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Posterior consistency can be thought of as a theoretical justification of the Bayesian method. One
of the most popular approaches to nonparametric Bayesian regression is to put a nonparametric
prior distribution on the unknown regression function using Gaussian processes. In this paper,
we study posterior consistency in nonparametric regression problems using Gaussian process
priors. We use an extension of the theorem of Schwartz (1965) for nonidentically distributed
observations, verifying its conditions when using Gaussian process priors for the regression
function with normal or double exponential (Laplace) error distributions. We define a metric
topology on the space of regression functions and then establish almost sure consistency of the
posterior distribution. Our metric topology is weaker than the popular L' topology. With
additional assumptions, we prove almost sure consistency when the regression functions have
L' topologies. When the covariate (predictor) is assumed to be a random variable, we prove
almost sure consistency for the joint density function of the response and predictor using the
Hellinger metric.

1. Introduction. In this paper, we verify almost sure consistency for posterior distributions
in nonparametric regression problems when the prior distribution on the regression function is a
Gaussian process. Such problems involve infinite-dimensional parameters, and consistency of poste-
rior distributions is a much more challenging problem than in the finite-dimensional case. There are
several reviews on nonparametric Bayesian methods and posterior consistency such as Wasserman
(1998), Ghosal, Ghosh and Ramamoorthi (1999), Hjort (2002), Ghosh and Ramamoorthi (2003)
and Choudhuri, Ghosal and Roy (2003). In addition, there have been many results giving gen-
eral conditions under which features of posterior distributions are consistent in infinite-dimensional
spaces. For examples, see Doob (1949), Schwartz (1965), Barron, Schervish and Wasserman (1999),
Amewou-Atisso et al. (2003), Walker (2003) and Choudhuri, Ghosal and Roy (2004a,b).

Early results on posterior consistency have focused mainly on density estimation, that is on
estimating a density function for a random sample without assuming the density belongs to a
finite-dimensional parametric family. More recently, attention has turned to posterior consistency
in nonparametric and semiparametric regression problems. Some popular nonparametric Bayesian
regression methods are the techniques of orthogonal basis expansion, free-knot splines and Gaussian
process priors. An orthogonal basis expansion for a regression function 7n(z) is a representation
as n(z) = Y .2, 0ipi(x) where, {p;(x)}52, is the orthonormal basis for an Ly space. Asymptotic
properties of these expansions have been studied by re-expressing the regression model as a problem
of estimating the infinitely parameters {6;}2°,. This approach is called the infinitely many normal
means problem and it has been studied extensively by Cox (1993), Freedman (1999), Zhao (2000)
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and Shen and Wasserman (2001). Briefly, one models the 6;’s as independent normal random
variables with mean 0 and variance 72. Freedman (1999) studied the nonlinear functional || — #||?,
where 7} is the Bayes estimator, both from the Bayesian and the frequentist perspectives. His
main results imply consistency of the Bayes estimator for all {6;}5°, € £o if Y .2, 7‘3 < o0. Zhao
(2000) showed a similar consistency result and that the Bayes estimator attains the minimax rate
of convergence for certain class of priors. Shen and Wasserman (2001) investigated asymptotic
properties of posterior distribution and obtained convergence rates. Huang (2004) also considered
convergence rates of posterior distributions using sieve-based priors in the adaptive estimation,
where the smoothness parameter is unknown. Denison, Mallick and Smith (1998) and DiMatteo,
Genovese and Kass (2001) model 7 using free-knot splines. Specifically, they modeled 1 as a
polynomial spline of fixed order, while putting a prior on the number of the knots, the locations
of the knots and the coefficients of the polynomials. Generally, consistency in spline models can
be shown using the the same methods as those used for orthonormal basis expansions as in Huang
(2004). However, in free-knot spline models, consistency has not been investigated yet.

The approach on which we focus in this paper is to model 1 as a Gaussian processes a pri-
ori. Gaussian processes are a natural way of defining prior distributions over spaces of functions,
which are the parameter spaces for nonparametric Bayesian regression models. O’Hagan (1978)
and Wahba (1978) suggested the use of Gaussian processes as nonparametric regression priors, and
essentially the same model has long been used in spatial statistics under the name of “kriging”.
Gaussian processes have been used successfully for regression and classification, particularly in ma-
chine learning (Seeger, 2004). Neal (1996) has shown that many Bayesian regression models based
on neural networks converge to Gaussian processes in the limit as the number of nodes becomes
infinite. This has motivated examination of Gaussian process models for the high-dimensional appli-
cations to which neural networks are typically applied (Rasmussen, 1996). Applications of Gaussian
processes as priors in spatial statistics applications include Higdon, Swall and Kern (1998), Fuentes
and Smith (2001), Paciorek (2003) and Paciorek and Schervish (2004).

Posterior consistency in nonparametric regression problems with Gaussian process priors has
been studied mainly in the orthogonal basis expansion framework mentioned earlier. Brown and
Low (1996), Freedman (1999) and Zhao (2000) have exploited an asymptotic equivalence between
white-noise problems and nonparametric regression to prove that the existence of a consistent
estimator in a white-noise problem implies the existence of a corresponding consistent estimator
in a nonparametric regression problem. The white-noise problem is one in which an observation
process Y (z) is modeled as

Y(2) = n(z) +n"'e(x),

where €(z) is a Brownian motion. They use an infinitely many normal means prior for n and
show that the posterior mean of n is consistent in the white-noise problem under certain conditions
on the prior. The corresponding estimator in the nonparametric regression problem might not
be the posterior mean of 7, however. In addition, to use a prior distribution in the white-noise
problem requires either knowing the eigenvalue decomposition of the desired covariance function
(analytically, not numerically) or letting the covariance function be determined by the orthogonal
basis. In many applications, such as those described by Neal (1996), Rasmussen (1996) and Seeger
(2004), one uses a particular form of covariance function (like squared exponential) in order to
model desired forms of dependence. In such cases, one would like to be able to verify consistency
for the particular prior distribution that one is using. For example, Choudhuri, Ghosal and Roy
(2004b) prove in-probability consistency of posterior distributions in binary regression problems
with mild conditions on the Gaussian process prior. They do this by extending a result of Schwartz
(1965) to the case of independent, not identically distributed observations.



We follow the approach of Choudhuri, Ghosal and Roy (2004b) for nonparametric regression
problems with normal and other types of errors and unknown error variance while extending the
results to almost sure consistency. First, we show almost sure consistency in a topology that is
weaker than the L! topology used by Choudhuri, Ghosal and Roy (2004b). The need for a weaker
topology arises from the fact that our regression functions can be unbounded. With the weaker
topology, we can handle both random and nonrandom design points. When the design points are
fixed, we strengthen the result to the case of the L! topology. When the design points are random,
we prove almost sure consistency of the posterior probabilities of Hellinger neighborhoods of the
joint density of the response and design point. Finally, if we assume that the regression functions
are uniformly bounded, we prove almost sure consistency of L! neighborhoods of the true regression
function.

The rest of the paper is organized as follows. In Section 2, we describe the model that we are
using. In Section 3, we define our metric topology on the set of regression functions to establish
almost sure consistency. In Section 4, we state the extension of Choudhuri, Ghosal and Roy (2004a).
In Section 5, we state the assumptions needed to prove consistency in nonparametric regression and
verify almost sure consistency. In Section 6, we give examples of covariance functions for Gaussian
processes that both satisfy the smoothness conditions of our theorems and are used in practice. In
Section 7, we discuss some directions on future work.

2. The model. Consider a random response Y corresponding to a single covariate X taking
values in a bounded interval T C IR. We are interested in estimating the regression function,
n(z) = E(Y|X = x) based on independent observations of (X,Y’). We do not assume a parametric
form for the regression function, but rather we assume some smoothness conditions. We model
the unknown function 7 as a random process with a Gaussian process (GP) prior distribution. A
Gaussian process is a stochastic process parameterized by its mean function p : 7' — IR and its
covariance function R : T? — IR which we denote GP(u, R). To say that n ~ GP(u, R) means
that, for all n and all ¢1,...,t, € T,, the joint distribution of (n(t1),...,n(t,)) is an n-variate
normal distribution with mean vector (u(t1),. .., u(t,)) and covariance matrix ¥ whose (i, j) entry
is R(ti, tj).

To be specific, the GP regression model we consider here, is the following.

Y, = n(Xy)+e€ i=1,...,n,
¢ ~ N(0,0%) or DE(0,0) given o,
o~ v,
n(-) ~ GP(u(-),R(-,-)), independent of o and (ey,...,€,),

where v is a probability measure with support IR, and DE(0, o) stands for the double exponential
(or Laplace) distribution with median 0 and scale factor o. The objective of this paper is to identify
conditions on the GP prior distribution of 7 and the sequence of predictors {X;}°, that guarantee
almost sure consistency of the posterior distribution under the model described above.

Suppose that the true response function, 7y(x) as a function of the covariate X, is a continuously
differentiable function on a bounded interval T'. Without loss of generality, we will assume that
T = [0, 1] for the remainder of this paper. Our work is similar to that of Choudhuri, Ghosal and Roy
(2004b) who give conditions for in-probability consistency of posteriors in general non-identically
distributed data problems. We identify conditions on the GP prior that allow us to verify the
conditions of their theorem, and we prove an extension of their theorem to the case of almost sure
consistency. Under somewhat different assumptions about the GP prior, we are able to verify the
conditions of this extension.



