all the parametersf interest.Below we provide posteriomedians
(50 posteriompercentileshspoint estimatesandequal-tailed®5%credibleintenal (Cl) estimatesunning
from the 2.59" posteriorpercentileto the 97.8" posteriorpercentile,for eachparametef interest.We
alsocomputeapproximategposteriormodes(analogougo MLE’s from an MML analysis)in the modelfit
comparisonn Section5.3belav. Becaus®f heary skewing andotherdeviationsfrom symmetricunimodal
shapeshatsometime®ccurin IRT posteriordistributions,we do notreportposteriorneansaandSD’s.

5.1 Simulated Data

We have appliedbotha Facetsmodelandthe HRM to the simulateddataof 500examineesscoreshy three
ratersin oneof five catgyoriesonthefiveitemsdiscusseth Sectiord.1. Thepurposeof thissmallsimulation
is toillustratethe behaior of the FacetanodelandHRM on datathathasmoredependencthanthe Facets
modelwasdesignedo accommodateA moreextensve simulationstudycomparingheperformancef the
IRT Facetsmodelandthe HRM wasreportedoy DonoghueandHombo(2000).
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Table 4 displaysthe item parameteestimatesand proficieny distribution parameteestimatedound
usingthe two approachesTable5 giveslatentproficieny estimatedor five simulatedexamineesspread
throughoutherangeof simulatedproficieny values All parameterfor thetwo modelsadmitcomparison—
in the sensdhatthey areintendedo be sensitve to the sameeffectson the samescale—exceptfor therater
scaleparameterg,., which areonly estimatedn the HRM, andthe raterseverities ¢,.. Raterseveritiesare
reportedfor both modelsfor completenessandto shav thatat leastthe directionof the severity estimates
is consistenbetweermodels.However, the severity parameterareestimatedn non-equralentscalesthe
IRT Facetanodelestimatesererity asanadditive shiftin theadjacentatingcateyory logitsin equation(1),
andthe HRM estimateseverity asa shift in themodalrating catgyory usedby therater in equation(3).

We noticein Table4 thatthe parametersisedto simulatethe dataarerecoseredquite well by the HRM,;
all true parametevaluesarecontainedvithin thecorrespondin®5%Cl. Onthe otherhand,only two of the
five item difficulty parameter$g;’s) andeightof thefifteenitem stepparametergy;,’s) werecontainedn
theIRT FacetsCI's.In addition,it appearshattheitemdifficulty parameteestimate$s;’s) foundusingthe
IRT Facetsmodelhave beenshrunktoward zero.Theitem difficulty estimatedor the Facetsmodelareon
average0.2 unitscloserto zerothaneitherthe HRM estimateor the true values,with the shrinkageeffect
more pronouncedor the more extremeitems#1 and#5. The Facetsmodelalsounderestimatethe latent
proficieny variances2.

Theseestimatiorbiasesareto beexpectedthelRT Facetsnodelis beingfitted to datathatwasgenerated
from the HRM andthereforehasstructurethat Facetswas not designedto accommodatetHowever, the
specificnatureof the bias,excessie latentscaleshrinkagejs interestingandimportantto think about.We
believe thatthis shrinkagés exacerbatedvhenindividual raterreliability is poor(asit is with ratersl and2
in this simulation).Whentheindividual raterreliabilitiesarelow (raterscaleparametersrelarge) thenthe
“obsened” ratingsfrom anHRM simulationtendbein moremiddling catejories,amelioratingextremeideal
ratings.The HRM modelautomaticallydiscountghis sinceit estimatesaterreliability directly alongwith
everythingelse but the IRT Facetamodeleffectively assumeshatall ratershave a fixed standardeliability
and thus takes theseamelioratedratings as evidencethat the item wasnt so very extremely difficult or
extremely easy Patz, Junler and Johnson(1999) found even more extreme shrinkageeffects underthe
Facetsmodelwhenratersof evenlower reliability weresimulatedlt is importantto keepthis behaior of
the IRT Facetsmodelin mind, if it is beingfitted to datawherewe suspectow reliabilities of individual
raters.

Although rater parametersre not directly comparablén the two models,it is interestingto notethat
underthe HRM, raterscale(¢,) andshift (1,) parametersreestimatedwith little uncertaintyfor ratersl
and2, but with ratherhigh uncertaintyfor rater3. We will returnto this point, whichwe believe is alsodue
to low raterreliability (hightruess), in Section5.2.1.

Table5 givesposteriomedianand95%credibleintenal estimatedor five of thesimulatedexamineesn
this simulation.Thesimulatedexamineedglisplayedarelocatedat the minimum, maximum,andquartilesof
thesimulated) distribution. Exceptfor themostextremeexamineesbothmodelsproducenterval estimates
thatcontainthetrued values However, we notethattheestimate®f subjectbility parametersbtainedrom
the facetsmodelarecloserto zero(reflectingagainlatentscaleshrinkagein the IRT Facetsmodeldueto
raterunreliability), and have substantiallynarraver 95% intenals, thanthosefrom the HRM. Comparing
the widths of the 95% CI's for parametersinderthe FacetsmodelandHRM in Table4, we alsoseethat
thereis generallymore uncertainty(wider intenal estimatesjn estimatesinderthe HRM thanunderthe
Facetanodel.

Thedramaticallynarraver internval estimatedor estimating? obseredin Table5 confirmthe“double-
counting” behaior of the IRT Facetsmodel,relative to the HRM, first demonstratedthy Junler and Patz
(1998). The double-countingalsohasthe effect of narraving somevhatthe intenal estimatef theitem
parameter¢Table4) of the underlyingPCM model. Sincethe datawere simulatedfrom the HRM itself,
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FacetdFit HRM Fit True

Parameter| Median 95%Cl || Median 95%Cl || Value

Proficieny Mean u 0* —0.13 | (—0.32,0.05) 0
Proficieny Variance o2 3.32 (2.82,3. 89) 4.25 (3.12,5.40) 4
ltem1 G, | —1.79 [ (=1.99,—-1.57) [ —1.96 | (—2.19, —1.69) —2

ltem2 B, || —0.98 | (~1.18,-0.78) || —0.97 [ (—1.12,—0.81) —1

ltem3 5 | —0.25 | (—0.46,—0.04) || —0.16 | (—0.27, —0.05) 0

ltem4 B, 0.68 (0.48,0.87) 0.96 (0.82,1.10) 1

ltem5 g5 1.74 (1.52,1.99) 2.13 (1.84,2.37) 2

Stepl 1 0.18] (—0.01,0.34) | —0.37 [ (—0.81,—0.00) || —0.26

ltem1 Step2 12 | —0.21| (=0.51,0.05) 0.34 | (=0.15,0.82) || 0.25
Step3 i3 | —0.02| (—0.33,0.35) | —0.26 | (—0.83,0.25) | 0.02

