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1 Introduction

This paper extends the REACT regression method of Beran (2000) and Beran

and Dümbgen (1998) to the problem of density estimation. The goal is to

obtain nonparametric confidence sets for density functions.

We expand the unknown density f in a basis, f(x) =
∑

j θjφj(x), and

we use an estimate of the form f̂(x) =
∑

j θ̂jφj(x) where θ̂j is an estimate of

θj. Based on the limiting distribution of
∑

j(θ̂j − θj)
2 we construct a ball Cn

such that

lim inf
n→∞

inf
f∈F

P (fp ∈ Cn) ≥ 1 − α (1)

where fp =
∑p

j=1 θjφj(x) is the projection of f onto the set spanned by the

first p = p(n) basis functions and F is an appropriate function class. Here,

p = p(n) → ∞ as n → ∞. In the regression case, Beran and Dümbgen (1998)

and Genovese and Wasserman (2002) used p(n) = n. However, in the density

estimation case it appears we need the stronger condition p = o(n1/3).

Constructing confidence sets for nonparametric curve estimation prob-

lems is challenging because the estimate f̂ typically has asymptotic bias. The
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set Cn that we construct adjusts for some, but not all, of the bias. Specifically,

the bias E(f̂(x))− f(x) can be decomposed as (E(f̂(x))− fp(x)) + (fp(x)−
f(x)) which we call smoothing bias and tail bias. The sets Cn account for

smoothing bias but do not account for tail bias.

2 Review of the REACT Method

We begin with a brief review of Beran’s REACT method for regression.

Suppose that

Yi = f(xi) + σεi (2)

where εi ∼ N(0, 1) and xi = i/n. Expand f in an orthonormal basis as

f(x) =
∞∑

j=1

θjφj(x). (3)

Let θ̂j = 0 for j > n, and for j ≤ n define

θ̂j ≡
1

n

n∑

j=1

Yiφj(xi). (4)

Let θ = (θ1, . . . , θn) and let θ̂(λ) = (λ1θ̂1, . . . , λnθ̂n) where the shrinkage

coefficients λ = (λ1, · · · , λn) are contained in an appropriate set Λn such as

the set of all monotone, non-increasing vectors. Beran calls this the set of

monotone modulators.

Define the pivot process

Bn(λ) ≡
√

n(Ln(λ) − Sn(λ)) (5)

where Ln(λ) =
∑n

j=1(θ̂j − θj)
2 is the loss function and Sn(λ) is an estimate

of the risk Rn(λ) = E (Ln(λ)) (such as Stein’s unbiased risk estimator). The

function estimate is

f̂(x) ≡
n∑

j=1

λ̂j θ̂jφj(x)

where λ̂ is the minimizer of Sn(λ) over Λn. Beran and Dümbgen (1998)

showed that {Bn(λ) : λ ∈ Λn} converges to a Gaussian process. Moreover,
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they showed that Bn(λ̂) is stochastically close to Bn(λ̃) where λ̃ minimizes

the true risk Rn(λ). It follows that Bn(λ̂) converges in law to a Normal with

some variance τ 2. The convergence is uniform over certain function classes

F . Then by inverting the pivot Bn(λ̂) we get the confidence set

Dn =

{
θ :

n∑

j=1

(θj − λ̂j θ̂j)
2 ≤ τ̂ zα√

n
+ Sn(λ̂)

}

where τ̂ is a consistent estimate of τ . The corresponding confidence ball for

fn =
∑n

j=1 θjφj(x) is

Cn =
{
f(·) =

n∑

j=1

θjφj(·) : (θ1, . . . , θn) ∈ Dn

}
.

The theory described above was generalized to the case of non-linear

wavelet thresholding where F is a class of Besov spaces in Genovese and

Wasserman (2002). However, the theory does not carry over directly to den-

sity estimation because the pivot process in density estimation is a sum of

dependent processes. However, we will modify the theory to accommodate

this complication.

3 Density Estimation

Let Y1, . . . , Yn be a random sample from a distribution function F with den-

sity f on [0, 1]. We assume that f ∈ L2[0, 1] and we expand f in an orthonor-

mal basis:

f(y) = 1 +
∞∑

j=1

θjφj(y).

Although it is not essential, we shall use the cosine basis φj(x) =
√

2 cos(jπy)

for j = 1, 2, . . . We estimate the density function by

f̂(y) ≡ 1 +

p∑

j=1

λ̂j θ̂jφj(y), (6)
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where θ̂j = 1
n

∑n
i=1 φj(Yi) and p = p(n) depends on sample size n. Estimates

of this form have been studied for a long time; see Efromovich (1999), for a

detailed account.

We assume that f belongs to

F ≡
{

f : f(y) = 1 +

∞∑

j=1

θjφj(y), (θ1, θ2, . . . , ) ∈ Θ(m, C)
}
,

where

Θ(m, C) ≡
{

(θ1, θ2, . . . , ) :
∞∑

j=1

j2mθ2
j ≤ C

}

is a Sobolev ellipsoid of order m and radius C. We assume that m > 1/2.

However, we do not require that m or C be known. All results that follow

hold uniformly over Θ(m, C).

Let

Λp =

{
(λ1, . . . , λp) : 1 ≥ λ1 ≥ · · · ≥ λp ≥ 0

}

denote the set of monotone modulators. Let

Lp(λ) =

p∑

j=1

(λj θ̂j − θj)
2, (7)

be the loss function. The risk function is

Rp(λ) = E (Lp(λ)) =

p∑

j=1

[
λ2

j

σ2
j

n
+ (1 − λj)

2θ2
j

]
(8)

and an unbiased estimate of the risk is

Sp(λ) =

p∑

j=1

[
λ2

j

σ̂2
j

n
+ (1 − λj)

2

(
θ̂2

j −
σ̂2

j

n

)]
, (9)

where

σ2
j ≡ Var (φj(Y1)) =

(
1 +

θ2j√
2
− θ2

j

)
, σ̂2

j ≡ 1

n − 1

n∑

i=1

(φj(Yi) − θ̂j)
2.

The following theorem establishes the convergence of the pivot process

Bp(λ) =
√

n(Lp(λ) − Sp(λ)).

4



Theorem 3.1. Suppose that θ ∈ Θ(m, C) where m > 1/2. Let p =

p(n) → ∞ as n → ∞ and p = o(n1/3). Further let λ̂ and λ̃ be the minimizers

of Lp(λ) and Rp(λ) over Λp. Then
√

n(Lp(λ̂) − Sp(λ̂))/τ̂(λ̂) N(0, 1), (10)

where τ̂ 2(λ̂) ≡ (p/n)τ̂ 2
1 (λ̂) + τ̂ 2

2 (λ̂) is a consistent estimator of τ 2(λ̃) ≡
(p/n)τ 2

1 (λ̃) + τ 2
2 (λ̃). Here,

τ 2
1 (λ) ≡ 2

p

p∑

j=1

(2λj − 1)2σ4
j , τ̂ 2

1 (λ̂) ≡ 2

p

p∑

j=1

(2λ̂j − 1)2σ̂4
j ,

τ 2
2 (λ) ≡ 4

p∑

j=1

θ2
j (λj − 1)2σ2

j + 8
∑ ∑

1≤k<j≤p

θjθk(λj − 1)(λk − 1)σjk,

τ̂ 2
2 (λ̂) ≡ 4

p∑

j=1

(
θ̂2

j −
σ̂2

j

n

)
(λ̂j − 1)2σ̂2

j + 8
∑ ∑

1≤k<j≤p

θ̂j θ̂k(λ̂j − 1)(λ̂k − 1)σ̂jk,

σjk ≡ Cov (θ̂j, θ̂k) =

(
θj+k + θj−k√

2
− θjθk

)
, σ̂jk ≡ 1

n − 1

n∑

i=1

(φj(Yi) − θ̂j)(φk(Yi) − θ̂k).

The next theorem establishes how to construct uniform asymptotic con-

fidence sets for densities. In what follows, we sometimes write Pf or Pθ to

emphasize the dependence of the probability measure on the unknown den-

sity. Define

Dp =

{
θ :

p∑

j=1

(θj − λ̂j θ̂j)
2 ≤ zατ̂ (λ̂)√

n
+ Sp(λ̂)

}
(11)

and

Cp ≡
{
fp : fp = 1 +

p∑

j=1

θjφj(x), θ ∈ Dp

}
. (12)

Theorem 3.2. Under the same assumption of Theorem 3.1 the following

results hold.

1. τ̂ 2
k (λ̂) is a uniformly consistent estimator of τ 2

k (λ̃) for k = 1, 2:

sup
θ∈Θ(m,C)

Pθ

{∣∣∣τ̂ 2
k (λ̂) − τ 2

k (λ̃)
∣∣∣ > ε

}
= o(1), ∀ε > 0. (13)
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2. The normalized pivot process Bp(λ̂)/τ(λ̂) does not approach a degener-

ate distribution:

lim inf
n→∞

inf
θ∈Θ(m,C)

(τ 2
1 (λ̃) + (n/p)τ 2

2 (λ̃)) > 0. (14)

3. The confidence sets have coverage at least 1 − α:

lim inf
n→∞

inf
Θ(m,C)

P (θ ∈ Dp) ≥ 1−α, and lim inf
n→∞

inf
f∈F

Pf(fp ∈ Cp) ≥ 1−α.