3. Topologies on the set of regression functions. First, we need to be clear on what we
mean by the expression “almost surely consistent”. Let F be the set of Borel measurable functions
defined on T'. For now, assume that we have chosen a topology on F. For each neighborhood N of
the true regression function 7y and each sample size n, we compute the posterior probability

pn,N(Yh e Y X, ;Xn) = PI‘({?] S N}‘Yl, R . T ,Xn),

as a function of the data. To say that the posterior distribution of 7 is almost surely consistent
means that, for every neighborhood N, lim,,_.o p,,y = 1 a.s. with respect to the joint distribution
of the infinite sequence of data values. Similarly, in-probability consistency means that for all IV,
Pn,N converges to 1 in probability.

To make these definitions precise, we must specify the topology on F. This topology can be
chosen independently of whether one wishes to consider almost sure consistency or in-probability
consistency of the posterior. Popular choices of topology on F include the LP topologies related to
a probability measure @) on the domain 7" of the regression functions. For 1 < p < oo, the LP(Q)

distance between two functions n1 and 72 is [[m — m2ll, = [[7 [m — n2/PdQ)] VP For p = oo, the
L>(Q) distance is

Im — m2lleo A;&f):l?éﬁ'm(x) n2(w)|.
For example, Choudhuri, Ghosal and Roy (2004b) use the L! topology related to Lebesgue measure
and prove in-probability consistency in the binary regression setting. Another topology on F is
the topology of in-probability convergence related to a probability ), and we prove almost sure
consistency. This topology is weaker than the LP(Q) topologies. As with the LP(Q) topologies,
we must count as identical all functions that equal each other a.s. [@]. Lemma 1 gives a metric
representation of the topology of in-probability convergence.

LEMMA 1. Let (T,B, Q) be a probability space, and let F be the set of all real-valued measurable
functions defined on T. Define

dg(m;n2) = inf{e: Q({z : fm(x) —n2(x)| > €}) < e}

Then dg is a metric on the set of equivalence classes under the relation m ~ 12 if ;1 = 12
a.s. [Q]. If X has distribution Q, then n,(X) converges to n(X) in probability if and only if
limy, 00 dg(1n,n) = 0.

It is well known that LP(Q) convergence implies in-probability convergence, so that LP(Q)
neighborhoods must be smaller than dg neighborhoods in some sense. It is not difficult to show
that for every e € (0,1), the ball of radius € under dg contains the ball of radius €'+¥/? in LP(Q)
for all 1 < p < oo. In addition, for every p and every § > €' /P there exist functions in the ball
of radius 0 under LP(Q) that are not in the ball of radius € under dg. When the random variables
are all bounded, in-probability convergence implies LP convergence for all finite p.

When the values of the predictor X are chosen deterministically (and satisfy a condition rela-
tive to Lebesgue measure \) we prove almost sure consistency of posterior probabilities of L!(\)
neighborhoods of the true regression function. When the values of the predictor X have a distribu-
tion ), we prove almost sure consistency of posterior probabilities of dg neighborhoods of the true
regression function. If we make an additional assumption that the regression function is uniformly
bounded by a known constant, we can prove almost sure consistency of posterior probabilities of
L'(Q) neighborhoods even when X is random.

An alternative to topologizing regression functions is to place a topology on the set of distribu-
tions. For the case in which the predictor X is random, we shall consider this alternative as well as



the topologies mentioned above. In particular, we shall use the Hellinger metric on the collection
of joint distributions of (X,Y’). Suppose that X has distribution @ and Y has a density f(y|z)
with respect to Lebesgue measure A given X = x. Then f(y|z) is a joint density of (X,Y’) with
respect to v = @ x A\. Under the true regression function 1y with noise scale parameter og, we
denote the conditional density of Y by fo(y|x). In this case, the Hellinger distance between the
two distributions corresponding to (1, o) and (1, 09g) is the following:

du(t.50) = | [VIWR) - VRG] dvla.g).

It is easy to show that dg(f, fo) is unchanged if one chooses a different dominating measure instead
of v. For the case just described, we will show that, under conditions similar to those of our other
theorems, the posterior probability of each Hellinger neighborhood of fy converges almost surely
to 1.

4. Consistency theorems for non-i.i.d. observations. Schwartz (1965) proved a theorem
that gave conditions for consistency of posterior distributions of parameters of the distributions of
independent and identically distributed random variables. These conditions include the existence
of tests with sufficiently small error rates and the prior positivity of certain neighborhoods of
no. Choudhuri, Ghosal and Roy (2004a) extend the theorem of Schwartz to a triangular array
of independent non-identically distributed observations for the case of convergence in-probability.
We provide another extension of Schwartz’s theorem to almost sure convergence. Our extension is
based on both Amewou-Atisso et al. (2003) and Choudhuri, Ghosal and Roy (2004a). We present
this extension as Theorem 1 and also verify the conditions for a wide class of GP priors. The proofs
of all theorems stated in the body of this paper are given in an appendix at the end.

THEOREM 1. Let {Z;}°, be independently distributed with densities {fi(-;6)}32,, with respect
to a common o-finite measure, where the parameter 0 belongs to an abstract measurable space ©.
The densities fi(-;0) are assumed to be jointly measurable. Let 0y € © and let Py, stand for the
joint distribution of {Z;}2, when 0y is the true value of 0. Let {U,}°, be a sequence of subsets
of ©. Let 0 have prior I1 on ©. Define

fi(Zi; 0o)
A(60.6) o fi(Zi;0)”
Ki(60,0) = Eg,(A(6o,0)),
Vi(6o,8) = Varg,(A(o,0)).
(A1) Prior positivity of neighborhoods.
Suppose that there exists a set B with II(B) > 0 such that

e}

V(60,0
(i) Z(ig)<oo,V9€B,
=1

(ii) For alle >0, II(BN{0: K;(0y,0) < € for all i}) > 0.

(A2) Existence of tests
Suppose that there exist test functions {®,}° 1, sets {©,}°2, and constants C1,Ca,c1,¢2 > 0
such that

o0
(i) Y Egy®n < o,

n=1



(i) sup E¢(l—&,) < Cre ",
0eUl Oy,

(iii) T(OF) < Cye—2".

Then
(1) (0 e US|\ Zy,...,Z,) — 0 a.s.[Py,).

The first condition (A1) assumes that there are sets with positive prior probabilities, which could
be regarded as neighborhoods of the true parameter . We assume that the true value of the
parameter is included in the Kullback-Leibler neighborhood according to the prior II. The second
condition (A2) assumes the existence of certain tests of the hypothesis § = 6. We assume that
tests with vanishingly small type I error probability exist. We also assume that these tests have
exponentially small type II error probability on part of the complement of a set U, containing 6,
namely ©,, N US.

5. Consistency in nonparametric regression. In this section, we apply Theorem 1 to
cases in which the prior II is a GP distribution as described in Section 2. We must make assumptions
about the smoothness of the GP prior as well as about the rate at which the design points x;’s,
i =1,...,n fill out the interval [0, 1]. For the latter, we consider two versions of the assumption on
design points, one for random covariates and one for nonrandom (fixed) covariates.

Assumption RD. The design points (covariates) {X,}>°; are independent and identically
distributed with probability distribution @ on [0, 1].

Assumption NRD. Let 21 < 29 < -+ < x,, be the design points on [0, 1] and let S; = z;11 —x;
i=1,...,n — 1 denote the spacings between them. There is a constant 0 < K7 < 1 such that the
maxi<i<n S; < 1/(K1n).

Assumption NRD is obviously satisfied by the equally spaced design.

Our smoothness condition on the GP prior is slightly weaker than that of Choudhuri, Ghosal
and Roy (2004D).

Assumption P. The Gaussian process n(z) has a continuously differentiable mean function
w(z) and the covariance function R(z,2") has continuous fourth partial derivatives. In addition,
v assigns positive probability to every neighborhood of the true variance o3, i.e. for every € > 0,
y{ g _ 1| < e} > 0.

00

Assumption P can be verified for many popular covariance functions of Gaussian processes.
These include both stationary and nonstationary covariance functions. We will give some examples
in Section 6.

To apply Theorem 1 to the nonparametric regression problem, we use the following notation.
The parameter 6 in Theorem 1 is (1, o) with 6y = (19, 00). The density f;(-; ) is the normal density
with mean 7(z;) and variance o2 or the double exponential density with location parameter n(z;)
and scale parameter o. The parameter space © is a product space of a function space ©; and IR™.
Let 6 have prior II, a product measure, IIy x v, where II; is a Gaussian process prior for n and v
is a prior for o. A sieve, O, is constructed to facilitate finding uniformly consistent tests. Finally,
we define the sets that play the roles of U,, and contain 6y in terms of the various topologies that
we will use, one for dg, one for L', and one for Hellinger. In our theorems, these sets are the same

for all n.
0_1\ <e},
00

(@) v, = {<n,o>  do(nm) < 6



W, — {<n,a>:||n—no||1<e,
He = {f:du(f,fo) <e}.

g
_1‘<e},
o0

A point (n,0) is in Ue so long as o is close to op and 7 differs greatly from 79 only on a set of
small ) measure. It doesn’t matter by how much 7 differs from 7y on that set of small ) measure.
Although Uk is not necessarily open in any familiar topology, it does contain familiar open subsets.
For each 1 < p < oo, U, contains W_i11/,. For the cases in which the noise terms have normal or
Laplace distributions, we will also show that for each e there is a § such that H. contains Us.

