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Abstract

Singleandmultiple ratingsof testitemshave becomea stockcomponentof standardizeded-
ucationaltestsandsurveys. For both formative andsummative evaluationof raters,a number
of multiple-readratingdesignsarenow commonplace(Wilson andHoskens,1999),including
designswith asmany assix ratersper item (e.g.Sykes,HeidornandLee, 1999).As digital
imagebaseddistributedratingbecomescommonplace,we expecttheuseof multiple ratersas
a routinepartof testscoringto grow; increasingthenumberof ratersalsoraisesthepossibility
of improving theprecisionof examineeproficiency estimates.In this paperwe developPatz’s
(1996)hierarchicalratermodel(HRM) for polytomouslyscoreditem responsedata,andshow
how it canbe used,for example,to scaleexamineesanditems,to modelaspectsof consen-
susamongraters,and to model individual rater severity and consistency effects.The HRM
treatsexamineeresponsesto open-endeditemsasunobserveddiscretevariables,andit explic-
itly modelsthe “proficiency” of ratersin assigningaccuratescoresaswell asthe proficiency
of examineesin providing correctresponses.Weshow how theHRM “fits in” to thegeneraliz-
ability theoryframework thathasbeenthetraditionalanalysistool for rateditemresponsedata,
andgive somerelationshipsbetweentheHRM, thedesigneffectscorrectionof Bock,Brennan
andMuraki (1999),andthe raterbundlesmodelof Wilson andHoskens(1999).Using simu-
lateddata,we compareanalysesusingtheconventionalIRT Facetsmodelfor ratingdata(e.g.
Linacre,1989;Engelhard,1994,1996)andillustrateparameterrecovery for theHRM. Wealso
analyzedatafrom a studyof threedifferent rating modalitiesintendedto supporta Grade5
mathematicsexamgiven in theStateof Florida(Sykes,HeidornandLee,1999)to show how
theHRM canbeusedto identify individual ratersof poorreliability or excessive severity, how
standarderrorsof estimationof examineescalescoresareaffectedby multiple reads,andhow
theHRM scalesup to ratingdesignsinvolving largenumbersof raters.

Keywords: Multiple ratings,generalizability, raterconsensus,raterconsistency, raterseverity,
latentresponsemodel,hierarchicalBayesmodeling,itemresponsetheory, Markov chainMonte
Carlo,MCMC.



1 Intr oduction

Ratedresponsesto open-ended(or “constructedresponse”)test itemshave becomea standardpart of the
educationalassessmentlandscape.Theinclusionof open-endeditemsin testingprogramsis motivatedpri-
marily by validity concerns—theseitemsarethoughtto bedirectand“authentic”evaluationsof competence
andtheir inclusionis thoughtto havepositiveconsequencesfor education(Messick,1994)—andchallenged
mostfrequentlyon reliability concerns(e.g.,Lukhele,ThissenandWainer, 1994).Assessingthereliability
of assessmentsincludingratedopen-endeditemsrequiresreplicationof thescoringprocess,leadingto multi-
ple ratingsof studentwork. Indeed,multiple ratingsof testitemresponseshave becomeastockcomponent
of standardizededucationaltestsandsurveys, from the NationalAssessmentof EducationalProgress,to
state-level testsaimedatstudentaccountability, to testsdevelopedby commercialtestpublishers.Examples
of multipleratingsinclude“check-sets”consistingof papersratedin advanceby expertsandusedto monitor
rateraccuracy duringoperationalscoring,“blind doublereads”usedto monitorconsistency of thescoring
process,and“anchorpapers”with responsesfrom previous administrationsusedto monitor year-to-year
consistency in the rating process(Wilson andHoskens,1999).The increasinguseof imagingtechnology
andcomputer-basedscoringmakesthesemultiple ratingsdesignseasierto implement,moreeffective, and
lessexpensive.With imagingtechnologyasmany assix or moretruly independentratingsmayberoutinely
gatheredfor monitoring,evaluation,or experimentalpurposes(see,for example,Sykes,Heidorn,andLee,
1999).

Multiple-readdesignsopenup a wide varietyof dataanalysispossibilities—andchallenges.Increasing
thenumberof ratingsperitemimmediatelyaffordsustheopportunityto improvetheprecisionof estimating
examineeproficiency levels, just as increasingthe numberof itemscan increasethis precision.Multiple
ratingsalsooffer theopportunityto directlymodelaspectsof consensus(or its lack)amonggroupsof raters,
and—asweshallsee—tomodelbiasandconsistency within individualratersaswell. With thesepossibilities
comechallenges:whenusingmultiple readsto improve precisionof examineeproficiency estimates,we
mustbesurethatthestatisticalmodelis appropriatelyaggregatingevidencefrom thesetof ratingsfor each
examineeor item. And in modelingindividual ratereffectsandinteractionsamongraters,we mustattend
carefullyto thetradeoff betweenhaving sufficientparametersto modeltheeffectsof interest,andhaving so
many parametersthatweoutstriptheinformationavailablein thedata.

The purposeof this paperis to introduceandelaboratea statisticalmodelfor multiple ratingsof test
items, first proposedby Patz (1996), called the HierarchicalRaterModel (HRM). The HRM is one of
several new approaches(seealsoBock, BrennanandMuraki, 1999;Junker andPatz,1998;Verhelstand
Verstralen,2000;andWilson andHoskens,1999)to correctinga problemin how theFacetsmodelwithin
item responsetheory (Linacre,1989) accumulatesinformation in multiple ratingsto estimateexaminee
proficiency. The HRM providesan appropriateway to combineinformationfrom multiple ratersto learn
aboutstudentperformance,item parameters,etc., becauseit accountsfor marginal dependencebetween
different ratingsof the samestudentwork. It makesavailable tools for assessingthe ratercomponentof
variability in IRT modelingof rating datacorrespondingto thoseavailable in traditionalgeneralizability
modelsfor ratingdata.In addition,theHRM makespossiblecalibrationandmonitoringof individual rater
effectssuchasraterseverity andraterconsistency.

In thefollowing sections,we developtheHRM for polytomousdata.In Section2 we show somecon-
nectionsbetweentheHRM andsomeotherapproachesto ratedstudentperformancedataby analogywith a
simplegeneralizabilitytheorymodel;andin Section3 wegive thespecificparameterizationandestimation
methodsfor theHRM thatweusein thispaper. In Section4 wedescribetwo interestingdatasets:adataset
simulatedfrom theHRM itself to exploreparameterrecoveryandsimilar issuesundertheFacetsmodeland
theHRM; anda realdatasetbasedona studyof multiple ratersin theFloridastategradefivemathematics
assessment(Sykes,HeidornandLee, 1999).Thesedatasetsareanalyzedin Section5 to show how the
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Figure1: A hierarchicalview of asimplegeneralizabilitytheorymodelfor asituationin whichraters,items
andexamineesarecompletelycrossed.Incompletelycrossedandunbalanceddesignsareall modifications
of this setup.Thevariancecomponents,or facetsof variability, aredisplayedasdifferentlevels in thetree.
If thebranchesaremodeledwith theusualNormal-theorytrue-scoremodels,oneobtainsa standardgener-
alizability theorymodel.If thebranchesaremodeledwith IRT anddiscretesignaldetectiondistributions,
oneobtainstheHierarchicalRaterModel (HRM).

HRM canbeusedto identify individual ratersof poorreliability or excessive severity, how standarderrors
of estimationof examineescalescoresareaffectedby multiple reads,andhow theHRM scalesup to rating
designsinvolving largenumbersof ratersin looselyconnectedratingdesigns.Wealsobrieflydiscussoverall
modelfit issues.Someextensionsof theHRM, andspeculationsaboutthefutureof multiple ratingdesigns
andanalyses,canbefoundin Section6.

2 SomeModels for Multiple Ratingsof TestItems

Ratereffectshavebeentraditionallymodeledandanalyzedontheraw scorescaleusinganalysisof variance
(ANOVA) or generalizabilitymethodology(e.g.,Brennan,1992;Cronbach,Linn, Brennan,andHaertel,
1995;Koretz,Stecher, Klein, andMcCaffrey, 1994).Whengreatermeasurementprecisionis requiredfrom
a testcontainingratedresponsesof examineesto open-endeditems,we may considerobtainingeither1)
responsesto additionalitems(i.e., a longertestwith thesameratingscheme),or 2) additionalratingsper
response(i.e., unchangedtestlengthbut moreextensive ratings).Thechoicebetweenthe two (or of some
combinationof both)maybeconsideredin a generalizabilityor variancecomponentsframework. By first
estimating(in a“G-study”)aratervariancecomponentandanitemvariancecomponent,wecanthenexplore
manipulationsof thetestdesign(in a “D-study”) to make eithercomponentarbitrarilysmall.

Figure1 presentsahierarchicalview of asimplegeneralizabilitytheorymodelfor asituationin which #
raters,$ items,and % examineesarecompletelycrossed;incompletelycrossedandunbalanceddesignsare
all modificationsof this setup.Thevariancecomponents,or facetsof variability, aredisplayedat different
levelsin thetree,andlabelledatright in Figure1.Thebranchesof thetreerepresentprobabilitydistributions
thatrelateparametersor observationsat eachlevel. As usualin suchmodels,nodesat onelevel of thetree
areconditionallyindependent,given the “parent” variable(s)that they areconnectedto at the next higher
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level of thetree.If weparameterizethebranchesin Figure1 with theusualNormal-theorytruescoremodels� �'& (*)+(*)�,-) %/.10-2�34265*7 �8:9 5 (<;>= 5 )�)�) 5*%� ��� & (*)+(*)�,-) %/. ��� 5*7 �?@9 5BA ;C= 5 )�)�) 5D$E5 for each
(� ���GFH& (*)+(*)�,-) %/. ����� 5*7 �I 9 5<J ;C= 5 )�)�) 5*#K5 for each
( 5LA

we obtaina connectionbetweengeneralizabilitytheoryandhierarchicalmodeling,that hasbeennoticed
severaltimesin theliterature(e.g.LordandNovick, 1968;Mislevy, Beaton,KaplanandSheehan,1992).The
expecteda-posteriori(EAP)estimatesunderthisNormaltheorymodelof astudentproficiency parameter

�
,

is alwaysexpressibleastheweightedaverageof therelevantdatameanandprior mean.Thegeneralizability
coefficientsarethe“dataweights”in theseweightedaverages:thelargerthegeneralizabilitycoefficient, the
lessthedatameanis shrunktowardtheprior meanin theEAP estimate.For example(seeGelman,Carlin,
SternandRubin,1995,pp.42ff; compareBock,BrennanandMuraki, 1999),focusingon aa singlebranch
connectinga

� �
to a

�����
wemaycomputetheposteriormeanof

� �
given

�����
asMON � �QP������SRT; 7 �?7 �8VU 7 �? 0-2�342 U 7 �87 �8WU 7 �? �����X; . =VY[Z 9 0-2�342 U Z������ 5

where
Z

is theusualper-item generalizability. For a setof branchesconnectinganexaminee’s
� �

to his/her
idealratings

���1� 5 )�)�) 5 ����� , thesufficient statisticfor
� �

is
� �1\ & %/. � � 5*7 �?@] $ 9 , sothatMON � �^P � �1\ R_; . =VY[Z6� 9 0-2�342 U ZE� � �1\ 5

where Z6�K; 7 �87 �8 U 7 �? ] $
is theusualtestgeneralizability. And finally, usingasimilaranalysis,MON � �^P � ��\+\�RT; . =VY[ZE��� 9 0-2�342 U ZE��� � �1\+\ 5
where ZE���`; 7 �87 �8 U 7 �? ] $ U 7 �I ] $B#
is ageneralizabilitycoefficient for theinformationin all ratingsof examinee

(
for estimatingthatexaminee’s� �

. Thus,wereducetheitemvariancecomponentby increasingtestlength,andwereducetheratervariance
componentby obtainingadditionalratings(seefor example,Brennan,1992;andCronbachet al. 1995).

This approach,however, hasnot beensufficiently developedfor applicationsinvolving nonlineartrans-
formationsof raw testscores(Brennan,1997),individual discreteitem responses/ratings,etc.,andso has
limited ability to quantifytherelationshipsbetweenraters,individual items,andsubjects.A currentlypopu-
lar (e.g.Engelhard,1994,1996;Myford andMislevy, 1995;andWilsonandWang,1995)itemresponsethe-
ory (IRT) basedapproachto modelingratereffectsis the“Facets”model(Linacre,1989),andhasthesame
mathematicalform astheLinearLogistic TestModel (LLTM; Scheiblechner, 1972;Fischer, 1973,1983).
IRT Facetsmodelsandtheirgeneralizations(e.g.Patz,WilsonandHoskens,1997)produceanANOVA-like
decompositionof effectsfor persons,itemsandraterson thelogit scale,andthusappearto bedirectlyanal-
ogousto generalizabilityanalysison theraw scorescale.For example,a Facetsmodelbasedon thepartial
creditmodel(PCM;Masters,1982)providesadditive fixedeffectsfor raterseverity, asfollows:

logit a N � ���GFW;cbBP � � 5 � ���*Fedgfhb 5 biYX=
j�RB; � �kY[lm�VYgn �Go YqpkF 5 (1)
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Figure2: A hierarchicalview of the standardFacetsmodelcorrespondingto Figure1. The layer of ideal
ratingvariables

���+�
, presentin thegeneralizabilityandHRM setups,is missingin thismodel.

where
� ���GF

is the integerpolytomousratinggivento examinee
(

on item A by rater J , � � is the latentprofi-
ciency of theexaminee,

lu�
is theitemdifficulty,

n �Go
is theitemstepparameter, and

pkF
is theraterseverity.