Stepl 721 0.27 (0.08,0.44) || —0.08| (—0.48,0.31) || —0.21

ltem 2 Step2 s 0.38 (0.12,0.62) 0.66 (0.22,1.09) || 0.58
Step3 o3 0.48 (0.27,0.75) 0.62 (0.18,1.02) | 0.77

Stepl a1 0.41 (0.22, 0.58) 0.27 | (—0.09,0.60) || 0.34

ltem 3 Step2 7ss 0.15| (—0.07,0.38) 0.17 | (—0.20,0.60) || 0.12
Step3 733 0.01 (—0.22,0.23) —0.04 (—0.43,0.43) || —0.07

Stepl 4 0.89 (0.69,1.07) 1.03 (0.66,1.36) || 0.79

ltem4 Step2 s | —0.00 | (—0.21,0.20) | —0.14 | (—0.50,0.19) | 0.03
Step3 s | —0.48 | (—0.68,—0.26) | —1.24 | (—1.74,—0.74) | —1.31

Stepl 751 0.63 (0.28,0.97) || —0.06 | (—0.74,0.51) || 0.13

ltem5 Step2 5o 1.56 (1.22,1.85) 2.21 (1.41,2.84) || 2.05
Step3 753 | —0.30 | (—0.46,—0.11) | —0.36 | (—0.68,—0.06) || —0.36

Raterl Shift ¢, | —0.05] (—0.12,0.02) | —0.08 | (—0.11,—0.06) || —0.07
Scale 0.43 (0.42,0.44) || 0.43

Rater2 Shift ¢9 —0.23 | (—0.31,—-0.16) —0.26 | (—0.29,—0.22) || —0.25
Scale 0.73 (0.70,0.75) 0.72

Rater3 Shift ¢ 0 - 0.01| (—0.40,0.41) || —0.02
Scale 0.01 | (0.0005,0.20) | 0.06

Table4: MCMC parameteestimatedor the additve Facetsmodeland HRM, using datasimulatedfrom
the HRM. The posteriormedianand 95% equal-tailedcredibleinterval (CI) aregivenfor eachof theitem
parametergheraterparameterandthe prior standardleviation of thelatentvariable.Valuesmarkedwith
astar(*) werefixedat zeroto identify the Facetsnodel. True parametevaluesusedto simulatethe dataare
givenin therightmostcolumn.
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Simulated Facets Fit HRM Fit True
Proficieny Median 95% Interval | Median  95% Interval | Value
Minimum: Os20| —2.99 | (—4.11,-1.97) || —3.96 | (—6.46,—2.28) || —5.64
T Quartile: 6395 —1.78 | (—2.67,-0.91) | —2.05 | (—3.57,—0.80) || —1.53
Median: f2s6]| —0.69 | (—1.36,—0.10) || —0.83 | (—2.03,0.15) || —0.13
39 Quartile: 05|  1.39 (0.81, 2.06) 1.32 (0.35,2.39) || L2l
Maximum: 0305  2.72 (1.08,3.78) 3.46 (1.89,6.12) | 6.03

Table5: Estimatedexamineeproficienciesfor the additive FacetsmodelandHRM, using datasimulated
from the HRM. The simulatedexamineedisplayedarelocatedat the minimum, maximum,andquartiles
of the simulated distribution. MCMC-basedbosteriormedianand95% equal-taileccredibleinterval (CI)

are given for eachsimulatedexaminee.True parametervaluesusedto simulatethe dataare givenin the
rightmostcolumn.

we know thegreatemuncertaintyrepresenteth theHRM item parameteestimatess moreappropriateThe
reductionin uncertaintyin the IRT Facetsparameteestimatess an artifact of that models assumption,
discussedn Section2 andin Junler andPatz (1998),thatresponseatingsare conditionallyindependent
given examineeproficiencies;. By contrasthe HRM assumeshatratingsaredependentjiven examinee
proficiencieqthey areconditionallyindependenonly giventheidealratingsé;;); andthe extradependence
generallydrivesup uncertaintyof parameteestimatesWhensimilar dependencbetweerratingsexistsin
real data,the HRM canbe usedto correctthe excessiely optimistic standarderrorsthat the IRT Facets
model gives. Wilson and Hoskens (1999) demonstrate similar effect of ignoring dependencéetween
ratingsin the IRT Facetsmodel,by shaving thatthe modelreliability for their raterbundlemodel(which
alsoaccommodatedependencbetweernraters)waslower thanthemaodelreliability of the Facetsmodel,in
bothsimulatedandrealdata.

5.2 The Grade 5 Florida Mathematics Assessment
5.2.1 Items?9,10,and 11 of the Florida data

We first examineitems9, 10, and 11, scoredin modality two in the Florida math assessmemntter study
becaus¢his dataextractexhibitedfairly well-balancedaterx item design(thoughasillustratedin Table3
therater x examineebalancds notvery good);eachresponsavasratedby two of sevenraters.In Table6
we reportthemedianand95%equal-tailectredibleintenals (CI's) for HRM parameter$or item difficulty,
proficieny distribution andratercharacteristicsandin Figures3 and4 we shav histogramsof the poste-
rior distributions of the ratershift ¢,., andraterscales, parameters(For brevity we only shav item step
parameteestimatedor thefull dataanalysisin Section5.2.3belaw).

Theitem difficulty parameteestimate$3’s) shav thatitem 11 s difficult in comparisorto items9 and
10; indeeditem 11's 3;; = 0.84 is quite far from the latentdistritution meanof i = —1.31. The extreme
difficulty of item 11is alreadyevidentin theraw data(seeTable3): only 43 out of 557 studentsveregiven
anon-zercscoreby atleastoneof theraters More generallywe notethatthemean = —1.31 of thelatent
proficieny distributionis low in comparisorio all threeitem difficulty estimatesgonfirmingtheimpression
from Table3 thatall threeitemsaredifficult for theexaminees.