(15)

The proofs are in Section 4.

4 Proof of the Theorems

Throughout this section, all results hold uniformly over the Sobolev param-

eter ball Θ(m, C) for m > 1/2. The following lemma plays a key role in the

proof of Theorem 3.1.

Lemma 4.1. Suppose that f ∈ F where m > 1/2. Then

∞∑

j=0

|θj|k = O(1) for k ≥ 1.

Further let Ek
j = [

√
n(θ̂j−θj)]

k. Then Ek
j = Op(1) uniformly in j ∈ {1, . . . , p}.

Proof. The first inequality is the Bernstein inequality for Fourier co-

efficients; see Efromovich (1999) for the details. For the bound of Ek
j , we

can apply Serfling (1980) Section 2.2.2 Lemma B; the kth moment of the

sum of iid random variables is of a order of O(nk/2) if kth moment of the

random variable exists. Here n is the number of random variables. Since

φj(Y1), . . . , φj(Yn) are iid and E (φj(Y1) − θj)
k is finite,

E

[ n∑

j=1

(φj(Y1) − θj)
]k

= O(nk/2), uniformly in j.

�
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Let Ej =
√

n(θ̂j−θj) and define the standardized pivot process Bp(λ)/τ(λ)

as follows.

Bp(λ)/τ(λ) ≡
√

n(Lp(λ) − Sp(λ))/τ(λ)

= [ (p/n)1/2W1(λ) + W2(λ) − (
√

p/n)V (λ) ] /τ(λ).

Here,

W1(λ) ≡ 1√
p

p∑

j=1

(2λj − 1)(E2
j − σ2

j ), W2(λ) ≡ 2

p∑

j=1

(λj − 1)θjEj,

V (λ) ≡ (n/p)1/2

p∑

j=1

(2λj − 1)(σ̂2
j − σ2

j ), τ
2(λ) ≡ (p/n)τ 2

1 (λ) + τ 2
2 (λ),

To prove Theorem 3.1, we follow the strategy of Beran and Dümbgen (1998),

originating from Stein (1981). In other words, we use the asymptotic distri-

bution of the pivot process Bp(λ̂)/τ(λ̃) to derive a confidence ball for θ. Here,

λ̂ minimizes Sp(λ) and λ̃ minimizes Rp(λ). The proof will use the following

steps.

Step 1 Show that

(Bp(λ̂) − W (λ̂))/τ(λ̃) = op(1),

uniformly over Θ(m, C), where W (λ) ≡ (p/n)1/2W1(λ) + W2(λ).

Step 2 Show that Wk(λ) converges weakly to a Gaussian process with mean

zero and covariance kernel Kk(s, t) where Kk(λ, λ) = τ 2
k (λ) for k = 1, 2.

Step 3 Show that W (λ̃)/τ(λ̃) converges to a standard Normal.

Step 4 Show that W (λ̂)/τ(λ̃) converges to a standard Normal by stochastic

closeness of Wk(λ).

sup
Θ(m,C)

|Wk(λ̂) − Wk(λ̃)| = op(1) for k = 1, 2.

Step 5 Show that Bp(λ̂)/τ̂ 2(λ̂) converges to a standard Normal where τ̂ 2(λ̂) is

a consistent estimator of τ 2(λ̃).
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We begin by showing that

(Bp(λ̂) − W (λ̂))/τ(λ̃) = (
√

p/n)(V (λ̂)/τ(λ̃)) = op(1).

It suffices to show that

V (λ̂) = O(1) and lim inf
n

inf
θ∈Θ(m,c)

nτ(λ̃)/
√

p = ∞. (16)

Recall that

σ̂2
j ≡ 1

n − 1

n∑

i=1

(φj(Yi) − θ̂j)
2

=
n

n − 1

(
1 +

θ̂2j√
2
− θ̂2

j

)
.

Let Vj =
√

n(σ̂2
j − σ2

j ).

Then,

Vj =
√

n

[
n

n − 1

(
1 +

θ̂2j√
2
− θ̂2

j

)
−
(

1 +
θ2j√

2
− θ2

j

)]

=
n

n − 1

[√
n(θ̂2j − θ2j)√

2
−

√
n(θ̂2

j − θ2
j )

]
+

√
n

n − 1
σ2

j

=
n

n − 1

[
E2j√

2
− 2θjEj −

E2
j√
n

]
+ O

(
1√
n

)
.

Thus,

Var (V (λ)) =
1

p
Var

( p∑

j=1

(2λj − 1)Vj

)

=
1

p

p∑

j=1

p∑

k=1

(2λj − 1)2(2λk − 1)2
Cov (Vj, Vk)

≤ 1

p

p∑

j=1

p∑

k=1

|Cov (Vj, Vk)|.

Here, Cov (Vj, Vk) is a linear combination of Cov (Ej, Ek), Cov (Ej, E
2
k) and

Cov (E2
j , E

2
k).
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To show Var (V (λ)) = O(1), we need to show that sums of Cov (Ej, Ek),

Cov (Ej, E
2
k) and Cov (E2

j , E
2
k) are at most O(p).

The followings are immediately from Lemma 4.1 :
p∑

j

p∑

k

|Cov (Ej, Ek)| = n

p∑

j

p∑

k

|Cov (θ̂j, θ̂k)|

=

p∑

j

p∑

k

∣∣∣
θj+k + θ|j−k|√

2
− θjθk

∣∣∣

= O(p),
p∑

j

p∑

k

|Cov (E2
j , Ek)| = n

√
n

p∑

j

p∑

k

∣∣∣Cov (θ̂2
j , θ̂k) − 2θkCov (θ̂j, θ̂k)

∣∣∣

=
1√
n

p∑

j

p∑

k

∣∣∣∣
θ2j+k + θ|2j−k|

2
− 2θjσjk −

θkθ2j√
2

∣∣∣∣

= O

(
p√
n

)
,

p∑

j

p∑

k

|Cov (E2
j , E

2
k)| = n2

p∑

j

p∑

k

|Cov (θ̂2
j − 2θj θ̂j, θ̂

2
k − 2θkθ̂k)|

= n2

p∑

j

p∑

k

∣∣∣Cov (θ̂2
j , θ̂

2
k) − 2θjCov (θ̂j, θ̂

2
k)

−2θkCov (θ̂k, θ̂
2
j ) + 4θkθjCov (θ̂j, θ̂k)

∣∣∣

=

p∑

j

p∑

k

∣∣∣(θj+k + θ|j−k| −
√

2θjθk)
2 + Rn

∣∣∣

= 2

p∑

j

p∑

k

σ2
jk + O

(p2

n

)
= O(1),

where

Rn =
1

2
√

2n

(
θ2(j+k) + θ2|j−k| + 2θ2j + 2θ2k + 2

√
2
)
.

Consequently, Var (V (λ)) = O(1).

We’ll show in Lemma 4.4 that

lim inf
n

inf
Θ(m,C)

(τ 2
1 (λ) + (n/p)τ 2

2 (λ)) > 0.
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Hence,

lim inf
n

inf
Θ(m,C)

n2τ 2(λ̃)/p = lim inf
n

inf
Θ(m,C)

nτ 2
1 (λ̃) + (n2/p)τ 2

2 (λ̃) = ∞.

Therefore,

lim sup
n

sup
Θ(m,C)

(
√

p/n)(V (λ̂)/τ(λ̃)) = 0.

The next step is to show that W (λ̂)/τ(λ̃) converges to a standard Normal.

Now,

W (λ̂)/τ(λ̃) = (a(λ̃)/τ 2
1 (λ̃))1/2W1(λ̂) + ((1 − a(λ̃))/τ2(λ̃))1/2W2(λ̂),

where a(λ) = (p/n)τ 2
1 (λ)/τ 2(λ). Note that a(λ) ∈ [0, 1].

First, we derive the asymptotic distribution of W (λ̃)/τ(λ̃) using the fol-

lowing strategy.

Step 1 Show that the characteristic functions(c.fs) of (a(λ̃)/τ 2
1 (λ̃))1/2W1(λ̃)

and ((1 − a(λ̃))/τ2(λ̃))1/2W2(λ̃) converges to the c.fs of Normal dis-

tributions. That is,

∣∣∣E
[
exp

(
it
( a(λ̃)

τ 2
1 (λ̃)

)1/2

W1(λ̃)
)]

− exp
(
− t2a(λ̃)

2

)∣∣∣ = o(1),

∣∣∣E
[
exp

(
it
((1 − a(λ̃))

τ 2
2 (λ̃)

)1/2

W2(λ̃)
)]

− exp
(
− t2(1 − a(λ̃))

2

)∣∣∣ = o(1),

if

lim inf
n

inf
Θ(m,C)

τ 2
1 (λ̃)/a(λ̃) > 0, lim inf

n
inf

Θ(m,C)
τ 2
2 (λ̃)/(1−a(λ̃)) > 0. (17)

Step 2 Show asymptotic independence of (a(λ̃)/τ 2
1 (λ̃))1/2W1(λ̃) and ((1−a(λ̃))/τ2(λ̃))1/2W2(λ̃).

