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Abstract

The paper studies inference for volatility type objects and its implications for the hedging of
options. It considers the nonparametric estimation of volatilities and instantaneous covariations
between diffusion type processes. This is then linked to options trading, where we show that our
estimates can be used to trade options without reference to the specific model. The new options
“delta” becomes an additive modification of the (implied volatility) Black-Scholes delta. The
modification, in our example, is both substantial and statistically significant. In the inference
problem, explicit expressions are found for asymptotic error distributions, and it is explained
why one does not in this case encounter a bias-variance tradeoff, but rather a variance-variance
tradeoff. Observation times can be irregular.
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1 INTRODUCTION

Volatility has become a popular topic in the statistics and the econometrics literature. How-
ever, most of these studies remain at the stage of estimating volatility and only a few mention
both volatility estimation and option hedging. In contrast to the existing literature, we do not
focus on issues like option mispricing with different volatility estimates. Rather, this paper seeks
to investigate the instantaneous association between two volatility estimates, realized volatility and
option-implied volatility, and investigate its impact on interval inference for the delta in options
hedging. In the process, we state general theorems about the estimation of instantaneous covaria-

tions.

The literature on estimation of realized volatility mainly consists of three schemes: parametric,
semi-parametric, and non-parametric. Most investigators have adopted parametric assumptions
on the data generating process. ARCH (Engle (1982)), GARCH (Bollerslev (1986)), and various
stochastic volatility models (Hull and White (1987); Wiggins (1987); Polson et al. (1994)) are just a
few examples among the vast literature. The apparent evolution of volatility modeling reflects the
need for reconciling the model and the features of the data. For example, the extension of ARCH
to GARCH intends to incorporate the heteroscedasticity in the data (Bollerslev (1986)), stochastic
volatility models are developed to account for the volatility smile, skewness and kurtosis, and the
generalized MA(1) by Bai et al. (2000a,b) uses a semi-parametric approach to capture the high
kurtosis in exchange-rate data that could not be adequately explained by GARCH. In addition to
the rich parametric literature in volatility estimation, the attention to non-parametric approaches
is also rising in the recent decade. The non-parametric approach generally includes (1) chopping
the returns data into blocks based on time, then summing intra-period squared returns (Merton
(1980); Poterba and Summers (1986); French et al. (1987); Andersen et al. (2001) ); (2) rolling
regression approach (Officer (1973); Fama and MacBeth (1973); Foster and Nelson (1996)); (3)
summing absolute returns (Alizadeh et al. (2000)). For implied volatility, simultaneous equations
estimators, weighted average estimators and others have been reported (see, Latané and Rendleman

(1976); Beckers (1981) , for example). As reviewed above, substantial efforts have been put on
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statistical quantification of volatility itself (either realized or implied, separately), however, little
effort is extended to the association between implied and realized volatility, and to its implications

on option pricing and hedging.

Option pricing and hedging is initiated from the seminal work of Black and Scholes (1973)
and Merton (1973). Since then, scholars have developed models to price and hedge various derivative
securities, e.g. options on different underlying assets, futures, swaps, debt, more recently mortgage-
backed securities and serial defaults. This body of work is mostly theory-oriented. The role of data
or the numerically oriented procedures stay at the level of calibrating the model or of implementing
the model in the situation of no closed-form solution. In other words, statistical uncertainty is

rarely considered in option research.

In a series of papers, Mykland (1998, 1999, 2000, 2001) started to question the lack of commu-
nication between statistical uncertainty and financial engineering (abbreviated with FE) research,
and pointed out that “neglecting statistics in option pricing is not just a bad form”, in fact, naive
implementation of the FE theories could lead to losing money in practice. To account for the sta-
tistical uncertainty in option pricing and hedging, Mykland (1998) has proposed a non-continuous
model that on the one hand makes the task of statistical quantification possible, on the other hand
his model converges to a diffusion whose properties are more familiar in option pricing and hedging

literature.

On the empirical side, investigators have considered the impact of volatility estimation on option
pricing. For example, deRoon and Veld (1996) looked at the mispricing of Dutch index warrants,
using the historical standard deviation and implied volatility of the previous day, respectively, as
the input to the option valuation model; Chu and Freund (1996) , and more recently Hardle and
Hafner (2000), considered the volatility estimate based on GARCH model, and found that the use
of GARCH model for volatility can reduce mispricing of an option, also Karolyi (1993) used a
Bayesian approach to model volatility for option valuation. All these studies focused on comparing

the mispricing with the Black and Scholes model when different volatility estimates are used.

The current work continues our efforts in stressing statistical quantifications in option pricing

and hedging. Our work is different from most of the past studies in the literature, in the sense that
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we do not compare the mispricing of an option with different volatility input. Instead, we emphasize
the association between realized volatility and option-implied volatility, and we make inference
on the delta in a hedging situation. In particular, with the help of small-interval asymptotics
and martingale decomposition techniques, we investigate the estimation properties and thus set
confidence interval for the estimators of volatility, the delta (as in the delta hedge), and leverage
and so on. Moreover, we have adopted a non-parametric estimation scheme, which frees us from
various model assumptions on the system. For example,we do not need to specify a volatility model

in the present study.

The inferential part of our results, which use a rolling sample scheme, permit unequal observa-
tion times, and has explicit forms for asymptotic variances. We also focus on the case where the
underlying (unobserved) process is continuous. This permits a transparent handling of proofs using
stochastic calculus. In particular, we present a natural decomposition for the estimation error of
the volatility-type objects. This decomposition appears to fall into the traditional bias-variance
trade-off, however, it becomes instead a variance-variance trade-off, c¢f. the discussion after Theo-
rem 1. The inference problem studied is related to that of Foster and Nelson (1996), though our

scope and results are different (see also the note after Corollary 1).

The organization is as follows. Section 2 describes the general inferential problem for volatility-
style objects, for example, instantaneous covariation between returns and implied volatility. Section
3 discusses the application to options and how this leads to a regression problem. Section 4 presents
the limiting distributions of the relevant estimation errors in Theorems 1 - 2. Section 5 focuses
on the implication of our estimation results, in particular, the implications for pointwise and joint

confidence intervals for the delta in a hedging situation. Finally, proofs are in the Appendix.
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2 GENERAL SETUP

2.1 [to processes

We shall be concerned with Ito processes, and their instantaneous variations and covariations.

By saying that X is an Ito process, we mean that X can be represented as a smooth process

t t
X :/ vudu+/ 0y dWy,
0 0

where W is a standard Brownian Motion. Note that W is typically different for different Ito

plus a local martingale,

processes. If WX is the Brownian Motion appearing in the above equation, then the relationship

between WX and WY can be arbitrary.

We are interested in the volatility and instantaneous covariation of Ito processes. To study this,
one would start with the cumulative quadratic variation < X, X >; or covariation < X,Y >, as

defined by Jacod and Shiryaev (1987) or Karatzas and Shreve (1991).

The volatility of the process X is then 07 =< X, X >}. The more general object is the
instantaneous covariation < X,Y >}, so we shall mostly state general theorems about the latter.
Note that the existence of the volatility follows from the Ito process assumption. Similarly, the
absolute continuity of < X,Y >; follows from the Ito process assumption and from the Kunita-

Watanabe Inequality (see, for example, p. 51 of Protter (1995)).
2.2 The inference problem

Considering now the general problem of finding < X,Y >}, note first that if the two processes
X and Y were observed continuously, there would be no need for inference. The instantaneous

covariation could be calculated exactly.

As it is, however, observations on diffusion process data are almost necessarily discrete. We
suppose that there is an interval of observation [0, 7], and our processes are observed at a non-

random partition 0 < tgn) < tén) << té") =T.

To mimic the continuous time < X, Y >;, we let [X,Y]; represent the quadratic covariation of
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X and Y at the discrete-time scale. In other words, if
A A
AX oy =X — X, AY,) =Y =Y,
(3 i+1 [3 7 i+1 [3

then

(X, Y], = Z (Athn))(A}/;gn)).
<t

Recall that < X,Y >;= lim,_.o[X, Y];, where the convergence is uniform in probability (UCP),
see Jacod and Shiryaev (1987) and Protter (1995) for details.

