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ABSTRACT

In this paper we consider the problem of grouped variable selection in high-dimensional
regression using ¢1-¢, regularization (1 < ¢ < 0o), which can be viewed as a natural
generalization of the ¢1-f5 regularization (the group Lasso). The key condition is that
the dimensionality p,, can increase much faster than the sample size n, i.e. p, > n (in
our case p, is the number of groups), but the number of relevant groups is small. The
main conclusion is that many good properties from ¢;-regularization (Lasso) naturally
carry on to the £1-¢, cases (1 < ¢ < 00), even if the number of variables within each
group also increases with the sample size. With fixed design, we show that the whole
family of estimators are both estimation consistent and variable selection consistent
under different conditions. We also show the persistency result with random design
under a much weaker condition. These results provide a unified treatment for the whole
family of estimators ranging from ¢ = 1 (Lasso) to ¢ = oo (iCAP), with ¢ = 2 (group
Lasso)as a special case. When there is no group structure available, all the analysis

reduces to the current results of the Lasso estimator (¢ = 1).

Keywords: /;-{, regularization, ¢,-consistency, variable selection consistency, sparsity ora-
cle inequalities, rates of convergence, Lasso, iCAP, group Lasso, simultaneous Lasso



I. INTRODUCTION

We consider the problem of recovering a high-dimensional vector #* € R™» using a sample
of independent pairs (Xie, Y1), ..., (Xne, Y,) from a multiple linear regression model, Y =
X"+ e HereY is the n x 1 response vector and X represents the observed n x m,, design
matrix whose i-th row vector is denoted by X,,. §* is the true unknown coefficient vector that
we want to recover, and € = (ey,...,€,) is an n x 1 vector of i.i.d. noise with ¢ ~ AN(0, 0?).

In this paper we are interested in the situation where all the variables are naturally parti-
tioned into p, groups. Grouped variables often appear in real world applications. For ex-
ample, in many data mining problems we encode categorical variables using a set of dummy
variables and as a result they form a group. Another example is additive model, where each
component function can be represented using its basis expansions which can be treated as
a group. Suppose the number of variables in the j-th group is represented by d;, then by

definition we have m,, = ?21 d;. We can rewrite the above linear model as
Pn
Y =X +e=> X;3 +¢ (1.1)
j=1

where X, is an n x d; matrix corresponding to the j-th group (which could be either cat-
egorical or continuous) and 3; is the corresponding d; x 1 coefficient subvector. Therefore,
we have X = (X;,...,X, ) and 3* = (3*],... ,H*Zn)T. All predictors and the response
variable are assumed to be centered at zero to simplify notation. Furthermore, we use X;
to represent the j-th column in the design matrix X and assume that all columns in the
design matrix are standardized, i.e. l||XJH,?2 =1,j=1,...,m,. Similar to the notation of
X, we denote 37 (j =1,...,my) to be the j-th individual element of the vector 5*. Since
we are mainly interested in the high-dimensional setting, we allow the number of groups p,
to increase as the number of examples n increases and our results mainly focus on the case
where p, > n. Furthermore, we also allow the group size d; to increase with n at a rate
d; = o(n) and define d,, = max; d; to be the upper bound of the group size for a fixed n. In

the rest of the paper we will suppress the subscript n when there is no confusion.

In order to obtain a reliable estimation of §* when p,, > n, the key assumption is that the
true coefficient vector 3* is sparse. Denote S = {j : [|B}|le, # 0,5 = 1,...,pn} to be the
set of group indices and let s, = |S| to be the cardinality of the set .S, we also denote 3% to
be the vector concatenating all subvectors 37’s for j € S. The sparsity assumption means
that s, < p,. Therefore, even if 3* has a very high dimension, the only effective part is 3§
while the remaining part 35 = 0. Our task is to select and recover the nonzero groups of
variables corresponding to the index set S.

Sparsity has a long history of successes in solving such high-dimensional problems. Without
considering the group structure, there exist many classical methods for variable selection,
such as AIC (Akaike, 1973), BIC (Schwarz, 1978), Mallow’s C,, (Mallows, 1973), etc. Al-

though these methods have been proven to be theoretically sound and have been shown to



perform well in practice, they are only computationally feasible when the number of vari-
ables is small. Recently, more attention has been focused on the ¢;-regularized least squares
(Lasso) estimator (Tibshirani, 1996; Chen et al., 1998) which is defined as

~ . 1
= argﬁmln{%HY—XﬁHZ +/\n||ﬁ||el} (1.2)

where )\, is the regularization parameter for the £;-norm of the coefficients 3, while B’\" means
the Lasso solution when ), is used for regularization. In the following, we will suppress the
superscript if not confusion is caused. Lasso can be formulated as a quadratic programming
problem and the solution can be solved efficiently (Osborne et al., 2000; Efron et al., 2004).
Its asymptotic properties for fixed dimensionality have been studied in (Fu and Knight, 2000).
For high dimensional setting, Greenshtein and Ritov (2004) prove that Lasso estimator is
persistent, in the sense that, when constrained in a class, the predictive risk of the Lasso
estimator converges to the risk obtained by the oracle estimator in probability. However,
recent studies (Meinshausen and Biithlmann, 2006; Zhao and Yu, 2007; Zou, 2006) show that
the Lasso estimator is not in general variable selection consistent, which means that in general
the correct sparse subset of the relevant variables can not be identified even asymptotically.
In particular, in (Zhao and Yu, 2007; Wainwright et al., 2006), it is shown that in order for
Lasso to be variable selection consistent, the so-called irrepresentable condition has to be
satisfied. Zou (2006) propose the adaptive Lasso and show that by using adaptive weights
for different variables, the ¢; penalty can lead to variable selection consistency. In terms of
estimation, it has been show in Meinshausen and Yu (2006) that under weaker conditions,
the Lasso estimator is f5-consistent for high-dimensional setting where the total number of
variables can grow almost as fast as exp(n). Under a stronger assumption, Bunea et al.
(2007a) further proves the sparsity oracle inequalities for the Lasso estimator using fixed
design, which bounds the /5-norm of the predictive error in terms of the number of non-zero
components of the oracle vector. Such results can be used applied to nonparametric adaptive
regression estimation and to the problem of aggregation of arbitrary estimators. Parallel to
the fixed design result, a similar result for the random design can be found in (Bunea et al.,
2007b). A more recent result from (Bickel et al., 2007) refine similar oracle inequalities using
weaker assumptions. All these results show that for sparse linear models, Lasso can overcome
the curse of dimensionality even when facing increasing dimensions.