The analogybetweenIRT Facetsmodelsandgeneralizabilitytheorymodelsbreaksdown in a funda-
mentalandvery significantway, however, whenmultiple measuresareobtainedfrom multiple facets.In
IRT Facetsmodelsthe likelihood for the rating datais typically constructedby multiplying togetherthe
probabilitiesdisplayedin (1) for all observed examinee v item v ratercombination(e.g.theexamplesin
Wu, AdamsandWilson, 1997).Figure2 presentsa hierarchicalview of this model.Essentially, the IRT
Facetsmodelremovesthelayerof idealratingvariables

�����
in themiddleof Figure1 andmake directcon-

nectionsfrom each
� �

to thecorresponding$B# ratings
� ���GF

, typically modeledby (1) andtheassumption
of local independencebetweenitemsandratingsof items.

The sameargumentthat saysthat we can have arbitrarily preciseproficiency estimationfrom a suf-
ficiently long test (e.g., Birnbaum’s, 1968, test information increaseswithout bound)shows that as the
numberof ratersperitemincreases,IRT Facetsmodelsappearto give infinitely precisemeasurementof the
examinee’s latentscalescore

� �
, eventhoughtheexamineeanswersno moreitems(Patz,1996;Junker and

Patz,1998).Wilson andHoskens(1999)andBock,BrennanandMuraki (1999)have alsonotedtheexces-
sively optimisticstandarderrorsof estimationin IRT Facetsmodels,andsimulationwork of Donoghueand
Hombo(2000)hasconfirmedempirically that for asfew astwo ratersper item the IRT Facetsmodelcan
biasstandarderrorsfor

�h�
well below whatwould beseenin thecorrespondingIRT modelwith no raters.

Model fit studies(seeSection5.3below; aswell asWilson andHoskens,1999)alsosuggestthatthelinear
logistic form of the IRT Facetsmodelmaynot track thevariability in actualratingdataaswell asmodels
thatexplicitly take into accountthedependencebetweenratingsdueto theirnestingwithin ratersontheone
handandwithin examineeson theother.

Thehierarchicalratermodel(HRM, Patz,1996)correctstheproblemof excessively optimisticstandard
errorsin conventionalIRT Facetsmodelsby breakingthedatagenerationprocessdown into two stages.In
thefirst stage,theHRM positsidealratingvariables

� �+�
, describingexaminee

(
’s performanceon item A , as

unobservedper-item latentvariables.This idealratingvariablemayfollow, for example,a standardPCM,

logit a N � ��� ;w�xP �h� 5 � ���GF d[f�� 5 �yYX=
j�RB; �h� Y[l � Ygn � I 5 (2)

or any otherconvenient IRT model.Conceptually, when we definea scoringrubric for an item, we are
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ze{x|
}�~*�@}��������*���E� . b 9� = � � �� �k�
� F �k� ��F �k� � F �k�
� F �k��� F� �E}��@� = � � � F � �
��F � � � F � � � F � � � F�����*���E� � � � � F � � ��F � �
� F � � � F � � � F. � 9 � � �
� F � � ��F � � � F � �
� F � ��� F� � �*� F � � ��F � � � F � �*� F � �
� F
Table1: The matrix of rating probabilitiesdescribingthe signaldetectionprocessmodeledin the HRM.� I o�F�� a N RaterJ rates

b�P
Idealrating

��R
in eachrow of thismatrix.

defininga mapfrom the spaceof all possiblestudentresponsesto an ordinal setof scorepoints;and
�����

resultsfrom anidealapplicationof this mappingto examinee
(
’s responseto item A . Statistically, theideal

rating
�����

is amodelingdevice to capturedependencebetweenmultiple ratingsof thesamepieceof student
work (this is how theHRM correctstheIRT Facetsmodel’s underestimationof standarderrors);it is related
to thelatentresponsevariablesof Maris(1995)within psychometrics,andto data-augmentationandmissing
datamodels(e.g.Tanner, 1996)in appliedBayesianstatistics.

In thesecondstage,oneor moreratersproducesa rating
b

for the item which mayor maynot be the
sameas the ideal rating category. This rating processis modeledasa discretesignaldetectionproblem,
usinga matrix of rating probabilities

� I o�F�� a N RaterJ rates
b�P

Idealrating
�TR

asdisplayedin Table1.
Theratingprobabilities

� I o�F in eachrow of thismatrixmustusuallybeconstrainedin someway to identify
the model,sinceotherwisewe mustestimateon the orderof � � parametersper raterwhenthe itemsare
ratedinto � categorieseach.It would be natural,for example,to posit a unimodal(unfolding) discrete
distribution in eachrow of thetable,with thelocationof themodeindicatingraterseverity andthespreadof
thedistribution indicatingrater(un-)reliability. Estimatesof

� ���
mightthenbeviewedasakind of consensus

ratingfor examinee
(
’swork onitem A , amongtheraterswhoactuallyratedit. Non-squarematricesof rating

probabilities—perhaps reflectinga mismatchof the granularityof studentperformancewith the scoring
rubric—andinteractionsbetweenratersanditemsor examineescanalsobemodeledin thesecondstage.

Thehierarchicalratermodel(HRM) canbe immediatelyseenasa reparametrizationof the lower two
setsof branchesin Figure1:� �'& (*)+(G)�,-) %�.10-2�31265*7 �8@9 5 (<;C= 5 )�)�) 5*%�5 (asbefore);������&

anIRT model(e.g.PCM)5 A ;>= 5 )�)�) 5D$E5 for each
(� ���*F¡&

thesignaldetectionmodelin Table1 5<J ;>= 5 )�)�) 5*#K5 for each
( 5BA

Thus,theHRM is thegeneralizabilitytheorymodelin Figure1, but with modificationsto thedistributions
thatlink thefacetsof variability, to reflectthediscretenatureof IRT ratingdata.

Someauthors(e.g.Cronbachet al., 1995,p. 7) view observed examineeperformanceasdeveloping
alonga linearcontinuum,so that ideally a continuousrating would begiven to eachperformance.In this
view, categoricalor integerratingsareapracticalnecessity, but they resultin alossof informationrelativeto
theidealcontinuousratingthatis to beminimized,e.g.by usingrubricswith many allowablescorepoints,
half points,etc.Thiscouldbeaccommodatedin theHRM by makingthe

� ���
’sbecontinuouslatentvariables,

andthesignaldetectionmodela logit or probit responsemodel;however in somewaysthisconceptionbegs
thequestionof whatmakesa goodrubric.By contrast,we view the

�����
’s astheresultof anidealuseof the

givenscoringrubric to mapthespaceof all examineeresponses—whichneednot bea continuumandmay
evenhavearich qualitative structure—intoasetof ordinalratingcategories.Thishelpsclarify whatis good
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or badabouta rubric (e.g.,under- or over-specification),andwhat is goodor badabouta rating (moreor
lessseverity, underuseof oneor morecategories,etc.).It mayalsohelpconceptually, to identify changes
over time thataregood(e.g.,morecompletespecificationof therubric), andthatarebad(e.g.,increasing
individual raterseverity, increasingindividual ratervariability, etc.).

It is alsovaluableto comparetheHRM approachto correctingthe IRT Facetsmodelwith someother
recentapproaches.VerhelstandVerstralen(2000)have developedan approachto multiple ratingsthat is
relatedto theHRM, in which a continuouslatent“quality” variableplaysa role similar to thatof our

�����
’s,

andratersareallowed to vary in severity only. The approachof Bock, BrennanandMuraki (1999) is to
comparestandarderrorsfor estimating

�
undergeneralizabilitytheorymodelscorrespondingto Figures1

and2, andto computea“designeffects”correctionthatapproximatelycorrectstheconventionalIRT Facets
likelihoodfor omitting the

�
layer. Theapproachof Wilson andHoskens(1999)is to build “rater bundles”

analogousto Rosenbaum’s (1988)item bundles,thatexplicitly modeldependencebetweenmultiple reads
of the samestudentwork, by replacingthe conditionalindependencemodel in eachsubtreeof Figure2
with anappropriatelog-linearmodel.This raterbundlemodel(RBM) worksquitewell for modelinga few
specificdependencies,betweenspecificpairsof raters,or betweenspecificratersandspecificitems.The
HRM maybeviewedasa kind of restrictionof Wilson andHoskens’RBM, thatmorereadilyscalesup to
largernumbersof ratingsperitem,becauseit treatsratersasa-priori exchangeable.

Finally we notethat the generalizabilitycoefficients indicatedat the beginning of this sectiondo not
have directcorrespondentsin theHRM, becauseaswith mostIRT-basedmodels(andin contrastto models
motivatedfrom Normaldistribution theory),locationandscaleparametersaretiedtogether, sothatthesizes
of thevariancecomponentsthatmakeupthegeneralizabilitycoefficientschangeaswemovealongthelatent
proficiency andideal ratingscales.However, theHRM makesavailableanalogoustools,suchasper-rater
estimatesof reliability, thatin somewaysimproveourability to monitorrateruncertaintyandincorporateit
appropriatelyinto estimateson thelatentproficiency scale.

3 Model Specificationand Estimation Methods

3.1 The Hierar chical Rater Model

Thehierarchicalformulationof theHRM thatweusebeginsat thedatalevel with a matrixof ratingproba-
bilities (Table1) for eachrater. For theapplicationsof theHRM in this paperwe wish to parameterizethe
ratingprobabilitiesin eachrow of Table1 so that themodelis sensitive to eachindividual rater’s severity
andconsistency. We do this by makingtheprobabilities

� I o�F¢� a N RaterJ rates
b�P

Idealrating
�¢R

in each
row of thismatrixproportionalto aNormaldensityin

b
with location

� U pkF andscale£ F :� I o�F ; a N � ���*FW;¤bBP ������;w�
RL¥ exp
¦ Y =� £ �F N bKY . � U pkF 9 R �m§ (3)(Q;>= 5 )�)�) 5*%©¨ A ;C= 5 )�)�) 5D$ª¨QJ ;C= 5 )�)�) 5*#

Thisparameterizationspecifiesmaximumprobabilityof responsefor category
b

when
b

is nearestto
� U p F .

When
pkFV; �

, themaximumprobabilityof responseis for
b_;w�

, theidealratingcategory;when
pkFe«cY � )­¬

,
themaximumprobabilityof responseis for

b¯®X�
, andwhen

pkF¢° � )­¬
themaximumprobabilityof response

is for
b¯±²�

. Thus,theshift parameter
pxF

measuresindividual raterseverity, with
pkF¢« �

indicatinggreater
severity, and

pkFg° �
indicatinggreaterleniency. Similarly, the scaleparameter£ F controlshow quickly

the probabilitiesof responsefall to zero as
P b`Y . � U p F 9 P grows; and hence£ F is inverselyrelatedto

individual rater reliability: thesmaller £ F the greaterthe reliability or consistency of rater J . Thus,raters
have establishedconsensuswith eachotherto the extent that both

pkF
and £ F arecloseto zeroacrossall
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raters.Differentitemsmayhave differentnumbersof idealandobservedratingcategories,andwe usethis
flexibility in analyzingtherealdataexamplebelow.

Sincewedonothavestronginformationaboutany of theraterparametersin ouranalysesbelow wetook
thepriordistributionfor the

pkF
tobearelatively uninformativeNormaldistributionwith mean0andvariance

10, %/. � 5 = � 9 , and for £ F a similar log-Normal density, log .1£ F 9 & %/. � 5 = � 9 . In practiceit is common
for ratersto qualify for live scoringby performingsufficiently well on examineeresponsesfor which the
“ideal rating” hasbeendeterminedin advance.Informationfrom theseso-called“qualifying rounds”and
“checksets”maybeanalyzedin termsof theratingprobabilitiesin Table1, andthesepreliminaryanalyses
maysupporttheuseof moreinformative prior probabilitieson theraterseverity parameters

pkF
and £ F .

Weassumein thispaperthattheidealratings
� �+�

follow aPCMasin (2), namely

a N ������;w�xP � � 5 lu� 5 n � I R³; exp ´µ ¶ I·o�¸^� . � �¹Y[lu� 9 Ygn ��oxº »¼½·¾ ¸ � exp ¿ ¾·o�¸^� . � �kY©lu� 9 Y[n ��o-À (4)

where
lm�

is theitem location(difficulty) parameter, andsumswhoseindicesrun from 1 to 0 aredefinedto
bezero(and � neednotbethesamefrom oneitemto thenext).

We take thepopulationmodelfor thelatentproficiency to be� �¯&Á(*)+(*)�,x) %�.10ª5*7 � 9 5 (<;>= 5 )�)�) 5*%Â5 (5)

asindicatedabove in Section2. Of courseany otherplausiblepopulationdistribution for
�

couldbeusedas
well. It is convenientto placetheprior distribution

�Ã � & Gamma.4ÄÅ5
Æ 9 on 7 � , thepopulationvarianceof
�
;

andto reflectlittle prior knowledgeabout7 � wehave chosenaflat Gammadistribution with Ä ; Æ ;>=
for

ouranalyses.
As is usualwith thePCMthereis alocationindeterminacy in thateither0 or the

l
’smustbeconstrained

to getanidentifiedmodel.For thesimulateddataexamplebelow wehavetaken 0 ; � andallowedthe
l

’s to
befree,sampledi.i.d. from a relatively uninformative %/. � 5 = � 9 prior distribution, to facilitatecomparisons
with ananalogousIRT Facetsmodel.For thereal-dataexamples,wehaveallowed 0 to befreewith thesame
uninformative Normalprior, %�. � 5 = � 9 , andforcedthe

l
’s to satisfya sum-to-zeroconstraintby computingl¹�Ç;ÈY`É ��Ê �� lu�

. This hasthe effect of making the posteriordistribution for 0 more peaked, sinceit
dependson all the data,which makes our Markov Chain Monte Carlo (MCMC) estimationprocedures
somewhatmorestable(seee.g.Gilks, RichardsonandSpiegelhalter, 1995).