Turningto theraterparameteestimates$n Table6 (seealsoFigures3 and4), we seethatall sevenrater

14



Parameter | Median | 95% CI |
ltem9 Bo —0.53 [ (—0.64,—0.41)
ltem 10 Bio —0.31 | (—0.44,—-0.19)
ltem11 Bi1 0.84 (0.66,1.02)
Mean L —1.31 [ (—1.51,—1.15)
Variance o2 0.84 (0.56,1.24)
Rater12 Shift (¢12) —0.27 | (—0.40, —0.18)
Scale(t)1) 0.40 (0.27,0.44)
Rater13 Shift (¢13) —0.07 | (—0.19,0.05)
Scale(t)13) 0.43 (0.37,0.49)
Raterl6 Shift (¢16) —0.25 | (—0.36,—0.14)
Scale(t)16) 0.72 (0.65,0.79)
Raterl5 Shift (¢15) —0.22 | (—0.29,—0.14)
Scale()1s) 0.43 (0.39,0.46)
Rater36 Shift (¢36) —0.01 | (—0.45,0.44)
Scale(t)ss) 0.05| (0.005,0.26)
Rater37 Shift (¢36) —0.36 | (—0.49,—0.17)
Scale(1p37) 0.24 (007, 035)
Rater38 Shift (¢36) —0.02 | (—0.46,0.44)
Scale(t)sg) 0.06 |  (0.005,0.26)

Table6: MCMC estimatedposteriormedianand 95% equal-tailedcredibleintenals (CI's) for the HRM
item difficulty, rater andlatentscaleprior hyperparameterdasedon 557 studentresponseto items9, 10,
and11 of the Floridagrade5 Mathematicassessment.
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Figure3: Histogramsof the posteriordistributions of ratershift andscaleparameterdasedn 557 student
responseto items9, 10,and11 of the Floridagrade5 Mathematicassessment.
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Figure4: Histogramsof the posteriordistributionsof ratershift andscaleparameterdasedon 557 student
responseto items9, 10,and11 of the Floridagrade5 Mathematicassessment.

17



shift parametersatisfy\g$r| < 0.5. This suggestshatthe ratersare approximatelyequally severe,in the
sensdhatthey areeachmorelikely to scoreanitemin theidealrating category thanary othercategory. If
araters |<Z>T| weregreaterthan0.5 thenthe raterwould be morelikely to give theitem a scoreotherthan
theidealrating catgory. Becausdhe idealrating cateyory is inferredby the HRM from the pooledrating
data,the ideal rating catayory is essentiallya “consensusating”, and so the small rater shift parameters
suggesthatthe ratersagreeon averageabouthow eachpieceof examineework shouldbe rated.Despite
this agreemenbn average the sevenratersarenot equallyreliable:we canseefrom Table6 thatraters36
and 38 arequitereliable,with low raterscaleestimatef zﬁgﬁ- = 0.05 andqﬁgg = 0.06, respectiely. The
otherratershave raterscaleestimatesangingfrom 0.24t0 0.72.

Theraterscaleestimate);s = 0.72 for rater16is asurprisinglylarge value,suggestinghatthis rateris
inconsistenin assigninghe samescoreto work of thesamequality The evidencepresentedh Section5.1,
aswell assimulationresultsnot shavn here(seePatz,Junler andJohnson1999),suggesthatthis level of
inconsisteng or unreliability within raterscanleadto severeshrinkagen theitem difficulty andlatentscale
estimatesn anIRT Facetsmodel,aswell aspoor# estimatesindereitherHRM or Facets Anotherway to
compardgheratingperformancef theseratersis to look attheir estimatedating probabilitymatricesunder
themodel.For example Figure5 shavs barplotsof p¢;, = P[ Raterr ratescateyory k | idealrating¢], for
ratersr = 16, 13, and38, basedn the pointestimate®f raterscaleandshiftin Table6.

Finally, we seefrom Table6—andeven morevividly from Figures3 and4—thatthereliableraters,36
and 38, have poorly estimatedshift parametersthe 95% Cl's arequite large andthe posteriordistributions
for ¢3¢ and¢sg appearto be nearlyuniformin the range—0.5 to +0.5. On the otherhandthe raterswith
poorerconsisteng (higherraterscaleestimateshave tighter, clearlyunimodaldistributionsfor the shift pa-
rametersp,.. We believe thisis anartifact of usinga continuougating shift parametet,. to modeldiscrete,
whole unit shiftsin the obsered rating §;;, away from the ideal rating cateyory ¢;;. Sinceraters36 and
38 essentiallyalways scoreitemsin the ideal rating cateyory identified by the HRM, we know their shift
parameterg), mustbe between—0.5 and+-0.5; but sincethey do sowith suchhigh consisteny, thereis
essentiallyno informationin the datato determinewvherein this rangetheir shift parameterg lie. Appar
ently, nearlyequialentfits couldbe obtainedby constrainingheraterserserity parameterto afew discrete
values,suchasO, +1, +2, etc. Thisreductionof the parametespacemight alsoleadto fastercorvergence
of theMCMC estimatioralgorithm.

5.2.2 All assessmentemsrated in modality two

We now turnto ananalysisof all elevenitemsgradedn modalitytwo. Oneof theadditionalitems,item 2,
wasscoredin oneof the five responseateyories0—4,andthe remaining7 werescoredin threecateories
0-2.A total of 26 ratersgradedat leastoneof the elevenitemsin modalitytwo. The numberof ratingsper
item wastwo, andthe numberof itemsratedby individual ratersrangedfrom oneto three,with the most
commonnumberof itemsperraterbeingone. The samedatasetwasconsideredy Wilson andHoskens
(1999).

Theitem difficulty andlatentdistribution parameteestimatedor the partial credit model (PCM) un-
derlyingtheidealratingsappeaiin Table7, andthe ratershift andscaleestimatesarecontainedn Table8.
The point estimatedor the item difficulties agreequite well with the difficulty estimatesinderthe Facets
modelasreportedby Wilson andHoskens(1999),aftera lineartransformationio adjustfor differentlatent
proficieny meansandvariancedn the two analysesThe itemsandratersanalyzedn the smallef more
balancediatasetin Section5.2.1,areindicatedby asterisksn thesetables.Comparingwith Table6 we see
verylittle differencein theestimatedaterparametersgndsmalldifferencesn theitemdifficulty parameters
thatseemmostlyto be dueto the differenteffectsthatthe sum-to-zeraconstrainthason themin the model
for threeitemsvs. elevenitems.
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IdealRating Raterl16 Raterl3 Rater38

£=0
£=1
£=2
£=3
£=4

Figure5: Barplotsof the estimateccategory rating probabilitiespg, = P[ Raterr ratescatgory k | ideal
rating¢], for raters16,13and38, basedn 557 studentresponsew items9, 10,and11 of the Floridagrade
5 MathematicassessmenRatershift (severity) andscale(unreliability) parameteestimatesnay befound
in Table6.
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Parameter H Median \ 95% CI \

ltem 1 —0.06 | (—0.19,0.07)
ltem 2 —0.25 | (—0.49,0.12)
ltem3 0.62 (0.43,0.84)
ltem 4 0.08 | (—0.14,0.30)
ltem5 —0.68 | (—0.81,—0.56)
Item 6 0.29 (0.15,0.43)
ltem7 —0.39 | (—0.50,—0.27)
ltem8 —0.27 [ (—0.41,-0.13)
ltem 9* —0.31 [ (—0.41,-0.21)
ltem 10 —0.08 | (—0.21,0.04)
ltem 11* 1.03 (0.83,1.25)
| Variance || 0.73]  (0.61,0.88) |
[ Mean | —1.05] (-1.15,—0.96) |

Table 7: MCMC estimatedposteriormedianand 95% equal-tailedcredible intenals (CI's) for the item
difficulties,andlatentscalemeanandvarianceparameterf elevenitems,basedn two ratingsin modality
two, for eachof 557 studentgesponseso eleven itemson the Florida Grade5 Mathematicsassessment.
ltemsanalyzedn the smallerextractin Section5.2.1areindicatedby asterisks.