The limit is taken as the number of observation points k = k, — oo, with the mesh 6™ =

max; |At(™| — 0. Most of the time, we omit, for simplicity, the partition number (n).

To estimate the continuous quantity < X,Y >}, we use an approximation similar to the above,

namely

o —

rA

Z AXtE") AY;EM ,

t—h<t™ <t <t

S

in other words, <ﬁ>;%([X, Y] —[X,Y]i—n)/h. Asn — oo, h = hy, — 0. Further discussion of

this procedure is given is Section 4.

The approach of letting the observation points become dense on [0,77] is known as small in-
terval asymptotics. We shall also use this approach to find limit laws for statistical errors, when

—_— /
approximating < X,Y >} by < X,Y >,. This is described in Section 4.1.

This type of asymptotics leads to mixed normal limit laws jointly with the underlying data

processes. Thus, we end this section with a definition.

DEFINITION (Mizing convergence): We let X be the (typically multidimensional) data generat-
ing process. We say f(™% LN (0, M) (mizing) if there exists a standard normal random vector
W independent of X, such that (X, f(%) converge jointly in law to ((X), M'/2W), where ft(n)’X
is a function of (Xj)s<¢, M 1/2 is measurable with respect to process X. M'/2 is the square root of

the symmetric, semi-positive definite matrix M.

There are two types of mixing, mizing-past, where the independence is of (X) s<¢ only, and

mizing-global, where the independence is of (X) -
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Interchangeably, we write f(")% £mizing N(0,M) , or fr)% £, MY2W | where W is standard

normal random vector.

3 REGRESSION

3.1 A generalized one factor model for options

Following the findings in Mykland and Zhang (2001), and in Zhang (2001), we shall particularly
be interested in the relationship between the price {V;} of an option, the price of the underlying stock
{S:}, and the cumulative implied volatility {Z;} of the option. Note that V; = C(S;, r(T —t), =),
where C' is the Black-Scholes (1973) - Merton (1973) formula expressed in cumulative terms. A
regression relationship that accounts for the extent to which implied volatility can be hedged in

the underlying stock is given by

dEt = ptdSt+dZt,

dZ, = —(dt. (3.1)

This is a generalization of the usual one-factor model. Further discussion of its trading aspect
can be found in Mykland and Zhang (2001). We here, however, are mainly concerned with the

question of inference for p;. The connection to instantaneous covariation is as follows

<E,85>

Kyl (3.2)

Given this generalized one-factor setup in Equation (3.1), we have shown in Mykland and Zhang
(2001) and Zhang (2001) that under the no-arbitrage rule, the delta hedge ratio can be written as
A =Cs+pCs (3:3)
where C is as defined as above and subscript refers to derivatives.
3.2  Estimation

When the scheme from Section 2 is used for the situation described in Section 3.1, it becomes

what is known as rolling regression. This approach has been used frequently by econometricians
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since the 60’s (see Fama and MacBeth (1973), also see Foster and Nelson (1996) for recent devel-

opments) when dealing with time-varying parameters.

The estimator for p is
A <E/aS\>t Zt*hgtz(")<t§i)lgt(AEtz‘)(Asti)

pr = ——= (3.4)
' < S5,8 >

P
thgtﬁ”ktﬁﬂgt (AS)

As we shall see in the following sections, the estimation error of < E/,S\>t (as well as <§,S\>t)

A7(n)
can be decomposed into two parts, which are of order Op(\/ﬁ) and Op(y/ Ath ) respectively. By

stochastic Taylor expansion, the estimation error of p can be expressed as

—_—
pr—pr = W[<E7S>t_<57s>;]
’ t
o
. Pt < o / At
555 <55 > < 8,8 >+ op(Vh+\[ =)

Before we proceed to the asymptotic property of the estimation error associated with < E/,S\>t
and with p;, we first review under what paradigm and under what assumptions the asymptotics is

considered.

4 STATISTICAL PROPERTIES

4.1  Paradigm for asymptotic operations

For a sequence of partitions of [0,7], 0 = t(()n) < tgn) <..- < t,gn) =T,n=1,23, -, we assume

that as n — oo,
(1) the number of observations k = k,, — oo
(2) the mesh (™ — 0. The mesh is the maximum distance between the t;’s,
(3) the bandwidth h,, — 0,

(4) the number of observations between ¢ — h,, and ¢ goes to infinity,
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(5) there is a trade-off between h,, and At(™) see the coming theorems. At(") is the average

observation interval, equal to %

The above (1) and (2) suggest that, as n increases, we can observe the underlying data process
more and more frequently. This observation refinement is not nested in a sense that the set
{t m1) t(n1 t(nl) t,(gflll)} is not necessarily contained in the set {ténQ),tSM),th),---,t,(;z)} for
n1 < ng. It only means that with n increasing, the mesh of our observation intervals decreases, in a

way that the number of observations in the estimation window increases, as indicated by (4). The

requirement (3) indicates that the bandwidth h,, also shrinks with n. We shall show in the coming

section that as n increases, how fast h,, and At(") decay respectively has a trade-off in terms of the

asymptotic variance of the estimation error. From now on, we use h and h, interchangeably.
4.2 Notations and assumptions
ASSUMPTION A (Homogenous partition):

For each n € N, we have a sequence of non-random partitions {tl(.n)}, Atl(n) — M ™ ey

il 7
maxi(Atl(-n)) =4d(n).

(1) §(n) — 0 as n — oo, and 5(n) /At = O(1).

2, <t(At("))

(2) H((zg (t) = ZHAT — HO(t) as n — oo, where HA)(t) is continuously differen-

tiable.

(3) [H((g (t) — H((zg (t — h)]/h — HP'(t) as h — 0, where the convergence is uniform in t.

When the partitions are evenly spaced, H?)(t) =t and H (2)/(15) = 1. In the more general case,
note that the left hand side of (2) is bounded by td(n)/At("), while the left hand side of (3) is
bounded by §(n)?/(At(MR) +6(n)/At(™). In all our results, h is bigger than A¢("), and hence both

the left hand sides are bounded because of (1). The assumptions in (2) and (3) are, therefore,

about a unique limit point, and about interchanging limits and differentiation.

For continuous Ito processes X and Y, write dX; = dXtDR + dXtMG Xtdt + dX MG , dY; =
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dY,PE 4 dyMC = Yidt + dYMC, and

d < X,Y >=dD¥Y + drR}*Y = DY dt + dr;*Y .
Assumptions on the processes (B-D) are imposed on the pair (X,Y):

AssumMPTION B (Smoothness). B(X,Y) : X, Y and < X,Y >' are Ito processes. Also, the

following items are in C1[0,T] almost surely
(i) the respective quadratic variations of X, Y and < X, Y >’
(i3) the drift part of < X,Y >, (DY)
(iii) the drift parts of X (XPR) and of Y (YPE)

Note in (i) that the quadratic variation of < X,Y >’ is the same as < RXY RXY >. The same

should be observed about Assumption D below.
AssuMPTION C (Integrability). C(X,Y) :
(i) Esupseom |< X, X >| < 00, and similarly for <Y, Y >'.
(ii) Esupgeio | DXX | < o0, and similarly for DYY .
ASsSuMPTION D (Non-vanishing volatility). D(X,Y) :
infyeo,m < RXY RXY >0 > 0 almost surely
AsSUMPTION E (Structure of the filtration):

The data (X;) is measurable with respect to a filtration generated by a finite number of Brownian

Motions.
4.3  Asymptotic distribution of the estimation error: main theorem

Under the paradigm and assumptions listed in Section 4.1 and 4.2, we now consider the asymp-
— /

totic property of the estimation errors < X,Y >,— < X,Y >} and p; — p;. We summarize the

results in two theorems, whose proofs are provided in the Appendix. First, however, two quantities

that constitute a natural decomposition of the estimation error,
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1
BiY = 2(S XY > = < XY >i)- < X,V >

xy _ [2] o
By = Z = (Xs — Xt£n>)d5@
t—h<t{™M <t <t

where [2] indicates symmetric representation s.t. [2] [ XdY = [ XdY + [YdX.