Recallthatfor a � -category item,
lu� U n ��o arethelocationsof the � Yq=

pointsatwhichadjacentcate-
gory responsecurvescross;soonly � Y/=Ën ��o

’sareformally includedin themodel.Thereis still a location
indeterminacy in the

n
’s (adda constantto

lu�
andsubtractthe sameconstantfrom all the correspondingn ��o

). Thuswe take the � YX=
itemstepparameters

n ��o
’s for a � -category to bei.i.d. from a %/. � 5 = � 9 prior

distribution, exceptthat the last
n �Go

for eachitem is a linear functionof theothers,accordingto a sum-to-
zeroconstraintanalogousto the

l
’s.Thusonly � YÌ�

item stepparametersneedto beestimated,for each
item.

For incompletedesigns,suchasthereal-dataexampleweconsiderbelow, we includeonly thosefactors
implied by themodelspecification(3), (4) and(5), thatarerelevant to theobserveddatain the likelihood.
This hastheeffect of treatingthedatamissingdueto incompletenessof thedesignasbeingmissingcom-
pletely at random(MCAR; seefor exampleMislevy andWu, 1996).The MCAR assumptionis usually
correctfor datamissingby designin straightforward survey andexperimentaldesignswheremissingness
is not informative aboutthe parametersof interest.However, MCAR is not innocuous,and Wilson and
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Hoskens(1999)indicatesome“multiple-read”designs(suchasformative read-behindsby expertraters)in
whichthepresenceor absenceof asecondratingcanbequiteinformativeaboutthequalityof thefirst rating.

3.2 Mark ov Chain Monte Carlo Estimation

Estimationof the item difficulty parameters
l �

, the ratershift (severity)
p F

, raterscale(unreliability) £ F ,
andhyper-parametersof the latentproficiency distribution, wascarriedout usinga Markov ChainMonte
Carlo (MCMC) algorithm.Given the ideal rating variables

�����
, MCMC estimationof the posteriorof the

partialcreditmodel(PCM)is straightforward(see,for example,PatzandJunker, 1999a,b).Johnson,Cohen,
andJunker (1999)implementMCMC estimationof the PCM modelparametersin BUGS (Spiegelhalter,
Thomas,BestandGilks, 1996),andweextendtheirMCMC procedurefor thePCMto theHRM by adding
a stepthat draws ideal ratingsfrom the relevant completeconditionaldistributions.The result was pro-
grammedin C++.

In theremainderof thissubsectionweindicatethecompleteconditionaldistributionsneededto construct
aMCMC estimationprocedurefor thespecificationof theHRM laid out in Section3.1.In whatfollows,the
(incomplete)matrixof all observedrating/item/personcombinationsis denotedÍ ; thenotationÎª.4Ï P Ð 5*Ñh5 )�)�) 9
is usedgenericallyto indicatethedensityor probabilitymassfunctionof parameterÏ givenparameters

Ð
, Ñ ,

etc.;andunderliningsuchas“ Ï ” indicatesavectorof parameterswith similarnamesin themodel.
We begin with thecompleteconditionaldistribution for eachsubject’s ideal ratingson eachitem. The

completeconditionalposteriorfor
�����Å(Q;C= 5 )�)�) 5*%q¨ A ;>= 5 )�)�) 5D$ is

Îª. ������P � 5 l 5 n 5 p 5
£ 5�Í 9 ¥ exp Ò Y`É F�Ó@�xÔ Õ¢ÖØ× Ô Õ�ÙDÊ I Ô Õ�ÊxÚ Ù*Û ���Ü �Ù ÝÞ F�Ó@�xÔ Õ É ½ Ê �oD¸ � exp Ò Y Ö ohÊ I Ô Õ�ÊxÚ Ù*Û ���Ü �Ù Ý exp Ò ����� . � �¹Y[lu� 9 Y[n � I Ô Õ Ý
where # ��� is thesetof ratersthatgradedtheresponseof subject

(
to item A . Similarly thecompletecondi-

tionalposteriordistribution for theratershift parameters
pkF

is

Îª. pkF@P £ F 5 � 5�Í 9 ¥ exp Ò Y`É Ö �1ß � Û Ó�à Ù Öá× Ô Õ�Ù�Ê I Ô Õ�ÊxÚ Ù�Û ���Ü �Ù ÝÞ Ö �1ß � Û Ó�à Ù É ½ Ê �o�¸ � exp Ò Y Ö ohÊ I Ô ÕDÊxÚ Ù�Û ���Ü �Ù Ý Î@âª. pkF 9
where ã F is thesetof subject-itempairsthatwereratedby rater J , and Î@â<. p 9 is theprior distribution for
each

p
. Thecompleteconditionalposteriorfor theraterscaleparameter£ F is almostidentical,with Î â . p 9

replacedwith Î@ä�.1£ 9 , theprior distribution for each£ .
Conditionalon the ideal ratings

�
the PCM parametersare independentof the data Í . The complete

conditionalposteriordensityfor theitemdifficulty parameter
lu�

isÎª. lu�uP � 5 n 5 � 9 ¥ å Ê I�æ Õ*çGÕÞ 	��¸^� É ½ Ê �o�¸ � exp
fhb . � �LYglu� 9 Y[n ��o j Î@èW. lu� 9

where
��éE��; É 	��¸^� ���+�

. Similarly thecompleteconditionaldistribution for theitem-stepparametersisÎª. n ��o P � 5 lu� 5 � 9 ¥ å�ê Õ�ë*ì�Õ�ëÞ 	��¸^� É ½ Ê �o�¸ � exp
fhb . �h� Y©l � 9 Ygn �Go j Î
í¹. n �Go 9

where î �Go ;ïÉ 	��¸^�xð�ñ I Ô Õ�¸Lo�ò , thenumberof respondentswhoseideal ratingcategory was
b

on item A . The
conditionalposteriordistribution for thelatentproficiency parameter

�h�
is

Îª. � ��P � 5 l 5 n 9 ¥ å I Ô æEó ÔôÊ�õ �Ô�1ö �Þ ���¸^� É ½ Ê �o�¸ � exp
fhb . � �LY[lm� 9 Ygn �Go j
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where
���÷éX;ïÉ ���¸^� ���+�

. Thecompleteconditionaldistribution for the latentproficiency varianceis 7 � P � &
Inverse-GammaøuÄ U %�5
Æ U ÉqùÔáú � ó �Ô� û ; cf. e.g.Gelmanetal. (1995,pp.474–475).

Thetime it takesto completea sufficiently long run for this MCMC algorithmdependson thenumber
of subjects,items,andraters.The speedof the algorithmis approximately5000Markov chainstepsper
houron a datasetwith two raters,eleven items,and500 subjects,on a Hewlett Packard9000/770UNIX
workstation;similar timescouldbeexpectedona fastPC.Correlationsbetweenparametersin theposterior
distribution canbelarge,soto ensureadequatemixing it is necessaryto performmoderatelylong MCMC
simulations.In ouranalyseswehave used20000Markov chainsteps,afteraburn-inperiodof 10000steps.
Thealgorithmis availablein aC++ programfrom us(contactmasjohns@stat.cmu.edu).

TheFacetsmodelcanbeestimatedvia MCMC usingessentiallythesamesoftware,by first removing
the signal-detection(matrix of rating probabilities)level of the algorithm,andthenusingthe PCM level
of the algorithmto connecteachrater v item combinationdirectly to examineeproficiencies,asseparate
“virtual items” (asin FischerandPonocny, 1994)with additive effectsfor raters,item locationsanditem
steps.ThusalthoughtheHRM andIRT Facetsmodelsarerelated,they arenotnestedin thelikelihood-ratio
testingsense,whichcomplicatesmodelcomparisonsin Section5.3below.

4 The ExampleData Sets

Wewill exploretheuseof theHRM in two examples.In thefirst example,weexaminedatasimulatedfrom
theHRM asdescribedin Section3.1,andcomparethefit of theHRM itself to thefit of ananalogousIRT
Facetsmodel.In thesecondexample,we apply theHRM to datafrom a rating modalitystudyconducted
recentlyby CTB/McGraw-Hill for theFloridaComprehensive AssessmentTest(FCAT).

4.1 SimulatedData

Using the HRM asdescribedin Section3, we simulated# ;'�
ratingsfor eachof % ;ü¬ �@�

students
on $ ;ý¬

test items,using five categoriesper item for both observed and ideal ratings.The examinee
proficiencies

� �
, weredrawn from a %/. � 5 � 9 distribution, and the ideal rating variables

�����
followed the

partialcreditmodel(PCM) with item location(difficulty) parameters
lÌ; . � 5 = 5 � 5 Yþ= 5 Y�� 9 , anditem-step

parameters
n �Go

drawn from a %�. � 5 = 9 distribution. Observed ratingswerethensimulatedaccordingto the
matricesof ratingprobabilitiesasin Table1 with rows modeledasin (3). Thevaluesof

pxF
and £ F , usedto

simulatethethreeraters,J ;>= 5 � 5 � , aregivenin therightmostcolumnof Table4.Thesevalueswerechosen
to reflectrealisticwithin-raterseverity andreliability, at levelswe foundin our initial analysesof theFCAT
datadescribedbelow (Section5.2.1).We will analyzetheobserved ratings(threeper item) only, andtreat
theidealratingsasmissingdata.

4.2 The Grade 5 Florida MathematicsAssessment

Thesedatacomefrom a field studyconductedby CTB/McGraw-Hill in supportof the Florida Compre-
hensive AssessmentTest(FCAT), describedby Sykes,HeidornandLee(1999).In thestudy, responsesto
open-endedfield testitemswerescoredby ratersunderseveral designsfor assigningexamineeresponses
to raters,usingancomputerimage-basedscoringsystem.Threeassignmentdesigns(“scoringmodalities”)
were investigated,and eachresponsewas ratedtwice undereachmodality. In modality one raterswere
trainedto scorethe completesetof open-endeditems,andthey would thenscoreintactstudentbooks.In
modality two, raterswereassignedto scoreonly a singleopen-endeditem at a time. This modality was
intendedto mitigatetheimpactof raterseverity differenceson studentscores.In thethird scoringmodality
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Modality 1: Rater 1 2 3 4 5 6 7
ResponsesRated 187 2068 1859 2376 2651 1914 1199

Modality 2: Rater 9 10 11 12 13 15 16 17 18 19
ResponsesRated 486 412 423 573 530 449 517 537 426 70

Rater 20 21 22 23 24 25 27 28 29 30
ResponsesRated 550 547 543 915 554 442 433 404 521 502

Rater 31 32 33 36 37 38
ResponsesRated 306 459 382 557 466 250

Modality 3: Rater 8 9 10 11 12 13 14 15 16 17
ResponsesRated 244 268 596 276 676 1168 800 792 776 1012

Rater 20 21 23 24 25 26 28 33 34 35
ResponsesRated 1008 676 279 594 465 620 594 405 378 627

Table2: Distribution of ratersamongmodalitiesanditemresponsesamongratersin theGrade5 Mathemat-
icsTestratingmodalitystudy.

Item9
Score RaterCombination
Combination 12–13 12–16 13–16 Total

0–0 20 9 235 264
0–1 0 1 37 38
0–2 0 0 9 9
0–3 0 0 0 0
0–4 0 0 0 0
1–0 4 1 9 14
1–1 3 4 22 29
1–2 2 0 4 6
1–3 1 0 0 1
1–4 0 0 0 0
2–0 1 0 1 2
2–1 1 0 20 21
2–2 2 6 54 62
2–3 1 1 5 7
2–4 0 0 1 1
3–0 0 0 2 2
3–1 1 0 2 3
3–2 0 0 14 14
3–3 2 1 14 17
3–4 0 0 0 0
4–0 0 0 2 2
4–1 0 0 1 1
4–2 0 0 3 3
4–3 0 0 4 4
4–4 2 4 51 57

Total 40 27 490 557

Item10
Score RaterCombination
Combination 12–15 12–36 15–36 Total

0–0 45 74 278 397
0–1 0 2 5 7
0–2 0 0 0 0
1–0 0 0 6 6
1–1 4 4 34 42
1–2 4 7 15 26
2–0 0 0 0 0
2–1 0 0 1 1
2–2 3 21 54 78

Total 56 108 393 557

Item11
Score RaterCombination
Combination 12–37 12–38 36–37 37–38 Total

0–0 231 84 53 146 514
0–1 0 0 0 0 0
0–2 0 0 0 0 0
1–0 0 0 0 0 0
1–1 9 3 0 6 18
1–2 0 0 0 1 1
2–0 0 0 0 0 0
2–1 2 0 0 0 2
2–2 9 4 3 6 22

Total 251 91 56 159 557

Table3: Cross-tabulationsof modalitytwo ratingsby pairsof raters,for items9, 10,and11 of theFlorida
grade5 Mathematicsassessment.
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raterswereassignedto scoreblocksof itemsconstitutingroughlyonethird of thetest.A completedescrip-
tion of thedatasetandtheresultsof thescoringmodalitystudymaybe found in Sykes,HeidornandLee
(1999).