When variables are naturally grouped together, it is more meaningful to select variables at a
group level instead of individual variables, as can be seen from previous examples. A general
strategy for grouped variable selection is to use block ¢;-norm regularization. For variables
within each block (group), an ¢, norm is applied, and different blocks are then combined
by an ¢; norm (therefore the name ¢;-¢, regularization). One such example is the group
Lasso (Yuan and Lin, 2006), which is an extension of Lasso for grouped variable and can
be viewed an ¢,-¢5 regularized regression. Other works related to grouped variable selection
include the iCAP estimator (Zhao et al., 2008), which can be viewed as an ¢;-{,, regularized
regression, and group logistic regression (Meier et al., 2007), etc. Using random design,
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Meier et al. (2007) proved the estimation consistency result for group Lasso with Lipschitz
type loss functions. Also with random design, Bach (2007) derived a similar irrepresentable
condition as in (Zhao and Yu, 2007) and proved the variable selection consistency result for
group Lasso. However, to the best of our knowledge, there isn’t corresponding result for
estimation and variable selection consistency for the group Lasso and iCAP estimators using
fixed design, nor the persistency results using random design. There is also no systematic
theoretical treatment for the whole family of the more general ¢,-¢, regularized regression
with 1 < ¢ < 0.

Our work tries to bridge this gap and provide a unified treatment of ¢;-f, regularized re-
gression for the whole range from ¢ = 1 to ¢ = co. The main conclusion of our study is
that many good properties from /¢;-regularization (Lasso) naturally carry on to the ¢;-/,
cases (1 < g < 00), even if the number of variables within each group can increase with the
sample size n. Using fixed design, when different conditions are assumed, we show that ¢,-¢,
estimator is both estimation consistent and variable selection consistent, and if the linear
model assumption does not hold, sparsity oracle inequalities for the prediction error could
still be obtained under a weaker condition. Using random design, we show that a constrained
form of the ¢;-¢, regression estimator is persistent. Our results provide simultaneous analysis
to both the iCAP (¢ = 0o) and the group Lasso estimators (¢ = 2). When there is no group
structure, all the analysis naturally reduces to the current results of the Lasso estimator
(¢ = 1). One interesting application of these results is to analyze the simultaneous Lasso
estimator (Turlach et al., 2005), which can be viewed as an ¢1-/., regularized regression using
block designs.

The rest of the paper is organized as follows. In Section 2 we first introduce some pre-
liminaries of the ¢,-¢, regularized regression and then describe some characteristics of its
solution. In Section 3, we study the variable selection consistency result. In Section 4, we
study the estimation consistency and the sparsity oracle inequalities. In Section 5, we study
the persistency property. We conclude with some discussion in Section 6.

II. ¢;-{, REGULARIZED REGRESSION

Given the design matrix X and the response vector Y, the ¢;-/, regularized regression esti-
mator is defined as the solution of the following convex optimization problem:

R 1 Pn /
pr = argﬂrnm%IIY — XBIZ, + A D@18, (2.1)

j=1
where )\, is a positive number which penalizes complex model and ¢’ is the conjugate ex-
ponent of ¢, which satisfies — + — = 1 (assuming - = 0). The terms (d;)"/? are used to

adjust the effect of different group sizes. It is easy to see that when ¢ = 1, this reduces to

4



the standard Lasso estimator; when ¢ = 2, this reduces to the group Lasso estimator (Yuan
and Lin, 2006); when ¢ = oo, this reduces to the ¢1-¢, regularized regression estimator, or
the iCAP estimator defined in (Zhao et al., 2008).

To characterize the solution to this problem, the following result can be straightforwardly
obtained using the Karush-Kuhn-Tucker (KKT) optimality condition for convex optimiza-
tion.

Proposition 2.1. (KKT conditions) A vector B = (BlT, . ,BPT)T e R™, m, = §Z1 d;

is an optimum of the objective function in (2.1) if and only if there exists a sequence of
subgradients g; € 0||3;||¢,, such that

1 . .
EXf@ﬁ—Y)+M@ﬁM%:O (2.2)

The subdifferentials (?HEJH ¢, 1s the set of vectors g; € R% satisfying

If 1 < q < oo, then

B7(1) it ;=0
3 = 0113;le, = {(Wje’qjsignl(ﬁje))dj } 0.W. 2%
195117, =1

where B? (1) denotes the ball of radius 1 in the dual norm, i.e. 1/q+ 1/q' = 1. It’s easy to
see that [[g;|l¢, <1 for any j.

If ¢ = oo then
. ~ B'(1) if 3; =0
95 =018l = N 3 > ’ (24)
’ ’ conv{sign(5;,)ec : |8;,] = Gl } 0w

where conv(A) denotes the convex hull of a set A and e, the (-th canonical unit vector in
R%. It’s also easy to see that 1Gjlle, = lgjlley <1 for all j when q = oc.

