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Abstract: The Grade of Membership (GoM) model is a hierarchical mixed-membership
model used to characterize underlying latent classes based on categorical data. When
using GoM models to analyze survey data, the sampling design needs to be appropriately
modeled. Linear mixed-effect models (LME’s) easily model the stratification and clustering
in sampling designs. This paper introduces a modification of the GoM model to include a
polytomous logistic mixed-effects regression prior, designed to take sampling design induced
dependencies into account. In addition, there is a debate regarding the use of sampling
weights in model based analyses. I developed a new type of weighting, weighting based on
the estimated parameter, to incorporate the sampling weights in the updated GoM model.
Finally, simulation studies demonstrate the effect of the sampling weights under different
levels of informative sampling.
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1 Introduction

The grade of Membership (GoM) model is a hierarchical Bayesian mixed-membership
model used to analyze a variety of data, including depression-related psychiatric disorders,
(Woodbury and Manton, 1989), the number of likely topics published in the Proceedings
of the National Academy of Sciences in 1997-2000, and the number of underlying latent
class disability profiles in the National Long Term Care Survey (NLTCS), (Airoldi et al.,
2005). When analyzing survey data such as NLTCS, the stratification and clustering in the

sampling design induce dependencies not easily modeled in the GoM model. Mixed-effects
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models, described in Searle et al. (1992), can model the dependencies induced by sampling
designs. There is a controversy regarding whether or not to include sampling weights when
using mixed-effects models to analyze survey data. Pfeffermann et al. (1998) and Rabe-
Hesketh and Skrondal (2006) have all developed methods to insert sampling weights into
linear mixed-effects models. In this paper, I propose a modification of the GoM model to
incorporate the sampling design when analyzing survey data. This involves two steps; 1)
using a polytomous logistic mixed-effects regression as a prior and 2) developing a mod-
ification of the previous methods to inserting sampling weights into a Bayesian model.
Finally, simulations demonstrate the effect of the sampling weights under different levels
of informative sampling.

Section 2 describes the standard unweighted GoM model and its derivation as seen in
Erosheva (2002). Section 3 describes the changing to the polytomous logistic mixed-effects
regression prior, first deriving the unweighted model. Weighting of the GoM model is
discussed, and weighting based on the estimated parameter is derived. Section 4 describes
some rotational indeterminacies in the GoM model, along with two known techniques for
solving these indeterminacies. Sections 5 and 6 describe the details and descriptions of the
simulation study. Section 7 summarizes the report. Section 8 collects together appendices
providing further detail on this work. In particular section 8.3 provides a description and
web-links for computer code used to conduct the simulations.

The contributions in this paper involve both the GoM model analysis and incorporation
of sampling weights. For the GoM model analysis, the polytomous logistic mixed-effects
regression prior allows for model-based incorporation of the sampling design. It also pro-
vides a framework for the GoM model to be analyzed with longitudinal data (either with
or without weights). With respect to sampling weights, we developed a principled way to
incorporate sampling weights into a Bayesian model-based analysis, called weighting based
on the estimated parameter. The simulation study provides a contribution regarding the

actual performance of the weighting of the GoM model with the new prior. These simu-



lations demonstrate the following: 1) When A is fixed in the simulations, the mean of the
posterior distributions is generally similar to the simulations in which A is unconstrained
with an informative prior. However, the simulations in which A is unconstrained with an
informative prior have larger variance. This is true for the unweighted simulations, and
mostly true for the weighted simulations. 2) The differences between the unweighted and
weighted estimates of parameters of the polytomous logistic mixed-effects regression pa-
rameters behave similarly to the analogous differences seen in the simulation studies of
weighted linear mixed-effects models under informative sampling, see Bertolet (2009), with
a few exception noted in the simulation descriptions. Finally, 3) the estimates of the A
parameters appear robust to the sampling design and the type of weighting used in the

estimation.