The dataconsistof scoresassignedto open-endedresponsesfrom 557 examineesto 11 open-ended
items—9two-point itemsand2 four-point items—by38 raters.As describedabove eachitem wasrated
twicewithin eachof threeratingmodalities,for a totalof six ratingsperitem.Thesetof raterswhoratedin
onemodalitywasnot necessarilydistinct from thesetwho ratedin anothermodality, asshown in Table2.
Thestudydesignis incompleteandunbalancedin theassignmentof itemsto raters,ascouldbeexpectedto
betrueof essentiallyall practicalmultiple ratingsituations.

Despitethefactthateverypieceof studentwork is ratedsix timesin thisstudy, thedatacanbeextremely
sparse,asillustratedby Table3, which tabulatesrating agreementsanddisagreementsamongpairsof all
ratersratingitems9, 10 and11 in modalitytwo. ConsideringtheItem 9 subtablefor example,we seethat
of the40 occasionson which raters12 and13 bothratedanItem 9 response,20 timesthey agreedthatthe
responseshouldbe rated0, four timesrater12 ratedthe responseasa 1 andrater13 ratedit asa 0, three
timesthey agreedon a ratingof 1, andsoforth. For all threeitems,mostof theactionis in the low rating
categories,indicatingthattheseitemsarerelatively difficult for theexaminees.

5 Analyseswith the HRM

Ouranalysesconcentrateonthetwo datasetsdescribedin Section4. In Section5.1wedescribeanalysesof
thesimulateddatausingbotha Facetsmodelwith additive effectsfor itemsandraters,andtheHRM. This
allows usto illustratesomequalitiesof usingtheHRM whenit fits well, andalsoallows usto examinethe
Facetsmodelfit whenthedataclearlycontainsmoredependencethantheFacetsmodelcanaccommodate.
In Section5.2 we usethe HRM to examinethreesubsetsthe Florida mathassessmentrater studydata:
in Section5.2.1 we examinea small subsetof the modality two ratingswhoserater v items designis
approximatelybalanced;in Section5.2.2,we briefly considerall of therateditemsin modalitytwo, which
is thesamesubsetof this datathatWilson andHoskens(1999)usedto illustratetheRaterBundleModel,
andin Section5.2.3we extendtheanalysisto all of the ratingdatafrom all threeratingmodalitiesin the
Floridaraterstudy. In Section5.3wecomparethefits of FacetsandHRM modelsin thesimulatedandreal
datasets.Finally in Section5.4weillustratetheeffectsof increasingthenumberof itemsandthenumberof
ratingson shrinkinginterval estimatesof examineeproficiency scalescores,by comparingscoreestimates
from variousanalysesof theFloridadata.

By working with a fully Bayesianformulationof the model,as in Patz andJunker (1999a,b),we are
ableto find theposteriordistributionsof all theparametersof interest.Below weprovideposteriormedians
(50ÿ ¾ posteriorpercentiles)aspointestimates,andequal-tailed95%credibleinterval (CI) estimatesrunning
from the 2.5ÿ ¾ posteriorpercentileto the 97.5ÿ ¾ posteriorpercentile,for eachparameterof interest.We
alsocomputeapproximateposteriormodes(analogousto MLE’s from anMML analysis)in themodelfit
comparisonin Section5.3below. Becauseof heavy skewing andotherdeviationsfrom symmetricunimodal
shapesthatsometimesoccurin IRT posteriordistributions,wedonot reportposteriormeansandSD’s.

5.1 SimulatedData

We have appliedbotha FacetsmodelandtheHRM to thesimulateddataof 500examineesscoresby three
ratersin oneof fivecategoriesonthefiveitemsdiscussedin Section4.1.Thepurposeof thissmallsimulation
is to illustratethebehavior of theFacetsmodelandHRM ondatathathasmoredependencethantheFacets
modelwasdesignedto accommodate.A moreextensivesimulationstudycomparingtheperformanceof the
IRT FacetsmodelandtheHRM wasreportedby DonoghueandHombo(2000).

11



Table4 displaysthe item parameterestimatesandproficiency distribution parameterestimatesfound
usingthe two approaches.Table5 gives latentproficiency estimatesfor five simulatedexamineesspread
throughouttherangeof simulatedproficiency values.All parametersfor thetwomodelsadmitcomparison—
in thesensethatthey areintendedto besensitive to thesameeffectson thesamescale—exceptfor therater
scaleparameters£ F , which areonly estimatedin theHRM, andtheraterseverities

p F
. Raterseveritiesare

reportedfor bothmodelsfor completeness,andto show thatat leastthedirectionof theseverity estimates
is consistentbetweenmodels.However, theseverity parametersareestimatedonnon-equivalentscales:the
IRT Facetsmodelestimatesseverity asanadditiveshift in theadjacentratingcategory logits in equation(1),
andtheHRM estimatesseverity asashift in themodalratingcategoryusedby therater, in equation(3).

Wenoticein Table4 thattheparametersusedto simulatethedataarerecoveredquitewell by theHRM;
all trueparametervaluesarecontainedwithin thecorresponding95%CI. Ontheotherhand,only two of the
five itemdifficulty parameters(

l �
’s) andeightof thefifteenitem stepparameters(

n ��o
’s) werecontainedin

theIRT FacetsCI’s.In addition,it appearsthattheitemdifficulty parameterestimates(
lu�

’s) foundusingthe
IRT Facetsmodelhave beenshrunktowardzero.Theitem difficulty estimatesfor theFacetsmodelareon
average0.2unitscloserto zerothaneithertheHRM estimatesor thetruevalues,with theshrinkageeffect
morepronouncedfor themoreextremeitems#1 and#5. The Facetsmodelalsounderestimatesthe latent
proficiency variance7 � .

Theseestimationbiasesaretobeexpected;theIRT Facetsmodelisbeingfittedtodatathatwasgenerated
from the HRM andthereforehasstructurethat Facetswasnot designedto accommodate.However, the
specificnatureof thebias,excessive latentscaleshrinkage,is interestingandimportantto think about.We
believe thatthisshrinkageis exacerbatedwhenindividual raterreliability is poor(asit is with raters1 and2
in this simulation).Whentheindividual raterreliabilitiesarelow (raterscaleparametersarelarge)thenthe
“observed” ratingsfromanHRM simulationtendbein moremiddlingcategories,amelioratingextremeideal
ratings.TheHRM modelautomaticallydiscountsthis sinceit estimatesraterreliability directly alongwith
everythingelse,but theIRT Facetsmodeleffectively assumesthatall ratershave afixedstandardreliability
and thus takes theseamelioratedratingsas evidencethat the item wasn’t so very extremely difficult or
extremely easy. Patz, Junker and Johnson(1999) found even more extremeshrinkageeffects underthe
Facetsmodelwhenratersof even lower reliability weresimulated.It is importantto keepthis behavior of
the IRT Facetsmodelin mind, if it is beingfitted to datawherewe suspectlow reliabilitiesof individual
raters.

Althoughraterparametersarenot directly comparablein the two models,it is interestingto notethat
undertheHRM, raterscale(

pkF
) andshift ( £ F ) parametersareestimatedwith little uncertaintyfor raters1

and2, but with ratherhighuncertaintyfor rater3. Wewill returnto this point,whichwebelieve is alsodue
to low raterreliability (high true £ � ), in Section5.2.1.

Table5 givesposteriormedianand95%credibleinterval estimatesfor fiveof thesimulatedexamineesin
thissimulation.Thesimulatedexamineesdisplayedarelocatedat theminimum,maximum,andquartilesof
thesimulated

�
distribution.Exceptfor themostextremeexaminees,bothmodelsproduceinterval estimates

thatcontainthetrue
�

values.However, wenotethattheestimatesof subjectability parametersobtainedfrom
the facetsmodelarecloserto zero(reflectingagainlatentscaleshrinkagein the IRT Facetsmodeldueto
raterunreliability), andhave substantiallynarrower 95% intervals, thanthosefrom the HRM. Comparing
the widthsof the 95% CI’s for parametersunderthe FacetsmodelandHRM in Table4, we alsoseethat
thereis generallymoreuncertainty(wider interval estimates)in estimatesunderthe HRM thanunderthe
Facetsmodel.

Thedramaticallynarrower interval estimatesfor estimating
�

observed in Table5 confirmthe“double-
counting” behavior of the IRT Facetsmodel,relative to the HRM, first demonstratedby Junker andPatz
(1998).Thedouble-countingalsohasthe effect of narrowing somewhat the interval estimatesof the item
parameters(Table4) of the underlyingPCM model.Sincethe dataweresimulatedfrom the HRM itself,
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FacetsFit HRM Fit True
Parameter Median 95%CI Median 95%CI Value

Proficiency Mean 0 ��� Y Y � )�=�� . Y � )­�@� 5 � ) � ¬ 9 �
Proficiency Variance 7 � �m)­�@� . �m)��@� 5 �m)���� 9 �E)­�@¬ . �m)�=�� 5 ¬m)+� � 9 �

Item1
l � Y =�)���� . Y =�)���� 5 Yþ=�)­¬�� 9 Yþ=�)���	 . Y��m)�=
� 5 Yþ=�)�	�� 9 Y��

Item2
l � Y � )���� . Y =�)�=
� 5 Y � )���� 9 Y � )���� . Yþ=�)�=�� 5 Y � )��6= 9 Yþ=

Item3
l � Y � )­�@¬ . Y � )+��	 5 Y � ) � � 9 Y � )�=
	 . Y � )­��� 5 Y � ) � ¬ 9 �

Item4
l � � )�	�� . � )+��� 5 � )���� 9 � )���	 . � )��@� 5 =�)�= � 9 =

Item5
l
� =�)��h� . =�)­¬@� 5 =�)���� 9 �m)�=�� . =�)��
� 5 �m)­��� 9 �

Step1
nx�
� � )�=
� . Y � ) � = 5 � )­�
� 9 Y � )­��� . Y � )��6= 5 Y � ) �@� 9 Y � )­��	

Item1 Step2
nx� � Y � )­�6= . Y � )­¬6= 5 � ) � ¬ 9 � )­�
� . Y � )�=�¬ 5 � )��@� 9 � )­�@¬

Step3
n � � Y � ) � � . Y � )­�@� 5 � )­�@¬ 9 Y � )­��	 . Y � )��@� 5 � )­�@¬ 9 � ) � �

Step1
n � � � )­��� . � ) � � 5 � )+�@� 9 Y � ) � � . Y � )+��� 5 � )­�6= 9 Y � )­�6=

Item2 Step2
n �
� � )­��� . � )�=�� 5 � )�	@� 9 � )�	�	 . � )­�@� 5 =�) � � 9 � )­¬��

Step3
n � � � )+��� . � )­��� 5 � )���¬ 9 � )�	@� . � )�=
� 5 =�) � � 9 � )����

Step1
n � � � )+�-= . � )­�@� 5 � )­¬�� 9 � )­��� . Y � ) � � 5 � )�	 � 9 � )­�
�

Item3 Step2
n � � � )�=�¬ . Y � ) � � 5 � )­��� 9 � )�=�� . Y � )­� � 5 � )�	 � 9 � )�=��

Step3
n �
� � ) � = . Y � )­�@� 5 � )­�@� 9 Y � ) � � . Y � )+��� 5 � )+��� 9 Y � ) � �

Step1
n � � � )���� . � )�	�� 5 =�) � � 9 =�) � � . � )�	�	 5 =�)­��	 9 � )����

Item4 Step2
n � � Y � ) �@� . Y � )­�6= 5 � )­� � 9 Y � )�=D� . Y � )­¬ � 5 � )�=
� 9 � ) � �

Step3
n �*� Y � )+��� . Y � )�	�� 5 Y � )­��	 9 Yþ=�)­�
� . Yþ=�)��h� 5 Y � )��h� 9 Yþ=�)­�6=

Step1
n���� � )�	@� . � )­��� 5 � )���� 9 Y � ) � 	 . Y � )��h� 5 � )­¬6= 9 � )�=��

Item5 Step2
n � � =�)­¬�	 . =�)­�@� 5 =�)��@¬ 9 �m)­�6= . =�)+�-= 5 �m)��
� 9 �m) � ¬

Step3
n�� � Y � )­� � . Y � )+��	 5 Y � )�=@= 9 Y � )­��	 . Y � )�	�� 5 Y � ) � 	 9 Y � )­��	

Rater1 Shift
p � Y � ) � ¬ . Y � )�=�� 5 � ) � � 9 Y � ) � � . Y � )�=@= 5 Y � ) � 	 9 Y � ) � �

Scale £ � � )+��� . � )+��� 5 � )+�@� 9 � )+���
Rater2 Shift

p � Y � )­�@� . Y � )­�6= 5 Y � )�=
	 9 Y � )­��	 . Y � )­��� 5 Y � )­�@� 9 Y � )­�@¬
Scale £ � � )���� . � )�� � 5 � )���¬ 9 � )����

Rater3 Shift
p � ��� Y � ) � = . Y � )+� � 5 � )+�-= 9 Y � ) � �

Scale £ � � ) � = . � ) �@�@� ¬ 5 � )­� � 9 � ) � 	
Table4: MCMC parameterestimatesfor the additive FacetsmodelandHRM, usingdatasimulatedfrom
theHRM. Theposteriormedianand95%equal-tailedcredibleinterval (CI) aregiven for eachof the item
parameters,theraterparametersandtheprior standarddeviation of thelatentvariable.Valuesmarkedwith
astar(

�
) werefixedatzeroto identify theFacetsmodel.Trueparametervaluesusedto simulatethedataare

givenin therightmostcolumn.
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Simulated � ���D}��*| � �÷� �e��� � ��� �^~��E}
Proficiency

��}��-���@� �@¬�� � ���
}�~*���@� ��}��-���@� �@¬�� � �u�
}�~*���@� �Ë�@���E}
Minimum:

� � � � Y��m)���� . YW�E)�=@= 5 Yþ=�)���� 9 Y��m)���	 . Y�	m)+��	 5 Y��m)­��� 9 Y�¬m)�	
�
1��ÿ Quartile:

� ��� � Yþ=�)���� . Y��m)�	�� 5 Y � )��6= 9 Y��m) � ¬ . Y��m)­¬�� 5 Y � )�� � 9 Yþ=�)­¬@�
Median:

� ���� Y � )�	�� . Yþ=�)­��	 5 Y � )�= � 9 Y � )��@� . Y��m) � � 5 � )�=�¬ 9 Y � )�=��
3
F�!