Theorem 1 Suppose that X, Y, Z, and V are continuous Ito processes. Let By and Bo be defined
as above. Also suppose we decompose < X,Y >} into a martingale part (RXY ) and a drift part
(DXY'). Under Assumptions A, B(X,Y), C(X,Y) and D(X,Y), we have (a)-(b). If the same
conditions are imposed on Z and V', (c¢) -(d) also hold.

— ~7(n)
(0) < XY >—< X,Y>}=BX + BfY, where B{Y = 0,(Vh), B&Y = Oy A,

(b) In order for Bffty and Bi{ty to have the same order, O(h) = O( A_t(n)). In this case, Bi(ty
and Bgfty are both of order Op((E(n))i).

(c) jointly and mizing,

BXY A—t BXY
B1/2 1,t i} N(O, M1)7 (_1)71/2 2t i} N(O,Mg),
BZV h BZV
1,t 2t
1 < RXY RXY >/ < RXY RZV >/
where M7 = = ’ K ’ ¢

3 < RXY7RZV >£ < RZV’RZV >£

ail a
and My = H(Q)/(t) e

a1 a2

where
a1 =< X, X >< Y)Y >, +(< X, Y >})2,
a1 =ag1 =< X, Z > <Y, V> + < X, V><Y Z >},

ase =< Z,7Z >,< V,V >} +(< Z,V >})%
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The convergence in law is mizing-past. Subject to Assumption E, it is also mizing-global.

(d) the asymptotic distributions of B1+ and Bay are conditionally independent, given the data either
up to time t or up to T, depending on whether Assumption E is used in (c). Also, ¥Vt # t, Bgﬁy
and Bfty are conditionally independent given the data, under Assumption E. O

Under regularity conditions, Theorem 1(a) suggests that we can decompose the estimation
error of the instantaneous quadratic covariation (< X,Y >) into two parts: B{X¥ and ByY. From
their mathematical expressions (see the beginning of Section 4.3), one perhaps would guess that
we had a bias-variance trade-off regarding the estimation error of < X,Y >}, with Bf(y serving
as a bias term, and Bg(y serving as a variance term. This would indeed have been the case in
the traditional non-parametric estimation (e.g. density estimation). However, there is a difference
between traditional and our nonparametrics: the former mainly deals with a smooth quantity,

whereas the latter deals with a non-smooth quantity (namely < X, Y >}).

It turns out that to first order both Bf(y and Bg( Y are variance terms. As shown in the proof

in the Appendix, we can express By as

t

I 1
BY = 5[ (=n—war <4 [ (=1 —wapy”

martingale: variance term bias term

where the variance term dominates when < X,Y >} is not smooth, and the bias term becomes the
only term when < X,Y >/ is smooth (i.e. RiY =0 when < X,Y >/} is smooth). In Theorem 1,

< X,Y >} is an Ito process, hence the first-order term of B is dominated by a martingale com-
ponent. Meanwhile, the first order of B§Y is also a martingale term, which does not vanish even
if < X,Y >} is smooth (see the proof in appendix for details). Therefore, we are faced with a

variance-variance trade-off in the estimation error of < X,Y >}.

Theorem 1(b) says that the order of B; is determined by the smoothing bandwidth A alone,
whereas the order of By depends on the number of observations used for estimation purpose at
each time ¢ (i.e. the number of observations in (¢t — h, t]). It is optimal to select h with the order of
square root of the average observation interval, optimal in the sense of minimizing the asymptotic

variance in the estimation error in part (a).
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The asymptotic distributions in (c) are normal mixtures, after M; and My are estimated from

the data. A more explicit representation would be

BXY

e Y

Bl,t

and
At BQX tY L 1/2
(=) Rl I I VAT
BZV ’
2.t

where & and & are bivariate normal independent of each other. It is worth to point out that M ;

and My depend on the data, whereas the £s are independent of data.

One here encounters the issue of conditional distribution versus unconditional distribution.

Conditional on data, M1 and M ; are observable in a world of continuous records or approximately

A /E(")

observable in a discrete-record world. Thus if A is proportional of E(n) ,and ~—5— — casn

increases, we can then, for example, construct an approximate 95% conditional confidence set for

— / ~ ~
<X)Y > by < X,)Y >, £ 1.96h1/2\/M1(71t’1) + CZMQ(’I{I), where Mi(i’l) means the (1,1) element in

the matrix of M;;. Unconditionally, the confidence set is generally different due to dependence
between £ and the data. Our findings on the independence between £ and the data make our

unconditional confidence set and conditional confidence set the same.

Theorem 1(d) suggests that the quadratic covariation between By ; and Ba is of higher order,
so is the covariation between B;; and B; s for t # t’. In the limit, By and By (also B;; and B,y

for t # t') become uncorrelated, which is the same as independent given the Gaussian findings in

(c).
REMARKS:

1. Notice that < X,Y >} is a random quantity, NOT a constant. The latter is the frequen-
tist’s typical notation of a parameter. In this paper, we borrow the terminology “estimation” and
“confidence set”, and use them in a broader way. The alternative would be to use “prediction” and

“prediction set”, but this tends to confuse because of the connotations of forecasting future data.

2. The results in Theorem 1 involve the following order of operation: as a first step, the

convergence is joint with the underlying data processes (see the definition in Section 2.2) {(Z, S¢)};
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then, conditional on the observable (i.e. the whole data processes), M; and My can be estimated,
making the limit in Theorem 1(c) a mixture normal. Similarly, we can discuss asymptotic bias,

variance, and independence after the joint convergence and then the conditioning operations.

4.4  FEstimation of volatility and of regression coefficients

Suppose we set both X and Y equal to log(S), then Theorem 1 tells us the asymptotic distri-

bution of realized volatility < log S,log S >}.

Corollary 1 Suppose that the stock price S is a continuous Ito process. Let Xy = logSt,
—_— /
0 =< X, X >}, 62 = <X,X >,. Under Assumptions A, B(X,X), C(X,X), D(X,X), and

the assumption about the order of h in Theorem 1(b),

(n)
A I 1 tit1
62 —0? = = (t=h- w)dRXX + 2+ > b (X X, m)dX)'C
h t—h<t{™ <t <t K
+ 0, (BT")1)

A /E(n)

Furthermore, if ~5~— — c (nonrandom), conditional on data, (A_t(n))_l/"‘(c}t? — 0?) is asymptoti-

cally distributed N(0,Vz2_,2) (mizing), where

1
Viz_p2 = 3 < o? 0% >} +2CH(2),(7§)0'21 (4.5)
c

The nature of the mizing depends on Assumption E about the data filtration in Theorem 1(c).
O

Note that the connection of the first term in Equation (4.5) to Theorem 1 is that < RXX RXX >;
= (< X,X >/, < X,X >'); =< 02,02 >,. This corrects the expressions in Theorem 2 in Foster
and Nelson (1996), when considering the continuous-time limit in their Equation (9) (p. 149).