Judgingfrom the PCM estimatesn Table7 we find thatitems3, 6, and11 arethe mostdifficult items;
referringto the raw data,theseitemshave, respectiely, 422,443,and514 studentout of 557 who were
assignedh scoreof 0 by bothraters.ltemsb5, 7, 8, and9 appeatto betheleastdifficult of the Mathematics
examitems.For item 5, the easiesbf theseitemsasdeterminedy the PCM difficulty parameteestimates,
bothratersassignedhe highestpossiblescoreto 140 of the 557 studentghatthey bothscored As notedin
the analysisof item 9, 10 and11 in Section5.2.1,the meanof the latentscaley, is foundto be quite low,
relative to the difficulty of the items.We alsonotethat, asexpected the confidencentenal for the latent
scalemeanis smallerwhenusingall elevenitemsthanwhenusingonly thelastthreeitems.

Finally we examinethe performancef the 26 ratersin Modality Two. All raterswith the exceptionof
raterl9, appeato bein agreementvith oneanotherin the sensahattheir ratershift parameterg, areall
between-0.5 and+0.5: they areall morelikely to give the student scoreequalto theidealratingcateyory
thanary otherscore. Themedianof theposteriodistribution for Raterl9’s shift parametep;9 = —0.60. At
thisvalueof theshift parameteRaterl9 becomesnorelikely to scorethe studentstesponsesnecatayory
lower thantheidealrating cateyory.

Raterll, Rater36,andRater38 arefoundto beveryreliable;their raterscaleparamete(i),.) estimates
are0.09,0.05and0.06,respectrely; this meandheseratersessentiallyalwaysscoreexamineework in the
catgory k nearesto £+ ¢. Ontheotherhand Ratersl 6,17 andRaterl9 have scaleestimateshatseenmhigh
in comparisorto the others,againin the samerangeasour simulatedHRM dataanalyzedn Section5.1.
This suggestshatthe individual reliability or consisteng of theseratersis poor: sucharaterwould beless
likely to give consistentatingson separateéeadsof equivalentstudentwork.
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Rater | Parameter || Median |  95% CI | | Rater | Parameter || Median |  95% CI |
Rater9 Shift —0.03 | (—0.15,0.14) Rater28 Shift —0.09 | (—0.48,0.39)
Scale 0.36 | (0.28,0.40) Scale 0.19 | (0.01,0.36)
Raterl1 Shift —0.06 | (—0.46,0.42) Rater29 Shift —0.10 | (—0.18,—0.02)
Scale 0.09 | (0.01,0.35) Scale 037 (0.34,0.42)
Rater10 Shift —0.10 | (-0.26,—0.01) Rater31 Shift —0.07 | (-0.37,0.14)
Scale 0.38 | (0.27,0.41) Scale 0.33| (0.02,0.38)
Raterl7 Shift —0.29 | (—0.44,-0.15) Rater30 Shift 0.23 | (0.01,0.47)
Scale 0.78 | (0.69,0.88) Scale 0.27 | (0.09,0.37)
Rater19 Shift —0.60 | (—1.16,—0.26) Rater32 Shift 0.18 | (0.01,0.36)
Scale 0.76 | (0.39,1.20) Scale 0.34 | (0.22,0.42)
Raterl8 Shift 0.22 | (0.09,0.36) Rater33 Shift 0.04 | (-0.07,0.17)
Scale 0.56 | (0.46,0.69) Scale 0.37| (0.32,0.41)
Rater20 Shift —0.22 | (-0.32,-0.10) Rater12* Shift —0.26 | (—0.35,—0.18)
Scale 0.40 | (0.34,0.46) Scale 0.40 | (0.33,0.44)
Rater21 Shift —0.44 | (—0.50,—0.32) Rater13* Shift —0.09 | (—0.19,0.02)
Scale 0.24 | (0.05,0.45) Scale 0.42 | (0.38,0.48)
Rater22 Shift 0.14 | (-0.02,0.45) Raterl6* Shift —0.26 | (—0.36,—0.15)
Scale 0.31| (0.12,0.38) Scale 0.71| (0.66,0.79)
Rater23 Shift —0.06 | (—0.13,0.01) Raterl5* Shift —0.22 | (—0.29,—0.15)
Scale 0.37| (0.34,0.39) Scale 043 | (0.39,0.46)
Rater24 Shift —0.22 | (—0.29,—-0.15) Rater36* Shift —0.01| (—0.45,0.43)
Scale 041 | (0.35,0.45) Scale 0.05 | (0.003,0.27)
Rater25 Shift —0.07| (-0.16,0.02) Rater37* Shift —0.36 | (—0.49,-0.17)
Scale 0.38 | (0.34,0.42) Scale 0.24| (0.06,0.35)
Rater27 Shift —0.20 | (—0.46,—0.07) Rater38* Shift —0.05 | (—0.45,0.44)
Scale 0.36 | (0.13,0.41) Scale 0.06 | (0.007,0.25)

Table8: MCMC estimatedposteriormedianand 95% equal-tailedcredibleintenals (CI's) for the HRM
rater parameter$asedon two ratingsin modality two for eachof 557 studentresponse$o eleven items
ontheFloridaGrade5 MathematicsassessmenRatersanalyzedn the smallerextractin Section5.2.1are

indicatedby asterisks.
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5.2.3 Thefull Florida data set

Toillustratehow themodelscaleaup to alarge numberof raters,andalarge numberof ratingsperitem, we
estimatedhe HRM usingthefull Floridadataset.Recallthatthesetof elevenitemswasratedtwicein each
of threeratingmodalities for atotal of six ratingsperitem usinga pool of 38 raters.

As indicatedin Section4.2,thefollowing ratersratedin only onemodality

¢ Ratersl—7areuniqueto Modality 1 (intacttestbooklets);
e Ratersl8,19,22,27,29,30,31,32,36,37,and38 areuniqueto Modality 2 (singleitems)
e Raters8, 14,26,34,and35 areuniqueto Modality 3 (blocksof 1/3 of theitems)

andtheremainingratersrated(differentitems)in bothmodalities2 and3. To the extentthatonly modality
affectsdifferencedn rater characteristichetweenmodalities,we canexaminethesegroupsof ratersfor
possibladifferencedetweerratingmodalities . Table9 containghe estimatedHRM raterparameter$or all
38raters;Table11 containsestimatedtem parameterfrom the full-datafit.