Quartile:
� �
 ��

=�)­��� . � )��6= 5 �m) � 	 9 =�)­�@� . � )­�@¬ 5 �m)­��� 9 =�)­�6=
Maximum:

� ��� � �m)���� . =�)���� 5 �m)���� 9 �m)+��	 . =�)���� 5 	m)�=�� 9 	m) � �
Table5: Estimatedexamineeproficienciesfor the additive FacetsmodelandHRM, usingdatasimulated
from theHRM. The simulatedexamineesdisplayedarelocatedat theminimum,maximum,andquartiles
of thesimulated

�
distribution. MCMC-basedposteriormedianand95%equal-tailedcredibleinterval (CI)

aregiven for eachsimulatedexaminee.True parametervaluesusedto simulatethe dataaregiven in the
rightmostcolumn.

weknow thegreateruncertaintyrepresentedin theHRM itemparameterestimatesis moreappropriate.The
reductionin uncertaintyin the IRT Facetsparameterestimatesis an artifact of that model’s assumption,
discussedin Section2 andin Junker andPatz (1998),that responseratingsareconditionallyindependent
givenexamineeproficiencies

���
. By contrasttheHRM assumesthat ratingsaredependentgivenexaminee

proficiencies(they areconditionallyindependentonly giventheidealratings
���+�

); andtheextradependence
generallydrivesup uncertaintyof parameterestimates.Whensimilar dependencebetweenratingsexistsin
real data,the HRM canbe usedto correctthe excessively optimistic standarderrorsthat the IRT Facets
model gives.Wilson and Hoskens(1999) demonstratea similar effect of ignoring dependencebetween
ratingsin the IRT Facetsmodel,by showing that themodelreliability for their raterbundlemodel(which
alsoaccommodatesdependencebetweenraters)waslower thanthemodelreliability of theFacetsmodel,in
bothsimulatedandrealdata.

5.2 The Grade 5 Florida MathematicsAssessment

5.2.1 Items 9, 10,and 11of the Florida data

We first examineitems9, 10, and11, scoredin modality two in the Florida mathassessmentraterstudy,
becausethisdataextractexhibitedfairly well-balancedrater v itemdesign(thoughasillustratedin Table3
therater v examineebalanceis not very good);eachresponsewasratedby two of sevenraters.In Table6
wereportthemedianand95%equal-tailedcredibleintervals(CI’s) for HRM parametersfor itemdifficulty,
proficiency distribution andratercharacteristics,andin Figures3 and4 we show histogramsof theposte-
rior distributionsof the ratershift

pkF
, andraterscale£ F parameters.(For brevity we only show item step

parameterestimatesfor thefull dataanalysisin Section5.2.3below).
Theitemdifficulty parameterestimates( "l ’s) show thatitem11 is difficult in comparisonto items9 and

10; indeeditem 11’s "l �
�e; � )��
�
is quite far from thelatentdistribution meanof "0 ; Yþ=�)­�6=

. Theextreme
difficulty of item11 is alreadyevidentin theraw data(seeTable3): only 43outof 557studentsweregiven
anon-zeroscoreby at leastoneof theraters.Moregenerally, wenotethatthemean "0 ;ÇYþ=�)­�6=

of thelatent
proficiency distribution is low in comparisonto all threeitemdifficulty estimates,confirmingtheimpression
from Table3 thatall threeitemsaredifficult for theexaminees.

Turningto theraterparameterestimatesin Table6 (seealsoFigures3 and4), weseethatall sevenrater
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Parameter
�Â}��x���@� �@¬��$# �

Item9
l � Y � )­¬@� . Y � )�	
� 5 Y � )+�-= 9

Item10
l � � Y � )­�6= . Y � )+�@� 5 Y � )�=
� 9

Item11
l �
� � )��
� . � )�	�	 5 =�) � � 9

Mean 0 Y =�)­�6= . Yþ=�)­¬6= 5 Yþ=�)�=�¬ 9
Variance 7 � � )��
� . � )­¬�	 5 =�)­�
� 9
Rater12 Shift (

p � � ) Y � )­��� . Y � )+� � 5 Y � )�=
� 9
Scale( £ � � ) � )+� � . � )­��� 5 � )+�@� 9

Rater13 Shift (
p � �

)
Y � ) � � . Y � )�=
� 5 � ) � ¬ 9

Scale( £ � � ) � )+��� . � )­��� 5 � )+��� 9
Rater16 Shift (

p �
 )

Y � )­�@¬ . Y � )­��	 5 Y � )�=D� 9
Scale( £ �  ) � )���� . � )�	@¬ 5 � )���� 9

Rater15 Shift (
p �%�

)
Y � )­�@� . Y � )­��� 5 Y � )�=D� 9

Scale( £ �%� ) � )+��� . � )­��� 5 � )+��	 9
Rater36 Shift (

p �
 )

Y � ) � = . Y � )+��¬ 5 � )+�@� 9
Scale( £ �  ) � ) � ¬ . � ) �@� ¬ 5 � )­��	 9

Rater37 Shift (
p �
 )

Y � )­��	 . Y � )+��� 5 Y � )�=�� 9
Scale( £ �'& ) � )­�
� . � ) � � 5 � )­�@¬ 9

Rater38 Shift (
p �
 )

Y � ) � � . Y � )+��	 5 � )+�@� 9
Scale( £ � � ) � ) � 	 . � ) �@� ¬ 5 � )­��	 9

Table6: MCMC estimatedposteriormedianand95% equal-tailedcredibleintervals (CI’s) for the HRM
itemdifficulty, rater, andlatentscaleprior hyper-parametersbasedon 557studentresponsesto items9, 10,
and11of theFloridagrade5 Mathematicsassessment.
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Figure3: Histogramsof theposteriordistributionsof ratershift andscaleparametersbasedon 557student
responsesto items9, 10,and11of theFloridagrade5 Mathematicsassessment.
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Figure4: Histogramsof theposteriordistributionsof ratershift andscaleparametersbasedon 557student
responsesto items9, 10,and11of theFloridagrade5 Mathematicsassessment.
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shift parameterssatisfy
P "pkF�PË« � )­¬

. This suggeststhat the ratersareapproximatelyequallysevere,in the
sensethatthey areeachmorelikely to scoreanitem in theidealratingcategory thanany othercategory. If
a rater’s

P "pkF�P weregreaterthan
� )­¬

thenthe raterwould bemorelikely to give the item a scoreotherthan
the ideal ratingcategory. Becausethe ideal ratingcategory is inferredby theHRM from thepooledrating
data,the ideal rating category is essentiallya “consensusrating”, andso the small ratershift parameters
suggestthat the ratersagreeon averageabouthow eachpieceof examineework shouldbe rated.Despite
this agreementon average,thesevenratersarenot equallyreliable:we canseefrom Table6 thatraters36
and38 arequite reliable,with low raterscaleestimatesof "£ �  ; � ) � ¬

and "£ � � ; � ) � 	
, respectively. The

otherratershave raterscaleestimatesrangingfrom 0.24to 0.72.
Theraterscaleestimate "£ �  ; � )���� for rater16 is asurprisinglylargevalue,suggestingthatthis rateris

inconsistentin assigningthesamescoreto work of thesamequality. Theevidencepresentedin Section5.1,
aswell assimulationresultsnot shown here(seePatz,Junker andJohnson,1999),suggestthatthis level of
inconsistency or unreliabilitywithin raterscanleadto severeshrinkagein theitemdifficulty andlatentscale
estimatesin anIRT Facetsmodel,aswell aspoor

�
estimatesundereitherHRM or Facets.Anotherway to

comparetheratingperformanceof theseratersis to look at theirestimatedratingprobabilitymatricesunder
themodel.For example,Figure5 showsbarplotsof

� I o�F ; a N RaterJ ratescategory
b_P

idealrating
�
R

, for
ratersJ ;>=
	

,
=��

, and
���

, basedon thepointestimatesof raterscaleandshift in Table6.
Finally, we seefrom Table6—andevenmorevividly from Figures3 and4—thatthereliableraters,36

and38,have poorly estimatedshift parameters:the95%CI’s arequite largeandtheposteriordistributions
for

p �
 and

p �
� appearto benearlyuniform in the range

Y � )­¬
to U � )­¬ . On theotherhandtheraterswith

poorerconsistency (higherraterscaleestimates)have tighter, clearlyunimodaldistributionsfor theshift pa-
rameters

pkF
. Webelieve this is anartifactof usinga continuousratingshift parameter

pkF
to modeldiscrete,

whole unit shifts in the observed rating
���+�GF

away from the ideal rating category
�����

. Sinceraters36 and
38 essentiallyalwaysscoreitemsin the ideal rating category identifiedby the HRM, we know their shift
parameters

pkF
mustbe between

Y � )­¬
and U � )­¬ ; but sincethey do so with suchhigh consistency, thereis

essentiallyno informationin thedatato determinewherein this rangetheir shift parameters
p

lie. Appar-
ently, nearlyequivalentfits couldbeobtainedby constrainingtheraterseverity parametersto a few discrete
values,suchas0, ) = , ) � , etc.This reductionof theparameterspacemight alsoleadto fasterconvergence
of theMCMC estimationalgorithm.

5.2.2 All assessmentitemsrated in modality two

We now turn to ananalysisof all elevenitemsgradedin modalitytwo. Oneof theadditionalitems,item 2,
wasscoredin oneof thefive responsecategories0–4,andtheremaining7 werescoredin threecategories
0–2.A total of 26 ratersgradedat leastoneof theelevenitemsin modalitytwo. Thenumberof ratingsper
item wastwo, andthenumberof itemsratedby individual ratersrangedfrom oneto three,with themost
commonnumberof itemsper raterbeingone.The samedatasetwasconsideredby Wilson andHoskens
(1999).

The item difficulty andlatentdistribution parameterestimatesfor the partial credit model(PCM) un-
derlyingtheidealratingsappearin Table7, andtheratershift andscaleestimatesarecontainedin Table8.
Thepoint estimatesfor the item difficultiesagreequitewell with thedifficulty estimatesundertheFacets
modelasreportedby Wilson andHoskens(1999),aftera lineartransformationto adjustfor differentlatent
proficiency meansandvariancesin the two analyses.The itemsandratersanalyzedin the smaller, more
balanceddatasetin Section5.2.1,areindicatedby asterisksin thesetables.Comparingwith Table6 wesee
verylittle differencein theestimatedraterparameters,andsmalldifferencesin theitemdifficulty parameters
thatseemmostlyto bedueto thedifferenteffectsthatthesum-to-zeroconstrainthason themin themodel
for threeitemsvs.elevenitems.
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Figure5: Barplotsof theestimatedcategory ratingprobabilities
� I o�F ; a N Rater J ratescategory

b P
ideal

rating
�hR

, for raters16,13and38,basedon557studentresponsesto items9, 10,and11of theFloridagrade
5 Mathematicsassessment.Ratershift (severity) andscale(unreliability)parameterestimatesmaybefound
in Table6.
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Parameter
�Â}��-���@� �@¬��$# �

Item1
Y � ) � 	 . Y � )�=
� 5 � ) � � 9

Item2
Y � )­�@¬ . Y � )+��� 5 � )�=�� 9

Item3
� )�	@� . � )+��� 5 � )��
� 9

Item4
� ) � � . Y � )�=D� 5 � )­� � 9

Item5
Y � )�	�� . Y � )��6= 5 Y � )­¬�	 9

Item6
� )­��� . � )�=�¬ 5 � )+��� 9

Item7
Y � )­��� . Y � )­¬ � 5 Y � )­��� 9

Item8
Y � )­��� . Y � )+�-= 5 Y � )�=�� 9

Item9
� Y � )­�6= . Y � )+�-= 5 Y � )­�6= 9

Item10
� Y � ) � � . Y � )­�6= 5 � ) � � 9

Item11
� =�) � � . � )��@� 5 =�)­�@¬ 9

Variance
� )���� . � )�	6= 5 � )���� 9

Mean
Yþ=�) � ¬ . Yþ=�)�=�¬ 5 Y � )���	 9

Table7: MCMC estimatedposteriormedianand 95% equal-tailedcredibleintervals (CI’s) for the item
difficulties,andlatentscalemeanandvarianceparameters,of elevenitems,basedontwo ratingsin modality
two, for eachof 557 studentsresponsesto eleven itemson the Florida Grade5 Mathematicsassessment.
Itemsanalyzedin thesmallerextractin Section5.2.1areindicatedby asterisks.