<253,

Theorem 2 Suppose S and = are continuous Ito processes. Let py = = Subject to the
<8,8>,

assumptions applied in Theorem 1 with X=2, Y=Z=V=S, and O(h) = O( Kt(n)), we have

(a) representation.:

R = 1 = ——(n
Pt — pr = W[BTS — mBi®] + W[Bz“s — pBS%] + op(BE™)1/4)
) t ) t
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(b) asymptotic distribution:

A /—(n) —(n . . .
if % — ¢ (nonrandom), conditional on data, (At( ))*1/4(;% — pt) is asymptotically dis-
tributed N(0,V;_,), where

< P, P >2 (2)/ < E,E >2,5 2
ey = ——— H t)(——— — 4.
Vi—p 30 +c ()(<S,S>Q i) (4.6)

The convergence in law is mixing, with the past or globally, depending on whether Assumption E

18 used. O

According to Theorem 2, p; — p; has the order of (E(n))l/ 4 where A_t(n) is the average length
of sampling interval. We can arrange the first-order term of p; — p; into two parts, one is related
to the Bj’s and the other related to the Bsy’s. In the limit, conditional on the whole data process,
the estimation error of p; follows a mixture normal distribution, with mean 0 and variance equal
to the estimate of V;_,. Equation (4.6) indicates that under-smoothing (i.e. ¢ is greater) or over-
smoothing would blow up the asymptotic variance. For example, an under-smoothing would reduce

<E,E=>}

< p, p >4 /(3¢) while increasing cH(z)/(t)( =555 p?). This implies that an optimal rate ¢ can be

reached in order to minimize the asymptotic variance of the estimation error of p;. The same thing

52
goes for o7

Both for 62 and p an optimal choice of ¢ can be found. For example, for p, it would appear

that the optimal rate is given with

62202:1 <p;p >
t SH(Q)/ <E,E>; 2
(t)( <S7S>£ - pt)

which can then be estimated from the data. The optimal asymptotic variance is then

—_— 1/2
<pp >£ )’ <== >;§ 2
V, , =2| PP 2t g@) (5=
pP—p 3 ()(<S,S>£ pt)

We have not investigated how a data-dependent choice of ¢ would affect our theoretical results,

which assume nonrandom c.

REMARKS:
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1. The mizture normal result in Theorem 2 mainly comes from our estimation mechanism,
where we have used an increasing number of data records in a finite amount of time to deliver the

estimator.

2. The convergence holds at each time ¢, but not as a process. In other words, p — p does not
converge as a process, because as n — 00, p; — py and py — py become independent for ¢t # t/,
and in the normal stochastic process paradigm, there is no such process consisting of independent
elements at each time t. Such a process would be continuous white noise, and the derivative of (the

non-differentiable) Brownian Motion.

3. When estimating < 02,02 >', < p, p >', or, in the broader case of Theorem 1, < RXY RV >/
= (<X,)Y > < Z V> )', a consistent estimate can be obtained by plugging in the estimated
quantities for o2, p, or < X,Y >’. One can no longer, however, use the original grid 0 =ty < t; <
... <t =T when computing the “outer” < -,- >, but rather a sub-grid or some other partition
that is coarser than the original grid, and which permits consistent estimation at each point of the
coarser partition. We have not investigated the precise theoretical requirements in this paper, but

this is the procedure which lays behind the error bounds in Figure 1 in next section.

5 IMPLICATIONS

5.1 Implications for the hedge ratio

Following Equation (3.3) in Section 3.1, A = Cg + pC= , where A stands for the delta hedge
(i.e. the number of stocks to hold for offsetting the risk in option). This implies that the estimation

error of the hedge ratio is given by

A-A=Cz(p—p). (5.7)

Hence, our asymptotic results on p can help setting a confidence region for A. In addition, tests
of hypothesis Hy : p = 0 vs. Hgy : p # 0 tells us whether or not our hedge ratio A is significantly
different from the Black-Scholes hedge Cg. Finally, our result provides a way of hedging without
knowing the model for S. This is not affected by the fact that we use the Black-Scholes-Merton

functional form. It does, however, assume the generalized one-factor model in Equation (3.1).
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Figure 1: 90% Confidence Interval for Relative Hedge, S&P 500 on Feb. 17, 1994

relative hedge
0.0 0.1 0.2 0.3 04 05 0.6 0.7 0.8

10:00AM 11:00AM 12:00PM 1:00PM 2:00PM 3:00PM
time

Figure 1 is one example of applying Theorem 2 in option hedging. Using the data from S&P
500 index and option, we can investigate how relative hedge, as well as its 90% confidence interval,
evolves across one day. In this application, the relative hedge denotes the ratio of our one-factor
delta relative to the Black-Scholes delta (CAS) As we can see from Figure 1, even the upper bound
of the 90% CI of the relative hedge is smaller than 1, indicating that the Black-Scholes delta over-

hedged, at least on February 17, 1994. Notice that the confidence interval in Figure 1 is pointwise.

5.2  Other considerations on confidence sets for p

In the previous section, we considered how to make inference on p and then on A at each time
t. In a real market, making decisions at each possible observation time is too expensive (due to
the transaction cost incurred by each hedging action) and too dangerous (due to the uncertainty
coming from estimation error, data discreteness, and unexpected news, for example). Therefore,
it would be more reasonable to make a hedging decision based on information from several time

periods.
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Because the delta hedge is closely related to p (at least in the generalized one-factor case as
we have assumed in this section), we concentrate on p at this moment. Instead of focusing on the
distribution of p at one time ¢, we now consider simultaneous confidence set for p,, at several times
1=1,2,---,m.

1
Let Up(t) = (At(M) * ——(p;, — p;), let 1 — @ be the simultaneous coverage probability, and
n(t) = ( ) m(ﬂt pt) ge p Y.
1 — v be the coverage probability at a specific time point, then

l—a = P[OZ{|Un(si)] < 2y2}]

= HP{!Un(Si)! < Zy2} (5.8)

1=)" (5.9)

%

where (5.8) is because ps, — ps; and ps; — ps; are asymptotically independent for i # j. Two issues
are worth to be pointed out: 1) for fixed «, bigger m leads to smaller . This may lead to a true
question of bias-variance tradeoff, and this remains to be investigated. If one makes inference on
more time periods jointly while maintaining the acceptable total uncertainty, one has to suffer from
the wider estimation error at each individual time point; 2) for v small, (5.9) is close to the multiple

comparison result given by Bonferroni Inequality.
Alternatively, we can consider the average coverage, that is,

fraction of times that CI covers p

B %ZI(W"(S’)‘ SZa/2) —1—a asm—oo,n— 00

=1

Both approaches to constructing joint confidence sets can be particularly useful from the view-

point of risk management.
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6 APPENDIX

6.1 Supporting convergence theorems

It should be emphasized that the results in this sub-section are straightforward applications of
standard limit theory for stochastic processes, as discussed, for example, in the book by Jacod and
Shiryaev (1987). Similar results to the ones below exist in many forms in the literature. Because
of our application, however, we needed rather specific formulations, and this led us to state and

prove the results below.

Theorem A. 1 (Broad Framework Convergence Theorem):

Suppose X and M™, respectively, are a continuous multidimensional martingale and a se-
quence of continuous martingales. The martingales are with respect to filtration Fi<T, where F; =

o(Xs,s <t). Also Ms(n) =0,Vs <t —hy,. Let ) be a sequence of time changes, where

,

s s<t—h,
s—(t—hp)lhp+ (@&t —hy) t—h,<s<t—h,+1

gy = 4 187 = Bl + (6 ) |
t t—h,+1<s<t+1
s—1 t+1<s<T+1

Let Xs(n) = X\I,(n)(s), and let

0 s<t—hy,
v = h_%(M(n) —M(")) t—hy,<s<t—h,+1
s " [Sf(tfhn)}hn+(t7hn) t—hp n - n
ho ? (M = M), ) t—hp+1<s<T+1

Assume
1) hy | 0 asn T oo,
2) hy (<M M@ > p ey — <M M >, L2 fi(s —1),¥s > t,
3) fi(s) is nonrandom and continuously differentiable, with f;(0) = 0, and n; is random variable
measurable with respect to Fy.

Then, (f(t(n),f/t(n))ogtSTH 1s C-tight. Moreover, any limit (X,Y)ogthH of a convergent subse-
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quence of this sequence satisfies

Xs = X\I/(s)
v 0 fors <t
s = ~
¢ tS/\(tH) (ff(u— t))l/Qqu for s>t
S s<t
where W(s) =< ¢ t<s<t+1 , and W is a Brownian motion on [t,t + 1].

s—1 t4+1<s<T+1

Proof: (for simplicity, write h instead of h,, in the next proof.)