If g =1 then

G =010l = {6 €RY : & €0] - |(w). L = 1,....d;}. (2:5)

From proposition 2.1, the ¢;-¢, regularized regression estimator can be efficiently solved even
with large n and p,,. For example, blockwise coordinate descent algorithms as in (Zhao et al.,
2008) can be easily applied. When ¢ = 1 and ¢ = oo, due to fact that feasible parameters
are constrained to lie within a polyhedral region with parallel level curves, efficient path
algorithm can be developed (Efron et al., 2004; Zhao et al., 2008). At each iteration of the
blockwise coordinate descent algorithm, 3; for j = 1,...,p, is updated, with the rest of the
coefficients fixed. Coupled with a threshold operator, these algorithms general converge very
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fast and exact solution can be obtained. Standard optimization methods, such as interior-
point methods (Boyd and Vandenberghe, 2004), can also be directly applied to solve the
¢1-¢, regularized regression problems.

It is well-known (Osborne et al., 2000) that under some conditions, the Lasso can at most
select n nonzero variables even in the case p, > n. A similar but weaker result can be
obtained for the ¢;-¢, regularized regression.

Proposition 2.2. For the (;-{, regu]arized regression problem defined in equation (2 1)
with A, > 0, there exists a solution 3* such that the number of nonzero » groups |S(f )] is
upper bounded by n, the number of given data points, where S(/3 ) {j: ﬁ] 0}

Remark 2.3. Notice that the solution to ¢;-¢, regularized regression problem may not be
unique especially when p,, > n (similar to the Lasso case), since the optimization problem
might not be strictly convex. Consequently, there might exist other solutions that contain
more than n active groups. However, a compact solution B with |S (B)| < n can always be
obtained by following an easy and mechanical step described in the proof of Proposition 2.2.

Proof: From the KKT condition in proposition 2.1, we know that any solution E should
satisfy the following conditions (j = 1,...,pp):

1 .
EXJT(Y — Xf) = \gj

where g; = 01|5;||¢,- Now suppose there is a solution 3 which has s = |S(3)| > n number of
active groups, in the following we will show that we can always construct another solution
3 with one less active group, i.e. |S(3)| = [S(3 )| —1.

Without loss of generality assume that the first s groups of variables in B are active, i.e.
B; #0 for j =1,...,s. Since

XB=>"X;3 eR™
j=1

and s > n, the set of vectors X; @\1, e ,XSBS are linearly dependent. Without loss of gener-
ality assume
X161 = apXofy + ... + s X fs.

Now define Bj =0for j =1and j > s, and Ej = (l—l—ozj)@- for j = 2,...,s, and it is
straightforward to check that 3 satisfies the KKT condition and thus is also a solution to the
(1-¢, regularized regression problem in equation 2.1. The result thus follows by induction.

O

The main objective of the paper is to investigate several important statistical properties of
the ¢,-¢, estimator 3. We first give some rough definitions of the properties that we would
like to establish, more details will be shown in their corresponding sections.



Definition 2.4. (Variable selection consistency) An estimator is said to be variable selec-
tion consistent if it can correctly recover the sparsity pattern with probability goes to 1. For
the case of grouped variable selection, (3 is said to be variable selection consistent if

P(S(5) = $(8) = 1. (2.6)

Definition 2.5. ({i-estimation consistency) An estimator is said to be (i-estimation con-
sistent if the ¢1-norm of the difference between the estimator and the true parameter vector
converges to 0 in probability. i.e.

V6 >0 P<||B—ﬁ*||gl >5) 0. (2.7)

Definition 2.6. (Prediction error consistency) An estimator is said to be prediction error

consistent if the prediction error, defined as —||Y — X B*||7,, of the estimator converges to 0
n

in probability. i.e.

1 ~
V6>0 P (EHY — X317, > 5) — 0. (2.8)

Definition 2.7. (Risk consistency or Persistency) Assuming the true model f*(X) does not
have to be linear, for the regression model with random design, (X,)) ~ F, € F", where
F™ is a collection of distributions of i.i.d. m,, + 1 dimensional random vectors. Define the
risk function under the distribution F,, to be Rp,(8) (More details in Section 5). Given a
sequence of sets of predictors B,,, the sequence of estimators Bf n € B, is called persistent if
for every sequence F, € F",

Rp, (B™) = Ry, (87) 5 0, (2.9)
where
ﬁf” = argminRg, (f3). (2.10)
BEB,

For the /,-(, regularized regression, later, we will use B, = {3 : Y>-0" (d))"/*||3;[17, < Ln},
for some L, = o((n/(logn))"*).

The following table gives a high level summary of our main results, ordered from very
stringent assumptions to much weaker assumptions:



Variable selection consistency: P <S (3) =S (6*) —1 (R1)

~ -/l n
(1-estimation convergence rate: B = 5%|le, = Op (sndn e > (R2)
n

1, s ndn 1 n
Prediction error convergence rate: —||Y — X3*(|7, = Op (w) (R3)
n n

1 s 'dy, 1
Prediction (misspecified model): 1Y — f*|I7, = Op <w> (R3*)
n

n

Persistency (misspecified model):  Rpg, (B\ﬁ ") — Rp, (B5) Ei) (R4)

Remark 2.8. (R1) to (R3) assume the true model must be linear, while (R3*) and (R4)
relax this condition so that the model can be misspecified. Even though (R3) and (R3*) look
very similar, (R3*) dropped the linear model assumption at the price of enforcing another
“weak sparsity” condition. Also, (R1), (R2), (R3), and (R3*) are fixed design results, while
(R4) is a random design result.

In general, the condition for variable selection consistency is the strongest since it involves
not only certain relations among n, An, Pn, Sn, dn, but also the minimum absolute value of
the parameters, p;, = minjeg [|3f]|oo. The ¢1-estimation consistency and prediction error con-
sistency requires weaker conditions than variable selection consistency. Unlike the previous
properties, when the model is misspecified, the prediction error consistency in (R3*) follows
from a sparse oracle inequality. Since both the sparsity oracle inequalities and persistency
does not require the existence of a true linear model and thus is more general. Especially, the
persistency is about the consistency of the predictive risk when considering random design
and only need a very weak assumption about the design.