Judgingfrom thePCM estimatesin Table7 we find that items3, 6, and11 arethemostdifficult items;
referringto the raw data,theseitemshave, respectively, 422,443,and514 studentsout of 557 who were
assigneda scoreof 0 by bothraters.Items5, 7, 8, and9 appearto betheleastdifficult of theMathematics
examitems.For item5, theeasiestof theseitemsasdeterminedby thePCMdifficulty parameterestimates,
bothratersassignedthehighestpossiblescoreto 140of the557studentsthatthey bothscored.As notedin
theanalysisof item 9, 10 and11 in Section5.2.1,themeanof the latentscale0 , is foundto bequite low,
relative to the difficulty of the items.We alsonotethat,asexpected,theconfidenceinterval for the latent
scalemeanis smallerwhenusingall elevenitemsthanwhenusingonly thelastthreeitems.

Finally we examinetheperformanceof the26 ratersin Modality Two. All raters,with theexceptionof
rater19,appearto bein agreementwith oneanother, in thesensethattheir ratershift parameters

pxF
areall

between
Y � )­¬

and U � )­¬ : they areall morelikely to givethestudentascoreequalto theidealratingcategory
thanany otherscore.Themedianof theposteriordistributionfor Rater19’sshift parameter

p � � ;ÇY � )�	 �
. At

thisvalueof theshift parameterRater19becomesmorelikely to scorethestudents’responsesonecategory
lower thantheidealratingcategory.

Rater11,Rater36,andRater38arefoundto bevery reliable;their raterscaleparameter( £ F ) estimates
are0.09,0.05and0.06,respectively; this meanstheseratersessentiallyalwaysscoreexamineework in the
category

b
nearestto

� U p . Ontheotherhand,Raters16,17andRater19havescaleestimatesthatseemhigh
in comparisonto theothers,againin thesamerangeasour simulatedHRM dataanalyzedin Section5.1.
Thissuggeststhattheindividual reliability or consistency of theseratersis poor:sucha raterwouldbeless
likely to give consistentratingsonseparatereadsof equivalentstudentwork.
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Rater Parameter ,.-0/�132�4 57678:9<;
Rater9 Shift =?>�@ >7A BC=?>�@�DE6�FG>�@�D0HJI

Scale >�@ A7K BL>�@NM
O�FP>�@ H7>JI
Rater11 Shift =?>�@ >7K BC=?>�@ HJK�FG>�@ H�M�I

Scale >�@ >75 BL>�@ >�D�FP>�@ A767I
Rater10 Shift =?>�@�DQ> B%=?>�@NM
K�F�=?>�@ >�DEI

Scale >�@ A7O BL>�@NM7R�FP>�@ H�DEI
Rater17 Shift =?>�@ M�5 B%=?>�@ H�HSF�=?>�@3DQ67I

Scale >�@NR
O BL>�@ K�5�FP>�@ O�OJI
Rater19 Shift =?>�@ K7> B%=TD�@3D0K�F�=?>�@NM
KJI

Scale >�@NR
K BL>�@ A�5�F0D�@NM
>JI
Rater18 Shift >�@ M7M BL>�@ >�5�FP>�@ A�KJI

Scale >�@ 6�K BL>�@ H7K�FP>�@ K�5JI
Rater20 Shift =?>�@ M7M B%=?>�@ A7M�F�=?>�@3D0>JI

Scale >�@ HJ> BL>�@ A
H�FP>�@ H7KJI
Rater21 Shift =?>�@ H7H B%=?>�@N6
>�F�=?>�@ A7M7I

Scale >�@ M
H BL>�@ >76�FP>�@ HJ67I
Rater22 Shift >�@�D0H BC=?>�@ >JM�FG>�@ H�6�I

Scale >�@ A�D BL>�@3DQM�FP>�@ A�OJI
Rater23 Shift =?>�@ >7K BC=?>�@�DQA�FG>�@ >�DQI

Scale >�@ A�R BL>�@ A
H�FP>�@ A�5JI
Rater24 Shift =?>�@ M7M B%=?>�@NM
5�F�=?>�@3DQ67I

Scale >�@ HSD BL>�@ A76�FP>�@ HJ67I
Rater25 Shift =?>�@ >�R BC=?>�@�DQK�FG>�@ >JM�I

Scale >�@ A7O BL>�@ A
H�FP>�@ HJM7I
Rater27 Shift =?>�@ M�> B%=?>�@ H7K�F�=?>�@ >JR�I

Scale >�@ A7K BL>�@3D0A�FP>�@ H�DEI

Rater Parameter ,.-0/�132�4 57678:9<;
Rater28 Shift =?>�@ >75 BC=?>�@ HJO�FG>�@ A757I

Scale >�@�DQ5 BL>�@ >�D�FP>�@ A�KJI
Rater29 Shift =?>�@�DQ> B%=?>�@3D0O�F0=?>�@ >7M7I

Scale >�@ A�R BL>�@ A
H�FP>�@ HJM7I
Rater31 Shift =?>�@ >�R BC=?>�@ A�R�FG>�@�D0HJI

Scale >�@ A7A BL>�@ >7M�FP>�@ A�OJI
Rater30 Shift >�@ M�A BL>�@ >�D�FP>�@ H�R�I

Scale >�@ MJR BL>�@ >�5�FP>�@ AJR�I
Rater32 Shift >�@�DQO BL>�@ >�D�FP>�@ A�KJI

Scale >�@ A�H BL>�@NM�M�FP>�@ HJM7I
Rater33 Shift >�@ >�H BC=?>�@ >�R�FG>�@�DUR
I

Scale >�@ A�R BL>�@ A7M�FP>�@ H�DEI
Rater12V Shift =?>�@ M�K B%=?>�@ A76�F0=?>�@3D0OJI

Scale >�@ HJ> BL>�@ A�A�FP>�@ H�H�I
Rater13V Shift =?>�@ >75 BC=?>�@�DQ5�FG>�@ >JM�I

Scale >�@ H�M BL>�@ A�O�FP>�@ H7OJI
Rater16V Shift =?>�@ M�K B%=?>�@ A�K�F0=?>�@3DQ67I

Scale >�@NR�D BL>�@ K�K�FP>�@WRU5JI
Rater15V Shift =?>�@ M7M B%=?>�@NM
5�F0=?>�@3DQ67I

Scale >�@ HJA BL>�@ A�5�FP>�@ H7KJI
Rater36V Shift =?>�@ >�D BC=?>�@ H�6�FG>�@ HJA7I

Scale >�@ >J6 BX>�@ >7>�A�FG>�@NM7R�I
Rater37V Shift =?>�@ A7K B%=?>�@ H75�F0=?>�@3DER�I

Scale >�@ M
H BL>�@ >�K�FP>�@ A767I
Rater38V Shift =?>�@ >J6 BC=?>�@ H�6�FG>�@ H7HJI

Scale >�@ >7K BX>�@ >7>JR�FG>�@NM�67I

Table8: MCMC estimatedposteriormedianand95% equal-tailedcredibleintervals (CI’s) for the HRM
raterparametersbasedon two ratingsin modality two for eachof 557 studentresponsesto eleven items
on theFloridaGrade5 Mathematicsassessment.Ratersanalyzedin thesmallerextractin Section5.2.1are
indicatedby asterisks.
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5.2.3 The full Florida data set

To illustratehow themodelscalesup to a largenumberof raters,anda largenumberof ratingsperitem,we
estimatedtheHRM usingthefull Floridadataset.Recallthatthesetof elevenitemswasratedtwice in each
of threeratingmodalities,for a totalof six ratingsperitemusingapoolof 38 raters.

As indicatedin Section4.2,thefollowing ratersratedin only onemodality

Y Raters1–7areuniqueto Modality 1 (intacttestbooklets);

Y Raters18,19,22,27,29,30,31,32,36,37,and38areuniqueto Modality 2 (singleitems)

Y Raters8, 14,26,34,and35areuniqueto Modality 3 (blocksof 1/3of theitems)

andtheremainingratersrated(differentitems)in bothmodalities2 and3. To theextentthatonly modality
affectsdifferencesin ratercharacteristicsbetweenmodalities,we canexaminethesegroupsof ratersfor
possibledifferencesbetweenratingmodalities.Table9 containstheestimatedHRM raterparametersfor all
38 raters;Table11containsestimateditemparametersfrom thefull-datafit.

In Table9, themodalitiesof thoseraterswhoratedin onemodalityonly areidentifiedin bold-facetype.
In addition,the ratersfrom our initial analysisof items9, 10, and11 in modality two only, areindicated
againby asterisks.Comparingthestarredratersin Table9 with theparameterestimatesin Table6, andwith
the starredentriesin Table8, we seethat estimatesof theseraters’parametersareall fairly stableacross
thethreefits, exceptfor rater36.This rater’s shift parameterstaysfairly stable,moving only from

Y
0.01toU 0.05,but therater’s originalscaleestimateof 0.05is now replacedby anestimateof 0.37.Thissuggestsa

fair amountof disagreementof rater36,who only ratesin modalitytwo, with ratersin modalities1 and3,
but no realtrendin thedisagreementstowardseverity or leniency of rater36,relative to theotherraters.

Sincerater38’sshift estimateof
Y � ) � �

andscaleestimateof 0.06arefairly similarto theinitial estimate
of rater36,andindicateexcellentreliability andlackof severity bias,wemightwonderhow thiscanhappen.
A quick look at raters36 and38 asthey appearin Tables2 and3 shows that (a) rater36 disagreedfairly
regularlyon item10with raters12and15,whoalsoratedin modality3; (b) rater36canbeseento agreein
all but 6 or 8 caseswith rater38 on item11,by linking throughrater37; andfinally (c) Rater38only rated
a relatively smallnumberof responses,250,comparedwith mostotherraters.It thusappearsthatrater36
did disagreewith many otherraters,onotheritemsthanitem11, in thefull dataset;on theotherhandrater
38 ratedsofew examinees/itemcombinationsthattherewasrelatively little opportunityto comparehis/her
ratingswith otherraters’ratings.

To summarizetheratingcharacteristicsof ratersidentifiedin Table9 whoonly gradedin onemodality,
wecomputemeanseverity

p
andmeanunreliability £ for eachgroup,andfor all 38ratersasasinglegroup.

Theseareshown in Table10.Comparingthemeanseverity for ratersnestedwithin eachmodalitysuggests
thatratersin modality1 weresomewhatmorelenientonaveragethanthosein theothertwo modalities,and
theaveragereliability of theraterswaslowestin modality2. Thesefindingsbroadlyparallelthefindingsin
Sykes,HeidornandLee(1999).In addition,we areableto refer to Table9 to explorehow individual rater
severity and(un-)reliabilitycontributeto thisoverallpicture.

Theitem parameterestimatesfor thePCM layerof theHRM arelistedin Table11.Theitem difficulty
parameterestimates(

l
’s) in this tablearequitesimilar to thoseof Table7, which wereestimatedfrom the

full modalitytwo dataonly; theprimarydifferenceis thattheitemdifficultiesaresomewhatmorespreadout
in Table11,comparedto Table7.All of theitemdifficultiesareabovetheestimatedlatentproficiency mean,
suggestingthat theseitemswererelatively difficult for theexaminees.This finding wasalsosuggestedby
ourearlieranalyses,andis consistentwith resultsreportedby Sykes,HeidornandLee(1999).