In other words,

sup
Θ(m,C)

(
a(λ̃)(1 − a(λ̃))

τ 2
1 (λ̃)τ 2

2 (λ̃)

)1/2

Cov (W1(λ̃), W2(λ̃)) = o(1) (18)
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If conditions (17) and (18) are satisfied, then

∣∣∣E
[
exp

(
it
( a(λ̃)

τ 2
1 (λ̃)

)1/2

W1(λ̃)+
(1 − a(λ̃)

τ 2
2 (λ̃)

)1/2

W2(λ̃)
)]

− exp
(
− t2

2

)∣∣∣ = o(1).

Hence, W (λ̃)/τ(λ̃) converges to a standard Normal.

Note that conditions (17) and (18) can be replaced with

sup
Θ(m,C)

Cov (W1(λ̃), W2(λ̃)) = o(1), (19)

lim inf
n

inf
Θ(m,C)

(
τ 2
1 (λ̃)τ 2

2 (λ̃)

a(λ̃)(1 − a(λ̃))

)1/2

> 0. (20)

To show the asymptotic normality of W (λ̂)/τ(λ̃), it suffices to show

W (λ̂)/τ(λ̃) is stochastically close to W (λ̃)/τ(λ̃). Since a(λ) is bounded,

one can show the stochastic closeness by showing stochastic closeness of

Wk(λ̃)/τk(λ̃) to Wk(λ̂)/τk(λ̃) for k = 1, 2. :

sup
Θ(m,C)

|Wk(λ̃)/τk(λ̃) − Wk(λ̂)/τk(λ̃)| = op(1). (21)

To show the stochastic closeness, we invoke Theorem 6.2 in the Appendix

which is a modified functional Central limit theorem. To do so, we must show

finite dimensional convergence of W1 and W2 to a Gaussian limit which also

guarantees that the c.f.’s (characteristic functions) of W1 and W2 converges

to the c.f.’s of Normal distributions.

We use the following lemma to show finite dimensional convergence of W1

to a Gaussian limit.

Lemma 4.2. For given λ,

∣∣∣E
(

exp[itW1(λ)]
)
− exp

(
− t2τ 2

1 (λ)

2

)∣∣∣→ 0, n → 0. (22)

Furthermore, if

lim inf
n

inf
Θ(m,C)

τ 2
1 (λ) > 0, (23)

then the finite dimensional distribution of W1(λ) has a Gaussian limit.
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Proof.

First we show that the summability of covariance condition (31) is satis-

fied.

Let W1(λ) =
∑p

j=1 Sj(λ) where Sj(λ) = 1√
p
(2λj − 1)W1j .

Then,

∣∣∣∣ sup
s,t∈Λ

∑ ∑

1≤k<j≤p

E (Sj(s)Sk(t))

∣∣∣∣ ≤ 1

p
sup
s,t∈Λ

∑ ∑

1≤k<j≤p

∣∣∣ (2sj − 1)(2tk − 1)E [W1jW1k]
∣∣∣

=
1

p

∑ ∑

1≤k<j≤p

∣∣∣ E [(E2
j − σ2

j )(E
2
k − σ2

k)]
∣∣∣

≤ 1

p

∑ ∑

1≤k<j≤p

|Cov (E2
j , E

2
k)|.

We already showed that Cov (E2
j , E

2
k) = σ2

jk + O(n−1). Therefore,

1

p

∑ ∑

1≤6=k≤p

|Cov (E2
j , E

2
k)| = o(1). (24)

Now we show finite dimensional the convergence of the finite dimensional

marginals of W1(λ). One can write W1(λ) as a sum of three terms.

W1(λ) =
w1√
p1

∑

j∈J1

(2λj−1)W1j+
w2√
p2

∑

j∈J2

(2λj−1)W1j−
w3√
p3

∑

j∈J3

(1−2λj)W1j ,

where J1 = {j : (2λj−1) ≥ 0}, J2 = {j : (2λj−1) = 0}, J3 = {j : (2λj−1) <

0}, wk = (pk/p)1/2, pk is the cardinality of Jk for k = 1, 2, 3 and
∑

k pk = p.

Let Wn,k ≡ 1√
pk

∑
j∈Jk

(2λj − 1)Wkj.

Then,

W1 = w1Wn,1 + w3Wn,3,

since Wn,2 = 0.

To show the asymptotic normality of W1(λ), we need to show (1) the c.fs

of Wn,1 and Wn,3 converges to the c.fs of Normal distributions (2) conditions

(19) and (20) are satisfied :

sup
Θ(m,C)

Cov (Wn,1(λ̃), Wn,3(λ̃)) = o(1), lim inf
n

inf
Θ(m,C)

1

w1

1

w2
> 0, (25)

12



(3) W1(λ) does not approach a degenerated distribution.

Condition (23) ensures (3). Without (3), (1) and (2) imply only the con-

verges of the characteristic function of W1(λ). Keep in mind that we only

need convergence of the c.f of W1(λ) to the c.f. of a Normal distribution to

invoke Theorem 6.2.

Since J1 and J3 are disjoint, one can show that

sup
Θ(m,C)

Cov (Wn,1(λ̃), Wn,3(λ̃)) = o(1) (26)

and

lim inf
n

inf
Θ(m,C)

1

w1

1

w3
> 0, (27)

because w1, w2 ∈ [0, 1].

It remains to show convergence of the characteristic functions of Wn,1

and Wn,3. Without loss of generality, it suffices to show that the c.f. of

W ′
1(a) ≡ 1√

p

∑p
j=1 ajW1j converges to the c.f of a Normal distribution where

a = (a1, . . . , ap) and aj’s are bounded and positive. While Theorem 3.1 re-

quires the finite dimensional convergence, one can reduce it to the univariate

case via linear combinations by Cramér-Wold device. In other words, the

c.f. of
∑m

k=1 W1(tk) = 1√
p

∑p
j=1

∑m
k=1(2tkj − 1)W1j converges to the c.f. of a

Normal distribution where tk = (tk1, . . . , tkp) ∈ Λp.

Since
∑m

k=1(2tkj − 1) is bounded for all j, again it remains to show con-

vergence of the c.f. of W ′
1(a) to the characteristic function of a Normal dis-

tribution.

Let Xi = (φ1(Yi), . . . , φp(Yi))
T and D = diag(a1, . . . , ap). Further let Ri =

Σ−1/2(Xi − θ) where Σ ≡ Var (Xi). Then W ′
1(a) can be written as follows:

W ′
1(a) =

1√
p

p∑

j=1

aj

(
[
√

n(θ̂j − θj)]
2 − σ2

j

)

=
1√
p
(
√

n(X̄ − θ))T D(
√

n(X̄ − θ)) − 1√
p

p∑

j=1

ajσ
2
j

=
1√
p
(
√

nR̄)T Σ1/2DΣ1/2(
√

nR̄) − 1√
p

p∑

j=1

ajσ
2
j

13



=
1√
p
(
√

nR̄)T Σ′(
√

nR̄) − 1√
p

p∑

j=1

ajσ
2
j

=
1√
p
(
√

nR̄)TD′(
√

nR̄) − 1√
p

p∑

j=1

ajσ
2
j +

1√
p
(
√

nR̄)T (Σ′ − D′)(
√

nR̄),

where Σ′ ≡ Σ1/2DΣ1/2 and D′ ≡ diag(Σ′).

Here,

D′ = diag(Σ1/2) · D · diag(Σ1/2) = diag(Σ)D = diag(a1σ
2
1 , . . . , apσ

2
p).

With the covariance summability condition

Var

( 1√
p
[(
√

nR̄)T (Σ′−D′)(
√

nR̄)]
)

=
2

p

∑ ∑

1≤j<k≤p

ajakCov (E2
j , E

2
k) = o(1).

As a result,

W ′(a) = h(
√

nR̄) + op(1),

where h(x) = 1√
p

(
xT D′x−1T D′1

)
and x = (x1, . . . , xp), 1 = (1, . . . , 1)T ∈ R

p.

We only need to show convergence of the moment generating function (mgf)

of h(
√

nR̄) to the mgf of a Normal distribution, that is, we must show that

|E e−sh(
√

nR̄) − es2
Pp

j=1
a2

j σ4
j /p| = o(1), for any s > 0.

By the triangle inequality,

|E e−sh(
√

nR̄)−es2
Pp

j=1
a2

j σ4
j /p| ≤ |E (e−sh(

√
nR̄))−E (e−sh(Z))|+|E (e−sh(Z))−es2

Pp
j=1

a2
j σ4

j /p|,

where Z = (Z1, . . . , Zp)
T is a multivariate standard Normal random variable.

In addition to the covariance summability condition, convergence of the

first term of the right hand side implies asymptotic independence while that

of the second term ensures that the sum of independent random variables

converges to a Normal distribution.

To show convergence of the first term, we adapt Portnoy’s (1986) ap-

proach and use the Lindeberg condition for the proof of the convergence of

14



the second term. We’ll show in Lemma 4.3 that the Lindeberg condition is

satisfied.