As n — 0o, U™ (s) — W(s), where ¥ is another time change. By definition of X", we have
XM — Xy =X, Vs <T+1 (6.1.1)

As a matter of fact, X(™) converges to X locally uniformly (a.s.) since for small h,

sup | X[V — X, |

s<T+1
< sup | XMW —X,|+ sup | XMW -X,|+ sup |XM_-X,|
s<t—h t—h<s<t t<s<t—h+1
+ sup | XWX, |+ sup | XX, |
t—h+1<s<t+1 t+1<s<T+1
= sup | X[s—(t—h)]h+(t—h) —Xs |+ sup ‘ X[s—(t—h)}h+(t—h) - Xy |
t—h<s<t t<s<t—h+1
< sup | Xy —Xo|+ sup | X, — X, |
|lu—v|<2h lu—v|<h

— 0 as X is continuous and u,v < T +1
so X — X in D(R).
Similarly, sups<pyq| < XM x> < X X >y(s) | — 0, thus by Jacod and Shiryaev
(1987) (abbreviated with J&S hereafter) VI proposition 1.17 (p. 292)
< XM XMW >« X X >inD(R) (6.1.2)
By definition of Y™ and assumption 2),

0 s<t
<V ym s T e ) t<s<ttl as n — 00, (6.1.3)

(1) t4+1<s<T+1
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Jointly, < X™ vy = P, ¢ (6.1.4)

( 6.1.3) is true for all s, hence true for a subset in [t,¢ + 1]. Since [Y (™, Y ("] is nondecreasing
and has continuous limit, J&S Theorem VI 3.37 (p. 318) yields that the convergence is in law
(D(R)). By using continuity and equation ( 6.1.2), < X X" >= [X®) X(™)] is C-tight, and
<Y® Yy >= [y y®)]is C-tight. So the sequence {([X ™, X™)] [y () y{])} is C-tight by
J&S Corollary VI 3.33 (p. 317). Invoking J&S Theorem VI. 4.13 (p. 322), we have the sequence
(X, Y ™) s tight.

Now, given any subsequence, we can find further subsequence such that

(XM, y™) - (X,Y). (6.1.2)-( 6.1.4) and J&S corollary VI. 6.7 (p. 342) lead to

(X0, y )y (XM X0 [y y o] (X0 g
L (RV). XX [F.VIX.T])
s<t
where [X,X]Sz[X,X]\I,(S),[X,f/]: V,Y] = fts—t t<s<t+1 This implies
n? f(1 t+1<s<T+1

that X and Y are continuous local martingales. The latter follows from Proposition IX. 1.17 in

J&S by using continuity of M ().

, - 0 s<t
If £/ >0, let W, = o (6.1.5)
o S (u—1))"2dY, t<s<t+1
If f' is not always positive, create Wy as in Vol III of Gikhman and Skorokhod (1979). By definition
(6.15), <W,W >=s—tfort <s<t+1 By Levy’s Theorem (J&S II Theorem 4.4, p. 102),
W is a Brownian Motion on [t,t + 1], and it has increments independent of F, which is defined
as a(f(u,u < t). Since X, = X, for s <tand Xy = X; fort < s < ¢+ 1, it follows that W is
independent of X over [0, + 1]. Hence the joint convergence to (X,Y) is uniquely defined, and is

independent of subsequence. By inverting equation ( 6.1.5), we obtain

7 0 for s < t (6 1 6)
’ SN (f1(y, — 1)) 241, for s > o
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Theorem A. 2 (Convergence Theorem with Independence of the Past):

Following the same setup and assumptions as in Theorem A.1, also assume T =t, we have

(Xuozuse hn 2 (M = M") ) 55 (Xyozuze v/ (1) 2),

where Z is standard normal independent of the X -process.

Proof:

In formula ( 6.1.6), f’ is nonrandom and the Brownian Motion W has the independent in-
crement property, hence }:/t+1 = ttH (ff(u— t))l/ 2qW,, is Gaussian and independent of F. Also
< EZ/,):/ >i1= ttH fllu—t)du = fol fl(w)du = fi(1). So }:/tﬂ ~ N(0, f+(1)), independent of the
X-process. Then Y £ 7e( ft(l))l/ 7, where Z is standard normal, independent of X-process.

From definition ( 6.1.1), X, = X,,V0 < s < ¢, hence in the end,

_a
2

(Xu0<u<ts hn (Mt(n) — Mt(le,n)) £, <Xu70§u§t,m(ft(l))1/2Z>, where Z is independent of X-

process. n

In the case T > t, one needs additional regularity conditions, we here give one version. Also,

this extra condition may not be needed from the point of view of estimating o2 or p at point t.

Theorem A. 3 (Convergence Theorem with Independence of both Past and Future):

Following the same setup and assumptions as in Theorem A.1, also assume Fy is generated by

(Wt(l), Wt@), ces Wt(Q))ogth, where the W'’s are independent Brownian Motions. Then we have

(Xu,0<u<ts hﬁi(Mt(n) - M,f’fim)) £, (Xuo<u<T, MV f:(1)2),

where Z is standard normal independent of the X -process.

Proof:

Let F; = O'(W(i) ,i=1,2,---,¢;:W;) in Theorem 1, and X, = (Wt(l), e Wt(q)). Since [W, W®], =

W(t)
0, W is independent of X. Therefore the results of Theorem 3 hold. "
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6.2  Supporting lemmas and corollaries

In the following proofs, we sometimes write < X, X >; as < X >; and < X, X >} as < X >}

for simplicity.

In analogy with the definition of He (t) in Assumption A, we also define H((i)) (t) for j > 1:

o (A

) _Et§+)1§t( )

Hi(t) = —=———
() (At(n))i-1

By the same argument given just after Assumption A, [H ((7]1 % (t)— H () (t — hy)]/hy is bounded, and

(n)
hence every sequence (in n) has a convergent subsequence. For clarity of exposition, we shall act

as if the sequence itself converges as n — oo, and call the limit HU)'(t). Wherever this is used,
it is easy to see that the relevant argument (which is always about stochastic order) goes through

without the existence of a limit.
Also, for convenience, we disaggregate Assumptions B and C as follows:
ASSUMPTION B (Smoothness):

B1(X,Y): < X,Y >;is in C1[0,T).

B.2(X,Y): the drift part of < X,Y >} (DXY) is in C*[0, 7.

B.3(X): the drift part of X (XPF)isin C[0,T).
ASsuMPTION C (Integrability):

C1(X,Y): Esupyeor|< X, Y >[] < oo.

C2(X,Y): Esupyepon | DXV | < 0.

Assumption B(X,Y) is equivalent to B.1(X, X), B.1(Y,Y), B.1(RXY), RXY), B.2(X,Y), B.3(X),
and B.3(Y). Similarly, C(X,Y) is equivalent to C.1(X, X), C.1(Y,Y), C.2(X, X) and C2(Y.Y).
Corresponding statements involving covariations of X and Y follow by the Kunita-Watanabe in-

equalities (Protter (1995), pp. 61-62).
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Notice that we shall be using the following notations

TX(h) = sup | Xy — X5
t—h<u<s<t
TXY(h) = sup < X,V >, — < XY >
t—h<u<s<t

23

(6.2.1)

(6.2.2)

Assumption B.1(X,Y) implies Y*Y (h) — 0. Moreover, from condition C.1(X X) and C.2(X X),

Burkholder’s Inequality yields that EYX(h) = o(1) in h.