In Table9, themodalitiesof thoseraterswho ratedin onemodalityonly areidentifiedin bold-facetype.
In addition,the ratersfrom our initial analysisof items9, 10, and11 in modality two only, areindicated
againby asterisksComparinghestarredratersin Table9 with theparameteestimatesn Table6, andwith
the starredentriesin Table 8, we seethat estimate®f theseraters’ parameterareall fairly stableacross
thethreefits, exceptfor rater36. This raters shift parametestaysfairly stable moving only from —0.01to
+0.05,but theraters original scaleestimateof 0.05is now replacedy anestimateof 0.37.This suggests
fair amountof disagreemenf rater36, who only ratesin modality two, with ratersin modalitiesl and3,
but norealtrendin the disagreement®ward severity or lenieng of rater36, relative to the otherraters.

Sincerater38's shift estimateof —0.02 andscaleestimateof 0.06arefairly similarto theinitial estimate
of rater36, andindicateexcellentreliability andlack of severity bias,we mightwonderhow thiscanhappen.
A quick look at raters36 and 38 asthey appearin Tables2 and3 shaws that (a) rater36 disagreedairly
regularly onitem 10 with raters12 and15, who alsoratedin modality 3; (b) rater36 canbeseeno agreen
all but 6 or 8 caseswith rater38 onitem 11, by linking throughrater37; andfinally (c) Rater38 only rated
arelatively smallnumberof response<250,comparedvith mostotherraters.It thusappearghatrater36
did disagreeawvith mary otherraters,on otheritemsthanitem 11,in thefull dataset;ontheotherhandrater
38 ratedsofew examinees/itentombinationghattherewasrelatively little opportunityto comparehis/her
ratingswith otherraters’ratings.

To summarizeéherating characteristicsf ratersidentifiedin Table9 who only gradedn onemodality
we computemeanseverity ¢ andmeanunreliability+) for eachgroup,andfor all 38 ratersasasinglegroup.
Theseareshavn in Table10. Comparingthe meansererity for ratersnestedwithin eachmodality suggests
thatratersin modality 1 weresomavhatmorelenienton averagethanthosein the othertwo modalities and
theaveragereliability of theraterswaslowestin modality 2. Thesefindingsbroadlyparallelthefindingsin
Sykes,HeidornandLee (1999).In addition,we areableto referto Table9 to explore how individual rater
severity and(un-)reliability contritute to this overall picture.

Theitem parameteestimategor the PCM layer of the HRM arelistedin Table11. Theitem difficulty
parameteestimateg3’'s) in this tablearequite similar to thoseof Table7, which wereestimatedrom the
full modalitytwo dataonly; the primarydifferences thattheitem difficultiesaresomaevhatmorespreadut
in Tablel1,comparedo Table7. All of theitemdifficultiesareabove theestimatedatentproficieny mean,
suggestinghattheseitemswererelatively difficult for the examineesThis finding wasalsosuggestedy
our earlieranalysesandis consistentvith resultsreportedby Sykes,HeidornandLee(1999).

In additionwe have listedthe estimatedtem stepparametergor the PCM layer, for eachof theitems;
item stepparameteraotlistedhermaybeobtainedrom thesevia therelevantsum-to-zeraonstrain{recall
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| Rater | Param. [ Median |  95% CI | [ Rater Param. || Median | 95%CI |
Raterl Shift —0.10 | (-0.21,0.01) Rater20 Shift —0.05 | (—0.09,0.00)
Modality 1 Scale 042 | (0.38,0.47) Scale 0.37| (0.36,0.39)
Rater2 Shift 0.00 | (-0.03,0.03) Rater21 Shift —0.17 | (-0.22,—-0.13)
Modality 1 Scale 0.48 | (0.46,0.50) Scale 043 | (0.41,0.45)
Rater3 Shift —0.13 | (-0.16,—0.09) Rater22 Shift —0.03 | (-0.10,0.04)
Modality 1 Scale 0.43 | (0.41,0.44) Modality 2 Scale 0.35 | (0.33,0.38)
Rater4 Shift —0.07 | (=0.10,—0.04) Rater23 Shift —0.13 | (=0.17,-0.09)
Modality 1 Scale 0.51| (0.49,0.53) Scale 0.40| (0.39,0.42)
Rater5 Shift —0.09 | (-0.12,-0.06) Rater24 Shift —0.29 | (—0.33,-0.34)
Modality 1 Scale 044 | (0.43,0.45) Scale 048 | (0.45,0.51)
Rater6 Shift —0.05 | (=0.09,-0.02) Rater25 Shift —-0.15 | (-0.19,-0.10)
Modality 1 Scale 0.49 | (0.47,0.51) Scale 0.48 | (0.45,0.50)
Rater7 Shift —0.09 | (-0.13,-0.04) Rater26 Shift —0.10 | (—0.16,—0.04)
Modality 1 Scale 043 | (0.41,0.45) Modality 3 Scale 0.40| (0.37,0.43)
Rater3 Shift —0.27 ] (—0.43,—0.18) | [ Rater27 Shift —0.20 [ (—0.28,—0.11)
Modality 3 Scale 042 | (0.23,0.48) Modality 2 Scale 0.39| (0.35,0.43)
Rater9 Shift -0.22 | (-0.27,-0.17) Rater28 Shift —0.28 | (—0.34,-0.22)
Scale 0.46 | (0.43,0.48) Scale 0.48 | (0.45,0.51)
Rater1l0 Shift —0.04 | (-0.09,0.01) Rater29 Shift —0.15 | (—0.22,-0.07)
Scale 0.43 | (0.41,0.45) Modality 2 Scale 0.41 | (0.38,0.44)
Raterll Shift —0.02 | (—0.09,0.04) Rater30 Shift —0.07| (—0.14,0.00)
Scale 0.37| (0.34,0.39) Modality 2 Scale 0.37| (0.35,0.43)
Rater12* Shift —0.22 | (—-0.26,—0.17) Rater31 Shift —0.10 | (-0.22,0.02)
Scale 047 | (0.45,0.50) Modality 2 Scale 0.35| (0.30,0.40)
Rater13* Shift —0.08 | (—=0.12,-0.05) Rater32 Shift 0.03 | (-0.04,0.10)
Scale 0.52 | (0.50,0.54) Modality 2 Scale 0.39 | (0.36,0.42)
Raterl4 Shift —0.12 | (—0.17,-0.07) Rater33 Shift —0.05 | (—=0.10,—0.00)
Modality 3 Scale 0.53 | (0.51,0.57) Scale 049 | (0.46,0.52)
Raterl5* Shift —0.29 | (—0.33,-0.25) Rater34 Shift —0.31 | (—0.40,-0.22)
Scale 0.47 | (0.44,0.49) Modality 3 Scale 0.45 | (0.40,0.50)
Raterl6* Shift —0.22 | (-0.26,—0.18) Rater35 Shift —0.30 | (—0.38,—0.22)
Scale 0.56 | (0.53,0.58) Modality 3 Scale 0.53 | (0.49,0.58)
Raterl7 Shift —0.30 | (—0.34,-0.27) Rater36* Shift 0.05 | (-0.04,0.16)
Scale 0.52 | (0.49,0.54) Modality 2 Scale 0.37| (0.33,0.41)
Raterl8 Shift —0.01 | (-0.10,0.06) Rater37* Shift —0.34 | (—0.49,-0.13)
Modality 2 Scale 0.70 | (0.65,0.76) Modality 2 Scale 0.24 | (0.07,0.34)
Rater19 Shift —0.64 | (—0.88,—0.46) Rater38* Shift —0.02 | (—0.44,0.43)
Modality 2 Scale 0.66 | (0.53,0.84) Modality 2 Scale 0.06 | (0.01,0.30)