In summary, the main theorems that we prove in the appendix are the following, in which
the data {Y,}5°, are assumed to be conditionally independent with either normal or Laplace
distributions given 7, o and the covariates.

THEOREM 2. Suppose that the values of the covariate in [0,1] arise according to a nonrandom
design satisfying Assumption NRD. Assume that the prior satisfies Assumption P. Let Py denote
the joint conditional distribution of {Y;,}°2 assuming that ng is the true response function and 08
is the true noise variance. Assume that the function ng is continuously differentiable. Then for
every € > 0,

I{WE Y,....Y,21,....2,} =0 a.s.[Ry).

THEOREM 3. Suppose that the values of the covariate in [0,1] arise according to a design sat-
isfying Assumption RD. Assume that the prior satisfies Assumption P. Let Py denote the joint
conditional distribution of {Y,}22, given the covariate assuming that ng is the true response func-
tion and O'g is the true noise variance. Assume that the function ng is continuously differentiable.
Then for every e > 0,

M{UC|Y1,.... Yo, 21,..., 20} = 0 a.s[R).

THEOREM 4. Suppose that the values of the covariate in [0, 1] arise according to a design satis-
fying Assumption RD. Assume that the prior satisfies Assumption P. Let Py denote the joint dis-
tribution of each (X,,Yy) and let fo denote the joint density assuming that ny is the true response
function and og is the true noise scale parameter. Assume that the function ng is continuously
differentiable. Then for every e > 0,

I{HS| (X1, Y1),.... (X0, Y)} = 0 as.[Ry).

Finally, when we deal with random covariates, we can prove consistency of posterior probabilities
of L' neighborhoods for the case in which the support of the prior distribution contains only
uniformly bounded regression functions.

Assumption B. Let IIf and v be a Gaussian process and a prior on o satisfying Assumption
P. Let Q@ = {n: [|n]lcc < M} with M > ||no]|co. Assume that IT;(-) = I} (- N Q) /IT} ().

THEOREM 5. Suppose that the values of the covariate in [0,1] arise according to a fized design
satisfying Assumption RD. Assume that the prior satisfies Assumption B. Let Py denote the joint
conditional distribution of {Y, }22 | given the covariate assuming that ng is the true response function
and 0(2) is the true noise variance. Assume that the function ng is continuously differentiable. Then
for every € > 0,

{WE| (X1, Y1),..., (Xn, Y)} = 0 a.s[P],



6. Smoothness conditions on Gaussian process priors. In Assumption P, we required
some smoothness conditions on the covariance function in the Gaussian process as a prior distrib-
ution for . The important consequence of Assumption P is that there exists a constant K5 such
that

ApARRy(t,t) < Ka|h|?,

where

ApApRi1 = Ri(t + h,t+h) — Ri(t + h,t) — Ru(t,t + h) + Ri1(t, 1)

and

Ryi(s,t) = 0°R(s,t)/0s0t

This condition guarantees the existence of continuous sample derivative n/(-) with probability 1.
(See Lemma 5 in the appendix.)

Many covariance functions of Gaussian processes, which are widely used in the literature men-
tioned earlier, satisfy Assumption P. We give some illustrations of these covariance functions in this
section.

6.1. Stationary Gaussian process X (t) with isotropic covariance function. The covariance func-
tion R(z,z’) depends on distance between z and 2’ alone, i.e. R(z,z') = R(|z — 2'|)

e squared-exponential covariance function

R(h) = exp(—=h%) =1 —h*>+O(h*), ash —0

e Cauchy covariance function

1

Bh) =1

=1-h>+0(h%), ash—0

e Matérn covariance function with v > 2

R(h) = (ah)”Ky(ah),

I(v)2v-1
where o > 0 and K, () is a modified Bessel function of order v.

It is known from Abrahamsen (1997, p. 43) that for n < v then

d*"'R(h)| 0
dh2n—1 he0 B
and R ()
W o S (—O0,0)

Consequently, it is straightforward that if v > 2, then there exists a constant £ > 0 such that

R(h) = R(0) — ¢h? + O(h"Y), ash —0

Clearly, in all three of the above cases,

‘AhAhRH(t, t)’ = ’Ru(t + h,t+ h) — 2R11(t, t+ h) + Rn(t, t)‘
= |2R11(0) — 2R11(h)]
< Kyh?



6.2. Nonstationary Gaussian process. Let Y (t) = o(t)X(t), t € [0,1] where o(t) is a twice
continuously differentiable function and X (¢) is one of the stationary Gaussian processes listed
above

Cov{Y(s),Y(t)} = RY (s,t) = o(t)o(s)Cov{X(s), X (£)}
= o(t)o(s)R(|t — s])

It can be shown that for some positive constants, Ko, K3, K4 > 0

ApARRY (1) Ky {o'(t+h) — o' (£)}° + 20 (t + h)o’ (1) Ko [AR? — O(h*)]
Ky sup |o”(t)*|h|> + 2K3 sup |o’(t)|?h?
te(0,1] te(0,1]

)

IN

K4h?

IN

6.3. Conwvolution of white noise process with convolution kernel.

(3) Z(s) = /IRKS(U)X u)du

where X (s) is a white-noise process and K(-) is a kernel. (The integral in (3) is understood in the
mean-square sense. )
By Fubini’s theorem,

B{Z(s)} — /}R K, (u)E(X (u))du

Cov{Z(s), Z(t)} = BE{Z(s)Z(t)} - E{Z( JYE{Z(t)}
_ / / E{K (1) X () K () X (w) }duduw

= / K., (w)Kq(u)du = R”(s,1)
R

For example, take
1 1
Ki(u) =¢(s —u) = — o OXP <—2(3 - u)2>

Then

RZ(s,t) — / 127rexp< ;(s—u)2)\/127rexp<—;(t—u)2>du
— ow (3602,

which belongs to the previous stationary Gaussian processes case



6.4. Nonstationary processes proposed by Higdon, Swall and Kern (1998) or Paciorek and
Schervish (2004).

_ 1 IR N L
R(s,t) = /JR e exp < 207 (s —u) ) o, exp ( 207 (t —u) > du
1

o ( L t)2>
= ———exp|———5—5(s—
2m(02 4 0?) 2(02 + 07)

Thus,

0
Rw(S, t) = %R(& t)

20407, ( 1 2>
= - exp| ————5(s—t
(12 + 0?)\/2m(02 + 07) 2(03 +Ut2)( )
1 1 <—2(s —t) (02 +02) + (s — t)2205<7;>

1 2
+exp<—s—t >
27 (02 + 02) 2(02 + 07) =07)5 (02 +0})?

and by the tedious calculation, it turns out that if o5 and o} are continuously differentiable, Ri1(s,t)
can be written as

Rii(s,t) < {Ki(s —t)* + Ka(s —t) + K3} exp (—Ka(s — t)?)

for some positive constants K1, ..., K4. Consequently, there exsts a positive constant K5 such that
’AhAhRH(t, t)| = |R11(t + h,t+ h) — 2R11(t,t + h) + Ru(t, t)‘
< K5h27

which also satisfies Assumption P.

7. Discussion. We have provided almost sure consistency of posterior probabilities of various
metric neighborhoods of the true regression function in nonparametric regression problems using
Gaussian process priors. We have also verified that the conditions for consistency hold for several
classes of priors that are already used in practice.

We found that the case of random covariates is more challenging than nonrandom covariates.
This is due to the fact that it is difficult to insure that the covariates will spread themselves
uniformly enough to obtain consistency at all smooth true regression functions. The problem arises
when we consider regression functions with arbitrarily large upper bound. In this case, we can
find functions 7 that are far from the true regression function 7y in L' distance, but differ from
1o very little over almost all of the covariate space. A random sample of covariates will not have
much chance of containing sufficiently many points x such that |n(x) — no(x)| is large. The metric
dg declares such 7 functions to be close to 7 while the L' metric might declare them to be far
apart. Also, when the noise distribution is normal or Laplace, functions that are close to 1y in
dg distance produce similar joint distributions for the covariate and response in terms of Hellinger
distance. These distinctions disappear when the space of possible regression functions is known to
be uniformly bounded a priori.