2 Unweighted Derivation of the GoM Model

Following Erosheva (2002), the GoM model is comprised of extreme profiles and their con-
ditional response probabilities. Let the data consist of J binary questions for I individuals.
Let y; = (i1, Yi2, ---, ¥ig) be a vector of 0’s and 1’s representing the response of individual
i on all J questions, i = 1,..., N. A vector of GoM scores (latent variables) for each indi-
vidual, g; = (g:1, gi2, ---, gic' ), represents the mixture proportion of individual i in each of
C unobservable latent classes. These GoM scores are non-negative and sum to 1 for each

individual,

C
> gie=1, i=1,..,N. (1)
c=1

Sole membership in a given class defines the pure response probability, A.;, for each of the

J items of interest,

Aej = P(yij = 1]gic = 1). (2)



The following assumptions are made for the GoM model;

Assumption 1: The conditional probability of response of individual 7 to question j, given

the GoM scores, is P(y;; = 1|g;) = Zle GicAcj -

Assumption 2: Conditional on the GoM scores, the responses y;; are independent for

different values of j, (vij, L ¥ijo)lg:-
Assumption 3: The responses y;; are independent for different values of 7, or y;,; L ¥,;.

Assumption 4: The GoM scores, g;, are realizations of a random vector with a Dirichlet

distribution.

The GoM model in Erosheva (2002) allows the responses to the J items to be polytomous.
For simplification, this thesis presents dichotomous response data only.

The GoM model is defined as

C
Yijlgi ~ Bernoulli (Zgie)‘cj>

c=1

g; ~ Dirichlet(agf)

)\Cj ~ Beta(771cja7720j)
ag ~ Gamma(ry, 7o)

¢ ~ Dirichlet((),

which contain a number of prior parameters and hyperparameters. Let 1i.; and no.; be
parameters for the pure response probabilities, A.;. The prior parameters for the GoM
scores are g, the prior sample size, and &, the prior proportions of the population elements
in the underlying latent classes. The 71,7 and ( hyperparameters are set to be non-
informative.

Erosheva (2002) augmented this model with latent variables, m;j. to assign individual

1 to class c¢ for question j, to ease the computations in the Bayesian MCMC estimation.



Erosheva’s fundamental representation theorem proves the equivalence between the GoM

model and the data augmented GoM model below,

C
yiilmije; A~ Bernoulli (H AZ”C>

c=1

Mijelgi ~ Multinomial(1, g;1, ..., gic)
gilow, &~ Dirichlet(ap§)

Aej ~ Beta(nic, nacs)
ag ~ Gamma(ry, 7o)

¢ ~ Dirichlet(¢).

To solve for these parameters using a Bayesian MCMC algorithm, the joint distribution is

computed as

p(yv m,g, )‘7 Qg, 5) X p()‘a Oé)p(y, m7g|)‘7 g, f)
N

= p(Wplao, &) [ [ p(yismis gilMis a0, €)
i=1
N

= pWp(ao)p() [ [ plwilma, Np(malgi)p(gilao, €).
i=1

This formulation assumes that yi|(m, ) L (9:, @) and gi|m, L (A, @) and gi|a L A.

Inserting the distributional assumptions into the joint distribution provides,

p(y,m, g, \, ) [p(mi|gi)p(yi|mi\)p(gila)]
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The complete conditionals are obtained for m;, A.; and g;,

m|— ~ Multinomial(1, p1, ..., pc) Pe o (gicAb (1 — Ae;) 1 7¥9))
N N

)\cj|_ ~ Beta(l + Z YiiMijc, 1+ Z(mijc — mijcyij))
=1 =1

J J J
gi‘_ ~ Dirichlet(a1 + Z Mij1, Q2 + Z Myj2, " ,QC + Z mijc).
Jj=1 Jj=1 ]

For ap and &, a Metropolis-Hastings step needs to be used. First consider «y,

N
plaol) o< steo) ] |

&e
cao H g ao]

1a0

_ anfle—frgao f[ F<a0) < Eeap
- 2 [ T(&ao) - T(§cao) gic
= oy Lexp{—ag(m — Zz&loggzc} [ NG f-(-a-olz(fcao)

c=1i=1

For the Metropolis-Hastings step, first draw a proposal point, «f from the jumping

distribution, and then calculate the proposal ratio. In this case, we draw a candidate point

from a Gamma proposal distribution with parameters a = v,8 = %, where a
g

the last accepted value for ay. The candidate point is accepted as the next element in the

sample with probability min{1, 74, }. The proposal ratio, 74y, is

plag|)p(ayap)
plag” |-)p(aglag”)