The Fourier inversion formula gives

∣∣∣ E (e−sh(
√

nR̄)) − E (e−sh(Z))
∣∣∣ =

∣∣∣
∫

g(x)dPn(x) −
∫

g(x)dΦ(x)
∣∣∣

=

∣∣∣∣(2π)−p

∫
ĝ(t)

(
ϕn

R

( t√
n

)
− e−

‖t‖2

2

)
dt

∣∣∣∣,

where g(x) = e−sh(x), ĝ =
∫

e−itT xg(x)dx, Pn is the cumulative density func-

tion (cdf) of
√

nR̄ and Φ(x) is the cdf of Z.

The key point is to use properties of ĝ(t) to show that the above integral

converges to 0.

Let β2
j =

√
p

2sajσ2
j
. Then,

ĝ(t) =

∫
e−itT xg(x)dx

= exp
( s√

p
1T D′1

)∫
exp(−itT x) exp

(
− s√

p
xT D′x

)
dx

= (2π)p/2(

p∏

j=1

β2
j )

1/2 exp

(
1

2

p∑

j=1

1

β2
j

− 1

2

p∑

j=1

t2jβ
2
j

)
.

Note that ĝ(t) converges to 0 exponentially fast unless ‖t‖ is very small.

Now,

ϕR

(
t√
n

)
= E

(
exp

(
tT√
n

R

))
= E

(
exp

(‖t‖√
n

tT

‖t‖R

))
= ϕR′

(‖t‖√
n

)
,

where R′ = tT

‖t‖R. Note Var (R′) = 1.

By a Taylor expansion,

ϕR

(
t√
n

)
= 1 − ‖t‖2

2n
− iE (tT R)3

6n
√

n
+ e(t), |e(t)| ≤ sup

t
E (tTR)4/(24n2).

Let sT = tT Σ−1/2. Then sT Σs = ‖t‖2.

15



Furthermore,

E (tT R)4 = E [sT (X − θ)]

= E

[ p∑

j=1

sj(ϕj(Y ) − θj)
]4

≤ 8
( p∑

j=1

sj

)2

E

[ p∑

j=1

sj(ϕj(Y ) − θj)
]2

= 8
( p∑

j=1

sj

)2

sT Σs.

because |ϕj(Y ) − θj| ≤ 2
√

2.

Hence,

1

‖t‖4
E (tT R)4 ≤ 8

( p∑

j=1

sj

)2

sT Σs/(sT Σs)2 = 8
( p∑

j=1

sj

)2

/sT Σs = O(‖t‖2).

Define Ψn(t) = ‖t‖2

2
+ iE (tT R)3/(6

√
n). Then,

∣∣∣∣log ϕn
R

(
t√
n

)
− Ψn(t)

∣∣∣∣ ≤ C
‖t‖6

n
.

As a result, one can obtain the following from the fact |eu − 1| ≤ |u|e|u|,
∣∣∣ϕn

R

( t√
n

)
− e−Ψn(t)

∣∣∣ ≤ C
‖t‖6

n
exp

(
− ‖t‖2

2

(
1 − 2C‖t‖4

n

))
.

Again applying the triangle inequality gives

∣∣∣(2π)−p

∫
ĝ(x)

(
ϕn

R

( t√
n

)
− e−

‖t‖2

2

)
dt
∣∣∣ ≤ (2π)−p

∫
|ĝ(x)|

∣∣∣ϕn
R

( t√
n

)
− e−Ψn(t)

∣∣∣dt

+ (2π)−p

∫
|ĝ(x)|

∣∣∣1 − e−iE (tT R)3/(6
√

n)
∣∣∣e− 1

2
‖t‖2

dt.

The second term on right hand side converges to 0 from Portnoy (1988)

Lemma 1.1. For the first term, one can split the domain of the integral into

A1 = {‖t‖ ≤ εp1/3} and A2 = {‖t‖ > εp1/3} and define I1 and I2 are the

integrals over A1 and A2.
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Now,

I1 ≤ (2π)−p

∫
|ĝ(t)|Cp3ε3

n
exp

(
− ‖t‖2

2
+

Cp3ε3

n

)

≤ (2π)−p/2
E (ĝ(Z))

Cp3ε3

n
exp

(Cp3ε3

n

)
.

where Z is a multivariate standard Normal random variable.

Furthermore,

(2π)−p/2
E (ĝ(Z)) = (2π)−p

( p∏

j=1

β2
j

)1/2

exp

(
1

2

p∑

j=1

1

β2
j

)∫
exp

(
1

2

p∑

j=1

t2j(1 + β2
j )

)
dt

= (2π)p/2 exp

(
1

2

p∑

j=1

1

β2
j

)(
p∏

j=1

( β2
j

1 + β2
j

))1/2

+ o(1)

= (2π)p/2

p∏

j=1

(
1 +

1

2β2
j

+
1

8β4
j

) p∏

j=1

(
1 − 1

2β2
j

+
3

8β4
j

)
+ o(1)

= (2π)p/2

p∏

j=1

(
1 +

1

4β4
j

)
+ o(1)

= (2π)−p/2 exp

(
1

4

p∑

j=1

1

β4
j

)
+ o(1)

= (2π)−p/2 exp

(
1

p

p∑

j=1

s2a2
jσ

4
j

)
+ o(1).

which is the mgf of a Normal distribution.

Consequently, with p3/n → 0, I1 converges to 0.

For t ∈ A2,

ĝ(t) = (2π)p/2(

p∏

j=1

β2
j )

1/2 exp

(
1

2

p∑

j=1

1

β2
j

− 1

2

p∑

j=1

t2jβ
2
j

)

≥ (2π)p/2 exp(C1p log p + C2
√

p − C3p
7/6).

because
∑p

j=1 β2
j t

2
j ≤ maxj β2

j ‖t‖2 = O(p7/6).
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Then,

I2 ≤ sup
t∈A2

|ĝ(t)|(2π)−p/2

∫ ∣∣∣∣ϕ
n
R

( t√
n

)∣∣∣∣ dt + sup
t∈A2

|ĝ(t)|(2π)−p/2

∫
e−Ψ(t)dt

≤ sup
t∈A2

|ĝ(t)|(2π)−p/2np/2

∫
|ϕn

R(t)|dt + sup
t∈A2

|ĝ(t)|(2π)−p/2

∫
e−

1

2
‖t‖2

dt.

Since supt∈A2
|ĝ(t)| converges to 0 and e−‖t‖2/2 is integrable, the second term

converges to 0.

For the first term, if ϕn
R(t) is integrable, then it is bounded by

C0(2π)p/2 exp(C1p log p + C2
√

p − C3p
7/6 + (p/2) logn),

which converges to 0 due to p3/n → 0.

It remains to be shown that ϕn
R(t) is integrable. Since |ϕR(t)| ≤ 1, it

suffices to show that ϕR(t) is integrable.

Because the parameter of the probability density function (pdf) of Y

belongs to the Sobolev parameter ball, the pdf is bounded. Recall X =

(φ1(Y ), . . . , φp(Y )). Hence, the pdf of X is also bounded. Furthermore, R =

Σ−1/2(X − θ) is a orthonormal transformation of X, therefore its pdf is also

bounded. Since the pdf of R is bounded, ϕR(t) is integrable.

Finally, it remains to show Var (W1(λ)) = τ 2
1 (λ) + op(1) for given λ :

Var (W1(λ)) =
1

p
Var

( p∑

j=1

(2λj − 1)W1j

)

=
1

p

p∑

j=1

(2λj − 1)2
Var (E2

j ) +
2

p

∑ ∑

1≤k<j≤p

(2λj − 1)(2λk − 1)Cov (E2
j , E

2
k)

=
2

p

p∑

j=1

(2λj − 1)2σ4
j + O

(
1

p

)
,

= τ 2
1 (λ) + o(1).

�

Lemma 4.3. W1(λ) and W2(λ) converge weakly to Gaussian processes

over Λp.
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Proof. Having proved finite dimensional convergence to a Gaussian

limit and covariance summability of W1(λ) in Lemma 4.2, we can now appeal

to Theorem 6.2.

By direct calculation,

‖Sj(λ)‖Λp =
1√
p
sup
Λp

|(2λj − 1)W1j| ≤
1√
p
|W1j|.

Applying Lemma 4.1 immediately implies W k
1j = (E2

j − σ2
j )

k = Op(1).

Then,
p∑

j=1

E

(
‖Sj(λ)‖2

Λp

)
≤ 1

p

p∑

j=1

E (W1j)
2 = O(1).

Now, for all u > 0,

E

( p∑

j=1

I{‖Sj(λ)‖2
Λp

> u}‖Sj(λ)‖2
Λp

)
≤ 1

p

p∑

j=1

E

(
I{W 2

1j > up}W 2
1j

)

≤ 1

p

p∑

j=1

(
E I{W 2

1j > up}E [W 4
1j]
)1/2

≤ 1

p3/2
√

u

p∑

j=1

(
E[W 2

1j ]E[W 4
1j ]
)1/2

= O

(
1√
p

)
.

It remains to show that the entropy condition (36) is satisfied.

Let dP (s, t) =
(∫

(s − t)2dP
)1/2

where P is a random measure and

dP (·) ≡
{ Pp

j=1
δtj (·)W 2

1jPp
j=1

W 2
1j

:
∑p

j=1 W 2
1j > 0 a.e.