There are several open issues that are worth further consideration. First, we need to treat
the case of multidimensional covariates. There are some subtle issues concerning almost sure
smoothness of sample paths of Gaussian processes with multidimensional index set. Second, we
have said nothing about rates of convergence. Ghosal and van der Vaart (2004) present general
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results on convergence rates for non i.i.d observations which include nonparametric regression cases.
They mention the general results for nonparametric regression but do not consider specific prior
distributions. Third, we need to think about the case in which the covariance function of the
Gaussian process has (finitely many) parameters that need to be estimated. That is, we assume
that n has a distribution GP(u, Ry) conditional on 9. This is a typical case in applications where the
various parameters that govern the smoothness of the GP prior are not sufficiently well understood
to be chosen with certainty. It is true that every result that holds with probability 1 conditional
on ¢ for all ¥ holds with probability 1 marginally. However, the posterior distribution of 7 that is
computed when 1 is treated as a parameter is not the same as the conditional posterior given 1, but
rather it is the mixture of those posteriors with respect to the posterior distribution of ©#. Additional
work will be required to deal with this case. Fourth, Assumption NRD is perhaps a bit strong.
Choudhuri, Ghosal and Roy (2004b), in a problem with uniformly bounded regression functions,
use a condition on the design points that is weaker than Assumption NRD. We have not tried to
find the weakest condition that guarantees almost sure consistency. Fianlly, we have assumed that
the form of the error distribution is known (normal or Laplace). However, the results of Kleijn and
Van der Vaart (2002) suggests that misspecification of the error distribution does not matter for
regression with uniformly bounded regression function. It would be interesting to investigate the
extent to which misspecification of the error distribution matters in Gaussian process regression.

APPENDIX

A.1. Overview of proofs. This appendix is organized as follows. In Section A.2, we prove
the general Theorem 1. Section A.3 contains the proof of Lemma 1. The rest of the appendix
contains the proofs of the main consistency results. We stated several theorems with different
conditions on the design (random and nonrandom designs) and different topologies (L!, dg, and
Hellinger). The proofs of these results all rely on Theorem 1, and thereby have many steps in
common. Section A.4 contains the proof of condition (Al) of Theorem 1, which is virtually the
same for all of the main theorems. Section A.5 shows how we construct the sieve that is used in
condition (A2). We also verify subcondition (iii) in that section. In Section A.6, we show how to
construct uniformly consistent tests. This is done by piecing together finitely many tests, one for
each element of a covering of the sieve by L° balls. This section contains two separate results
concerning the spacing of design points in the random and nonrandom covariate cases (Lemmas 8
and 10). Section A.7 explains why regression functions that are close in dg metric lead to joint
distributions of (X,Y’) that are close in Hellinger distance. This proves Theorem 4. Finally, we
verify that Assumption B leads to consistency of posterior probabilities of L' neighborhoods in
Section A.8.

A.2. Proof of Theorem 1. The posterior probability (1) can be written as

K3 ZZ76 9
fU 7 NOn j= f]:(Zu@O dI1(f +fUCﬁG)C Hz—l fz 9))dH(9)

n (Z;,0
Jo ITim ]{(ZZ,GO))dH(e)

fi(Z:,0) fi(Zi,0)
fUcﬂ@ [Tim fi(Zi,00) dIl(f +fUCm®C | i ZZ,OO)dH(e)

0 ecUl\Z,...,2Z,) =

IA

(I)n+
G . ZZ,G
Lin(Zy,...,7Z )+Izn(21, )

I3n(Zla ey n)

(4) = @, +
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The remainder of the proof consists of proving the following results:

ot
T — D T

— 0 as.[Pyl,
6 — 0 as.[Py,] for some 8; > 0,
7 —
N

8

(2, .., Zy)
e (21, ... Zy)
e 30 (21, ..., Zy)

0 a.s.[Py,] for some B2 > 0,
o0 a.s.[Py,] for all > 0.

A~~~ I~

Letting /> max{fi, f2} will imply (1).

The first term on the right hand side of (4) goes to 0 with probability 1, by the first Borel-Canteli
lemma from (A2) (i). We show that the two terms in the numerator, I, and Iy, are exponentially
small and for some #; > 0 and fy > 0, eI, and e®"I,, goes to 0 from (A2) (ii) and (iii) with
Fg probability 1. Finally, we show ePrls, — oo, with Py probability 1 for all 6 > 0, using
Kolmogorov’s strong law of large numbers for independent but not identically distributed random
variables under the condition (Al).

First, we prove (5). By the Markov inequality, for every € > 0, Py, (|®,| > €) < Eg,(|®x|). By (i)
of (A2), we have Y 7 | Py, (|®y| > €) < co. By the first Borel-Cantelli lemma, Py, (|®,| > € i.0.) = 0.
Since this is true for every € > 0, we have (5).

Next, we prove (6). For every nonnegative function 1,

7.0
o |l Z /Hsz,Qo )

by Fubini’s theorem. Let ¢ =1 — ®,, and get

(9) — /C Eg(th,)dI1(0),

Eeolln(Z17"'7Zﬂ,) =

i szg
(1-a / f SilZi9) )
nNUS ;25 fz Zu'gO

- /@m By[(1 — @)

< sup  Ep(1—d,)
0€0,NUS

< Cleiclna

where the final inequality follows from condition (ii) of (A2). Thus,

0,NUY ;54 fz( i 0)

An application of the first Borel-Cantelli Lemma yields

f’L ZMH —c R
(1-@ I1(F) < e 2
/G) mUCHfz Zz,90 )_

n =1

all but finitely often with Py, probability 1. Therefore,
il —0 as.[P,]

Next, we prove (7). Applying (9) and condition (iii) of (A2), we get

12



fi(Z;,0)
Eg Ion(Z1, ..., 70) =
0o Lon (21 ) [/Ucm@chzZz,Qo (0)
< 1Y)
< C26702n7

Again, the first Borel-Cantelli Lemma implies
€20l —0 as.[Pyl.

Next, we prove (8). Define log, (z) = max{0,log(z)} and log_(z) = —min{0,log(x)}. Also,
define

- fi(Z,0)

Wi = logy [i(Zi, 00)’
K7 (00,6) = [ fieto)lo +f(( 9))d,
K[ (60,0) = / fi(z,60)log_ f((’eo))dz.

Varg,(Wi) = E(W?)—{K; (60,0)}
< ( 2) = {K;(00,0) — K; (00,0)}
= E(W?) —{Ki(6,0)}

3 7/79 (2 7/76
< / 5t (10, BN gz (10 BEIN a2

_ fz(ngO) fz(ZZuQO) ) 2
_ /fz Z,,600) (log+ tg) o f(ZH)) — {Ki(60,0)}
— Vi(6o,0),

where the next-to-last equality follows from the fact that log, (x)log_(z) = 0 for all . It follows
that Y%, Varg, (W;)/i? < oo for all § € B, the set define in condition (A1).

According to Kolmogorov’s strong law of large numbers for independent non-identically distrib-
uted random variables,

1 n
10 - W; — K (6p,0)) — 0, as.[Py].
(10) 2 2 (Wi K (00,0) 0. s [P
For each 6 € B, with Py, probability 1
A fz Zu‘g . 1 = fz(ZueO)
i (o 05 ) = e (3 S S
I~ o
= —limsup - K. (6o,0)
oo i=1
1 1 ¢
> —limsup <ZKZ»(90,9)+Z K(HO,G)/>
n—o00 n- :
i=1 i=1
> —limsu 1 ” K;(00,0) + liK(Q 0)/2
n—»oop ni:l 1\Y0, ni:1 1\Y0, ’



where the second line follows from (10), the third line follows from Amewou-Atisso et al. (2003,
Lemma A.1), and the fourth follows from Jensen’s inequality.

Let 3 > 0, and choose € so that € + 1/€/2 < 3/8. Let C = BN {0 : K;(6y,0) < ¢ for all i}. For
6eC,n 3" Ki(0,0) <e, so for each 0 € C,

S fi(Zi,Q)
lim inf — log (e + /€
n—oo 1N ; fi(Z;, 6y )

Now,
Ji( Zz,9
Is, 11(0),
3 / H fl Z’Lv 00 )
it follows from Fatou’s lemma that

/4 s, — o0, a.s.[Py,], for all 5> 0.

A.3. Proof of Lemma 1. Clearly, do(f,9) = do(g, f), do(f,9) > 0, and dg(f, f) = 0. If
dg(f,9) =0 then f = g a.s. [Q]. All that remains for the proof that dg is a metric is to verify the
triangle inequality.

For each f,g € F, define By, = {e: Q({z : |f(x) — g(x)| > €}) < €}. Then dg(f,g) = inf By .
We need to verify
(11) inf By, <inf By, +inf By, 4.

We will show that if €; € By, and e € By, 4 then € + € € By 4, which implies (11). Let ¢; € By,
and ez € By 4. Then

{z:|f(@) = g(@)] > s + e} C {z: [f(2) = h(2)] > e} [ Hz : [h(2) — g(2)] > e}

It follows that

Q{z:[f(x) —g(@)] > &1 + e2}) Q{z:|f(z) = ha)[ > ea}) +Q{z: |h(z) — g(x)| > e2})

<
< e +eo.

Hence €1 + € € By 4.