@Q



Breaking this into two terms,

( |a)
rog(H) = 22 £t 20
P(a0|0‘ )

(v, v/ao>< )
L(y,v/ay™)(ap)

M\ [/ )\t (r) «

= O‘o* O‘L* CXp§ —7 aO* o OEO)

ol ol QO ap
plag|—
rop (M) = 2LO8E)
plag’|—)

T1—1

a*

- (5;) exp{ (03— af TQ—zzgcloggw}
() c=1 i=1

<r<ao>HC D(&al >)N
(o) T T(Eca)

X

Similarly, the Metropolis-Hastings step for & is derived,

N ') < (ae—1)
p(él-) o< p©]] H—Hgiﬁ

C
i=1 c=1 F(fcao) =1

T'(a) N c N
[ o] IR PP B SR

1 =1

For the &.’s, a candidate point is drawn from a a Dirichlet proposal distribution centered

at the previous sample value, Dirichlet ) ... 50 f(r>)(§*). The candidate point is accepted

(scel"

as the next element in the sample with probability min{1,r¢}. The proposal ratio is r¢,

L pEIpENE)
S p(ED|)p(erfe™)




Breaking this into two terms,

~p&l-)
M) = e

A KRR
" e ) 7 Z e e
p(ENEY)

S S RIG)

e, rece™\ (O, &
[T, T6Ce) )\ 19, extdcs”’ -1

(6C¢z-1)

A sample from the posterior is obtained using MCMC with the complete conditionals and

the Metropolis-Hastings steps.

3 Incorporation of the Sampling Design in the GoM Model

3.1 Polytomous Logistic Regression Prior in the GoM Model

Assuming clustering in the sampling design, all individuals in the population are not inde-
pendent and the Assumption 3 from Section 2 no longer holds. Recall Assumption 1, that
P(yij = 1\9;) = > . gicAcj- This suggests that the dependency between y;,; and y;,; is a
result of the dependencies between the GoM scores, g;’s and/or the pure response proba-
bilities, A¢;. Given that the GoM scores represent individual characteristics and the pure
response probabilities represent class characteristics, I will represent dependencies between
individuals through dependencies in their GoM scores. Linear mixed-effects models can
model the dependencies induced by clusters, which are present in many sampling designs.
Given that the GoM scores for an individual are positive and sum to 1, I propose using
a polytomous logistic random-effects regression to model the effect of the sampling design

on the GoM scores. Let yg;; represent the response of subject ¢ in cluster k& on question



j. Similar changes in subscript are made on other variables. The assumptions from the

original GoM score are now:

Assumption 1: The conditional probability of response of individual ¢ in cluster k to

question j, given the GoM scores, is P(ykij = 1|gki) = 25:1 GkicAcj -

Assumption 2: Conditional on the GoM scores, the responses yy;; are independent for

different values of j, (Ykijy L Ykijo)lgp:-
Assumption 3: The responses of y;; for all subjects i in the same cluster k£ are dependent.

Assumption 4: The GoM scores, gi; are realizations of a random vector with a polyto-

mous logistic random-effects distribution.

These assumptions allow GoM model analysis on data from a survey.

The updated GoM model is defined as

ykij|mkijc,)\ ~  Bernoulli (H )\Zkijc)
Cc

Mpijelti  ~ Multinomial(1, ggs1, ..., gric)

o exp{t¥nic}
Gkic = C
Zc:l eXp{wkic}
wiC|X727U7/6 ~ N(XiﬂC+ZiUC7O-12p)7CZ]~7"' 70_1 (4)

Yric = 0, Yric = log (g;m) e=1,..,0-1
gkiC
Aej ~ Beta(nicj, nac;)
5, ~ Nommal(ss, S5)
U. ~ Normal(0,Q) ()

O'i ~ Scaled Inv x*(v, si)

This utilizes the LME framework from Searle et al. (1992) to insert the effect of the sampling

design on the GoM model. While the subscript on y;; denotes a clustered only design,



more complex designs change the above model trivially, by changing the structure of the
X and Z matrices to incorporate the stratification and clustering information.