In additionwe have listedtheestimateditem stepparametersfor thePCM layer, for eachof the items;
itemstepparametersnotlistedhermaybeobtainedfrom thesevia therelevantsum-to-zeroconstraint(recall
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Rater Param. ,.-Q/�132�4 576J8Z9<;
Rater1 Shift =?>�@�DQ> BC=?>�@ M�D�FP>�@ >�DQI
Modality 1 Scale >�@ H�M BL>�@ A�O�FG>�@ H�R�I
Rater2 Shift >�@ >7> BC=?>�@ >7A�FP>�@ >�A7I
Modality 1 Scale >�@ HJO BL>�@ H7K�FG>�@N6
>JI
Rater3 Shift =?>�@�DQA BC=?>�@3D0K�F�=?>�@ >757I
Modality 1 Scale >�@ HJA BL>�@ H�D7FG>�@ H�H�I
Rater4 Shift =?>�@ >�R BC=?>�@3D0>�F�=?>�@ >�HJI
Modality 1 Scale >�@ 6�D BL>�@ H75�FG>�@N6
AJI
Rater5 Shift =?>�@ >75 BC=?>�@3DQM�F�=?>�@ >7K7I
Modality 1 Scale >�@ H7H BL>�@ H7A�FG>�@ HJ67I
Rater6 Shift =?>�@ >J6 BC=?>�@ >�5�F�=?>�@ >JM�I
Modality 1 Scale >�@ HJ5 BL>�@ H�R�FG>�@N6�DEI
Rater7 Shift =?>�@ >75 BC=?>�@3D0A�F�=?>�@ >�HJI
Modality 1 Scale >�@ HJA BL>�@ H�D7FG>�@ HJ67I
Rater8 Shift =?>�@ MJR BC=?>�@ H7A�F�=?>�@�DQO7I
Modality 3 Scale >�@ H�M BL>�@NM
A�FG>�@ H7OJI
Rater9 Shift =?>�@ M7M BC=?>�@NM7R�F�=?>�@�DUR
I

Scale >�@ HJK BL>�@ H7A�FG>�@ H7OJI
Rater10 Shift =?>�@ >�H BC=?>�@ >75�FP>�@ >�DQI

Scale >�@ HJA BL>�@ H�D7FG>�@ HJ67I
Rater11 Shift =?>�@ >JM BC=?>�@ >75�FP>�@ >
HJI

Scale >�@ A�R BL>�@ A
HSFG>�@ A�5JI
Rater12V Shift =?>�@ M7M BC=?>�@NM
K�F�=?>�@�DUR
I

Scale >�@ H�R BL>�@ HJ6�FG>�@N6
>JI
Rater13V Shift =?>�@ >7O BC=?>�@3DQM�F�=?>�@ >J6�I

Scale >�@ 67M BL>�@N6
>�FG>�@N6UH�I
Rater14 Shift =?>�@�DEM BC=?>�@3DER�F�=?>�@ >�R
I
Modality 3 Scale >�@ 6�A BL>�@N6�D7FG>�@N67R�I
Rater15V Shift =?>�@ M�5 BC=?>�@ A�A�F�=?>�@ M76�I

Scale >�@ H�R BL>�@ H�HSFG>�@ H75JI
Rater16V Shift =?>�@ M7M BC=?>�@NM
K�F�=?>�@�DQO7I

Scale >�@ 6�K BL>�@N6
A�FG>�@N6
OJI
Rater17 Shift =?>�@ A7> BC=?>�@ A
HSF�=?>�@ MJR
I

Scale >�@ 67M BL>�@ H75�FG>�@N6UH�I
Rater18 Shift =?>�@ >�D BC=?>�@�DQ>�FP>�@ >�K7I
Modality 2 Scale >�@NR
> BL>�@ K76�FG>�@WRUKJI
Rater19 Shift =?>�@ K�H BC=?>�@ O�O�F�=?>�@ HJK7I
Modality 2 Scale >�@ K7K BL>�@N6
A�FG>�@ O
H�I

Rater Param. ,.-0/�132�4 576J8Z9<;
Rater20 Shift =?>�@ >J6 BC=?>�@ >75�FG>�@ >7>7I

Scale >�@ A�R BL>�@ A�K�FG>�@ A�5JI
Rater21 Shift =?>�@�DUR B%=?>�@NM�M�F�=?>�@3D0AJI

Scale >�@ HJA BL>�@ H�D7FG>�@ HJ67I
Rater22 Shift =?>�@ >7A BC=?>�@�DQ>�FG>�@ >�HJI
Modality 2 Scale >�@ AJ6 BL>�@ A�A�FG>�@ A�OJI
Rater23 Shift =?>�@�DQA B%=?>�@3DER�F�=?>�@ >�5JI

Scale >�@ HJ> BL>�@ A�5�FG>�@ HJM7I
Rater24 Shift =?>�@ M�5 B%=?>�@ A�A�F�=?>�@ A
H�I

Scale >�@ HJO BL>�@ HJ6�FG>�@N6�DEI
Rater25 Shift =?>�@�DE6 B%=?>�@3D05�F�=?>�@3D0>JI

Scale >�@ HJO BL>�@ HJ6�FG>�@N6
>JI
Rater26 Shift =?>�@�DQ> B%=?>�@3D0K�F�=?>�@ >
H�I
Modality 3 Scale >�@ HJ> BL>�@ AJR�FG>�@ H7AJI
Rater27 Shift =?>�@ M�> B%=?>�@NM
O�F�=?>�@3D�DEI
Modality 2 Scale >�@ A75 BL>�@ A76�FG>�@ H7AJI
Rater28 Shift =?>�@ M�O B%=?>�@ A
HSF�=?>�@NM�M7I

Scale >�@ HJO BL>�@ HJ6�FG>�@N6�DEI
Rater29 Shift =?>�@�DE6 B%=?>�@NM�M�F�=?>�@ >JR�I
Modality 2 Scale >�@ HSD BL>�@ A�O�FG>�@ H�H�I
Rater30 Shift =?>�@ >�R BC=?>�@�D0H�FG>�@ >7>7I
Modality 2 Scale >�@ A�R BL>�@ A76�FG>�@ H7AJI
Rater31 Shift =?>�@�DQ> BC=?>�@ M7M�FG>�@ >JM�I
Modality 2 Scale >�@ AJ6 BL>�@ A�>�FG>�@ H7>JI
Rater32 Shift >�@ >7A BC=?>�@ >�H�FG>�@�DQ>7I
Modality 2 Scale >�@ A75 BL>�@ A�K�FG>�@ HJM7I
Rater33 Shift =?>�@ >J6 B%=?>�@3D0>�F�=?>�@ >�>JI

Scale >�@ HJ5 BL>�@ H7K�FG>�@N6�M7I
Rater34 Shift =?>�@ A�D B%=?>�@ H7>�F�=?>�@NM�M7I
Modality 3 Scale >�@ H�6 BL>�@ H7>�FG>�@N6
>JI
Rater35 Shift =?>�@ A7> B%=?>�@ A�O�F�=?>�@NM�M7I
Modality 3 Scale >�@ 6�A BL>�@ H75�FG>�@N6
OJI
Rater36V Shift >�@ >J6 BC=?>�@ >�H�FG>�@�DQK7I
Modality 2 Scale >�@ A�R BL>�@ A�A�FG>�@ H�DEI
Rater37V Shift =?>�@ A�H B%=?>�@ H75�F�=?>�@3D0AJI
Modality 2 Scale >�@ M
H BL>�@ >JR�FG>�@ A
H�I
Rater38V Shift =?>�@ >JM BC=?>�@ H7H�FG>�@ HJA7I
Modality 2 Scale >�@ >7K BL>�@ >�D7FG>�@ A�>JI

Table9: MCMC estimatedposteriormedianand95% equal-tailedcredibleintervals (CI’s) for the HRM
raterparametersbasedonsix ratingsfor eachof 557studentresponsesto elevenitemsontheFloridaGrade
5 Mathematicsassessment.Themodalityof raterswho ratedin only onemodality is indicatedin bold; the
otherratersratedin bothmodalities2 and3. Ratersanalyzedin our initial analysisof items9, 10, and11
aremarkedwith asterisks.
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Table10:Meanshift andscaleeffectsfor ratersin Table9 whoonly ratedin onemodality;andfor theentire
groupof 38 raters.

Item Parameter ,.-Q/�1f2
4 5J678:9<;
Item1 Difficulty gch =?>�@ >7M i�=?>�@3D0K�FG>�@3D�D�j

Step1 k hPh >�@ >76 i�=?>�@3D0K�FG>�@NM
K
j
Item2 Difficulty gSl =?>�@ K�K i�=?>�@ 6
H�F0=?>�@WR�RQj

Step1 k�l h =TD�@NM
K i�=TD7@ 6�A�F0=?>�@ 5�5Uj
Step2 k�lPl =?>�@WR
M i�=?>�@ 575�F0=?>�@ H�RQj
Step3 k lPm >�@N6UH i >�@ M76�FP>�@ O
H
j

Item3 Difficulty gSm >�@ O
H i >�@ KJ6�F0D�@ >
H
j
Step1 k�m h >�@ >�5 i�=?>�@ A�O�FG>�@NM�D�j

Item4 Difficulty g�n =?>�@ >�> i�=?>�@3D0O�FG>�@NM
>
j
Step1 k n h =TD�@WRU5 i�=oM�@ >�D�F0=TD�@N67RQj

Item5 Difficulty gSp =?>�@ KJR i�=?>�@NR
5�F0=?>�@N6�6Ej
Step1 k�p h >�@ >�K i�=?>�@3D0A�FG>�@NM�6Uj

Item6 Difficulty gSq >�@NM
5 i >�@�DE6�FP>�@ H7AUj
Step1 k q h =TD�@ H7A i�=TD7@ OJ6�F0=TD�@ >JRQj

Item7 Difficulty gSr =?>�@ A�K i�=?>�@ H�R�F0=?>�@NM�6Ej
Step1 k�r h =oM�@ H7A i�=oM�@ 5�R�F0=TD�@ 5�KUj

Item8 Difficulty gSs =?>�@NM
O i�=?>�@ HSD�F0=?>�@3DQ6Ej
Step1 k�s h >�@ H�D i >�@ M7M�FP>�@ K�>Uj

Item9 Difficulty gSt =?>�@NM
O i�=?>�@ A7O�F0=?>�@3D05Uj
Step1 k t�h =?>�@NMUH i�=?>�@N6�D7FG>�@ >7MUj
Step2 k t l >�@N6UH i >�@ M7M�FP>�@ O�KUj
Step3 k t m =?>�@ K
H i�=TD7@ >75�F0=?>�@NM
>Uj

Item10 Difficulty gchCu >�@ >76 i�=?>�@ >�O�FG>�@3D0O
j
Step1 k�hCu�v h =?>�@ 5�K i�=TD7@ M�K�F0=?>�@ KJRQj

Item11 Difficulty g hPh D�@ >�5 i >�@ O75�F0D�@ A7MEj
Step1 k hPhwv h =TD�@ H�H i�=TD7@ 57K�F0=?>�@ 5JRQj

Table 11: MCMC estimatedposteriormedianand 95% equal-tailedcredible intervals (CI) for the item
difficulty anditem-stepparametersbasedonsix ratingsfor eachof 557studentresponsesto elevenitemson
theFloridaGrade5 Mathematicsassessment.
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from Section3.1 thatwe only estimate� YX�
item stepparametersfor each� -category item). Severalof

theitemshave itemstepparameterswhosemagnitudesareroughlyin the1.5to 2.5range;thissuggeststhat
it is easyfor examineesto obtaina nonzeroscoreon the item, but relatively difficult to get a high score.
This is anotherindicationthat theitemsweresomewhatdifficult for theexaminees,but perhapswith some
suggestionof leniency acrossall ratersat thelow endof performanceoneachitem.

Wealsonotethattheitemstepparameterestimate
n � � is outof orderwith theotheritemstepparameter

estimatesfor itemnine,suggestingeitherthatfew examineeresponsesmetthecriterionfor category two of
thescoringrubricfor this item,or thatraterscouldnotagreeaboutwhatconstitutedacategorytwo response;
the partial tabulation of pairsof ratingsfor item nine in Table3 reinforcesthis impression.Thuswe may
wish to re-evaluatethescoringrubricor theratertrainingfor itemnine.

5.3 Model Comparisons

In Table12 we comparethefits of the IRT Facetsmodelwith additive ratereffectsto the fit of the HRM
model,onthesimulateddatafrom Section5.1andthefull Floridaraterstudydatafrom Section5.2.3.Since
themodelsarenotnestedin theusualsense(theIRT Facetsmodelis notobtainedby constrainingtheHRM
parametersin a locally linear way; seediscussionat the endof Section3.2), likelihoodratio chi-squared
testscannotbeused.Instead,we usea measureof fit known astheSchwarz Criterion,alsoknown asthe
BayesInformationCriterion (BIC; e.g.KassandRaftery, 1995).The differencebetweenBIC valuesfor
two modelsapproximatesthe logarithmof the BayesFactor, which is often usedfor comparingmodels
in Bayesianstatistics;the BayesFactorcan be difficult to computedirectly, especiallyfor large models
estimatedwith MCMC methods(seefor exampleDiCiccio, Kass,RafteryandWasserman,1997).For a
marginalmodelwith

�
parametersand % examinees,theBIC is givenby

x ð�y ;ÇY�� � �e]@� . marginal model9BU � � �e]@� .4% 9 5
wherethemarginalmodelis evaluatedat themodalparameterestimates.

Thus,BIC canbeinterpretedastheusuallog-likelihoodstatistic,penalizedfor thenumberof parameters
in themodel.Any reductionin BIC is consideredgood,sincethepenalty

� � �e]@� .4% 9 compensatesfor capi-
talizationon chance;however a commonlyusedrule of thumb(KassandRaftery, 1995)for BayesFactors
is thatadecreaseof 2–6in thisBIC statisticis consideredmoderatelygoodevidence,andachangeof 10or
moreis consideredverystrongevidence,in favor of themodelwith thelowerBIC.

It isnosurprisethatin Table12theHRM fitsbetterthantheIRT Facetsmodelin thesimulateddata,since
this datawassimulatedfrom theHRM itself. Thelargechangein BIC, a decreaseof 4,000for anincrease
of only threeadditionalparameters(essentially, thethreeraterscaleparameters)is impressive evidencethat
thedependencemodeledby theHRM cannotsomehow beaccommodatedby the IRT Facetsmodel.Even
moreimpressive is thedecreaseof over 20,000for anincreaseof 38parameters(again,essentiallytherater
scaleparameters),in favor of theHRM in fitting theFloridamathematicsassessmentratingstudydataset.
Thus,in the real datatoo, the HRM is providing a muchbettermodelof the dependencestructureof the
data.