II1. VARIABLE SELECTION CONSISTENCY

In this Section we study the conditions under which the ¢,-¢, estimator is variable selection
consistent. Our proof is adapted from (Wainwright, 2006) and (Ravikumar et al., 2007).
The former paper develop the “witness” proof idea which is the main framework used in
our proof. The latter paper mainly treat variable selection consistency when ¢ = 2 in a
nonparametric sparse additive model setting, which makes their conditions more stringent
than ours even when q = 2.

In the following, Let S denote the true set of group indices {j : X; # 0}, with s,, = |S], and
S¢ denote its complement. Denote A, (C') to be the minimum eigenvalue of the matrix C.
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Then, we have

1 1
Theorem 3.1. Let q and ¢’ are conjugate exponents with each other, that is — + — =1
qa g
and 1 < ¢q,q < oo. Suppose that the following conditions hold on the design matrix X :

1
Ain (—ngs) > Clin > 0
n

max (X Xs)(XEXs)™! <1-—46, forsome0<9<1. (3.1)
Jese ! gl
a,9q9
A
where || - || Is the matrix norm, defined as ||A||qa, = sup ”H T’Heb, 1 <a,b < oo. Assume
T i

the maximum number of variables with each group d, — oo and d,, = o(n). Furthermore,
suppose the following conditions, which relate the regularization parameter X, to the design
parameters n, p,, the number of relevant groups s, and the maximum group size d,:

- — — 00. (3.2)

1 —1
~XT'x
(xexs)

where p; = minjes ||3f]|oc. Then, the (1-€, regularized regression is variable selection con-

1 log(sndn) + )\n(Jn)l/fl'

— — 0. (3.3)
Pr n

00,00

sistent.

Remark 3.2. First, notice that the result established in Theorem 3.1 is a direct general-
ization of the variable selection result for Lasso in (Wainwright, 2006) by setting ¢ = 1 and
d, = 1 (as then the ¢,-{, degenerates to Lasso). This gives the sufficient conditions for exact
recovery of sparsity pattern in 3* for the ¢,-¢, regularized regression. Also notice that when

d,, is bounded from above, the conditions are almost the same as those of Lasso except the
condition in equation 3.1 which depends on the value of q.

Second, we consider the case when p, is bounded away from zero. Assuming that ¢ = oo
and d, = n'/® (such as in the fitting of additive model with basis expansion), we must have
N

log((pn - Sn)czn) _
This means that even when we have increasing group size d,,, the sparse pattern (in terms

— 00, we need to have p, = o(exp(n®?)).

An = 0o(n~/?) and as a result of

of grouped variables) can still be correctly identified with a large p,,.

Finally, when minimum parameter value p,, — 0, to ensure variable selection consistency, it

can at most converge to zero at a rate slower than n~12.

Proof: Note, the special case when ¢ = 1 has already been proved in (Wainwright et al.,

2006). Here, we only consider the case that 1 < ¢ < oo. A vector g € R™ m,, = §i1 d;,
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is an optimum of the objective function in (2.1) if and only if there exists a sequence of
subgradients g; € 9||5;]|¢,, such that

1 -~ /
—XT X3 -Y M\ (d)Y9G = 0. 3.4
N <ZJ: ]ﬁj ) + ( J) g; ( )

The subdifferentials (?HEJH ¢, satisfies the KKT conditions in proposition 2.1.

Our argument closely follows the approach of Wainwright et al. (2006) in the linear case. In
particular, we proceed by a “witness” proof technique, to show the existence of a coefficient-
subgradient pair (B, g) for which supp(B\) = supp(f3*). To do so, we first set Bgc =0 and gg
to be the vector concatenating all the subvectors g;’s, for j € S. We also define gge and Bg
in a similar way. And we then obtain Bs and gse from the stationary conditions in (3.4). By
showing that, with high probability,

Bj # 0 forjes (3.5)
g; € B7(1) forje s (3.6)

this demonstrates that with high probability there exists an optimal solution to the opti-
mization problem in (2.1) that has the same sparsity pattern as the true model.

Setting Bsc =0 and

~ {(\@qusignl(@g))dj } 1 <q< oo
9; = 185115, =1 (3.7)

conv{sign(G;,)es : |B;,] = |Gjllec} g =00

for j € S, denote W = diag((d1)V" I, . .., (d,)/9 1) where I4; is a d; x d; identity matrix.
We define Wy to be submatrix of W by extracting out the rows and columns corresponding
to the group index set S. The stationary condition for fg is

1 ~ ~
~ X (XsBs = Y) + AWisfis = 0. (3.8)
Let € = (€1,...,€6,)7, then the stationary condition can be written as
1 ~ . 1 ~
5X§Xs (55 - ﬁs) - Exgﬁ + A Wsgs =0 (3.9)
or
A T S A
B s = (Lxxs) (Lxzeaws (3.10)

1
assuming that — X2 X is nonsingular. Recalling our definition
n
Y = mi : . A1
P = min [|5jlle.. >0 (3.11)
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it suffices to show that §
) * IOn
18s — B5llen, < 5 (3.12)

in order to ensure that supp(g%) = supp(fs) = {j : ||BJH4oo # 0}.