Table9: MCMC estimatedposteriormedianand 95% equal-tailedcredibleintenals (CI's) for the HRM

raterparameterbasedn six ratingsfor eachof 557 studentresponseto elevenitemsontheFloridaGrade
5 Mathematicassessment.he modality of raterswho ratedin only onemodalityis indicatedin bold; the
otherratersratedin both modalities2 and 3. Ratersanalyzedn our initial analysisof items9, 10,and11

aremarkedwith asterisks.
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‘ Parameter H Modality 1 Modality 2 Modality 3 H Overall ‘

Shift (severity) I —0.08 —0.13 -0.22 || —0.15
Scale (unreliability) 0.46 0.39 0.47 0.44

Table10: Meanshift andscaleeffectsfor ratersin Table9 who only ratedin onemodality;andfor theentire
groupof 38raters.

| Item | Parameter | Median | 95% CI |
ltem1 Difficulty 5y —0.02 | [-0.16,0.11]
Stepl 11 0.05 | [-0.16,0.26]
Item2 Difficulty 32 —0.66 | [-0.54,—0.77]
Stepl a1 -1.26 | [-1.53,—0.99]
Step2 Y22 -0.72 [—099, —047]
Step3 a3 0.54 | [0.25,0.84]
Item3 Difficulty 35 0.84 | [0.65,1.04]
Stepl Y31 0.09 [—038, 0.21]
ltem4 Difficulty 84 —0.00 | [-0.18,0.20]
Stepl 4 —-1.79 [—2.01, —157]
Item5 Difficulty 35 —0.67 | [-0.79,—0.55]
Stepl 51 0.06 | [—0.13,0.25]
ltem6 Difficulty 3 0.29 | [0.15,0.43]
Stepl Y61 —-1.43 —1.85, —1.07
Item7 Difficulty 3, —0.36 | [-0.47,—0.25
Stepl Y71 —2.43 | [-2.97,—1.96
ltem8 Difficulty s —0.28 | [-0.41,—0.15
Stepl ys; 0.41 | [0.22,0.60]
Item9 Difficulty By —0.28 | [-0.38,—0.19]
Stepl yo1 —0.24 | [-0.51,0.02]
Step2 gz 0.54 | [0.22,0.86]
Step3 Y93 —0.64 [—1.09, —020]
ltem 10 Difficulty B1o 0.05 | [—0.08,0.18]
Stepl V10,1 —0.96 [—126, —067]
ltem11 Difficulty (11 1.09 | [0.89,1.32]
Stepl V11,1 —1.44 [—1.96, —097]

Table 11: MCMC estimatedposteriormedianand 95% equal-tailedcredibleintenals (CI) for the item
difficulty anditem-stepparameterbasedn six ratingsfor eachof 557 studenresponse® elevenitemson
theFloridaGradeb Mathematicsassessment.
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from Section3.1thatwe only estimateK — 2 item stepparametergor eachK -cateyory item). Several of
theitemshave item stepparametersvhosemagnitudesireroughlyin the1.5to 2.5rangethis suggestshat
it is easyfor examineego obtaina nonzerascoreon the item, but relatively difficult to geta high score.
This is anotheiindicationthatthe itemsweresomavhatdifficult for the examineesput perhapswvith some
suggestiorof lenieny acrossall ratersatthelow endof performancen eachitem.

We alsonotethattheitem stepparameteestimateyg, is outof orderwith the otheritem stepparameter
estimatedor item nine,suggestingeitherthatfew examineeresponsemetthecriterionfor cateyory two of
thescoringrubricfor thisitem, or thatraterscouldnotagreeaboutwhatconstituteca cateyory two response;
the partial tatulation of pairsof ratingsfor item ninein Table 3 reinforcesthis impression.Thuswe may
wishto re-evaluatethe scoringrubric or theratertrainingfor item nine.

5.3 Model Comparisons

In Table 12 we comparethe fits of the IRT Facetsmodelwith additive ratereffectsto the fit of the HRM
model,onthesimulateddatafrom Section5.1andthefull Floridaraterstudydatafrom Section5.2.3.Since
themodelsarenot nestedn theusualsensgthe IRT Facetanodelis not obtainedby constraininghe HRM
parametersn a locally linear way; seediscussiorat the end of Section3.2), likelihoodratio chi-squared
testscannotbe used.Instead we usea measureof fit knowvn asthe Schwarz Criterion, alsoknown asthe
BayesInformation Criterion (BIC; e.g. Kassand Raftery 1995). The differencebetweenBIC valuesfor
two modelsapproximateghe logarithm of the BayesFactor which is often usedfor comparingmodels
in Bayesianstatistics;the BayesFactor can be difficult to computedirectly, especiallyfor large models
estimatedvith MCMC methods(seefor exampleDiCiccio, Kass,Rafteryand Wasserman1997). For a
maiginal modelwith p parameterand N examineestheBIC is givenby

BIC = —2 - log (maginalmode) + p - log(N),

wherethemaiginal modelis evaluatedat the modalparameteestimates.

Thus,BIC canbeinterpretedastheusuallog-likelihoodstatistic penalizedor thenumberof parameters
in themodel.Any reductionin BIC is considereajood,sincethe penaltyp - log(N) compensatefor capi-
talizationon chancehowever acommonlyusedrule of thumb(KassandRaftery 1995)for BayesFactors
is thatadecreasef 2—6in this BIC statisticis considerednoderatelygoodevidence andachangeof 10 or
moreis considerediery strongevidence,n favor of themodelwith thelower BIC.