Similar to the unweighted GoM model, this model is estimated using MCMC. Before
considering sampling weights, we consider estimation of this unweighted model. The joint

conditional distribution is

p(y7m7¢7)\7/87U70—12[17X7Z) X p(ﬁ?U70—’3))p<A)p(y7m7w‘)\’ﬁ7U7ai7X7Z) (6)

= p(B)p(U)p(a})p(N)p(y|lm, Np(m|)p(|8,U, 03, X, Z)

In the last equation, we assume that (y|m, ) L (3,U, ai,@/}) and (ml|y) L (8,U, ai) and

that (|56, U, afp) 1L A. Continuing,

p(y.m, .\, B,U,00,X,2Z) o p(B)pU)p(c,
K Nk K Nlc
H H Hp ykzj|mkzjc’ C]) H HH HP mkz]chpkzc
k=1i=1 \j=lc=1 k=1i=1j=1c=1
C—-1 K Ng
I I pwicl8,U.03)
c=1 k=1i=1

Recall that k (of K) indexes clusters, ¢ (of Nj) indexes individuals in clusters, j (of
J) indexes questions, ¢ (of C') indexes latent classes. Writing p(U) [[, p(vx|5, U, 05)) =
[ (L I p(¥ricl B, U, ai))p(Uk) will be useful for the insertion of sampling weights in the

10



next section. Inserting in the distributional forms provides
1 C
p(.%“%d’)\vﬁa U,O'i,,X, Z) X exp{—2 Z(ﬁC_MB)ngl(/BC_Mﬂ)}

Y vs? _
< ot (g T 0

c=1j=1

K Ng 77[1 ) Mkijc
< I e e |

k=1i=1j=1c=1 cl 1exp(wkwl)

K [N, /C-1 ) 1
X H [H (H (05)7 exp {w(¢kic — XpifBe — ZkiUc)2}>
P

k=1 Li=1 \c=1

X exp{—;Ug;C’)lUkCH (7)

Note that the prior on Uy, uses the cluster version of the covariance matrix, O, instead of
the entire covariance of U, (2. From this, we can get the complete conditionals for Gibbs

steps in the MCMC. The complete conditionals for the parameters associated with the

11



polytomous logistic regression are

1 K N
p(ﬂc‘_) X exp {_2(ﬁ MC)TZ ( } H HGXP { wk"LC szﬁc - Zszc)Q}

k=1i=1
~ Normal(p1, 1)

| K M -1 | KM
= (251+0_Z X,Z;in> < 5 e+ - — > ) X wmc—zkiUc)>
k=

2
Y k=1 i=1 % k=1 i=1
1 K M 1
ol <Egl+022 X}QXM>
Y k=1 i=1
K Ny 1 .
p(Ue|-) HHexp{ 5 (Vhic — Xgilfe — ZmUc)Q}exp{—QU,?CQ—lUkc}
k=1i=1 w
~ Normal(pg, ¥2)
L K N -1 | K N
o= (0 Y S ) (5323 divn xan)
Y k=1 i=1 Y% =1 i=1
| K M -1
EQ = <O_1 + - ZZ]%Z]C’L>
Y k=1 i=1
ys2 ) K NiC-1
plog|=) o (og) 2FY eXP{ ;p}HH H (o) QGXP{—(%C XiBe — ZjUge)® }
w k=1i=1 c=1

(Zk:l S S (Wie — XniBe — ZiiUke) ) +vs,

~ Scaled Inv % [ N(C — 1
caled Inv x ( )+ v, NG+
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The complete conditionals associated with the pure response probabilities and data aug-

mented values are

K Ng

pOl) o TLTT [0 = ag) o] ™ a1 — gyt
k=11=1

K Ng K Ng
~ Beta (Z > Ykigmmije + Mmejs Y > (L= Ykij)Mije + 772cj)

k=1 i=1 k=1 i=1

T exp{vme} e
p(miij|=) LA (1 - ,\C-)(lym)]
’ H [Zg=l eXp{wkiq} ! !