1
Using Ygg = —X& X to simplify notation, we have the £,, bound
n

—~ . _ 1 _ N
1B - S5l < 238 (5x56) |+ n lmsiwat (3.13)

loo

We now proceed to bound the quantities above. First note that for j € S, [[gjlle, = 1.
Therefore, since

19slle.. = max 1G5]le. < max 1G5lle, =1 (3.14)

we have that )
[ZssWsds|,. < (du)"/"

1
Yos (ﬁxge)
4

1
Finally, consider Z = Zgé (—Xge). Note that € ~ N(0,02I), so that Z is Gaussian as well,
n

=55 | o0 - (3.15)

Therefore

H@—wms]

oo

with mean zero. Consider its /-th component, Z, = el Z. Then E[Z,] = 0, and
o o2
Val'(Z€> = ?ez Esseg < C— (316)

min

By the comparison results on Gaussian maxima (Ledoux and Talagrand, 1991), we have then

that
/ - / log(sd,,)

An application of Markov’s inequality then gives that

) * p; 7 d — p:
P15 = 851 > %) < P (120 + M@ 25 > %)

2
2 o
< —*{E[IIZHewHAn(dn)”q ESEHOO,OO} (3.18)
2 log(sd,,) = /e el
S 3N e M) Bl p o (319)

which converges to zero under the condition that

1 log(sd,, —
— { log(sdn) + An(dp) Y4 255\\00,00} — 0. (3.20)

*
Pn n
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We now analyze gsc. Recall that we have set BSC = (% = 0. The stationary condition for
J € S¢is thus given by

1 ~ . .
X[ (XsBs = Xsfs =€) + M(dy) /G, = 0. (3.21)
Therefore,
. Wat (1 . = 1
gse = )\i {ﬁchXs <5s - 53) + Eche}
wa |1 1 - 1 1
= \ {EXE:CXS <EX§XS) ()\nWSgS — 5X§6> + EXE:CE}
W' 1 1
= )\S {ZSCSZ;; ()\RWSQS — EX?E) + Eche} (3.22)
from equation (3.10).
We want to show that
g; € BY(1) (3.23)
for all j € S°. From (3.22), we see that g; is Gaussian, with mean
1 =E(G;) = (d;) 755554 Ws3s. (3.24)

We then obtain the bound

H,uj||gq, < ||Zj5§]§§ i ||§5H£q, = HEjsEgé 7 <1-¢6 for some d > 0.

q,

It therefore suffices to show that

P (g%%x () g5 = msllews > g) —0 (3.25)
since this implies that
1G5lle, < Muille, + g5 = wille, (3.26)
< lglle, + ()Y 711G5 = 5llens (3.27)
< (1-9)+ g +o(1) (3.28)

with probability approaching one. To show (3.25), we again appeal to comparison results of
Gaussian maxima. Define

Z; = (d)Y NG5 — 1) = XTI (I - Xo(XEXs)'XT) (3.29)

€
n
for j € S¢. Then Z; are zero mean Gaussian random vector, and we need to show that

7.
P (max 1Z;llex. > g) — 00. (3.30)

jese A\,
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2
Let Z,j, represent the k-th element of Z; for j € S¢. A calculation shows that E(ka) < 7
n

Therefore, we have by Markov’s inequality and the comparison results of Gaussian maxima

that
1Zjllewe 0 2
= > — < — )
. (rféasx W 22) S o B e e
< 2 3\/log((p — sp)dy,) max 4/E (Z%) (3.31)
>~ 5>\n n n)Un jesSek ik
6o \/log((pn — 5,)dy)
< 3.32
- o\, n ( )
which converges to zero under the condition that
)\2
L (3.33)

log((Pn — sn)dn)
This is just the condition in the statement of the theorem. [

IV. ESTIMATION CONSISTENCY

In this section, we prove the estimation consistency results under two types assumptions:
(i) When the model is correctly specified, i.e., the true model is linear, we can achieve both
(1-consistency results and derive the optimal rate of convergence for the prediction error.
(ii) When the model is misspecified, i.e. the true model is not linear, we can still achieve
a sparsity oracle inequality, which provide a bound of the prediction error using the loss
of the prediction oracle with the number of nonzero groups of the prediction loss involved
in. Under the “weak sparsity” condition, we can still obtain a rate of convergence of the
prediction error which is similar to the convergence rate obtained under the linear model
assumption.

We begin with a technical lemma, which is essentially lemma 1 as in (Bunea et al., 2007a)
and (Bickel et al., 2007), but need to be extended to handle the group structures in the more
general ¢;-{, regularized regression setting.

Lemma 4.1. Lete¢, ..., ¢, be independent N (0, 0?) random variables with 0? > 0 and Let
Y = X@ be the {,-{, regularized regression estimator with 1 < q < oo as in (2.1) with

log m,,

A, = Ao

- (4.1)

for some A > 2v/2. Then, for all m,, > 2, n > 1, with probability of at least 1 — m, =A% /8
we have simultaneously for all § € R™:

1 > % n AT 1 * AT
—Y = X877, + A Y @)Y B; = Bille, < ~| X8 = XB°E, +4 > Ald)B; = Bilef4-2)
j=1 jes(B)
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where S() denotes the set of nonzero group indices of 3.
Proof: By the definition of Y =X B\, we have

1 R Pn
%!\Y—Xﬁ\lﬁﬁ)\nZ( l/qHﬁgqu_Q Y — XﬁHég_’_)‘Z Y185,

j=1 J=1
for all g € R™, m,, = ?il d;, which we may rewritten as

Pn

—||X6 Xﬂl!eﬁ%Z VY055 e,

—IIXﬁ xmmz W Bille, + =" X (B - ). (4.3)

1
For each j = 1,...,m,, we define the random variables V; = —X ]T ¢, and the event
= - n <

A= mﬂ {2Vl < a
j=1

Under the normality assumption, we have that
ViV ~ N(0,0%) j=1,...,my. (4.4)

Using the elementary bound on the tails of Gaussian distribution we find that the probability
of the complementary event A° satisfies

P{A%} < Zn:]P’{\/ﬁlel > V/nAn/2} < maP{|Z] = VnAa/(20))} (4.5)