Lemma 1 Suppose X, Y, and Z are Ito processes . Subject to assumptions 4, B.1[(X, X), (Z, Z),

(X,2)], B3[(X)(Z)] and C.1[(X, X), (Z, Z)], we have the following for any constant k > 0,

(i):
R Mk 1
L i k (At )k+
BN (SX <X ) ) Vdu = 0,5
s
1 th
P> / o (K= Xl = ) Yadu
t—h<t{™ <t <t K
= N
]. tz+1 At +
= E Y [T x s X s ) Yadu o (B
t—h<t™ <t <t b
(i)
s M)\t
1 t7,+1 At +
h2 Z (n) (Xu = X, 0)(Zu — Z,o0)) (u — t:)*Vydu = Op(%)
t—h<t™ <t{) <t b
)
1 i+1 )
h2 Z (n) (Xu = Xt("))(ZU - Zt("))(u — ;)" Yydu
t—h<t™ <t{) <t b
)
1 i+1 )
= 3 Z . (<X>Z>u—<X,Z>t(n))(u—ti) Y, du
t—h<t{™ <t <t K :
AN k41
At
+ op(%)
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Proof of Lemma I
(i) By Itd’s Lemma,
1 )
2 oy K X 1) Yo
t—h<t™M<t{™ <t
1 i "
= X X <X 2 [ - XX 1) Vi
t h<t(n)<t§n) <t t; t;
1 R
- ﬁ Z (n) [< X Zu = < X >ti](u - tl)kYudu
t—h<t{™ <t{™) <t K
I
2 £y pu
+ h2 Z /(m [/ (Xo — th‘)dXv] (u— ti)kYudu
t*h§t§"><t§i)1§t t; t;
IT
A7(1)
Now we show that both I and II are of oder OP(M), First,
1
I sup < X >/ sup |Yyu|— At )kt2
’ ‘ B k+20§u2t uOSuI;t‘ u’h? Z ( Z)
t—h<t™ <t <t
assumption A H®*+2)'(¢) ) (Aar™)
~ ———= sup <X >, sup |Y,|—————
k+2 OSuI;t ¢ OSuI%t‘ ul h
A7\ E+1
At
= 0, h) (6.2.3)

where Equation (6.2.3) follows from assumption B.1(X, X) and the continuity of Y.

For II, we write X as the sum of XM& and XPE,

(n)
2 tiva fu
1 = ﬁ Z (n) [/ (XU - th)dXé)R](u - tl)kYudU
t—h§t£n><t§i)1§t t; ti

117

(n)
2 tiy1 [u
s Z /t(m [/t (X7 = X7MdX " (u = ) Yaudu

st

11
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(n)
92 ti+1 U
-2 N / (XME X MOYGX M (4 — )MV udu
t—h<t{™ <t <t K b
I3
Recall that dXPF = X, dv,
2 CRE . N
im0 - X)Xl ) Yalda
t—h<tM <t <t b
2 tgi)l
< sup |Yy| sup |Xu|TX(h)_2 Z (U_ti)k+1du
0<u<t 0<u<t h 4(n)
t—h<t™ <t <7
. (M) \k+1
assumption A =X (k+2)! (A7)
~ Y. XY (h)H t
k+20§%\ “’ozﬁt‘ uT7 (h) () —
A\ E+1
(A7)
= op(f) (6.2.4)

where Equation (6.2.4) follows from assumption B.3(X) and the continuity of X and Y. Similar

A7)
approach leads to I = OP(M)-

Let
(n)

1 k tz+1
Lt - ﬁ Z (Atz) /t(n>

t—h<t™ <t{) <t

/ (XM — xMOax MY du,

ti

We have,
(n)

1 k t1,+1
E|Lt]:ﬁ > (At;) /An) E

t—h<t{™ <t{) <t

du

u
| e - xpreyaxiee
t;

c i ) u ) 1/2
< 3 > (At;) /() E(/ (Xf)”G—Xt]yG)d<XMG>U> du
t—h<t™ <t <t K b
o e
T

t—h<t™ <t{) <t

1/2
: (E sup < X >;> du

u€e(0,t]
(n)

c k tiy1 u 1/2
= 2 > (Ati) /(n) </ B(<X>,-<X >ti)dv>
! t;

t—h<t™ <t{) <t
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1/2
| E sup < X >, du
u€(0,t]

C*
< ﬁE sup < X >}, E (At
ue(0.] () _y(m)

t—h<t™ <t <t

where the first two inequalities follow from Burkholder’s inequality and Hélder’s Inequality respec-
tively, and the subsequent equality follows from Fubini’s Theorem and the result B(XM& — thy G )2 =

A7(1)
E(< X >, — < X >4,). Thus L; = OP(M) by Markov’s inequality, under assumptions A
and C.1(X, X).

Let
1 W I .
t—h<t™ <™ < b bi
Applying integration by parts, we get
1 i £
Ne=7w D, Y /(n) (XM — xMC)axMC /(n) (u— t;)Fdu
n n t; t;
t—h<t{™ <t <t
1 tgi)l “ k MG MG MG
- Z Yy, /(n) [/ (v —t;)"dv] (X, — X3, 7)dX,,
t—h<t{™ <t{™) <t b b
11 4
— ' k+1 k+17 v MG MG\ 7y MG
= e > Y /tw (At = (w = )] = X)X

t—h<t™ <t <t
therefore,

1 1 2 1 k+1 k+172
N> = ——— E Y, At; —(u—1t;

o
t—h<t™ <t <t :

2
(XNY - XM d< X >,
2 1 tgi)l k+1
< ——— sup Y, sup < X, X >/ -— [(At;)
(k+1)% ue0. " ue(og Yot (; oy It '
t—h<t™ <t{™) <t

— (u— ) PHR(XMC - xMGY gy (6.2.5)
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Using similar approach as in L;, we have

£

1 i+1 2 2
B >0 ) AT = w— ) XY - X)) du
t—h<t™ <t{ <t K
(n)
1 tiv1 9 )
= ﬁ z /t<n) [(Atl)kJrl - (U o ti)k+1] E(Xqi\/lG . Xg:/lG) du

t—h<t™ <t <t "

E sup <X, X >/, h4 Z (At
u€(0,t]

IN

t—h<t™ <t <t

(A_t(”))QkJrQ )

= O( h2

under assumption A and C.1(X, X), where a is some constant. Thus Equation (6.2.5) has order

A7 (n)
op(%) by Markov’s inequality, under assumptions A, B.1(X, X), C.1(X, X) and continuity

A7)
of Y. And so Ny = OP(M).

Hence,

(E("))k—i—l
h

Therefore (i) follows from Equations (6.2.3), (6.2.4), and (6.2.6).

[IT5) < 27 (B)| L] + 2|Ni] = o, ) (6.2.6)

(ii) Using It6’s Lemma,

(n)
1 i+1 k
ﬁ Z /t(n) (Xu — thn))(Zu — Ztgn))(u — ti) Yudu
t—h<t™M<tiV <t

£

- % 2 /<;)+1(< X,Z >y = < X, Z >) (u— 1) Ydu
t—h<t{™M <t <t
1 i
t2 /( / (Xy — Xt,)dZ,](u — t;)* Y, du
t— h<t(") <t <
RO

1 i+1 u i
e > /(n) [/n (Zy — Z4,)dXo)(u — )" Yydu

t:
t—h<t™M <tV <t

then the results can be derived by using same argument as in part (i), under assumptions A,

BUXX)(Z2)(XZ), CA(XX)(ZZ), and B.3(X)(Z). .
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Lemma 2 Suppose {X;}, {V;} and {Z;} are It6 processes. Also suppose Z; € C1[0,T]. Let each
It6 process be represented as the sum of its martingale part and drift part (i.e. X; = XtD R —i—XtM G
Y; = VPR 4 VMG, Subject to assumptions A, B.1[(X,X),(Y,Y)], B.3[(X)(Y)] and C.1(X, X),
the following holds, for any nonegative integer m:

(i)

1 i+1
t—h<t™ <t <t
o —— . m+1/2
1 tiy1 (At("))
= 2 fw K X )G 2] AV o)
t—h<t™ <™ <¢ 7
where
o ——.m+1/2
1 tiy1 MG (At("))
w 2 ™ (X = Xy )(Zu = Zy) AV = Op( 57
t—h<t™ <t <t 7
(ii)
1 @,
m
w2 Az /t b (Ku= X y)dYy
T < z

) (A2

T OR2 Z (AZtgn))m /t(-”) (Xy — Xt(_n))dYuMG + OP(T)

K2
t—h<t™ <t <t

where
(n) A2
1 o _ o ((B)
B A [ X = 0B
t—h<t{™ <t <t '

Proof of Lemma 2:

(i) treat the martingale part and the drift part separately.
1 )
h2? Z oy (K= X)) (Zu = Zym )" dYu
t—h<t™ <t <t K
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£
. o m ;MG
D (n I i ;
t—h<t™ <t{) <t
1 th
bt <t <"

- Ay T2
Write dZ; = Z,dt, first we can obtain I = OP(WT) because of the following,
1 (i)l
<I> = A Z /(n) (Xu — Xt(n))Q(Zu — Zt(-n))de < YMG >.
t—h<t™ <t <t b
< sup |[<Y >!| sup {(Zu)Qm}
u€[0,t] u€[0,¢]
1 wh 2y fy2m
T Z o (Xu — X,m) (u—1t;7)""du
t—h<t{™ <t <t K
() 2m—+1
(At7)
Op(——5—

h3

by Z, € C1[0,t], assumption B.1(Y,Y), and by Lemma 1(i) following assumptions A, B.1(X, X)
C.1(X, X), and B.3(X).