~ Multinomial | 1, CeXp{l/)k“} )\?ﬁ-ij(l — /\1]')17%”‘, SRR
chzl exp{wki01}

CeXp{wkiC} )\ge;‘j (1 _ /\Cj)l—ykij
201:1 eXP{U)kicl}

c=1

Finally, a Metropolis step is needed for 1,

c J

P(Yric|—) o H H [ZC expe}{:ﬁ]i{i:b}kicl}]

c=1j=1 c1=1

1
X exp 4 —=— (Vric — XpiBBe — ZriUe)?
2a¢

Let a candidate point be drawn from a Normally distribution, with the mean at the previous

MCMC value and a variance of Uijmp' The candidate point is accepted as the next element

13



in the sample with probability min{1, 7, }, where

Tw- _ p(w;;zc‘ )
T o)

) ﬁH[ =) Zg—leXp{wgll}]mk”c
>

C * T
c1=1 exp{d}kicl} eXP{T/ﬁ(ﬂZ}

1 ,
X oxp {—202 |(Whic = XuiBe = 20iU0)? = (U7 = Xeife = ZiUe)?] }
(4

C g*' D im1 Miksije 1
= | | kic expy — =5 [WZ@ — XpifBe — ZiUe)? — (%&2 — XkiBe — ZiiUe
(r) 20
c=1 gk‘zc w
where gpi. = % where ;0 = 0. These complete conditionals and Metropolis-
c1= icy

Hastings steps can be implemented using MCMC algorithms.

3.2 Weighting the Logistic Regression GoM Model

Given that the GoM model has been modified to incorporate the sampling design, we
next evaluate if the sampling weights provide any additional information. Simulations in
Bertolet (2009) demonstrate that the sampling weights did help compensate for informative
sampling but not model misspecification. We next investigate the effect of the sampling
weights on informative sampling with the GoM model. The effect of model misspecification
and sampling weights on the GoM model will be discussed in future work.

Pfeffermann et al. (1998) and Rabe-Hesketh and Skrondal (2006) used pseudo-maximum
likelihood to estimate census likelihood equations with weighted sample likelihood equa-
tions. When using PML on the GoM model, similar issues arise as with the LME model,
namely, when should weights be inserted, does inserting the weights in different areas affect
the results and does scaling the weights reduce bias in the estimates? More specifically,

should we

1. Add weights to Equation 7 and have them propagate through to the complete con-

ditionals and Metropolis-Hastings steps?

14
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2. Add weights directly to the complete conditionals?
3. Use an alternate weighting method?
4. Scale of the weights as was done with the LME’s?

These issues are explored next.

3.2.1 Adding Sampling Weights to Equation 7

To add weights to the GoM model likelihood, consider the methods described in Pfeffer-
mann et al. (1998) and Rabe-Hesketh and Skrondal (2006) for weighting LME models.
This PML estimation of the census joint distribution is similar to the method by Rabe-
Hesketh and Skrondal (2006). The subscript w denotes this weighted joint distribution.

This provides a weighted joint distribution of

pw(y7m?1j}7)\7/87U’0-12p7X7Z) 8 p(ﬁ)p( ) (>\)

K J
X HH Hprk‘Z]|mk‘2]67 Cj)

Wi

[ J ¢
H Hp mkz]c‘wkzc

Wk

[(H P(Yxicl B, U, ai)ﬂ)m) p(Us)

i=1

The derivation of all the complete conditionals and Metropolis Hastings steps are in Section
8.1. An issue with this weighting is that weights propagate to the complete conditionals
in unexpected ways.

Consider, the complete conditional for my;;. is

N MkijeWki
Pu mk‘l‘_ o H H <gkw)\yku _ )\cj)(l ykm)) J

j=lc=1
mgil— ~ Multinomial(1,p1, ..., pc) Pe < (Grichuy” (1 — Aey) 1 7¥833) )k

15



exp{¥ric}

where gpi. = S explvnie ] The my,;; parameter describes a characteristic of an individual

as opposed to being a summary variable for the finite population (such as the A.;’s). It is
not immediately clear that, for example, the probabilities in the multinomial distribution
for my;; should be raised to the power of the weight so that it can represent more people.
If provided the complete conditionals based on the census, the weights do not seem to have
a place in the complete conditionals of my;;. Similar arguments hold for weights in the
Y complete conditionals. This leads to the next option for incorporating the sampling

weights.