To prove the equivalence of dg convergence and convergence in probability, assume that X has
distribution Q. First, assume that 7, (X) converges to n(X) in probability. Then, for every € > 0,
limy, 0o Q{z : |nn(x) — n(z)] > €}) = 0. So, for every € > 0 there exists N such that for all
n > N, Q{z : |n(x) — n(x)| > €}) < e. In other words, for every € > 0, there exists N such
that for all n > N, dg(n,,n) < e. This is what it means to say lim, .o dg(n,,n) = 0. Finally,
assume that lim, .o dg(nn,n) = 0. Then, for every € > 0 there exists /N such that for all n > N,
dg(nn,n) < €, which is equivalent to Q({z : [n,(x) — n(z)| > €}) < e. Hence, n,(X) converges to
n(X) in probability.

A.4. Prior positivity conditions. In this section, we state and prove those results that
allows us to verify condition (A1) of Theorem 1.

LEMMA 2. Let € > 0 and define

B= {ma) 7= ol <€

U—l’<e}.
00

Then
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(i) For all e > 0, K;(0p,0) < € for alli
— Vi(6o, 0
(ii) ¥<00,V96B,
i
i=1

PrOOF. We break the proof into two main parts, and each main part is split into two subparts.
The main parts correspond to the noise distribution. First, we deal with normal noise and later
with Laplace noise. The subparts deal with the nonrandom and random designs separately.

L If Y; ~ N(no(x:), 05)
(a) Nonrandom design:

Ki(00;0) = Eg,(A(60;0))

fi(Zi;60)
= EGO logm
2 1(Y; — no(z;))? 1(Y; — n(x))?
= 2log 5 + Eog, {—2 o2 ] Eeo[ B o2 }
1. o 1 og\ . 1[no(x) — n(x;))?

o 1(c®—0d)|og|  Lllno—nl% |05
Ki(00:0) < log~ 4+~ 0) 1% 4 170~ Meo | 70
z( 05 ) 0g o0 + 2 8 o2 2 O_g o2

< (e, where Cy is some constant.

Let Z = [Y; — no(zi)]/o0, which has standard normal distribution. Then
%(90,9) = Vargo(A(Go;H))
Y; — )] 1 Yi — i i) — ?
_ Vg, (_ [< mo(x:)) } ! [0’0 mo(:) + (i) n(w)] )

2|0 00

< 00, uniformly in 3.
(b) Random design:

Ki(60;0) = E (Eg,(A(6o;0))]X:)

1 o* 1 a5\ 1 [ [mozi) —n(x:)]
= ZlogZ - (1-%0) 4= i I 4Q.
2 %52 2( 02)+2/ o2 @

Coe, where Cj is some constant.

IN
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Vi(6o; 0)

E [VaI‘@O (A(Qo; 0))’XZ] + Var [EQO (A(@o; 9))|Xz]
0'2 2 0'2 2
2|5+ 32|+ [ | B e - meeol| a@

00, uniformly in i.

2. If Y; ~ DE(no(x;), 00), similar calculation verifies

(a) Nonrandom design:

K n(60;6)

Vi,n(GO; 9)

It follows that Z
=1

(b) Random design:

Ki,n (90; 9)

IN

IN

log 03 + Eg [_w_m(x)’] By, [_\?/—’7(@“”]

0o o

2 [ o] (et

)

Coe, Where C}, is some constant.

y — n(x;)

Varg, <_ ’y — 1o (zi)

00

+l

y —mo(@:)|? y—n(z)|?
< Eg, | |/ | +Eg | |/—
00 o

< 24 Lé <1 o Imo(@i) —277(3%')\2 L olmolxi) - 77(%-)\)

g 0‘0 GO
< 00,, uniformly in q.
Vi(00; 0
Oa ) < 00
< 2142 (Hnom-) - n(scz-)roo)

0'0 g oo

< Coe, Where Co is some constant.

2 4_
Vin(0030) < 2+“g<1+ [t @)l 4o 1 /mwdQ>
g 00

< 00,, uniformly in 3.

LEMMA 3. Let € > 0 and define

B= {<n,a> 7= ol <€

U—l’<e}.
00

Then, II(B) > 0 under Assumption P.
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7 1
g0

it suffices to show that II;(n : ||7 — no/lec < €) > 0. The prior distribution of 1 is n ~ GP(u, R),
where ||p¢t]|co < C3 and ||p']|oc < Cy for some constants Cs and Cy.

To show II1(n : [|[n — nolleo < €) > 0, we follow the same approach as in Choudhuri, Ghosal and
Roy (2004b).

Without loss of generality we assume g = 0. Otherwise we can work with n* = n — p and
ng = mo — p. Because 1 is a uniformly continuous function on [0, 1], there exists dy such that
[n0(s) —no(t)] < €/3 whenever |s — t| < dy. Consider an equi-spaced partition 0 = sg < $1 < ... <
s, = 1 with |s; — sj_1] < 0o for all j. Define I; = [sj_1,s;) for j =1,2,... k.

For each 0 < s <1,

PRrOOF. Under Assumption P, we know that v {

< E} > (0. Thus, to verify II(B) > 0,

(12) n(s) = no(s)] < [n(s) —nls;)| + Ino(s) — no(s;)| + [n(s;) —no(s;)l,

where s; is the partition point closest to s. By design, the middle term on the right side of (12) is
at most €¢/3 for all s by choossing § smaller than some dy. Consider the sets

E = {Sup !n(S)—no(S)!<6}

s€[0,1]

E, = { max sup |n(s) —n(s;)| < 6/3}

1S]Sk SEIj

Br = { s Ites) = sy < /3
It follows that E1 N Ey C E. Therefore it is enough to show that II;(F; N Eg) > 0.

We can write 111 (Fy N Ey) = Iy (E2)Il (E1|Ey). Let uF = (u(so),u(s1),...,u(sy))’ where
u(s;) = n(si) —no(s;). Then u* has a multivariate normal distribution with a mean vector 0% and
a nonsingular covariance matrix ¥j whose (4, j) element is R(s;, s;). Then

€
Hl(EQ) =1I; <0r£jagxk ‘U(SJ)| < 3> .

Because k-dimensional Lebesgue measure is absolutely continuous with respect to the distribution
of u* and {(u1,...,u) : max; |u;| < €/3} has positive Lebesgue measure, it follows that II(Ey) > 0.

In order to estimate II; (E;|E>) we shall use the sub-Gaussian inequality in van der Vaart and
Wellner (1996), (Corollary 2.2.8, page 101). Consider the Gaussian process w(-) whose distribution
is the conditional distribution of 1 given n* = (n(so),n(s1),...,1(sk)). By Assumption P, the
intrinsic semimetric for the n process is given by

p(s,t) = /Var(n(s) —n(t)) = +/R(s,s) = R(s,t) - R(t,s) + R(t,t)
< VIt = sl{Roi(t,&1) — Roi(u, 1)}
<

sup Ri1(ty,t2)|s — t] < Csls — ]
t1,t2€[0,1]

using the mean value theorem for the covariance function R(s,t), where Roi(s,t) = OR(s,t)/0t and
0<&,8 < 1.

Thus, the process w(-) is sub-Gaussian with respect to the distance d(s,t) < Cs|s — t| because
the conditional variance for w(s) — w(t) given 7* is smaller than the variance of n(s) — n(t). Then
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by Corollary 2.2.8 of van der Vaart and Wellner (1996), we have

IN

1<]<kseI € 1<J<ks€[

< 98 [ fog B O

for some constant Cs and C7. We can choose 0 such that 1 — C7d/e > 1/2.

Therefore,

:/ Lgnl<max§g;|n<> n(s)l < ¢/3|

(1—075>>0.
€

It follows that II;(F1 N Es) > 0, hence 111 (E) > 0. O
A simple corollary to Lemma 3 is that, in Assumption B, II}(Q) > 0, so that II; is well-defined.
Also, it is clear that II; in Assumption B also satisfies the conclusion of Lemma 3.

0 (max sup |w(s) — w(s;)| > ;) §E (max sup |w(s) — w(sj)\>

I (Eq|Er) = 1Ly ( max sup |1(s) — n(s;)| < ¢/3
1<]<kS€I

> dIt (n™)

v

A.5. Constructing the sieve. To verify (A2) of Theorem 1, we first construct a sieve and
then construct a test for each element of the sieve.
Let M, = O(nl/z), and define ©,, = 01, x R™, where

O ={n : [Inllec <Mn, [I7llc < M}

The nth test is constructed by combining a collection of tests, one for each of finitely many elements
of ©,. Those finitely many elements come from a covering of 01, by small balls. The following
lemma is straightforward from Theorem 2.7.1 of van der Vaart and Wellner (1996).

LEMMA 4. The e-covering number N(€,O1n, | - |loc) of O1n in the supremum norm satisfies

K4Mn

logN(€7®1n7 || : HOO) < €

PRrROOF. The proof follows from Theorem 2.7.1. of van der Vaart and Wellner (1996) or from
Lemma 2.3 of van de Geer (2000). We choose the former approach.