0 : otherwise.

Here,

δtj (s) ≡
{

1 : s = tj
0 : otherwise.

Then, for arbitrary s, t ∈ Λp,

ρ̂W1
(s, t)2 =

4

p

p∑

j=1

[
(sj − tj)W1j

]2
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≤
[
dP (t, s)

]2 4

p

p∑

j=1

W 2
1j .

Using the above inequality, one can make the covering number bounded by

the uniform covering number:

N(u, Λp, ρ̂W1
) ≤ N

(
u
[4
p

p∑

j=1

W 2
1j

]−1/2

, Λp

)
.

It follows that
∫ ε(n)

0

√
log N(u, Λp, ρ̂W1

)du ≤
∫ ε(n)

0

{
log N

(
u
[4
p

p∑

j=1

W 2
1j

]−1/2

, Λp

)}1/2

du

=
[4
p

p∑

j=1

W 2
1j

]1/2
∫ ε(n)[(4/p)

Pp
j=1

W 2
1j]

1/2

0

√
log N(u, Λp)du.

It is shown by Dudley (1987) that

log N(u, Λp) ≤ cu−1 for all u ∈ (0, 1].

Combining the above inequality and 4
p

∑p
j=1 W 2

1j = Op(1) gives

∫ ε(n)[(4/p)
Pp

j=1
W 2

1j]
1/2

0

√
log N(u, Λp)du → 0, as ε(n) ↓ 0.

Thus W1(λ) converges to a Gaussian process over Λp.

For W2(λ), we use a different approach. Although W2 is a sum of de-

pendent processes, it can be re-written as a sum of independent stochastic

processes:

W2(λ) = 2
√

n

p∑

j=1

(λj − 1)θj(θ̂j − θ)

=
2√
n

p∑

j=1

(λj − 1)

n∑

i=1

θj(φj(Yi) − θ)

=
2√
n

n∑

i=1

(θ(λ) − θ)T (Xi − θ)

= 2

n∑

i=1

Ti(λ)
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where Ti(λ) ≡ 1√
n
(θ(λ) − θ)T (Xi − θ).

Hence we can use the classical empirical process theory to show stochastic

convergence of W2. In other words, we only need to show that conditions (34),

(35) and (36) are satisfied.

A simple calculus argument shows that

‖Ti(λ)‖2
Λp

= sup
Λp

( p∑

j=1

(λj − 1)θj(φj(Yi) − θj)
)2

≤
(
sup
Λp

p∑

j=1

∣∣∣(λj − 1)θj(φj(Yi) − θj)
∣∣∣
)2

≤
( p∑

j=1

∣∣∣θj(φj(Yi) − θj)
∣∣∣
)2

.

Define Ui =
∑p

j=1 Uij where Uij ≡| θj(φj(Yi) − θj) | for i = 1, . . . , n.

Owing to |φj(Yi) − θj| ≤ 2
√

2 for all j, for m ≥ 1,

lim
n

E

(
‖Ti(λ)‖2

Λp

)m

≤ lim
n

E (Ui)
2m ≤ lim

n

(
2
√

2

p∑

j=1

|θj|
)2m

< ∞.

Furthermore,

E

( n∑

i=1

I{‖Ti(λ)‖2
Λp

> u}‖Ti(λ)‖2
Λp

)
≤ 1

n

n∑

i=1

E

(
I{U2

i > nu}U2
i

)

≤ 1

n

n∑

i=1

{
E (I{U2

i > nu})E (U4
i )
}1/2

≤ 1

n

n∑

i=1

{
P(U2

i > nu)E (U4
i )
}1/2

≤ 1

n
√

nu

n∑

i=1

[E (U2
i )E (U4

i )]1/2

= O

(
1√
n

)
.

Finally, we need to show that the condition (36) is satisfied for W2(λ).
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Define d bQ(s, t) = maxi dQi
(s, t) where dQi

(s, t) ≡
(∫

(s − t)2dQi

)1/2

and

dQi(·) ≡
{ Pp

j=1
δtj (·)UijPn

j=1
Uij

:
∑p

j=1 Uij > 0 a.e.

0 : otherwise.

For arbitrary s, t ∈ Λp,

ρ̂W2
(s, t)2 =

4

n

n∑

i=1

( p∑

j=1

(sj − tj)θj(φj(Yi) − θj)
)2

≤ 4

n

n∑

i=1

( p∑

j=1

|sj − tj|Uij

)2

=
4

n

n∑

i=1

(
d′

Qi
(s, t)

)2( p∑

j=1

Uij

)2

≤ 4

n

n∑

i=1

(
dQi

(s, t)
)2

U2
i

≤
(
d bQ(s, t)

)2 4

n

n∑

i=1

U2
i ,

where d′
Qi

(s, t) ≡
∫
|s − t|dQi.

Using a similar argument in the proof for W1(λ),

N(u, Λp, ρ̂W2
) ≤ N

(
u
[4

n

n∑

i=1

U2
i

]−1/2

, Λp

)
.

And

∫ ε(n)

0

√
log N(u, Λp, ρ̂W2

)du ≤
∫ ε(n)

0

{
log N

(
u
[4

n

n∑

i=1

U2
i

]−1/2

, Λp

)}1/2

du

=
[4

n

n∑

i=1

U2
i

]1/2
∫ ε(n)[(4/n)

Pn
i=1

U2
i ]1/2

0

√
log N(u, Λp)du

= op(1).

Consequently, W2(λ) converges to a Gaussian process over Λp. �
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Since,

Var (W2(λ)) = Var (T1(λ))

= (θ(λ) − θ)T Σ(θ(λ) − θ)

=

p∑

j=1

θ2
j σ

2
j (λj − 1)2 + 2

∑ ∑

1≤k<j≤p

θjθkσjk(λj − 1)(λk − 1)

= τ 2
2 (λ),

with Lemma 4.3, one can show that

∣∣∣E
[
exp

(
it
( a(λ̃)

τ 2
1 (λ̃)

)1/2

W1(λ̃)
)]

− exp
(
− t2a(λ̃)

2

)∣∣∣ = o(1),

∣∣∣E
[
exp

(
it
(1 − a(λ̃)

τ 2
2 (λ̃)

)1/2

W2(λ̃)
)]

− exp
(
− t2(1 − a(λ̃))

2

)∣∣∣ = o(1),

if

lim inf
n

inf
Θ(m,C)

τ 2
1 (λ̃)/a(λ̃) > 0, lim inf

n
inf

Θ(m,C)
τ 2
2 (λ̃)/(1 − a(λ̃)) > 0.

Hence, to derive the asymptotic distribution of W (λ)/τ(λ), it remains to

show that conditions (19) and (20) are satisfied.

Lemma 4.4. The followings hold:

sup
Θ(m,C)

Cov (W1(λ̃), W2(λ̃)) = o(1),

lim inf
n

inf
Θ(m,C)

(
τ 2
1 (λ̃)τ 2

2 (λ̃)

a(λ̃)(1 − a(λ̃))

)1/2

= lim inf
n

inf
Θ(m,C)

(
nτ 2(λ̃)

p

)
> 0.

Proof. First,

Cov (W1(λ), W2(λ)) =
2√
p

p∑

j=1

(λj − 1)(2λj − 1)Cov (W1j , W2j)

+
4√
p

∑ ∑

1≤k<j≤p

(λj − 1)(2λk − 1)Cov (W1j , W2k).
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Moreover,

Cov (W1j , W2j) = θjCov (Ej, E
2
j )

= 2θ2
jσ

2
j +

1

n
θjPn(θ),

Cov (W1j, W2k) = θjCov (Ej, E
2
k)

= 2θjθkσjk +
1

n
θjPn(θ),

where Pn(θ) is a polynomial of θ.

Therefore,

lim sup
n

sup
Θ(m,C)

Cov (W1(λ), W2(λ)) = o(1).

Now,

lim inf
n

inf
Θ(m,C)

(
τ 2
1 (λ̃)τ 2

2 (λ̃)

a(λ̃)(1 − a(λ̃))

)
= lim inf

n
inf

Θ(m,C)

(p/n)τ 2
1 (λ) + τ 2

2 (λ)

p/n
> 0.

In other words,

lim inf
n

inf
θ∈Θ(α,C)

(τ 2
1 (λ̃) + (n/p)τ 2

2 (λ̃)) > 0.

We now follow the proof of Beran and Dümbgen (1998) Theorem 3.2.

Suppose that τ 2
1 + τ 2

2 can be degenerated at λ = λ̃. Recall that τ 2
2 (λ̃) =

(θ(λ) − θ)Σ(θ(λ) − θ) is 0 if and only if
∑p

j=1 θ2
j (λ̂j − 1)2 = 0.

In other words, we assume

lim inf
n

inf
θ∈Θ(α,C)

(1

p

p∑

j=1

σ2
j

(
λ̃j −

1

2

)2

+
n

p

p∑

j=1

θ2
j (λ̃j − 1)2

)
= 0 (28)

and then we derive a contradiction. Now,

n

p
Rp(λ̃) =

1

p

p∑

j=1

λ̃2
jσ

2
j +

n

p

p∑

j=1

θ2
j (1 − λ̃j)

2

≥ 1

p

p∑

j=1

λ̃2
jσ

2
j

≥ 1

4p

p∑

j=1

σ2
j −

1

p

p∑

j=1

[
σ2

j

(
λ̃j −

1

2

)2]1/2

.