3.2.2 Adding Sampling Weights to the Complete Conditionals

Consider estimating the census complete conditional with weighted sample complete con-
ditionals. The subscript wCC' below denotes the result from weighting the complete con-
ditionals. The complete derivation of these complete conditionals and Metropolis-Hastings
steps are in Section 8.2.

Consider the complete conditionals for A and m with this weighting scenario,

Ks N
Yhii 1—yps) | TR WkE i —1 el
puco(heil=) oo TTTT A7 (1= aep) )| AL (1 — gy e
k=1i=1
Ks ng Ks ng
~ Beta (Z D ki Mkijewri + Megs D, O (1= Ykig)Miijewni + "72cj>
k=1 i=1 k=1 i=1

MEijc
eXp{wkic} Ykij (1, )
PwOC(mkij\—) X [ )\C, J(l _ /\Cj) Ykij
CH1 chl’zl exp{wk’bcl} J

Cexp{¢ki1} )\%’?ij(l _ Alj)l_ykij7 e
201:1 exp{¢kic1}

CeXp{wkiC} )\Z,Cllf;'j(l - )\Cj)l_ykij>
201:1 exp{wk‘iq}

~ Multinomial <1,

With this wCC weighting, some components of the joint distribution are treated differently
in different complete conditionals. For example, in p,cc(Acj|—), the [)\Z“] (1-— )\Cj)l—ykij)]

term from the posterior is weighted. However, the same term in pycc(meij|—) is not
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weighted. Treating a component from the posterior differently in different complete con-

ditionals appears unprincipled. This leads to the new weighting scheme below.

3.2.3 Weighting based on the Estimated Parameter

A more principled way to add sampling weights to the GoM model is to weight the term
of the joint distribution based on the parameter upon which that term is used to make
an inference. If the term of the joint distribution is making inferences only on individual
parameters, then it does not need to be weighted. If the term of the joint distribution is
making inferences on any group parameters (or parameters that more than one individual
is dependent upon), then it should be weighted. Call this weighting based on the estimated
parameter, and subscript the estimates with wEP.

To understand the reasoning for this, first define two different types of distributions
(or conditional distributions); 1) distributions providing information for at least one group
parameter and 2) distributions providing information for individual/cluster parameter or
priors with no estimable parameters. Consider the unweighted joint distribution as an

example

p(y,m, ¢, X, B,U,05,X,Z) P(B)pU)p (ai)p(A)

KN,C

< TITI H HP (Mije|Vhic)

| k=1i=1j=1c=1
C—-1 K Ny

1T I 1T p(niclB. U, 03) (8)

c=1 k=1i=1

X

The likelihood portion of the joint distribution has three components; 1) p(ywij|mMkijc, Acj)s
2) p(Muyijc|¥ric) and 3)p(Yric| 8, U, 03)). Note that p(yrij|muije, Acj) uses the data in yg;; to

gain more information about both my;;. and A.;. Here my;;. is an individual parameter

17



which applies only to individual ki. However, A is a group parameter, affecting more
than just the ki*" individual. The P(Ykij|Mkije, Acj) terms combine information across
many y;; to estimate the group parameter \.;. Because of this, the p(yrij|mrije, Acj)
term provides information for a group parameter. Similarly, p(vg|3, U, cri) combines
information across many ;. to estimate the group parameters §,U and Ji. Contrast
this to p(muije|t¥ric). The hr;. parameter only pertains to the kit* individual. The 1)y, =
X1iBe + ZiUge + €14, s0 it is a function of group parameters. However, as noted just after
Equation 6, the assumption is that my;jcly,,. L (8c, Ukes 07,20)- Therefore, the distribution
P(Miije|¥ric) provides information about the individual parameter ty;. but not any of the
group parameters.

Next consider the prior distributions used to form the joint distribution. I will classify
the priors into two different groups, 1) non data-scalable priors that will not be weighted
and 2) data-scalable priors that will be weighted. Non data-scalable priors are priors that
do not change dimension regardless of the size of the data. The p(ﬁ),p(ai) and p(\) do
not change dimension if the number of individuals or clusters increase. However, p(U) is a
data-scalable prior, as the dimensions of U change as the number of clusters changes. The
dimension of U is K@ x 1, where K is the number of clusters. When a sample is taken,
then the dimension of the prior is K x 1 where K is the number of sampled clusters.