According to Theorem 2.7.1. of van der Vaart and Wellner (1996), let X be a bounded convex
subset of IR with nonempty interior and let C}(X') be the set of all continuous functions f : X — IR

with [|f]}1 = sup | f(z) ”Ei’w

< 1. Then, there exists a constant K such that

€

log N (e, C1 (). ] - [l) < KA(X) (1) ,

for every € > 0, where A(X) is the Lebesgue measure of the set {z : ||z — X|| < 1}.
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For the proof of Lemma 4, we replace f(z) with n(x)/2M,, when n(x) € 6, then

flx) = f(y
Il = suplf(@)]+sup L& =S
@) in(z) — ()|
- S‘ip‘zMn T M —
1 sup, |if()]
— oy e A o
< 2+ oM, <1

In addition, the e-covering number for 7 is identical to the €/2M,-covering number for f and
X is a interval of [0, 1].

Therefore,

M,
log N (€, O, || - lo0) < K’ () ,

€

with a constant K’ > 0. [J

For the proof of subcondition (iii) of (A2), we make use of the assumed smoothness in As-
sumption P. Lemma 5 below shows that under Assumption P, the sample paths of the Gaussian
process are almost surely continuously differentiable and the first derivative process is also Gaussian.
Furthermore, the the probability of being outside of the sieve becomes exponentially small.

LEMMA 5. Let n(-) be a mean zero Gaussian process on [0,1] with a covariance kernel R(-,-)
which satisfy Assumption P. Then n(-) has continuously differentiable sample paths and the first
derivative process 1/'(+) is also a Gaussian process.

Further, there exist constants A and d such that

Pr{ sup [(s)| > M} < Aexp(—dM?)
0<s<1

Pr{ sup |n/(s)| > M} < Aexp(—dM?)
0<s<1

PROOF. First, we show that the process has continuously differentiable sample paths. By Sec-
tion 9.4 of Cramer and Leadbetter (1967), the sample derivative 7/ (¢) is continuous with probability

one if ApApRy1(t,t) < |logc|’h||a’ a > 3, where
ApApRyr = Rua(t+ hyt 4+ h) — Rua(t + hyt) — Rug(t,t + h) + Ria(t, 1)

and
R11 (S7 t) = 82R(S, t)/asat.

Under the Assumption P, there exists a constant K5 such that
ApApR1(t,t) < Kolh|?,

because

ApApRyy = Ru(t+h,t+h) — Ry (t+ h,t) — Ry (t,t + h) + Ri1(t, 1)

= sup |Raa(t,t) |h2
(t,t)eT?
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where

Ros(s,t) = 0*R(s,t)/0%s0%t.

Further, if AhAhRu(t,t) < Kg’h‘Q, then AhAthl(t,t) < L a > 3 because h? =

~ [log|h[|*’
O(1/|log |h||*) for every a.
Secondly, the limit of a sequence of multivariate normal vectors is again a multivariate normal
if and only if the means and covariance matrices converge,! and 7/(t) = limy,_o(n(t + h) — n(t))/h.
It follows that 7/(-) is again a Gaussian process because the covariance kernel R(-,-) is four times
continuously differentiable.

n(s+h) —n(s) —n(t+h) + n(t)>2
; :
This follows by the uniform integrability of (n(t+h) —n(t))?/h?, which is a consequence of the fact

Moreover, E(1/(t) — 1(s))? may be obtained as E (hmhﬂo

that
_ 4 2
E (77<t+h>ﬁ<t>> _ 3(AhAhf(t,t)> <3 sup Ruu(t.1) < oo,
h h te(0,1]
because,
ARARR(tt) = R(t+h,t+h) — R(t+ h,t) — R(t,t + h) + R(t,t)
h? - Ry (t + Eh,t + Eh)
Then,

E(n'(s) —n'(t))” = lim B{n(s + ) —n(s) —n(t +h) + n(t)y?/n?
= %iH%)[AhAhR(S, s) — 2AR,ARR(s,t) + ARARR(t, t)]/h2
) ApRALR(s,s) — ApApR(s,t)  ApARR(t,t) — ApARR(s,t)
= lim +
h—0 h? h?
Ri1(s,s8) — Ru1(s,t) + (Ra1(t, 1) — Rai(s,t))
= As—tAs—tRll(t7t)

< Kols —t|?
because,

. ARARR(tt) — ARARR(s, 1) . (R(t+h,t+h)—2R(t,t+h)+ R(t,t)

lim = lim

h—0 h? h—0 h?

+—R(t+h,5+h) + R(t+h,s)+ R(s,t+h) — R(t,s)}
h2

— lim Rlo(t, t+ h) — RlO(t, t) _ R()l(t + h, 8) - Rm(t, 8)
N h—0 h h

= Rn(t, t) — Rll(t, S)

Similar calculations show that the variance of 7/(s) is Ry1(s,s) for all s. Hence the covariance
kernel for 7/(+) is given by
Cov(n'(s),1'(t)) = Rur(s, ).

In the Gaussian case on IR", the derivative processes are also Gaussian processes and the joint distributions of
all of these processes are Gaussian (Adler, 1981, p. 32).
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because,
B(/(s)* = limE{n(s +h) = n(s)}*/h”
= Jim[Ay Ay R(s, )]/’
= Rii(s,s)

E(f(s)) = limE{n(s+h) —n(s)}/h=0

Without loss of generality we can assume the process to have zero mean. Otherwise

Pr(n = |In() = p()llec > M — [|pp]lo)
Pr(n : [In() = n()llec > M/2).

Also without loss of generality ¢(0) = 1. Then for K > 1

Pr(n : |[nllec > M) <
<

N<€’ [07 1]7|‘ D < K/€7

where N is the e-covering number.
Then by applying Theorem 5.3. of Adler (1990, page 43) and Mill’s ratio, we have

Pr(sup|n(s)| > M) 2Pr(supn(s) > M)

<
< C MU(M/or)
< eXp(—dA42%

o0
where C,, is a constant and ¥(-) = / ¢(z)dx, provided that sup Var{n(s)} = 02 < c0.?2 O
T seT

LEMMA 6. For a given o > 0, there exists a constant Ky such that if M, > Kszn®, then
11(0Y) < Cg exp(—cgn®) for some positive constants Cg and cs.

PROOF. Since

(ef) = I((Of, x R")U (O, x (RM))
1((ef, x RY))

I (0,) x v(R*)

1(()52)7

)
S

=

it suffices to show that there exist constants A and d such that
Pr{ sup [n(s)| > M} < Aexp(—dM?)
0<s<1

Pr{ sup [(s)| > M} < Aexp(—dM?),
0<s<1

which clearly follows from Lemma 5. [J

2Since sample path of X7 is continuous a.s and T is a compact, the boundedness is achieved.
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A.6. Construction of tests. For each n and each ball in the covering of ©1,,, we find a test
with small type I and type II error probabilities. Then we combine the tests and show that they
satisfy subconditions (i) and (ii) of (A2). The following relatively straightforward result is useful
in the construction.

PrROPOSITION 1. (a) Let X1,...,X,, and Y1,...,Y, be independent random variables. If
Pr(X; <a) <Pr(Y;<a), VaelR

then, Vc € IR,
n n
f(ZXi§C> §Pr<ZYZ~§c>.
i=1 i=1
(b) For every random variable X with unimodal distribution symmetric around 0 and every c € IR,

Pr(|X| < z) > Pr(|X + | < 2).

The main part of test construction is contained in Lemma 7. For the random design cases, we
first condition on the observed values of the covariate. In Lemma 7, understand all probability
statements as conditional on the covariate values X; = z1,..., X,, = x, in the random design case.

LEMMA 7. Let m be a continuous function on T and define n;; = n;(xj) for i = 0,1 and
j=1,...,n. Lete >0, and let r > 0. Let ¢, = n3/7. Let bj =1 if m; > noj and —1 otherwise.
Let Wy, and Vo, be respectively the indicators of the following two sets:

1. IfY}‘ ~ N(Uoj'?Ug)

n

Zb ( 7]0g> > 2cp/n p, and Z 170] >n(l+e€) or <n(l—e),p,

7j=1

2. If Y; ~ DE(noj, 00)

Y — noj S
(o))

n(l+e€) or <n(l—e),,

Zb < 770]) > 2cp/n p, and i
j=1

Define
\I]n[nla 6] =Wy, + VYo — U1, Wop.

Then there exists a constant C3 such that for all m1 that satisfy
n
(13) > iy = ol >,
j=1

Ep,(U,[n1,€]) < Csexp(—2c¢2). Also, there exist constants Cy and Cy such that for all sufficiently
large n and all n and o satisfying |o /oo — 1| > € and ||n — N0 < 7/4,

Ep(1 —WU,[n1,€]) < Cpexp(—nCye),

where P is the joint distribution of {Y,}52, assuming that 0 = (n,0).

22



PROOF.

1. Normal data:
(1) Type I error:
Ep (Un[m, €]) <Epy(Yin) + Ep (P2n).

n Y — mn.
Epo(qfln) = B ij <]770]> > QCnx/ﬁ

Let W ~ x2. Then, for all 0 < t; < 1/2 and t2 < 0,

n 2 n 2
Epy(V20) = Py <YJ;0770J> Sn(l4e) | + P (YJ;O”OJ) <n(l—e)
= Pr(W>n(1l+¢€)+Pr(W<n(l—e¢)
< exp(—n(l+e€)t1) E(exp(t1W)) + exp (—n(1 — €)ta) E (exp(taW))
= exp(—n(1+e)t1) (1 — 2t1) ™2 + exp (—n(1 — €)t2) (1 — 2t5) ™2,
e t1 = L 1 L d ty = L 1 L
1_2<_1—|—6> an 2_2<_1—e>'
Then,

ne n ne n
Ep,(¥2,) < exp (—? + §1og 11 +e]> + exp <? + §log 11— e])

e €2
exp (—n [4 - 6]) + exp (—n4) ,
where the last line follows from the fact that log(1 + z) < z — 2%/2 + 23/3, 2 > 0 and

log(l —2) < —x —2%/2, x > 0.