24



Let λc
j = λ̃j1{λ̃j ≥ 3/4}, then λc = (λc

1, . . . , λ
c
p) ∈ Λp. Note that (λc

j)
2 ≤

9(λj − 1/2)2 and (1 − λc
j)

2 ≤ 16(1 − λj)
2.

Then,

n

p
Rp(λ̃) ≤ n

p
Rp(λ

c)

=
1

p

p∑

j=1

(λc
j)

2σ2
j +

n

p

p∑

j=1

θ2
j (1 − λc

j)
2 +

1

n

≤ 9

p

p∑

j=1

(
λ̃j −

1

2

)2

σ2
j +

16n

p

p∑

j=1

θ2
j (1 − λj)

2

= o(1).

These two inequalities contradict the equation (28). �

Our next task is to show that Wk(λ̂) is stochastically very close to Wk(λ̃)

for k = 1, 2.

The theorem below not only plays a key role in the proof of stochastic

closeness but also show convergence of loss and risk functions.

Theorem 4.1. Let λ̂ and λ̃ be minimizers of Lp(λ) and Rp(λ) over Λp.

Then E

(∑p
j=1

(
σ2

j

n
+θ2

j

)(
λ̂j−λ̃j

)2)
and E

(∑p
j=1 θ̂2

j (λ̂j−λ̃j)
2
)

are bounded

by

C
J(Λp)√

n

[( 1

n

p∑

j=1

E (W 2
1j)
)1/2

+
( 1

n

n∑

i=1

E (U2
i )
)1/2

+ O
( p

n

)]
,

where J(Λp) =
∫ 1

0

√
log N(u, Λp)du.

Furthermore,

|Lp(λ̂) − Rp(λ̃)| = op(1), and
∣∣∣1
p

p∑

j=1

(λ̃j − λ̂j)
2
∣∣∣ = op(1).

Proof. Let w1j = θ̂2
j , w2j =

σ2
j

n
+ θ2

j , g1j =
(
θ̂2

j − bσ2
j

n

)
/θ̂2

j and g2j =

θ2
j/
(

σ2
j

n
+ θ2

j

)
for j = 1, . . . , p. Then λ̂ = λo

1 and λ̃ = λo
2 where

λo
i ≡ arg min

λ∈Λp

p∑

j=1

[wij(λj − gij)
2], for i = 1, 2.
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Using the same argument in the proof of Theorem 2.2 in Beran and Dümbgen

(1998), one can show that

E

( p∑

j=1

(σ2
j

n
+ θ2

j

)(
λ̂j − λ̃j

)2
)

≤
p∑

j=1

E

∣∣∣∣
(
θ̂2

j

(
λ̂j − g1j

)
−
(σ2

j

n
+ θ2

j

)(
λ̂j − g2j

))(
λ̃j − λ̂j

)∣∣∣∣

≤ 1√
n

p∑

j=1

E

∣∣∣∣
((

λ̂j − 1
)(

2W2j +
W1j√

n

)
+

Vj

n

)(
λ̃j − λ̂j

)∣∣∣∣

≤ 4√
n

E

(
sup
g∈G

∣∣∣∣
p∑

j=1

gj

(
W1j√

n
+ 2W2j +

Vj

n

)∣∣∣∣
)

.

where G ≡ {fg : f , g ∈ Λp}.
With the maximal inequality

E

(
sup
g∈G

1√
p

∣∣∣
p∑

j=1

gjW1j

∣∣∣
)

≤ CE

(∫ bDW1

0

√
log N(u,G, ρ̂S)du

)

= CE

(1

p

p∑

j=1

W 2
1j

)1/2
∫ 1

0

√
log N(u,G)du

≤ CJ(G)
(1

p

p∑

j=1

E (W 2
1j)
)1/2

,

E

(
sup
g∈G

∣∣∣
p∑

j=1

gjW2j

∣∣∣
)

≤ CE

(∫ bDT

0

√
log N(u,G, ρ̂T )du

)

= CE

(
1

n

n∑

i=1

U2
i

)1/2 ∫ 1

0

√
log N(u,G)du

≤ CJ(G)
( 1

n

n∑

i=1

E (U2
i )
)1/2

.

Since N(u,G) ≤ N(u/2, Λp)
2 for all u > 0, it is simple to show that

J(G) ≤ 4J(Λp) = O(1).

Furthermore,

E

(
sup
g∈G

1

p

∣∣∣
p∑

j=1

gjVj

∣∣∣
)

≤ E

(
sup
g∈G

p∑

j=1

1

p

∣∣∣gjVj

∣∣∣
)
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≤ 1

p
E

( p∑

j=1

|Vj|
)

≤ 1

p

p∑

j=1

(
E (V 2

j )
)1/2

= O(1).

Hence,

E

( p∑

j=1

(σ2
j

n
+ θ2

j

)(
λ̂j − λ̃j

)2)
≤ C

J(Λp)√
n

[( 1

n

p∑

j=1

E (W 2
1j)
)1/2

+
( 1

n

n∑

i=1

E (U2
i )
)1/2

+ O
(p

n

)]

= O

(
1√
n

)
.

Similarly,

E

( p∑

j=1

θ̂2
j (λ̂j − λ̃j)

2

)
≤ 1√

n

p∑

j=1

E

([(
1 − λ̃j

)(
2W2j +

W1j√
n

)
− Vj

n

](
λ̃j − λ̂j

))

≤ 4√
n

E

(
sup
g∈G

∣∣∣∣
p∑

j=1

λj

(
W1j√

n
+ 2W2j +

Vj

n

)∣∣∣∣
)

= C
J(Λp)√

n

[( 1

n

p∑

j=1

E (W 2
1j)
)1/2

+
( 1

n

n∑

i=1

E (U2
i )
)1/2

+ O
( p

n

)]

= O

(
1√
n

)
.

Now,

1

p

p∑

j=1

σ2
j (λ̃j − λ̂j)

2 ≤ 1

p

∣∣∣
p∑

j=1

(σ2
j − E2

j )(λ̃j − λ̂j)
2
∣∣∣ + 1

p

∣∣∣
p∑

j=1

E2
j (λ̃j − λ̃j)

2
∣∣∣.

One can show the following with the maximal inequality :

∣∣∣1
p

p∑

j=1

(σ2
j − E2

j )(λ̂j − λ̃j)
2
∣∣∣ ≤ 4

p
sup
g∈G

∣∣∣
p∑

j=1

gjW1j

∣∣∣ = O

(
1√
p

)
.
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For the second term of the right hand side, one can show

1

p

p∑

j=1

E2
j (λ̂j − λ̃j)

2 ≤ 1

p

p∑

j=1

E2
j .

Furthermore,

Var

( p∑

j=1

E2
j

)
=

p∑

j=1

E (E4
j ) + 2

∑

j<k

Cov (E2
j , E

3
k) = O(p)

Therefore,

1

p

p∑

j=1

(λ̃j − λ̂j)
2 = Op

(
1√
p

)
,

which follows immediately from

1

p
(min

j
σ2

j )

p∑

j=1

(λ̃j − λ̂j)
2 ≤ 1

p

p∑

j=1

σ2
j (λ̃j − λ̂j)

2 = Op

(
1√
p

)
.

Finally, we show convergence of the loss and the risk functions.

By the triangle inequality

|Lp(λ̂) − Rp(λ̂)| ≤ |Lp(λ̂) − Rp(λ̂)| + |Rp(λ̂) − Rp(λ̃)|.

For the first term in the above equation,

|Lp(λ̂) − Rp(λ̂)| ≤ 1√
n

∣∣∣
p∑

j=1

λ̂2
j

W1j√
n

∣∣∣+ 2√
n

∣∣∣
p∑

j=1

λ̂j(1 − λ̂j)W2j

∣∣∣

≤
√

p

n
sup
g∈G

∣∣∣
p∑

j=1

gj
W1j√

p

∣∣∣+ 2√
n

sup
g∈G

∣∣∣
p∑

j=1

gjW2j

∣∣∣

= Op

(√
p

n

)
+ Op

(
1√
n

)
= op(1).

On the other hand,

∣∣∣Rp(λ̂) − Rp(λ̃)
∣∣∣ ≤

∣∣∣ 1
n

p∑

j=1

σ4
j (λ̂

2
j − λ̃2

j)
∣∣∣+
∣∣∣

n∑

j=1

θ2
j

(
(1 − λ̂j)

2 − (1 − λ̃j)
2
)∣∣∣.
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It is straightforward to show that the first term is Op(p/n).