. A2 A2 logm,

where Z ~ N(0,1). Then, on the set A, we have

2 ez Mn Pn

LEXB=0) = 23 ViBi = 0) <D alBi = B < 3 Ald) NG = Bile,
and therefore, still on the set A,
1 * 2112 1 * 2
X - XBIE, < - 1X8° - X5,

+2/\ Z l/q Hﬁj”ﬁq + Z/\ l/q ”ﬁ] ﬁ]”fq 2)\ Z 1/9 Hﬁ]”f (47)

7=1

14



Adding the same term Z An(d)V Hﬁ] f;]l¢, on both sides, we obtain

7=1

]' *
“lxee < XB A3 () Bille, < X" = X5,

7j=1
Pn

+2AZ l/quﬁjnmmz VB — Bille, — %Z VYN B le, (48)

Recall S(3) to be the set of non-zero group indices of 5. Rewriting the right-hand side of
the previous display, then, on set A

—||Xﬂ Xﬁ||gQ+AZ VY85 — Bille,

—IIXﬂ — XBlZ, +2 ZA Y8 = Bille, - ZA Y5511,

JES(B

#2{ 32 A Ul = 32 ) Il

J€S(B) JjeS(B

< —||Xﬁ XBN2 44 Mld)Y 35— Bille,

JES(B)

by the triangle inequality and the fact that 5; = 0 for j ¢ S(5). O

A. Estimation Consistency Under the Linear Model Assumption

Assuming the true model is linear, to obtain the ¢;-consistency result, a key assumption on
the design matrix is needed, which is stated as the following

Assumption 1 Recall that s,, = S(B*), assume for any vector v € R™" satisfies

X
min min 1 X7l > 0(4.9)

S 1,...,p}:|S0|<sn 1 1 ’
ol SlSon s T sy <3 sy @ il /2y [, (4521 1,

K

Remark 4.2. Before proving the following theorem, we pause to make some comments
about this assumption.

First, For ¢ = 1 (thus, ¢ = 00), this assumption is very similar to the restricted eigenvalue
assumption as in (Bickel et al., 2007), which is defined as

X
K= min min X7 le > 0. (4.10)

SoC{1,...,p}:|S0|<sn Zjes(c]||’7j|\elﬁ3zjes0H’Yszl\/ﬁ Z'es ”%m
J 0 2

15



However, our assumption is slightly weaker, due to the fact that, for any v € R%

Isllz, < djllsle - (4.11)

Second, the quantity \/ > jeso(dj) /41|, HZ in our assumption balances between ¢ = 1 and

q = oo. For example, when ¢ = 1, ||y;]|?, is relatively large, but (d;)*7 ' = (d;)~*

is very
small. While for ¢ = oo, ||’7j||?q = |lv;l12_ is relatively small, however, (d;)¥7~! = (d;)! is

very significant. In this sense, ¢ = 2 seems the most balanced one, due to the fact that

> @)l < D0 Viliglle, < D2 dilhllz. (4.12)

j€So Jj€So JE€So
Therefore, among ¢ = 1,2,00, ¢ = 2 needs the weakest assumption, this provides some
insights about why group Lasso might also be a suitable choice for grouped variable selection.
However, we need to more cautions to say which value of ¢ is the best. Since in real
applications, the choice of ¢ might depends on the true relevant coefficients 5§. If different
components in the relevant groups are on the same order of magnitude, ¢ = oo might be
more suitable, on the contrary, if some relevant coefficients are very small relative to the
others, ¢ = 1 might be better. we plan to investigate this issue in a separate paper.

Theorem 4.3. (Estimation consistency under linear model assumptions) Under assump-
tion 2, let €y,. .., €, be independent N(0,0?%) random variables with o> > 0. Consider the
(1-L, regularized estimator defined by (2.1) with

logm,,

A, = Ao

- (4.13)

for some A > 2+/2. then, for all n > 1 with probability at least 1 — mnl’AQ/8 we have

1.5 9A2%02 s,d, logm
—|Y = XB*|I7, < L “ 4.14
P - X, < 2T S (4.14)

~ 12A%02%s,d, [logm,,
1B =Bl < =5 = (4.15)

Remark 4.4. From this theorem, we obtain ¢;-consistency and the corresponding rate of

convergence. Due to the fact that ||v||s, < [|7]|s, for all 1 < ¢ < oo, we obtain ¢, consistency

- /1
also if s,d, 08 Mn

— 0. If we want to the rate of convergence for />-consistency, a direct

result will be

144 A%0*s2d? log m,
K* n

15 — 87112, < (4.16)

which is suboptimal. Recall that |3 — 8*|2 < pudu|B — 67|12, if [S(B)] is O(s,) and the
elements in 3] — [3; are balanced for j € S, then we can also achieve the optimal rate
of convergence for fy-norm consistency. How to obtain optimal rate of convergence for
{,-consistency for general ¢ would be an interesting future work.
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Proof: From equation 4.2, Using 5 = 3*, we have that on the event A,

—HY XB2 <3 > Mld) 1B = Bille, < 3V dnsa [ > (d)2/7 1135 — Br]R17)

JES(B*) JES(B*)
S @)YB - Bille, <3 Y (d)MN1B; — Brll44.18)
JES(B*)° JES(B*)

By the last equation, we have that assumption 1 hold on event A, by this assumption, we
have that

]. S * ’_ -~ %
Y = X85, > 80 D () NB - B, (4.19)

JES(B*)
By combining the above inequalities, we get

9/\%snczn

]' > * 12
Y = XBle, < = (4.20)
and
, 3\ dnsn
> (dy)e 13— B2, < — = (4.21)
Jjes(6*)
Thus, we have
18 =B = leﬁ Bl < Z )N85 = B, (4.22)
= Z (d) 7)1 8; —5j||eq + > (@) = Bl (4.23)
jes(6*) JES(B*)°
< 4 @)YB = Bille, < AV dusa | Y (d)X 7By — Br]134.24)
jes(p*) J€S(8*)

7 2 .2 ]
< Padus,  124%0%s.dy [logm,, (4.25)
K2 K2 n

Note, equation 4.20 is exactly equation 4.17. [

B. Oracle Inequalities for Prediction Error Under Misspecified Models

Assuming the true regression function f*(X) is not linear, i.e. the model is misspecified. We
can no longer obtain the optimal rate of convergence directly. But we can still obtain a spar-
sity oracle inequality, which can bound the prediction error in terms of nonzero components
of the prediction oracle.