Therefore, Ep, (¥,,) < exp(—2¢2) for sufficiently large n.

IN

(2) Type II error:

We know that Ep(1—V,[m,¢€]) < min{Ep(1—Vy,), Ep(1—Vs,)}. Hence, we need only show
that at least one of the Type II error probabilities for ¥y, and Vs, is exponentially small.
There are three types of alternatives: (i) ||n —n1llco < r/4, 0 = 00, (ii) n =10, |0/00 — 1] > €
and (iii) ||n — n1llec < /4, |0/00 — 1| > €.
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First, assume that o < (1 + €)og, and n is large enough so that ¢,//n < r/(40¢). This will
handle alternative (i) and part of alternative (iii). Let n,; = n(z;) for j = 1,...,n. In this

case,

Ep(l = Walm,d) <

IN

IN

<

—— 7 ex
rv2mn

where the last inequality is by Mill’s ratio.

For the next case, assume that o > (1 + €)og. This handles the rest of alternative (iii) and
half of alternative (ii). Let W ~ x2 and let W’ have a noncentral y? distribution with n
degrees of freedom and noncentrality parameter Z?:l(n*j —no;)?. Then, for all ¢ < 0,

Ep(l = W[, €)

<

IN

IN

IN




< exp <_1nt >(1—2t)_”/2.

+ €
Let t = —€/2 to get

Ep(1 — Unln,e]) < exp (Z [1€+6 —log(1+ e)D < exp <—n46(21_+6:)> :

where the last inequality follows from the fact that log(1 +x) > = — 22/2.

Finally, assume that o < (1 — €)og to handle the rest of alternative (ii). Let W be as in the
previous case. Then, for all ¢ > 0,

EP(l_\Iln[T/be]) < EP(l_\IJQn)

IN
o
—

IA
-
-
— TN T

[

I3
[}

IN
S~

Let t = €/2 to get

Bt = alm.) < exp (5 [ —tog1-0)] ) < e (-ngr = {22251,

1
where the last inequality follows from the fact that log (1> = log (1 + < ) and
—x

log(l+xz) <z —a?/2+23/3, 2> 0.

2. Laplace data:
(1) Type I error:

Ep,(Wn[ni,€]) < Epy(Vin) +Ep, (¥a,).

Ep, (U1,) = Zb < 770”) > 2ea/n

n

= th( )>t 2en/n Yy 0<t<1
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IN

exp (—t - 2e,/n) (1—12) 7"
- {2

Cn, 12
< exp —2t% + 12| n

2cy,

Take t = . Then,

Bl

2 ey,
v = o[22

IN

©]

e

o)
VRS

IA
@
”
T
|
[\
[N}
~—

2
c

because it is clear that —* < = if n is large.
n

Let V ~ Gamma(n,1). Then, for all 0 < ¢; < 1 and 3 < 0,

Y — noj
00

Y — noj
00

n
>nvl+e| +5 Z <nvl1—e

i=1

n
Ep(Ton) = Po| Y

j=1

= Pr(V>n\/1+6)—l—Pr(V<m/1—e)

< exp (—n(V1+€)t1) E (exp(t1V)) + exp (—n(v1 — €)tz) E (exp(t2V))
= exp(—n(V1+e)t1) (1 —t1) " +exp (—n(V1—e)ta) (1 —t2)".
Take ) )
t1=1-— and to =1 — )
vV1+e 1—¢
Then,
Epy(V2,) < exp(—n(V1+e—1)+nlog[l+vV1+e—1])

+exp (n(l —v1—¢€)+nlog[l—(1-v1—¢|)

o (o [BIEET WITEIYY L (0= Ty,

IN
)}

where the last line follows from the fact that log(1 + 2) < x — 22/2 + 23/3, x > 0 and
log(1—x) < —x —2%/2, = > 0.

Therefore, Ep, (¥,,) < Csexp(—2¢2) for sufficiently large n.
(2) Type II error:

Again, there are three types of alternatives to deal with : (i) || — n1|lec < 7/4, 0 = 0y, (ii)
n=1m, |0/oo —1| > € and (ili) || = mlloc <7/4, |0/00 = 1] > €.
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As in the previous Type II error calculation for normal case, first, assume that o < (1 + €)oy,
and n is large enough so that ¢,/\/n < r/(400). This handles alternative (i) and part of
alternative (iii). Let n,; = n(z;) for j =1,...,n. In this case,

Ep(1—=U,[n,¢]) < Ep(l—Tyy,)

= Zb ( ><2cnf

IESEAES
2

n
+ My — "Noj 7]0] < 20”\/»
7j=1
- o rn o
< P bj n*J><—+20n\/ﬁO
40 o o
7j=1
- —rn
< P b; <
- le / ) ~ doo(1+¢€)
= exp ([ t——— —log(1 — tQ)} n) , forsomet, 0<t<1

< exp(—¢- n), 5(—096)>0

The last inequality is established by the following argument.
Let ¢ > 0 and f(t) = —t-c—log(1 —t?), 0 <t < 1. Then,

2t
/ _
= f(t) = —C+?t2
Set f'(t) = 0
-1+ +v1 2
= ¢t = —+c, 0<tr<1
c

2

= f(t") = 1-V1+cZ+lo
&) S 1t Vit
= 1—-v1+cZ+log(vV1+c2+1)—1log2

Let g(z) =1 —x 4+ log(x + 1) —log2, = > 1. Then,

1 —x

/ = —]_ == <0
g(a:) +x+1 1+x

= g(1)=0 = g(x)<0, z>1

Therefore, f(t) can have negative values.

For the next case, assume that o > (1 + €)og. This handles the rest of alternative (iii) and
half of alternative (ii). Let V' ~ Gamma(n,1)
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EP(I_\Ijn[nlveb < EP(l \IJQn)

n
Yo — pos
= {n[le]<z b B/} <nvl+e
- ]
7j=1
"y —
< P LT T T e
= g (o)

n
Y * x] T 1 S
— g g o

n Y Nei
14 < P =
o < gl
= Pr Vgna—\/ 6}
o

< Pr {exp Vi) > exp (

<nZ\/T1e
o)

nt t<0,0>(14¢€)
, , O €)o
V1+te 0

< ow (o)

The inequality (14) follows from Proposition 1.
Finally, let t =1 — v/1 + € to get

Ep(1 —WU,[n,e]) < exp <n {1 - log (14+V1+e— 1)]) = exp (—nCoe) ,

v1+e
1
where —Cye = [l—m—log(l—l—\/l+e—1)] <0, e>0

Finally, assume that o < (1 — €)op to handle the rest of alternative (ii). For all ¢ > 0,
Ep(1 =Wy, e]) < Ep(l—WVs,)

= P{n[x/ﬁ]<2 Yjao"oﬂ <n[V1+d
< P{n[m]<ji Yj;"‘” 030

< Pl{n[m]‘;%ji Y U”OJ‘

< P =<V

_ pr{exp<w)>exp( V;;)}

< exp (—\/f%) (1=t



Lett=1—+/1—¢€to get

Ba(1— ) < exp (|1 e sV T= )| ) = exp (-nCae).

1
v1—e
—log(v1 —6):| <0, e>0.

1
where —Cge = |1 Vi
O

To create a test that doesn’t depend on a specific choice of 7; in Lemma 7, we make use of
the covering number of the sieve. Let r be the same number that appears in Lemma 7. Let
t = min{e/2,r/4}. Let N; be the ¢ covering number of 01, in the supremum (L°°) norm. With
M, = O(n'/?) and ¢, = n3/7, we have log(N;) = o(c?) from Lemma 4. Let n',...,nN € Oy,
be such that for each € Oy, there exists j such that || — n’|lee < t. If |7 — noll1 > €, then
Im? —noll1 > €/2. Similarly, if dg(n,n0) > €, then dg(n’,no) > €/2. Define

v, = | ax. [’ e/2].

If we can verify that there exists r such that (13) holds for every such 77, then

Nt
EpUn < Y EpUuy,e/2
j=1
< O3Npexp(—2¢2)
= exp C3(log[Ny] — 2¢3)
< Czexp(—c;).

For § = (n,0) € UY N O, or in W, N O, the type II error probability of ¥, is no larger than the
minimum of the individual type II error probabilities of the W,[n’,€/2] tests. Hence, we have a
uniformly consistent test W,,, which has exponentially small type II error evaluated at 6.
Verifying (13) is done differently for the random and nonrandom design cases.
For the random design case, Lemma 8 tells us that (13) occurs all but finitely often with
probability 1. Since there are only finitely many 7’ to consider for each n, this suffices to complete
the proof of Theorem 3.