5.4 The Information for ScoringExamineesin Multiple Ratings

To illustratetheadditionalinformationavailablein multiple ratingsfor estimatingexamineescoreson the
latent scale,we examinedthe

�
estimatesof five typical examineestaken from the full dataset in Sec-

tion 5.2.3.In Table13,wehavecomparedtheseexaminees’posteriormedianandequal-tailed95%credible
interval estimates,underall threemodelsestimatedin Sections5.2.1,5.2.2,and5.2.3.Thenarrowing of the
95% intervals from Items9, 10, and11 within modality two, to the completeeleven-itemdatasetwithin
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HRM SimulatedData
Model

Y��
log(marginal model) Parameters Examinees

x ð�y
IRT Facets

=D� 5 ¬ � ¬ �@� ¬ �@� =D� 5 	
���
HRM

= � 5 � � ¬ ��� ¬ �@� = � 5 ¬����
FloridaData

Model
Y��

log(marginal model) Parameters Examinees
x ð�y

IRT Facets
¬@¬ 5 �@¬�	 	@¬ ¬@¬�� ¬@¬ 5 	�	��

HRM
�@� 5 	 � � = � � ¬@¬�� �
� 5 �@¬��

Table12: Model fit comparisonsfor theHRM-simulateddata(Section5.1)andfor thefull raterstudydata
setfrom theFloridaGrade5 mathematicsassessment(Section5.2.3).

modalitytwo, is duemostlyto theincreasednumberof items(11 vs.3), sincein bothcasesthereweretwo
ratingsperitem.Thechangesin the95%credibleintervalsfrom thecompletemodalitytwo datato thefull
datawith all threemodalities,is dueto increasingthenumberof ratingsperitemfrom two to six.

We canseein Table13 thatmostof the reductionin uncertaintyabout
�

is obtainedby increasingthe
numberof itemsfrom threeto eleven.Going from the eleven-item,two-raterdatafrom the modality two
extractto theeleven-item,six-raterdataproducedinterval estimatesthesamewidth or slightly narrower in
four cases,andawider interval in onecase.Thatthereis notagreaterreductionin

�
estimationuncertainty

in this examplemayin partbedueto a degreeof unreliability in theraters,which is perhapscausedby the
multiple-modalitydesign:ratersin modalityonetendedto bemorelenientthanratersin othermodalities
for example(seeTable10), andso thereis an inherentdisagreementacrossmodalitiesaboutthe quality
of the studentwork. Adding modality oneratersto the pool of modality two raters,for example,yields
a benefit(moreratersreducesuncertaintyin estimatingexamineeproficiencies)anda cost(disagreement
acrossmodalitiesin how to scoresstudentwork increasesuncertaintyin estimatingexamineeproficiencies),
thatmaycanceleachotherout, andsoaddingnew ratersin differentmodalitiesdoesnot necessarilyhelp.
In othersituations,wherewe areaddingraterswho sharestrongerconsensusin how to scorestudentwork,
wemightexpectto seeamoreconsistentdecreasein thestandarderrorsfor examineelatentscalescores.

6 Discussion

In this paperwe have implementedPatz’s (1996)hierarchicalratermodel(HRM) for polytomouslyscored
item responsedata,so that it canbe employed with datasetsapproachingthe sizesof thoseencountered
in large-scaleeducationalassessments,or at leastin raterstudiessupportingthoseassessments.We have
shown how theHRM “fits in” to thegeneralizabilitytheoryframework thathasbeenthetraditionalanalysis
tool for rateditem responsedata—indeed,theHRM is a standardgeneralizabilitytheorymodelfor rating
data,with IRT distributionsreplacingthenormaltheorytruescoredistributionsthatareusuallyimplicit in
inferentialapplicationsof themodel:observed ratingsarerelatedto ideal ratingsof eachpieceof student
work throughasimplesignaldetectionmodelthatcanbefurtherparameterizedto besensitive to individual
raterseverity andreliability effects,andideal ratingsarerelatedto a latentscalescorevia a conventional
IRT modelsuchasthePartialCreditModel.

In simulatedandrealdataexamples,we have shown how thecurrentimplementationof theHRM can
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Subject DataSet ,.-Q/�1f2
4 5J678:9<; 9<;{z|13/�}G~
Subject175 Modality 2 (9,10,11) =?>�@N6
K B%=TD�@ K�A�FP>�@N67R�I M�@NM
>

Modality 2 =?>�@ O76 BC=TD7@ KJM�F�=?>�@ A7K7I D�@NM
K
Full Data =?>�@ 5�A BC=TD7@NR�D�F�=?>�@ M�DQI D�@N6
>

Subject115 Modality 2 (9,10,11) =TD�@ O�A BC=?A�@ M�A�F�=?>�@ K757I M�@N6UH
Modality 2 =TD�@ 5�O BC=?A�@ M�D�F�=TD7@�DQO7I M�@ >�A
Full Data =TD�@ O76 BC=oM�@ O75�F�=?>�@ 5�R
I D�@ 57M

Subject313 Modality 2 (9,10,11) =TD�@ O7M BC=?A�@ A7A�F�=?>�@ K�R
I M�@ K�K
Modality 2 =?>�@ 5�> BC=TD7@NR
K�F�=?>�@ MJR
I D�@ H75
Full Data =?>�@ 5�A BC=TD7@NR�6�F�=?>�@ M
HJI D�@N6�D

Subject492 Modality 2 (9,10,11) =TD�@3DQ6 BC=oM�@ A7A�F�=?>�@�DEM�I M�@NM�D
Modality 2 =TD�@ H�D BC=oM�@ M�K�F�=?>�@ 6�A7I D�@WRUA
Full Data =TD�@ HJM BC=oM�@ AJ6�F�=?>�@ KJM�I D�@WRUA

Subject71 Modality 2 (9,10,11) =TD�@NM
5 BC=oM�@NR7R�F�=?>�@ >�DQI M�@WRUK
Modality 2 =TD�@ K�> BC=oM�@NR�D�F�=?>�@ K�R
I M�@ >
H
Full Data =TD�@ K7M BC=oM�@ K7>�F�=?>�@ O�DQI D�@WRU5

Table13: Comparisonof
�

estimatesfor five well-spacedexaminees,undereachof thethreeHRM models
estimatedin Section5.

beusedto scaleitemsandexaminees,andlearnaboutraterquality. UsingtheSchwarzcriterion(BIC) we
haveshown thattheHRM fits farbetterthantheIRT Facetsmodel,suggestingthatthedependencebetween
multiple ratingsof thesamestudentwork thattheFacetsmodelfails to captureis animportantcomponent
of multiple-ratingassessmentdata.Usingpolytomousresponsedatasimulatedfrom theHRM, we showed
thattheHRM is effectiveat itemandraterparameterrecovery, anddisplayedsomebiasesin IRT Facetsitem
parameterestimatesthatwebelieve occurwhensomeratersarerelatively unreliableor inconsistentin their
ratings.Both modelsproduceinterval estimatesfor examineeproficienciesthat capturethe true

�
values,

but theIRT Facetsmodelintervalsweresubstantiallynarrower thanthecorrespondingHRM intervals.
TheHRM is oneof severalcurrentapproachesto correctingthis underestimationof standarderrorsfor

estimating
�
, asreportedby Patz(1996),Junker andPatz(1998),DonoghueandHombo(2000),andothers.

Bock,BrennanandMuraki (1999)constructa generalizabilitytheorybased“designeffects” correctionfor
theconventionalIRT Facetsmodel,andWilson andHoskens(1999)replacetheconditionalindependence
assumptionsof the conventionalIRT Facetsmodelwith a raterbundlemodelanalogousto Rosenbaum’s
(1988)itembundles.Whenpriorestimatesof thevariancecomponentsin atraditionalgeneralizabilitytheory
modelfor ratingdataareavailable,andwe only desireto quickly scalemany examinees,thedesigneffects
correctionof Bock, BrennanandMuraki (1999)may be fasterthan,andthereforeperhapspreferableto,
the HRM approach.The HRM may be viewed as a kind of restrictionof Wilson and Hoskens’ (1999)
raterbundlesmodel(RBM). TheHRM scalesup to multiple readsmorereadily thantheRBM, becauseit
treatsratersasa-priori exchangeable.On theotherhand,if theresearcherhasa clearideaof thenatureof
dependencebetweenreadsof thesamestudentwork, theRBM providesa readysetof toolsfor zeroingin
on thata-priori hypothesizeddependence.VerhelstandVerstralen’s (2000)IRT modelfor multiple ratersis
alsocloselyrelatedto theHRM.

We alsoexaminedsuccessively larger extractsof a studyof threedifferentrating modalitiesintended
to supporta Grade5 mathematicsassessmentgivenin theStateof Florida(Sykes,HeidornandLee1999).
Theparameterizationof theHRM usedin thispaperappearedto beverysuccessfulat identifyingindividual
ratersof poorreliability or excessive severity. Finally we comparedinterval estimatesfrom theHRM fitted
to all threeextractsof the Florida mathematicsexam data,to show the effects of increasingnumberof
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itemsandnumberof raterson standarderrorsof estimationfor examineescalescores.Our work with this
ratingstudydatasetalsoshowsthattheHRM caneasilyhandlelooselyconnectedratingdesignswith many
possiblepairingsof ratersandsevereimbalancein theassignmentof ratersto items.

Theparameterizationof theHRM usedin this paperemphasizesraters’individual severity andreliabil-
ity. Otherparameterizationsof theHRM arealsopossible,andmaybemoreappropriatein othersettings.
Onesetof naturalextensionsof our parameterizationof theHRM would allow us to assesstheeffectsof
raterbackgroundvariables,studentbackgroundvariable,itemfeatures,andtime,on ratings:

Y Are therecertaintypesof studentsthatthis raterratesmoreseverelythanothertypes?Y Doesratingseverity drift (e.g.towardsmoreor lessleniency) asa functionof timeof day?Y Which raters,if any, aregiving studentsvery similar ratingson a numberof conceptuallydistinct
items(thatis, appearto beoperatingunderahaloeffect)?

Suchanalyseswithin theHRM only requirethattherelevantcovariates(studenttype,itemtype,timeof day
of rating,etc.)becollected,andthenincorporatedinto a modellike (3) for thetableof ratingprobabilities
in Table1. For example,we couldincorporatemeanratershift andscaleestimatesacrossmodalitiesin the
Floridamathematicsassessmentdata,by decomposingratershift parameters

p
asp Fw� ;¤p � U�� Fw� 5 · F � Fw� ; �

for rater J rating undermodality � , andsimilarly for raterscaleparameters£ . Estimatesof
p��

and £ �
would thenreplaceour averages

p
and £ in Table10 above. In thesettingof centralizedscoringsessions,

ratertableeffectsmightbemodeledsimilarly.
Otherquestionsmaybehandledby amoreradicalreparametrizationof theprobabilitiesin Table1. For

example,

Y If a rater is having troubleapplyinga rating scaleconsistently, which scalepointsarecausingthe
problems?Are the ratershaving troubleagreeingon what is a goodperformance,or what is a poor
performance,or is therelack of consensusacrossthewholescale?Y Are any ratersusingonly theinnercategoriesof a ratingscaleandnot venturingout to usetheouter
categories?

For examplethesecondphenomenonabove couldbemodeledby allowing theratershift parameter
p F I to

dependon the ideal rating category
�

aswell as the rater J ; a raterexhibiting the “play it safe” strategy
would appearto be moreseverewhen

�
waslow andmorelenientwhen

�
washigh; differentialconsis-

tency acrossscalepointscould be modeledwith a similar modificationof the raterscaleparameters£ F I .
Eitherphenomenonmight bemodeledto operateonly for particularitems.In addition,theunimodalshape
suggestedby (3) mightbereplacedwith someothershape.

We expectthatasdigital imagingtechnologyimproves,decentralizedonlinescoringmayreplacecen-
tralizedscoringsessionswhereall ratersare in oneroom, supervisedcloselyat separatetablesby table
leaders.In thesedecentralizedscoringdesignsraters,oncetrained,work ontheirown in front of acomputer
terminalata locationof theirchoosing.A supervisoris onlineto provideassistancewhenneeded,but much
of the valuablequalitative informationthat supervisorsin centralizedscoringsessionsuseto monitor and
maintainrating quality—raters’body language,ratersflipping backandforth from the rubricsto the stu-
dentwork, discussionwith ratersof difficult-to-ratecases—isnot availablein thesedecentralizedscoring
environments.

Identifying raterswho arehaving problemsfrom their ratingdataalonewill likely becomemuchmore
importantasa supervisors’direct contactwith ratersbecomeslessfrequent.Without adequatestatistical
tools to provide supervisorswith usefulandtimely feedbackon eachrater, thereis greateropportunityfor
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ratersto getoff trackandlessopportunityto quickly bringthembackinto thefold whenthey stray. Multiple
ratingscanprovide thedataneededfor adequatestatisticalmonitoringon thebasisof ratingdataalone,as
well asproviding someimprovementin theprecisionof estimationof examineeproficiencies.Wehopethat
thehierarchicalratermodel,andsimilarapproachessuchasthatof WilsonandHoskens(1999)andVerhelst
andVerstralen(2000)thatappropriatelyaccountfor dependencebetweenratings,will providethemodeling
basisfor thesestatisticalmonitoringsystems.

In orderfor any of theseapproachesto beusefulin distributedon-lineratingsystems,they mustrun fast
enoughto providereal-timefeedbackonraters’performance.TheMCMC estimationmethodsfor theHRM
that we have describedin this papercanfit a model“overnight”; this may be improved somewhat by re-
placingthecontinuousratershift parameters

p
with appropriately-chosen discreteparameters,assuggested

in Section5 above. Further improvementsin speedmay requireother computingtechniques,including
marginal maximumlikelihood(e.g.DonoghueandHombo,2000),aswell asdatasummariesthatfocuson
sufficientor “nearly” sufficient statisticsfor theeffectsparametrizedin theHRM.
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