17



Assumption 2 Assume s’ is an integer such that 1 < s < p,, and § is some positive
number, then, for any v # 0
[ XY ]le.

k(s',0) = min min > 0.
SoC{1,...,p}:|So|<s’ jesg(ds DY il <(2+2 )5 (ds DY ||y lle, \/_\/ZJGSO )2/q’ 1”%“@

Theorem 4.5. Under assumption (2), let €, . .., €, be independent N (0, 0?) random vari-
ables with 0 > 0. Consider the ¢,-{, regularized estimator defined by (2.1) with

log m,,

An = Ao (4.26)

n

for some A > 2v/2. then, for all n > 1 with probability at least 1 — mnl_A2/8 we have
L, .. ~
1 C(6)A%0? (d,|S 1 n
<o), AL x4 SO (SEOREm L (an

BERMn:|S(B)|<s’ K(s',6)? n

where C(0) > 0 is a constant depending only on 6. While |S(/3)| represents the number of

nonzero elements in the set S(f3).

Remark 4.6. From this sparsity oracle inequality, if we add some assumptions, such as
1

there exists some ', such that—||f* — X§||7, — 0, then we can still obtain prediction error
n

d,|S(5")|log m,
[5(5)[log — 0. If we also want to obtain a convergence rate similar to

consistency if

n
that as in theorem 4.3, more conditions will be needed, as is shown in corollary 4.8.

Proof: Fix an arbitrary § € R™ with |S(f)| < s’. On the event A, we get from lemma 4.1
that

—IIY FIIZ, + A Z V0B = Bille,

—||X6 f\|42+4ZA Y35~ Bille, (4.28)

JES(B)

Further from above, we can get that

1 % *
E A P R T Z D08 = Bille, (4.29)
jeS(B
< —HXﬁ PRI, 43X/ dal SO | D (d))2e=1|B; — 352 (4.30)
JjeS(B)
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Consider separately the cases where

6 :
32 Aald)V 1By = Bylle, < S1XB ~ £7II, (431)
jes(B)
and
) :
3 Z Aald) 118 = Bille, > —1XB — I, (432)
jeS(B

In case (4.31), the result of the theorem trivially follows from equation (4.28). So ,we will
only consider the case (4.32). All the subsequent inequalities are valid on the event A N A,
where A; is defined by (4.32). On this event, we get from (4.28) that

Dn TR 1 AR
> () NG = Ble, <3 (1 + 5) > @)"18 - Bl (4:33)
=1 i€s(8)

which further implies that

AR 3 TR
> @ - gl < (243) 5 @115 -l (439
JeS(B)° JeS(B)

By assumption 2, we have

/ 1 ~ 1 -~
> Wreih - 5 < VSIXG =9I, = 1T - Xl (435

jeS(p

Combining this with (4.30), we get

1, = 1 -
LI = £ S 18 = SR+ 3 IS (S IF - XAl ) (430
1 -
< ﬁuxxs—f*nz+4Anm—1<s’,6>\/dn|s<ﬂ>r( P = £l
+ =15~ £l ) (4.37)

This inequality is of the same form as (A.4) in (Bunea et al., 2007a). A standard decoupling
2

argument as in (Bunea et al., 2007a) using inequality 2xy < % + by with b > 1, z =

k"1 (', 6)1/dn)S(B)], and y being either \/_||Y 1™, or THX@’ ¥ le, vields that
1,5 b+11 8bh? -
—Y = 17, < —=I1X . 1. 4,
IV =PI < X I+ G SO WO L (@3

Taking b = 1 + 2/6 in the last display finishes the proof of the theorem. [J
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From the above sparse oracle inequalities, we can show that the ¢,-¢, regression estimator
can achieve the optimal rate of convergence if some “weak sparsity” condition holds (Bunea
et al., 2007b). The main intuition is, even if the true function f* can not be represented
exactly by a linear model X 3, but for some B € R™" the squared distance from f* to X can
be controlled, up to logarithmic factors, by |S (5)| /n. Then, the optimal rate of convergence
can still be achieved. More formally, we define an oracle set as

Definition 4.7. Let B be a constant depending only for f* and define an oracle set as

5={o: s - x5l < BRISO)I} (4.3

Corollary 4.8. Under the same condition as in theorem 4.5, if the oracle set B is nonempty
and there is at least one element 3 such that |S(5)| < s, we have

1 ~ d,s'logm
2 =Y|2 =0, [ 22— 4.4
n“f 1%, p ( n ) (4.40)

Therefore, when s' < s,,, the ¢1-(, regression estimator achieves the optimal rate of conver-
gence.

Remark 4.9. Generally, the conditions for estimation consistency is weaker than those
for variable selection consistency. For ¢ = 1, why assumption 2 and 1 are weaker than the
assumptions in theorem 3.1 can be found in (Meinshausen and Yu, 2006) and (Bickel et al.,
2007). The cases for ¢ > 1 and the group cases should follow in a similar way.

V. RISK CONSISTENCY

In this section, we study the risk consistency (or persistency) property with random design,
which holds under a much weaker condition than variable selection consistency and does
not need the true model to be linear. Instead of directly to show the persistency result
for the estimator defined in equation 2.1, we show the persistency result for a constrained
form estimator, which is equivalent to the estimator in 2.1 in the sense of primal and dual
problems.