LEMMA 8. Assume Assumption RD. Letn be a function such that dg(n,no) > €. Let0 <r < €2,

and define
Ap = {Z In(Xi) — no(Xs)| = 7’”} :
i=1

Then there exists C11 > 0 such that Pr(Ag) < exp(—C11n) for all n and A, occurs all but finitely
often with probability 1. The same C11 works for all n such that dg(n,no) > €.

PROOF. Let B = {x|n(x) — no(z)| > €}, so that Q(B) > €. Let Z =n— >, Ip(X;), and
notice that Z has a binomial distribution with parameters n and 1 — Q(B). Let ¢ = r/e < ¢, and
let Z' have a binomial distribution with parameters n and 1 — e so that Z’ stochastically dominates
Z. Then

Pr(AS) < Pr(Z > n[l —q)) < Pr(Z' > n[l - q)).

29



Write

Pr(Z' > n[l —q]) = Pr(exp(tZ’) > exp(tn[l —q])), for all t > 0,
< le+[1 — €] exp(t)]" exp(—tn[l — q]).

Let

t = log <€(1_q)) > 0,

q(1—e)
1
Ci1 = qlog (g) + (1 —gq)log <1§) > 0.

Then Pr(AS) < exp(—Cyin), and Cp; doesn’t depend on the particular 7. The probability one
claim follows from the first Borel-Cantelli lemma. [J
For the nonrandom design case, we verify (13) for all n; that are far from 79 in L' distance.

LEMMA 9. Assume Assumption NRD. Let A be Lebesgue measure. Let K1 be the constant
mentioned in Assumption NRD. Let V' > 0 be a constant. For each integer n, let A, be the set
of all continuously differentiable functions v such that ||V'|lcc < My, + V. For each function v and
e > 0, define Bey = {x : |y(x)| > €}. Then for each € > 0 there exist an integer N such that, for
allmn > N and all v € Ay,

(15) D@l = (A(Bey)Kin - 1)3.
=1

PROOF. Let N be large enough so that (M, +V)/(Kin) < ¢/2 for all n > N. Because 7 is
continuous, B, is an open set and it is the union of a countable collection of disjoint open intervals,
i.e. Bey = U, B;, where B; = (214, ZR;) is an open interval whose length is A(B;) = xp; —xr,; >

0. Some of the B; intervals might lie entirely between successive design points. Let x¢p = 0 and
ZTpt1 = 1. Define, for j =0,...,n,

aj = {i:z;<zp;<zju1},
by = {irz;<zp; <wmjqi},
¢; = inf{xr;:ie€a;},
uj = sup{zpg;:i€ b;}.

Then the open interval F; = (¢;,u;) contains the same design points as

i€a;Ub;
If z; € F; (for j € {1,...,n}), then ¢; < wj—; and (¢j_1,u;) contains the same design points
as D;j_1 U D;. By combining all of the overlapping F} intervals, we obtain finitely many disjoint
intervals Ey, ..., Ey, whose total length is at least A\(B, ) (because their union contains B ) and

that contain the same design points as B ,. Write each Ej = (f;,9;) and L; = g; — f;, and assume
that the intervals are ordered so that g; < fj41 for all j. Let F = UL Ej. Let |a| denote the
integer part of a. Each E; contains at least |L;jKin| design points because the maximum spacing
is assumed to be less than or equal to 1/(Kn). For each j such that f; > x1, let :U;‘ be the largest
z; < f;j. Then x} ¢ E, the the derivative of v is at most M;, +V, and |z} — f;| < 1/(Kin). Hence,

_Mn+V>

N >
)] > = =

N

30



If we include z7 with the design points already in Ej, we have, associated with each j such that
fj > x1, at least [L; K n| design points x with |y(z)| > €/2, where [a] is the smallest integer
greater than or equal to a. There is at most one j such that f; < xq for which we have at least
[LjKin] — 1 design points with |y(x)| > €/2. Since we have not counted any design points more
than once, we can add over all j to see that there are at least A(B,¢)K1n — 1 design points z in
B3, so long as n > N. Hence we satisfy (15). O

LEMMA 10. Assume Assumption NRD. For each integer n, let A, be the set of all continuously
differentiable functions n such that ||n|| < My, and |7 ||cc < My. Then for each € > 0 there exist
an integer N and r > 0 such that, for alln > N and all n € A, such that |n — noll1 > €,

Z:‘L:l In(x;) —no(x;)| > rn.

PROOF. Let V be an upper bound on the derivative of 9. Let 0 < § < € and let N be large
enough so that (M, +V)/n < 2K1(e —¢) for all n > N. Let r = Ki(e —9)/2 and D; = {z :

(i = 1) < |n(x) —no(x)| < id}.
Let X\ be Lebesgue measure. Then, ||n — no||1 can be bounded as follows.

(16) D iNDy) > |In = mollr > e.

(2

Let ((z) = [n(x)—no(x)| and (n(x) = min{md, ((x)}, form = 0,...,n. Note that (s, +v)/s1(7)
is the same as ((z).

For m = 1,...,n, define B,, = {x : {(n(z) > (2m — 1)§/2}. Then, for all x € By, (n(z) —
Cm—1(z) > §/2. Thus, Lemma 9 (with v = {;, — (-1 and € = §/2) implies

n

Z (Cm(xz) - Cm—l(xz)) > ()\(Bm)Kln — 1) g

i=1
Now, write

n

D (@) = no(zi)l = > Carvys (@)
=1 i=1
n [(Mnt+V)/6]

= Z Z {Gm (i) = Gm-1(wi)}
i=1 m=1
[(Mn+V)/8] n

_ Z Z {(m(xz) — Cm—l(ivz)} )
m=1 =1

[(Mn+V)/5]

)
(17) > mzl A(Bm)Kin —1] .
Also, form=1,...,n,
[(Mn+V)/8]
B.> |J D
1=m-+1
It follows that
[(Mp+V)/8] [(My+V)/8]
Y 0ABwm) = Y (i 1)5MDy)
m=1 =2
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[(Mn+V) /6]

> > iND;) -6
=2

2 € — 67

where the last inequality follows from (16). Combining this with (17) gives

M, +V >nK1(6—5)’
4 - 2

Z\n x;) —no(z;)| > Kin(e — §) —
foralln > N. O

A.7. Proof of Theorem 4. First, we calculate the Hellinger distance between two density
functions, dg(f, fo), where f is the joint density of (X,Y) when n and o are arbitrary, and fy is
the density when n = 19 and o = oy.

Let v be the product of Q and Lebesgue measure A. Then the joint densities of X and Y defined
above with respect to v are given by

o) = — 2exp{—[y2z(2”} and folylx) =

e

LI _[y—ﬁo(x)]Q
\/27r08 P 208

f(y!w)—zlgexp{—w_w} and fo(ylx)—;mexp{_‘y—%w}

g

or

To simplify the calculation, we consider the quantity h(f, fo) defined as

h(f, fo) = %d%{(fa fo) =1 —/\/ffodu

and h(f, fo) is calculated as follows.

1. Y1 X; ™ N(n(X;), 02)

b = 1= [ e { s =@ = g = @) v
1_//6Xp{ ( +4c1r0>{y_<z(al)+n4go)>/<;2 4(1;3)}2}
o () (2o

The integral in (18) is of the form [ ¢1 exp(—c2[n(z) — no(z)]?)dQ(x), where ¢; can be made
arbitrarily close to 1 by choosing |o/o¢ — 1| small enough and ¢y is bounded when o is close
to og. It follows that for each e there exists a d such that (18) will be less than €2 /2 whenever
lo/og — 1| < d and dg(n,n0) < 9.
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2. Vi1 X; ™ DE(n(X:), 0)

w0 = 1= [ few{og =@l - 51y mio) v
- Jend- (o v o) b (M5}

4000><exp{ (410 43;)'77(50) 77<fﬂ)l}dyd62

19 < 1—/[¢4%Oxexp{—<42+ o ) 1) = o)l } (fﬁﬁ)] iQ

The integral in (19) is of the form [ ¢; exp(—ca|n(z) — no(x)|)dQ(x), where ¢; can be made
arbitrarily close to 1 by choosing |o/0¢ — 1| small enough and ¢z is bounded when o is close
to og. It follows that for each e there exists a 6 such that (19) will be less than €2/2 whenever
lo/oo — 1] < & and dg(n,n0) < 0.

IA

A.8. Proof of Theorem 5. For bounded functions, convergence in probability is equivalent
to LP convergence for all finite p. In particular, for every € > 0 and every finite p, there exists an
¢’ such that U, C W,. Hence, Theorem 3 implies the conclusion to Theorem 5 as long as the GP
prior defined in Assumption B also satisfy all the conditions required in Theorem 3.

If a GP satisfies the smoothness conditions that follow from Assumption P, then the conditional
process given a set of bounded functions with positive probability also satisfies the smoothness
conditions. We have already verified the prior positivity condition (Al). For subpart (iii) of (A2),
we note that, if A and d are the constants guaranteed by Lemma 5 for IT}, then

m, { sup |1/ (s)] > M} < Aexp(—dM2) /T, (Q).

0<s<1
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