Then with the Cauchy-Schwartz inequality, one can show that

p∑

j=1

θ2
j ((1 − λ̂j)

2 − (1 − λ̃j)
2) =

p∑

j=1

θ2
j (λ̂j − λ̃j)

2 + 2

p∑

j=1

θj(1 − λ̂j)(λ̂j − λ̃j)

≤ 2
( p∑

j=1

θ2
j (1 − λ̂j)

2
)1/2( p∑

j=1

θ2
j (λ̂j − λ̃j)

2
)1/2

+

p∑

j=1

θ2
j (λ̂j − λ̃j)

2

= op(1),

since
∑p

j=1 θ2
j (λ̂j − λ̃j)

2 = op(1) which follows immediately from

p∑

j=1

(
θ2

j +
σ̂2

j

n

)(
λ̂j − λ̃j

)2

= op(1).

Therefore, |Rp(λ̂) − Rp(λ̃)| = op(1) which completes the proof. �

With Theorem 4.1, we can show stochastic closeness of Wk(λ̃) and Wk(λ̂) for

k = 1, 2.

Lemma 4.5. For k = 1, 2,

sup
Θ(m,C)

(Wk(λ̂) − Wk(λ̃)) = op(1).

Proof. By stochastic equicontinuity, it suffices to show that ρW1
(λ̂, λ̃)2

and ρW2
(λ̂, λ̃)2 are op(1). It is straightforward to show that

ρW1
(λ̂, λ̃)2 =

1

p

[
E

(
ρ̂W1

(λ, λ̃)2
)]

λ=bλ

= E

[ p∑

j=1

(λj − λ̃j)
2W 2

1j

]
λ=bλ

=
2

p

p∑

j=1

σ4
j (λ̂j − λ̃j)

2 + op(1)
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= op(1),

ρW2
(λ̂, λ̃)2 =

[
E

(
ρ̂W2

(λ, λ̃)2
)]

λ=bλ

= 4E

[ p∑

j=1

(λj − λ̃j)θj(φj(Yi) − θj)
]2

λ=bλ

= 4

p∑

j=1

θ2
j (λ̂j − λ̃j)

2σ2
j + 8

p∑

j<k

θjθk(λ̂j − λ̃j)(λ̂k − λ̃k)σjk

= 4(θ(λ̂) − θ(λ̃))T Σ(θ(λ̂) − θ(λ̃))

= op(1).

The last equality follows from the fact that Σ is a positive definite therefore

it can be 0 if and only if
∑p

j=1 θ2
j (λ̂j − λ̃j)

2 = 0 which is shown in Theorem

4.1. �

Recall that

W (λ̂)/τ(λ̃) = (a(λ̃))1/2(W1(λ̂)/τ1(λ̃)) + (1 − a(λ̃))1/2(W2(λ̂)/τ2(λ̃)),

where a(λ) = (p/n)τ 2
1 (λ)/τ 2(λ).

We already showed that W (λ̃)/τ(λ̃) converges to a standard Normal.

With an application of Lemma 4.5, one can show that

sup
Θ(m,C)

|W (λ̂)/τ(λ̃) − W (λ̃)/τ(λ̃)| = op(1).

since a(λ̃) is bounded.

Now we prove Theorem 3.2.

Proof. First, we show that τ̂ 2
k (λ̃) is a consistent estimator for k = 1, 2.

From the proof of Var (V (λ)) = O(1), one can obtain

1

p

p∑

j=1

σ̂2
j =

1

p

p∑

j=1

σ2
j + op(1). (29)

By the triangle inequality,

|τ̂ 2
1 (λ̂) − τ 2

1 (λ̃)| ≤ 2

p

p∑

j=1

|σ̂4
j (2λ̂j − 1)2 − σ4

j (2λ̂j − 1)2|
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+
2

p

p∑

j=1

|σ4
j (2λ̂j − 1)2 − σ4

j (2λ̃j − 1)2|

While the equation (29) ensures convergence of the first term in right hand

side to 0, applying the Cauchy-Schwartz inequality with 1
p

∑p
j=1(λ̂ − λ̃)2 =

op(1) shows that the second term converges to 0.

Now,

|τ̂ 2
2 (λ̂) − τ 2

2 (λ̃)| ≤
p∑

j=1

[(
θ̂2

j −
σ̂2

j

n

)
σ̂2

j (λ̂
2
j − 1) − θ2

j σ
2
j (λ̃

2
j − 1)

]

+2
∑ ∑

1≤k<j≤p

(
θ̂j θ̂k(λ̂j − 1)(λ̂k − 1)σ̂jk − θjθk(λ̃j − 1)(λ̃k − 1)σjk

)
.

Combining the maximal inequality and results of Theorem 4.1, one can

show

|Sp(λ̂) − Rp(λ̃)| = op(1).

Consequently,

p∑

j=1

(
θ̂2

j −
σ̂2

j

n

)
(λ̂j − 1)2 = Sp(λ̂) − 1

n

p∑

j=1

λ̂2
j σ̂

2
j

= Rp(λ̃) − 1

n

p∑

j=1

λ̃2
jσ

2
j + op(1)

=

p∑

j=1

θ2
j (λ̃j − 1)2 + op(1).

Applying the above result with (29) yields

p∑

j=1

∣∣∣∣
(

θ̂2
j −

σ̂2
j

n

)
σ̂2

j (λ̂
2
j − 1) − θ2

jσ
2
j (λ̃

2
j − 1)

∣∣∣∣ = op(1).

For the second term,
∣∣∣∣∣
∑ ∑

1≤k<j≤p

(
θ̂j θ̂k(λ̂j − 1)(λ̂k − 1)σ̂jk − θjθk(λ̃j − 1)(λ̃k − 1)σjk

)∣∣∣∣∣ ,
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one can show it is bounded by
∣∣∣∣∣
∑

k<j

(θ̂j θ̂kσ̂jk − θjθkσjk)(λ̂j − 1)(λ̂k − 1)

∣∣∣∣∣

+

∣∣∣∣∣
∑

k<j

θjθkσjk

(
(λ̂j − 1)(λ̂k − 1) − (λ̃j − 1)(λ̃k − 1)

)∣∣∣∣∣ . (30)

The first term in (30) can be bounded by
∣∣∣∣∣
∑

k<j

(θ̂j θ̂kσ̂jk − θjθkσjk)(λ̂j − 1)(λ̂k − 1)

∣∣∣∣∣ ≤
∣∣∣∣∣
∑

k<j

(λ̂j − 1)(λ̂k − 1)(θ̂j θ̂k − θjθk)σ̂jk

∣∣∣∣∣

+
∑

k<j

|θjθk||σ̂jk − σjk|.

Since σ̂jk is a consistent estimator of σjk and
∑

j,k |θjθk| is bounded, one can

show ∑

k<j

|θjθk||σ̂jk − σjk| = Op

(
1√
n

)
.

Furthermore,
∣∣∣∣∣
∑ ∑

1≤k<j≤p

(λ̂j − 1)(λ̂k − 1)(θ̂j θ̂k − θjθk)σ̂jk

∣∣∣∣∣

≤
∣∣∣∣∣
∑ ∑

1≤k<j≤p

(λ̂j − 1)(λ̂k − 1)(θ̂j − θj)θ̂kσ̂jk

∣∣∣∣∣ +
∣∣∣∣∣
∑ ∑

1≤k<j≤p

(λ̂j − 1)(λ̂k − 1)(θ̂k − θk)θjσ̂jk

∣∣∣∣∣

≤
∑ ∑

1≤k<j≤p

|(θ̂j − θj)θ̂kσ̂jk| +
∑ ∑

1≤k<j≤p

∣∣∣(θ̂k − θk)θjσ̂jk

∣∣∣

≤ C1

p∑

j=1

|θ̂j − θj| + C2

p∑

k=1

|θ̂k − θk|

= Op

(
p√
n

)
.

Now it remains to show convergence of the second term in (30) to 0.
∑

k<j

θjθkσjk[(λ̂j − 1)(λ̂k − 1) − (λ̃j − 1)(λ̃k − 1)]
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=
∑

k<j

θjθkσjk

(
(λ̂j − λ̃j)(λ̂k − λ̃k) − (λ̃k + 1)(λ̂j − λ̃j) − (λ̃j + 1)(λ̂k − λ̃k)

)
.

Out first goal is to show that

∣∣∣
p∑

j=2

j∑

k=1

θjθkσjk(λ̃k + 1)(λ̂j − λ̃j)
∣∣∣ = op(1).

Let Cj(θ) =
∑j

k=1 σjkθk(λ̃k + 1). Since σjk’s are bounded, Cj(θ) = O(1).

Then,

∣∣∣
p∑

j=2

j∑

k=1

θjθkσjk(λ̃k + 1)(λ̂j − λ̃j)
∣∣∣ ≤

∣∣∣
p∑

j=2

θj(λ̂j − λ̃j)Cj(θ)
∣∣∣

≤
p∑

j=2

θ2
j (λ̂j − λ̃j)

2

p∑

j=2

Cj(θ)
2

= Op

( p√
n

)

= op(1).

Applying the same argument for the rest of terms provides convergence of

each term to 0. Therefore τ̂ 2
2 (λ̂) is a uniformly consistent estimator of τ 2

2 (λ̃).

We already showed in Lemma 4.4 that the pivot process does not approach

a degenerate distribution.

Finally,

P (θ ∈ Dp) = P

(
p∑

j=1

(θj − λ̂j θ̂j)
2 ≤ zατ̂ (λ̂)√

n
+ Sp(λ̂)

)

= P

(√
n(Lp(λ̂) − Sp(λ̂))

τ̂(λ̂)
≤ zα

)
→ 1 − α.