Next we consider the order of the drift part, II. Recall the notation dY;Pf = Y,du and
dXDPR = = X,du. Applying Minkovski’s inequality, we get

()
1

" yon DR
il < ’h2 Z () (Xa X(")>(Z“_Zt§”))mdyu |
s e
o MG _ DR
t—h<t{™ <t <t
< sup |Yy| sup |Zu|" sup |X. ’ (At
m+2 ucio h u€0,t] h u€l0,t] Z i

t—h<t™ <t <t

i)
+ sup |Yy| sup |Z,|" (At-)m/ | XME _ x MGy,
welod w0 h2 2 R A "

(6.2.7)
t—h<t{™ <t <t :
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Now let o
1 m [ MG MG
Gi =143 > (At)™ [ X = X0 |du,
t—h<t™ <t{) <t K '
by Fubini’s Theorem,
(AL)™ 55 e e
E|Gy| = > 3 /( | EIXG = X6 du
n n tin i
t—h<t{™ <t <t
)
Cc i+1 1/2
S 5z > (At;)™ /( o B(< XMG 5 o xMG 5 gy (6.2.8)
t‘n

t—h<t™ <t <t

/
S E\/ sup < XMG >/ C_ Z (Ati)m+3/2

u h2
uelo] t—h<t{™ <t <t
/
< \/E Sug) < XMG >&% Z (AL;)"+3/2 (6.2.9)
u€l0,1] t—hﬁtin)@l@lﬁt
—— m+1/2
(At)
= o)

under assumptions A and C.1(X, X). Equation (6.2.8) follows from Burkholder’s inequality with

A7 (M) ym+1/2
some constant ¢, Equation (6.2.9) follows from Jensen’s inequality. Then G; = op((Ath+/2+/

based on Markov’s inequality.

(E(">)m+1/2
h3/2

condition of Z, and the assumptions A, C.1(X, X), and B.3[(X)(Y)]. Hence the result follows,
given A, B.1[(X, X)(Y,Y)], C.1(X, X), and B.3[(X)(Y)].

Therefore, Equation (6.2.7) is of order op( ) under the continuously differentiability

(ii) Similar to (i). "

Lemma 3 Suppose X, Y, and Z are It6 processes. Then under assumptions A and B.1[(X, X),
(X, 2)],

(n)
1 tiv1
@) 13 > o [€X >0 = <X > ](u— t)FYudu
t—h<t™ <t <t K
——(k+1)
1 At
~ = g () < X S,

E+2 h
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g 1 i+
(i) 35 > . (< X,Z >y — < X, Z >4,)(u—t:)*Yydu
t—h<t™M <t <t
——(k+1)
1 At ’
~ = HFY () < X,Z >, Y,
k 4 2 h ( ) ) t it
Proof of Lemma 3
(i) Let
A 1 tz(i)l k
mos oY n [(< X >y — < X >)(u—t)
t—h<t™ <t <t
— <X > (u— ti)kJrl] Y,du
(n) k+2
A 1 tz-‘rl ’ k41 ’ (Atz)
Hy = ﬁ Z [/t(n) <X >u (u — ti) Y,du— < X >ti Y;Zk'——i-Q
t—h<t{™ <t <t L
A 1 ! / (Ati)kJrQ
Hy = -5 > (<X>tth7-,—<X>t3ﬁ)k7+2
t—h<t™ <t{, <t
A(kt+1) A (k+1) A7(k+1)
Now we show that H; = op(Ath ), Ha = o, Ath ), Hs = op(Ath
For £ € (ti,tit1)
1 5
. ¢ / / NEk+1
Hi = - > " (<X >p — < X >0)(u—t:)""Y,du
t—h<t™ <t <t
1 1
< ——TXX h Y. At k+2
< pam D (B sup |V > (At)
- t—h<t™ <t{) <t
E(kJrl)
= OP( h )
under assumptions A and B.1(X, X) and the continuity of Y. Recall that
TXY(h)= sup |<X,Y > <X, Y>.
t—h<u<s<t
Again, Assumption B.1(X,Y) implies YXY (h) — 0.
1 H)
Hy = 73 > . (< X >, Y= < X >, Y,)(u—t)"du

! -
t—h<tV i<t V-V,

31
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L vy d k2
P — .
L) =TD DR NS

t—h<t{™ <t <t

Kt(k‘—l—l)

)

= op(

under Assumption 4 and B.1(X, X). Notice that YV (h) = 0,(1), because that Y; is continuous,

also < X >/ is continuous by assumption B.1(X, X), thus V; =< X >} Y; is continuous.

H = El > (<X>’Y—<X>’Y)M
3 h2 b Tt LY k42
t—h<t{™ <t <t Vi,V
1 1
< —TV h)— At k+2
e LA )= T DY
t—h<t™ <t{) <t
assumption A Kt(kﬂ)
= op( A )
by assumption A and B.1(X, X). Therefore,
)
1 i+1 k
s > oy [SX >0 = <X >u)(u— ) Y,du
t—h<t{™ <t <t b
1 (At;)*+?
= - <X > Y,—“—+H +Hy+ H
72 Z ttk+2+1+2+3
t—h<t™ <t <t
. ——(k+1)
assumption A 1 At (k+2)/ ,
~ ——H t) < X > Y,
F+2  h ) <X >4
(ii) follow from similar argument as part (i), with extra assumption B.1(X, Z). [

Corollary 2 Suppose X, Y, Z, V are It6 processes, Let

2) _ 1
H s yeczys(t) = —w Y A<XY > A< Z,V >0

(n)
ti1st

Then under assumptions A and B.1[(X,Y), (Z,V)],

. 2 2
(i) H7(L,<X,Y>,<Z,V>(t) - HT(L,)<X,Y>,<Z,V>(t —h)

1 n
= —y <X,Y >1< Z,V >, Z (Atﬁ N2 4 0,(h)

At t—h<t™ <t <t
(i) HEYyo gy (t) exists, and HOy o o () = HO'(t) < X,Y >j< 2,V >
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Proof of Corollary 2:

(i)

(2) (2)
n,<X,Y> <Z,V> (t) - Hn,<X,Y>,<Z,V> (t - h)

1
= =m <X,Y >i< Z,V > > (At;)?

t—h<t™ <t <t

1
+Kt(n) Z A<X)Y >, [A<ZV >, —<Z,V > (At)]

t—h<t™ <t <t

1
+E(n) <ZV > > (At) [A < XY >, — < XY >} (Aty)]

t—h<t{™ <t <t

IN

1
ﬂ < X,Y >;< Z,V >; Z (Atz‘)Z
t—h<t™ <t{) <t
+—— sup < X,Y >/ YZV(n) > (At;)?

A7)
€(0,¢
At ue(0] t—h<t™ <t <t

1
o < ZV 1 h) Y (Aw)?

t—h<t{™ <t <t

1

t—h<t™ <t{ <t

under assumptions A and B.1[(X,Y), (Z,V)].