It is nosurprisahatin Tablel2the HRM fits betterthanthelRT Facetsnodelin thesimulateddatasince
this datawassimulatedfrom the HRM itself. Thelarge changdn BIC, a decreas®f 4,000for anincrease
of only threeadditionalparametergessentiallythethreeraterscaleparametersis impressie evidencethat
the dependencenodeledby the HRM cannotsomeha be accommodatebly the IRT Facetsmodel.Even
moreimpressie is the decreasef over 20,000for anincreasenf 38 parametergagain,essentiallytherater
scaleparameters)n favor of the HRM in fitting the Floridamathematiceissessmemating studydataset.
Thus,in the real datatoo, the HRM is providing a muchbettermodelof the dependencstructureof the
data.

5.4 TheInformation for Scoring Examineesin Multiple Ratings

To illustratethe additionalinformationavailablein multiple ratingsfor estimatingexamineescoreson the
latent scale,we examinedthe 6 estimatesof five typical examineesaken from the full datasetin Sec-
tion 5.2.3.In Table13,we have comparedhesesxamineesposteriormedianandequal-tailed5%credible
intenal estimatesynderall threemodelsestimatedn Sections.2.1,5.2.2,and5.2.3.Thenarraving of the
95% intenals from Items9, 10, and 11 within modality two, to the completeeleven-itemdatasetwithin
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HRM SimulatedData
\ Model | —2log(maginal model) | Parameters Examinees BIC |

IRT Facets 14, 505 23 500 | 14,648
HRM 10,405 27 500 | 10,573
FloridaData
\ Model | —2log(maginal model) | Parameterg Examineeg BIC |
IRT Facets 55,256 65 557 55,667
HRM 33,607 103 557 34,258

Table12: Modelfit comparisongor the HRM-simulateddata(Section5.1) andfor thefull raterstudydata
setfrom the FloridaGradeb mathematicassessmeliSections.2.3.

modalitytwo, is duemostlyto theincreasedumberof items(11 vs. 3), sincein bothcaseghereweretwo
ratingsperitem. Thechangesn the 95%credibleintenals from the completemodality two datato the full
datawith all threemodalities,is dueto increasinghe numberof ratingsperitem from two to six.

We canseein Table13 thatmostof the reductionin uncertaintyabouté is obtainedby increasinghe
numberof itemsfrom threeto eleven. Going from the eleven-item,two-raterdatafrom the modality two
extractto the eleven-item,six-raterdataproducedntenal estimateshe samewidth or slightly narraverin
four casesandawiderintenal in onecase.Thatthereis notagreatereductionin € estimationuncertainty
in this examplemayin partbedueto a degreeof unreliability in theraters,which is perhapsausedy the
multiple-modalitydesign:ratersin modality onetendedto be morelenientthanratersin othermodalities
for example(seeTable 10), andso thereis an inherentdisagreemenacrossmodalitiesaboutthe quality
of the studentwork. Adding modality one ratersto the pool of modality two raters,for example,yields
a benefit(moreratersreduceaincertaintyin estimatingexamineeproficiencieslanda cost(disagreement
acrossnodalitiesin how to scoresstudentvork increasesincertaintyin estimatingexamineeproficiencies),
thatmay canceleachotherout, andsoaddingnew ratersin differentmodalitiesdoesnot necessarihyhelp.
In othersituationswherewe areaddingraterswho sharestrongerconsensus how to scorestudentwork,
we might expectto seea moreconsistentlecreasn the standarderrorsfor examinedatentscalescores.

6 Discussion

In this paperwe have implementedPatz’s (1996)hierarchicaratermodel(HRM) for polytomouslyscored
item responselata,so thatit canbe emplg/ed with datasetsapproachinghe sizesof thoseencountered
in large-scaleeducationabssessmentsy at leastin rater studiessupportingthoseassessment§Ve have
shavn haw the HRM *“fits in” to the generalizabilitytheoryframeavork thathasbeenthetraditionalanalysis
tool for rateditem responselata—indeedthe HRM is a standardyeneralizabilitytheorymodelfor rating
data,with IRT distributionsreplacingthe normaltheorytrue scoredistributionsthatare usuallyimplicit in
inferentialapplicationsof the model: obsered ratingsarerelatedto ideal ratingsof eachpieceof student
work througha simplesignaldetectiormodelthatcanbefurtherparameterizetb be sensitve to individual
raterseverity andreliability effects,andidealratingsarerelatedto a latentscalescorevia a corventional
IRT modelsuchasthe Partial CreditModel.

In simulatedandreal dataexampleswe have shavn how the currentimplementatiorof the HRM can
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| Subject | DataSet | Median | 95% CI | CI width |
Subjectl75 Modality 2 (9,10,11) —0.56 | (—1.63,0.57) 2.20
Modality 2 —0.85 | (—1.62,—0.36) 1.26
Full Data —0.93 | (—-1.71,-0.21) 1.50
Subjectl15 Modality 2 (9,10,11) —1.83 | (-3.23,-0.69) 2.54
Modality 2 -1.98 | (-3.21,-1.18) | 2.03
Full Data —1.85| (—2.89,-0.97) 1.92
Subject313 Modality 2 (9,10,11) —1.82 | (—3.33,—-0.67) 2.66
Modality 2 —0.90 | (—1.76,—0.27) 1.49
Full Data —0.93 | (-1.75,-0.24) 1.51
Subject492 Modality 2 (9,10,11) —1.15 | (—2.33,-0.12) 2.21
Modality 2 —1.41 | (—2.26,—0.53) 1.73
Full Data —1.42 | (—2.35,—-0.62) 1.73
Subject71 Modality 2 (9,10,11) —1.29 | (—2.77,-0.01) 2.76
Modality 2 —1.60 | (—2.71,-0.67) 2.04
Full Data —1.62 | (—2.60,—0.81) 1.79

Table13: Comparisorof 8 estimatedor five well-spacedxamineesundereachof the threeHRM models
estimatedn Sectionb.

be usedto scaleitemsandexamineesandlearnaboutraterquality. Usingthe Schwarz criterion (BIC) we
have shavn thatthe HRM fits far betterthanthe IRT Facetsmodel,suggestinghatthedependencbetween
multiple ratingsof the samestudentwork thatthe Facetsmodelfails to capturels animportantcomponent
of multiple-ratingassessmemtata.Using polytomousresponselatasimulatedfrom the HRM, we shaved
thattheHRM is effective atitemandraterparameterecoery, anddisplayedsomebiasesn IRT Facetdtem
parameteestimateshatwe believe occurwhensomeratersarerelatively unreliableor inconsistentn their
ratings.Both modelsproduceintenal estimatedor examineeproficienciesthat capturethe true @ values,
but the IRT Facetamodelintenalsweresubstantiallynarraver thanthe correspondingdRM intenals.