Therefore, Dp is a uniform asymptotic 1-α confidence set for θ. �

5 Numerical Examples

In this section, we apply the REACT density estimator to some examples. As

test cases, we use the uniform distribution and the mixture Normal distribu-
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sample size 1 2 3 4 5 6 7 8 9 10 11 12 13 14
1000 95 94 84 82 90 92 86 92 88 81 89 91 91 85
5000 98 96 90 81 80 83 97 92 89 94 84 85 88 77
10000 98 93 92 85 86 82 95 95 98 96 86 86 90 81
100000 98 96 90 81 80 83 97 92 89 94 85 85 88 77

Table 1: 95% Confidence band coverage for each densities with different sam-
ple size

tion examples from Marron and Wand (1992). Some of the mixture models

are modified for simplicity.

We use a nested subset selection class as Λp instead of monotone class for

simplicity. In other words, λ has a form of λ = (1, . . . , 1, 0, . . . , 0). Then the

corresponding orthogonal density estimator is

f̂(y) = 1 +

bJ∑

j=1

θ̂jφj(y),

where Ĵ minimizes the risk function estimator

Sp(J) =

J∑

j=1

σ̂2
j

n
+

p∑

j=J+1

(
θ2

j −
σ̂2

j

n

)
.

Figure 1 show the true densities, the projection densities and the density

estimators in each model.

Table 1 reports the coverage of confidence balls for the coefficients of

uniform and each mixture Normal with four different sample sizes. Since we

estimate the projection fp of the true density, the coverage for projection

densities is presented.

The performance of the confidence set is uneven. However, the reader

should bear in mind that many of the test cases we constructed by Marron

and Wand to be difficult. Thus, it is not surprising that the coverage is low

in some cases.
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Figure 1: : Densities(solid), Projection densities(dotted) and Density Esti-
mators(dashed) with sample size 20000
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6 Discussion

We have shown how to construct a nonparametric confidence ball for a density

function. To our knowledge, this is the first such construction.

An important area for future research is to see if the condition p = o(n1/3)

can be weakened although we note that the same condition appears in Nuss-

baum (1996).

Our preliminary numerical investigations show that the coverage is good

in certain cases but can be poor in other cases. Diagnosing and improving

these cases of undercoverage remains a challenge.

Appendix: Empirical Process Theory for the

Dependent Case

Let S =
∑n

i=1 Si where S1, S2, . . . , Sn are stochastic processes on an index

set T from probability space (Ω,A, P ) with norm ‖x‖T ≡ supt∈T |x(t)|.
Suppose the process S has continuous sample paths with respect to some
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metric d on T . Define the covering number

N(u, T , dQ) ≡ min{#T0 : T0 ⊂ T , inf
to∈T0

dQ(t0, t) ≤ u ∀t ∈ T },

and further define the uniform covering number

N(u, T ) ≡ sup
Q

N(u, T , dQ),

where dQ(s, t)2 ≡
∫

(s − t)2dQ and Q varies over all probability measures.

Theorem 6.1 and 6.2 are modified versions of the maximal inequality

and the functional central limit theorem for sums of dependent stochastic

processes.

Theorem 6.1. Suppose that S(t0) ≡ 0 for some t0 ∈ T and that all

the finite dimensional distributions of So ≡ S − E (S) have Gaussian limits.

Suppose that

sup
s,t∈T

∑ ∑

1≤i6=j≤n

∣∣∣ Cov (So
i (s), S

o
j (t))

∣∣∣= o(1). (31)

Then,

E (‖S − E (S)‖T ) ≤ CE

∫ bDS

0

√
log N(u, T , ρ̂S)du,

where D̂S ≡ supt∈T ρ̂S(t, t0).

Proof. For any finite subset {t1, . . . , tm} of T , the condition (31) implies

(
E [So(t) − So(s)]2

)1/2

≤ d(s, t) + o(1) for all s, t ∈ T . (32)

Since the finite dimensional distribution of So has a Gaussian limit, So(tk)

converges to a Normal for k = 1, . . . , m. In other words,
∣∣∣ E Ψ(So(tk)) − E Ψ(ηkZk)

∣∣∣→ 0, as n → ∞,

where Ψ(x) = exp
(

x2

4η2

)
, η2

k ≡ E [So(tk)]
2, η2 ≡ maxk≤m η2

k and Zk’s are

standard Normal random variables.
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With the Jensen’s inequality, one can show

exp
(
E

(
max
k≤m

|So(tk)|2
4η2

))
= Ψ

(
E

(
max
k≤m

|So(tk)|
))

≤ E

(
max
k≤m

Ψ(|So(tk)|)
)

≤ E

( m∑

k=1

Ψ(|So(tk)|)
)

≤
m∑

k=1

E

(
Ψ(|ηkZk|)

)
+ o(m)

≤
√

2m + o(m) = O(m).

Consequently,

(
E

(
max
k≤m

|So(tk)|2
)1/2

≤ C
√

log m max
k≤m

(
E [So(tk)]

2
)1/2

+ o(1). (33)

Using the standard chaining method with the inequalities (32) and (33),

it follows that

(
E ‖So‖2

T

)1/2

≤
(
E [So(to)]

2
)1/2

+ C

∞∑

i=0

E

(D̂s

2i

√
log N(δ/2i+1, T , ρ̂S)

)
.

Let δi = D̂s/2i. Then

E

(
δi

√
log N(δi, T , ρ̂S)

)
≤ 4E

(∫ δi+1

δi+2

√
log N(u, T , ρ̂S)du

)
.

Combining the above two inequalities yields

[
E (‖So‖2

T )
]1/2

≤ CE

∫ bDS

0

√
log N(u, T , ρ̂S)du,

and E ‖So‖T ≤
[

E (‖So‖2
T )
]1/2

which proves the theorem. �

The next theorem establishes the convergence of stochastic processes in the

sense of Hoffmann-Jørgensen (1984). To prove that, we need to show finite
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dimensional convergence to a Gaussian limit and stochastic equicontinuity.

Assuming finite dimensional convergence to a Gaussian limit, it remains to

show stochastic equicontinuity, in other words,

P ∗
(

sup
ρ(s,t)≤ε

|So(s) − So(t)| > x
)
→ 0, as n → ∞.

Theorem 6.2. Suppose that the summability of covariance condition

(31) holds and the finite dimensional distribution of So has a Gaussian limit.

If

n∑

i=1

E

(
‖Si(t)‖2

T

)
= O(1), (34)

n∑

i=1

E

(
I{‖Si(t)‖2

T > u}‖Si(t)‖2
T

)
= o(1), (35)

∫ ε(n)

0

√
log N(u, T , ρ̂S)du

P ∗

−→ 0 whenever ε(n) ↓ 0, (36)

then
∑n

i=n (Si(t) − E[Si(t)]) is asymptotically equicontinuous and converges

weakly to a Gaussian process.

Proof. Let An ⊂ R
n be a set of all vectors (S1(t) − S1(s), . . . , Sn(t) −

Sn(s)) for t, s such that ρS(t, s) ≤ ε(n).

By the Markov’s inequality, for every x > 0,

P

(
sup

ρ(s,t)≤ε(n)

∣∣∣
n∑

i=1

(So
i (s) − So

i (t))
∣∣∣ > x

)
≤ 1

x
E

(
sup

ρ(s,t)≤ε(n)

∣∣∣
n∑

i=1

(So
i (s) − So

i (t))
∣∣∣
)

Define F 2
n =

∑n
i=1 ‖Si(t)‖2

T . Then by a similar argument in the proof of

Pollard (1990) Theorem 10.6,

E

(
sup

ρ(s,t)≤ε(n)

∣∣∣
n∑

i=1

(So
i (s) − So

i (t))
∣∣∣
)

≤ E

(
|Fn|Γ(δn/|2Fn|)

)

where Γ(r2) =
∫ r

0

√
log N(u|Fn|, T , ρ̂S)du and δn = supAn

|
∑n

i=1 ai| .
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Then for fixed r > 0, depending on |Fn| > r or not, the right hand side

can be bounded by

εΓ(1)+E

(
|Fn|Γ(min{1, δn/2ε})

)
≤ εΓ(1)+

[(
E F 2

n

)(
E Γ2( min{1, δn/2ε})

)]1/2

.

While the condition (34) ensures E|Fn|2 < ∞, we need to show

E Γ2( min{1, δn/2ε}) = o(1).

Since Γ is a continuous increasing function with Γ(0) = 0, our task is now to

show that δn converges to 0 in probability.

From here, we simply follow the classical empirical processes theory for

the rest of the proof. See van der Vaart and Wellner (1996) Theorem 2.11.1

(See also Pollard 1990, Theorem 10.6) for the proof of convergence of δn to

0 in probability. �

References

Alexander, K.S. (1987). Central Limit theorems for stochastic processes

under random entropy conditions. Probab. Theory Rel. Fields. 75, 351–378.

Beran, R. (2000). REACT scatterplot smoothers : superefficiency through

basis economy. J. Amer. Statist. Assoc.. 63, 155–171.
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