(ii) follows from assumption A directly. "

6.3  Proof of theorems and corollary

Proof of Theorem 1:

(a)

—_— /
<X)Y >—-<X)Y >
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= Z AXt(_n) -AY;(n) - < X,Y >

t—h<t™ <t <t

SIS

1
= E(< XY > — < X)Y >
> )
‘ !/
+ [2] ) (Xs - thn))dn)_ < X,Y >t

t:
t—h<t{™ <t <t

1
= E(< XY > — < X,)Y > 5)- < X,V >}

BfftY
(n)
2
+ 7 Z = (X5 — thn))dY;

t
t—h<t{™ <tV <t

ByY
where the second equality follows from It6’s Lemma. We begin by considering the order of the
Bg’(ty_ By Lemma 2 (ii) under assumptions A, B.1[(XX),(YY)], C.1(XX) and B.3[(X), (Y)],
Bﬁ(tY = Op(\/@). We next consider the order of B{"" in the following.

Suppose we decompose < X,Y >/ into a martingale part (R;*Y) and a drift part (D;X¥") which

is differentiable with respect to t, then,

1 t
By = E/t . <X,)Y >l du— < XY >}
1 t
= E/t h(< XY > — < X,Y >})du
1 t
= 7 / (t—h)—uw)d< X,Y >, (integration by parts)
t—h
I I
= —/ ((t—h) —u)dRy ¥ + —/ ((t — h) —w)dDy "
h Ji—n h Ji—n
BXY,]\/IG BXY,DR
1,t 1,t
As shown, we refer to the first term as BftY’MG—the martingale part of Bffty, and the second
term as BftY’DR—the drift part of Bffty. Note that, naturally, Bf tY’DR = Op(h) under assumption
B2(X,)Y).
1 t
< B{YME BIVMG ﬁ/ (t —h—u)’d < XY, R?Y >,
t—h
1
= -h<RXY RV >| to,(h) (6.1)

3
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Note that op(h) is from the following

1 t
ﬁ/ (t —h —u)’ (< R*Y R?V >, — < RYY R?Y >/ )du
t—h

< ETRXY’RZV
- 3

by assumption B.1(RXY, RZV). Hence B;**"M% = 0,(v/h) by B.1(R*Y,RXY). Since Bi(tY,DR _

Op(h), it follows that Bi*) = O,(V'h)

(h) = op(h)

(b) Equate O,(Vh) = Op( ETW), it follows that O,(h) = O,( Kt(n)).

(¢) The asymptotic distribution of Bi{tY follows from (6.1) in (a) by Theorems A.2 or A.3 in

Appendix 6.1, depending on assumption £. Now we consider the order of Bgfty.

Xy 2] th e
BY = = ) o (X = X,)dy,
t: %
t—h<ti <t <t
B;ftY,J\/IG
(n)
2 o
t: [
t—h<t™M<t{V <t
B;;Y,DR
and then
< BXYMG pZvG
2] G
' MG MG
s > (X = X,)(Zs = Z,om)d <YHTVEE >,
n n ti 3 [3
Tl <t
2] t)
' MG MG
t 2 X = X)) (Ve = Vyw)d < Y, ZME >,
n n ti v g
t—h<t™ <t{) <t

A" @) @) AR

~o Hx 75 vy + HIx e oy 2 ()] + 0p( - )
by Lemma 1, Lemma 3 and Corollary 2.

A7) / /
In particular, < B3Y, B5Y >;= AtT[H(j))( x> <YY>(t)+H(<2))( vs <xy>(t)] inthe limit. Hence

the asymptotic distribution of Bs¥ follows from Theorems A.1 - A.3 in Appendix 6.1.
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A7)
(d) We here will show < B{Y, B&Y >,= O0,(£L—)

Vvh
< BEVMG pXY.MG
e zv (2] N MG MGy MG
= <E/t_h((t_h)_5)dRs X [ X XEFHANE >
t—h<t™ <tV <t
1 H
= 5 D o (XHE = XEG)(t—h) = s)d < RV Y MO >,
t—h<t{™ <t <t b '
(n)
1 o G G G
s D o ME YRRt~ h) = s)d < RZY, XME >,

Now suffice to consider one of the above two terms, we will examine the first one. Let dGs =
[s — (t —h)]d < RV, YMC > integration by parts yields,

t(”)

1 141
=0 [, KME-XUD(E—h) - s)d < RV, YO >,
t—h<t{™ <t <t K '
1 t
3 G G
- _ﬁ Z t(n) (Xéw _Xt]}_{l) )dGu
t—h<t™M<tlV <t
1 1 1
= 5 2 @Ax{9ac) s Y /(n) G dXMC
t=h<t(M <ty <t t—h<t™ <tV <t h
(n)
1 t? 1
= - 2 (AXtAfG)[/( Vu— (=) < RV, Y MO >
t—h<t™ <t <t K
I
(n)
1 (2] s
b X [ @ -y < By MO Jax o
t—hStEn)<t§i)1 <t t; t;
I
At(n)
= Oy( )
vVh
because
1 Ve th
il 2. ot — ZV Yy MG 5 12
I < - Yoo (AxME)2. 3 |y (@ (E=)d < RZV,YME >,

t—h<t™ <t{) <t <t
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1

< Os<ugt< RZV yMG >u/ﬁ\/[XMG]t — [XMC

SUuS
_ 0 (\/At)

AV

1 s 2
< >=- > /(n) [/ (u—(t—h))d < RZV,YMYG > 1 d < XMC >,
t—h<t™ <t <t K b
< (sup < RZV yM¢@ >;)2 sup < XMG >/
0<u<t 0<u<t

e 2

% 3 /)“ [/8(u—(t—h))du] ds

(n)_,(n) t ti
t—h<t;" <t; <t

2
= (sup < RZV, YMC S/ sup < XME >/

u

O<u<t 0<u<t
% 2 {%O(Atif + i(Ati)ﬂti —(t=h)+ é(Ati)‘”’[ti — (E=h)P)

t—h<t{™ <t <t

2
(sup < RZV YMC /N squp < XME >/
0<u<t 0<u<t

(A (At)*  (A)3
Z {20h4 T T e }

IA

t—h<t{™ <t <t

Assumption A 2
L (sup < RZV, YMG S/ qup < XMG !

u

0<u<t 0<u<t
— 4 —F 3 2
(At0)" ey (At gy (AtM) sy
sois H 0+ 2= HW () + 2= HY (1))
— 2
At(m)

by assumption B.1[R?" Y, (X, X)], and the order selection of h? = O(At(").

The independence for ¢ # t’ follows by the same methods as in Theorem A.1 and A.3. "

Proof of Corollary 1:

The result follows directly from Theorem 1. "

Proof of Theorem 2:
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By Taylor expansion on —— and result in Theorem 1 (a),

)

—_—/

e p <E 8> <ZE8>
¢ — P = ———F —
<S,S>; < 8,8 >
1 —_ _ Dt —
= W[<:,S>t—<:,S>2]—Ts>é[<s,s>t—<S,S>2]+Op(\/ﬁ)
1 = 1 [}
= W[BTS—MB?S]+W[BES—MB§S]+%(\/E) (6.2)
) t ’ t

From Theorem 1, we also know that asymptotically,

B%
BSS
poU2 TN N(0, Ms)
B3}
| B5Y |
where
. < R&9 > < RZ5 RS9 >/
= 0
3 -
o < RE5 RS >1 < R >/
3 pr—

<ESI< SIS H<ESS)? 2<E8>< 5>,

2<E,8>< 8> 2(< S >1)?

Straightforward calculation following (6.2) and Mj gives,

1 _ _
Vo = 3(<S—>’)2[< R=% >} +p} < R%® >} —2p; < R=%, RS >]
t
H' (1) A"

[<E>i< 8>, +(< 2,8 >1)2 +2p%(< S >h)?

+
(<8>)? h?
—dp < 2,8 >1< S >

2H(2)/ Kt(n) = S ! =9 \2
) (75)7[< E>i< 8> —(<E, 8 >)7]

<p>

=2
<S>}

Wl Wl

< p > +cH? (1))

Notice that we use < X > to represent < X, X > for simplicity, where X can be any process. =
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