Due to the fact of random design and increasing dimensions, the same triangular array
statistical paradigm as in (Greenshtein and Ritov, 2004) is adopted. In the following, we
use calligraphic letter, such as Z to represent random variables, while Z to represent its
realization. Consider the triangular array Zl("), e ,Z,S”) (which is simplified as Z, ... Z,),
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our study mainly focus on the case where Z1,..., 2, w F, € F", where F" is a collection
of distributions of m,, + 1 dimensional i.i.d. random vectors
Zi:(yi,)(i,l,...,)(@%) ’i:].,...,n (51)

with the corresponding realizations

Zi =Yy, Xi1, oo, Xim,) i=1,...,n. (5.2)
Denote
Y= (=101, 8m.) = (B0, B1, - - -, Bran ) (5.3)
and define
. 2
Rp,(B)=E|Y=>_ X8| =9"Srny (5.4)
j=1

where Z = (V, Xy, ..., X, ) ~ F, € F* and (Sp,) = EZ7 Z.

Given n observations Zi, ..., Z,, denote their empirical distribution by ﬁn and define the
empirical risk as

Ry (B)=7"Sz7 (5.5)

1 n
where S =~ ZZ!.
" n
i=1

Given a sequence of sets of predictors B, = { ;’il(dj)l/ 7| Bille, £ Ln}, the sequence of

estimators Bﬁ » is called persistent if for every sequence F,, € F",

R, (B™) — R, (85) L0, (5.6)
where
:G’\ﬁ” = argmin R (3) = argmin Y — XﬁH?2 (5.7)
BEBR BeB,
pf = argmin Re (B). (5.8)
BEBn

To show the persistency result, a moment condition as in (Zhou et al., 2007) is needed.

Assumption 3 For each j,k € {1,...,m, + 1}, denote E = (ZZ" — E(ZZ")),x, where
Z =Y, X,...,&n,), suppose that there exists some constants M and s.

E(|E|?) < q!M97%s/2 (5.9)

for every q > 2 and every F, € F".
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Theorem 5.1. Suppose that m,, < ™ for some & < 1. If L, =0 ((n/ log n)1/4), then ¢,-(,
regularized regression is persistent. That is, for every sequence F,, € F™:

R, (B™) = R, (87) = op(1). (5.10)

Proof: For any j,k € {1,...,m, + 1} and any 0 > 0, from assumption 3 we can apply the
Bernstein’s inequality and obtain

P(|(S5,),, — (Sr)uul > 8) <em® (5.11)
for some ¢ > 0. Therefore, by Bonferoni bound we have
P(max‘( )J — (Zp, )J | > 5) < mie—m(s? < Eoens® _ —end?/2 (5.12)
2logn
for large enough n. For a sequence 6,, = , we have
cn
1
P(n;%x}( D in— (B8l > 5n> <= =0 (5.13)
which implies that
logn
(57,4~ (50, =0 (/222 511
Therefore,
sup | R, (8) — B, (9)] = swp |17 (Zr, - g, )] (5.15)
BEBR BeBn,
< max| (S5, — ()l (5.16)
< (%), ~ (%), (1 B3 mm) 5a7)
2
< HﬁX}(E )i~ (Om)k (1 + Z ) II@Iqu) (5.18)
< IE}E}CX}(E? )Z»E — (Spk,) (1 + Ln) =op(1)

for L, = o ((n/ 1ogn)1/4).

Further, by definition, we have Rz (ﬁF ") < Rp, (BF), combining with the following inequal-
ities

Re, (5%) = B, (57) < sup|Re, (9) = Ry, (5) (5.19)
Rﬁn(ﬁf“)—RFn(ﬁf") < ﬁsglg\RFn — Rz (9)]. (5.20)



This implies that

Ry, (B™) = Ry, (87) < 25;15 | Rr,(8) — Rg, (8)| = or(1), (5.21)

which completes the proof. [J

VI. DISCUSSIONS

The results presented here show that many good properties from ¢;-regularization (Lasso)
naturally carry on to the ¢;-{, cases (1 < ¢ < 00), even if the number of variables within
each group also increase with the sample size n. Using fixed design, we get both variable
selection and estimation consistency under different conditions. Using random design, we
get persistency under a much weaker condition. Our results provide a unified treatment for
both the iCAP estimator (¢ = oo) and the group Lasso estimator (¢ = 2).

Our results can also provide theoretical analysis to the simultaneous Lasso estimator (Turlach
et al., 2005; Tropp et al., 2006) for joint sparsity. Which can find a good approximation of
several response variables at once using different linear combinations of the high dimensional
covariates. At the same time, it tries to balance the error in approximation against the total
number of covariates that participate. Assuming that we have altogether d,, response, the
i-th signal is represented as Y € R” and the design matrix is X = (X3,..., X,,) € R™Pn,
Denote the model as B

YO = X894+ €® j=1,....d, (6.1)

The simultaneous Lasso estimator can be formulated as

AW, B = argmin —ZHY — xp* He + M\ Z max |ﬁ/)| (6.2)

g, gy 20 =0 R e e

This problem can be formulated as a standard ¢,-¢, regularized regression estimator with
q = oo. For this, define

y D X B
v _ : eER™ X=1I; @X= and (= : (6.3)
Y(Jn) X ﬁ(‘jn)

where ® denotes the Kronecker product. Therefore, the simultaneous Lasso estimator can
be rewritten as

3o +X Z(J) max |3Y] (6.4)
j=1

ﬁ(l) i Le{1,...,dn}
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where X/ = \,,/d,,. This is just an ¢,-(., regularized regression estimator with block design.
Therefore, all results in this paper can be applied to analyze such type estimators.
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