TheHRM is oneof seseralcurrentapproacheto correctingthis underestimationf standarderrorsfor
estimatingd, asreportedby Patz(1996),Junler andPatz (1998),DonoghueandHombo(2000),andothers.
Bock, BrennanandMuraki (1999)constructa generalizabilittheorybased‘designeffects” correctionfor
the corventionalIRT Facetsmodel,andWilson andHoskens(1999)replacethe conditionalindependence
assumption®f the corventional IRT Facetsmodelwith a raterbundle modelanalogougo Rosenbaurs’
(1988)itembundlesWhenprior estimate®f thevariancecomponentf atraditionalgeneralizabilitytheory
modelfor ratingdataareavailable,andwe only desireto quickly scalemary examineesthe designeffects
correctionof Bock, Brennanand Muraki (1999) may be fasterthan, andthereforeperhapspreferableto,
the HRM approach.The HRM may be viewed as a kind of restrictionof Wilson and Hoskens’ (1999)
raterbundlesmodel(RBM). The HRM scalesup to multiple readsmorereadily thanthe RBM, becausét
treatsratersasa-priori exchangeableOn the otherhand,if theresearchehasa clearideaof the natureof
dependencbketweerreadsof the samestudentwork, the RBM providesa readysetof toolsfor zeroingin
onthata-priori hypothesizedlependencé/erhelstandVerstralers (2000)IRT modelfor multiple ratersis
alsocloselyrelatedto the HRM.

We also examinedsuccesskely larger extractsof a study of threedifferentrating modalitiesintended
to supporta Grade5 mathematicassessmenmivenin the Stateof Florida(Sykes,HeidornandLee 1999).
Theparameterizationf theHRM usedin this paperappearedo bevery successfuatidentifyingindividual
ratersof poorreliability or excessie severity. Finally we comparedntenal estimatedsrom the HRM fitted
to all threeextractsof the Florida mathematicsexam data,to shav the effects of increasingnumberof
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itemsandnumberof raterson standarcderrorsof estimationfor examineescalescoresOur work with this
ratingstudydatasetalsoshavs thatthe HRM caneasilyhandlelooselyconnectedatingdesignsvith mary
possiblepairingsof ratersandsevereimbalancdn theassignmenof ratersto items.
Theparameterizationf the HRM usedin this paperemphasizegaters’individual severity andreliabil-
ity. Otherparameterizationsf the HRM arealsopossible andmay be moreappropriatén othersettings.
Onesetof naturalextensionsof our parameterizationf the HRM would allow usto assesshe effects of
raterbackgroundrariables studentackgroundariable item featuresandtime, on ratings:

e Are therecertaintypesof studentghatthis raterratesmoreseverelythanothertypes?

e Doesratingseverity drift (e.g.towardsmoreor lesslenieng) asafunctionof time of day?

e Which raters,if ary, aregiving studentsvery similar ratingson a numberof conceptuallydistinct
items(thatis, appeato be operatingundera halo effect)?

Suchanalysesvithin the HRM only requirethattherelevantcovariateqstudentype,itemtype,time of day
of rating, etc.)be collected,andthenincorporatednto a modellike (3) for the tableof rating probabilities
in Tablel. For example,we couldincorporatemeanratershift andscaleestimatesacrosamodalitiesin the
Floridamathematicassessmeimtata,by decomposingatershift parameterg as

¢rm = ¢m + 57"ma Zérm =0
T

for raterr rating undermodality m, andsimilarly for raterscaleparameterg)y. Estimatesof ¢,, and,,
would thenreplaceour averagesp and+ in Table10 above. In the settingof centralizedscoringsessions,
ratertableeffectsmight be modeledsimilarly.

Otherguestiongnay be handledby a moreradicalreparametrizationf the probabilitiesin Tablel. For
example,

o If arateris having trouble applyinga rating scaleconsistentlywhich scalepoints are causingthe
problems?Are the ratershaving troubleagreeingon whatis a good performanceopr whatis a poor
performanceor is therelack of consensuacrosghewholescale?

e Are ary ratersusingonly theinnercateyoriesof arating scaleandnot venturingout to usethe outer
cateyories?

For examplethe secondohenomeno@bove couldbe modeledby allowing the ratershift parametee, ¢ to
dependon the ideal rating category ¢ aswell asthe raterr; a raterexhibiting the “play it safe” stratgy
would appearto be more severewhené waslow andmorelenientwhen¢ was high; differential consis-
teng/ acrossscalepointscould be modeledwith a similar modificationof the raterscaleparametersp,.
Eitherphenomenomight be modeledto operateonly for particularitems.In addition,the unimodalshape
suggestedy (3) might bereplacedwvith someothershape.

We expectthatasdigital imagingtechnologyimproves,decentralizeanline scoringmay replacecen-
tralized scoringsessionsvhereall ratersarein oneroom, superviseclosely at separatd@ablesby table
leadersin thesedecentralizedcoringdesigngaters oncetrained work ontheir own in front of acomputer
terminalatalocationof theirchoosing A supervisots onlineto provide assistancevhenneededbut much
of the valuablequalitative informationthat supervisorsn centralizedscoringsessionsiseto monitor and
maintainrating quality—raters’body languageratersflipping backandforth from the rubricsto the stu-
dentwork, discussiornwith ratersof difficult-to-ratecases—isiot availablein thesedecentralizedcoring
ervironments.

Identifying raterswho arehaving problemsfrom their rating dataalonewill likely becomemuchmore
importantas a supervisorsdirect contactwith ratersbecomedessfrequent.Without adequatestatistical
toolsto provide supervisorwith usefulandtimely feedbackon eachrater thereis greateropportunityfor
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ratersto getoff trackandlessopportunityto quickly bringthembackinto thefold whenthey stray Multiple
ratingscanprovide the dataneededor adequatestatisticalmonitoringon the basisof rating dataalone,as
well asproviding someimprovementin the precisionof estimationof examineeproficienciesWe hopethat
thehierarchicaratermodel,andsimilarapproachesuchasthatof WilsonandHoskens(1999)andVerhelst
andVerstraler(2000)thatappropriatelyaccounfor dependencbetweerratings,will provide themodeling
basisfor thesestatisticalmonitoringsystems.

In orderfor ary of theseapproacheto beusefulin distributedon-lineratingsystemsthey mustrun fast
enoughto provide real-timefeedbaclonraters’performanceTheMCMC estimatiormethodgor theHRM
thatwe have describedn this papercanfit a model“overnight”; this may be improved someavhat by re-
placingthe continuougatershift parameterg with appropriately-chosediscreteparametersassuggested
in Section5 above. Furtherimprovementsin speedmay require other computingtechniquesjncluding
maiginal maximumlikelihood(e.g.DonoghueandHombo,2000),aswell asdatasummarieshatfocuson
sufiicient or “nearly” suflicient statisticsfor the effectsparametrized the HRM.
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