In this wE P weighting scheme, the distributions providing information for at least one
group parameter and the data-scalable priors are weighted. The distributions providing
information for individual/cluster parameters and the non data-scalable priors are not

weighted.
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The wE P weighted joint distribution becomes

pwEP(yamvwv)"ﬂv U,O'i,X,Z) X p(ﬁ)p g )p()‘

K J C
X H HHP ykz]|mkzgca Acj)

c=1

Wi
Ng

Eond
Il

—
W
<.
I

—

Wk

J=
Ny
[(Hp(wkzc|ﬁ> Ua ai)wi|k> p(Uk’|Q)
c=1 k=1 i=1

Inserting the distributional forms provides

1

C
pwEP(yvmv¢7 )‘5/67 U, U?pa Xa Z) X exp {2 Z(ﬁc - M,@)ngl(ﬁc - /Lﬁ)}
c=1

v vs -
x <ai>—<2+”exp{ ¢} [T g

c=1j=1

Ks nyg

< THHITTT [ 0 -] ™

k=1i=1j=1lc=1

% T €xXp d}k’zc) Tk
T ||

k=11=1j=1c=1 cl 1eXp(¢kw1

K Nk C-1 L 1 Wi |k
X H [H (H (Ui)_§ exp {—%z(ﬂ)kzic — XkiBe — Zk:z'Uc)2}>
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This leads to the following complete conditionals for the regression variables

1 Ks ng W4
pwEP(/Bc‘_) X exp {_2(5 NC)TE ( } ,}_J; 1_{ €xXp { ¢kzc XiifBe — ZkiUc)2}
~ Normal(p1,31)
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(E + 2 ZZwlek’szl> ( Jé] MC ) ZzwkzX]m Q;Z)Imc Zkz ))
Ty =1 i=1 Y% =1 i=1
1 Ks ng -1
5 = (z +5 > wkZXkZXkZ>
O-’lb k=1 i=1

Wk

K ng Wik

1 2 17 A1

pwEp(Uc|—) kl:[l [11_[1 exp {_%(¢kic — Xyife — Z1iUge) } GXP{—QUch Ukc}
~ Normal(pz, ¥2)
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The complete conditionals for the augmented data and pure response probabilities are

Ke n MEijcWki .
pup (gl ) o [T TT[A%7 (0= gy (o] \es = 0y
k=11i=1
Ks ng Ks ng
~ Beta (Z Z Ykij MkijeWhi + Mejs Z Z(l = Ykij ) MokijcWhi + 772cj>
k=1 i=1 k=1 i=1

T exp{vne ]
PwEP(MEij|—) o [ e )\i”?”‘(l — )\Cj)(lfykij) ]
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eXP{¢Im’1} Yhij 1. | WE
ARG (1 \; )L Yk
ZCCl 1eXp{QzZ)kzcl} |: ( 1]> :|
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~ Multinomial <1,

Finally, the Metropolis-Hastings step for ¢ is
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1
X exp{ — = (Vric — XniBBe — ZriUe)?
20¢

Let a candidate point be drawn from a Normal distribution, with the mean at the previous

MCMC value and a variance of Uzijmp' The candidate point is accepted as the next element

in the sample with probability min{1, 7, }, where
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One concern regarding the wEP weighting involve the weights in the p,gp(muij|—)

.. W
distribution. When the weights are large, then ()\z;?”(l — )\Cj)(l_ykij)) may become
very small, basically zero to machine precision. This will be addressed by scaling the

weights.

3.2.4 Scaling of the Weights

In Bertolet (2009), the scaling of the weights played a role in the estimation of parameters,
especially the variance components. The scaling in LME models was introduced to reduce
the bias in the variance components. The scaled 1 weightings from adjust the conditional
weights, wj;, so > wf‘}C equals the effective sample size for cluster k, as defined in Potthoff
et al. (1992). The scaled 2 weights adjust the conditional weights so that ), wfﬁc equals
the cluster sample size for cluster k, ni. The scaling of the weights will also be used in the
simulations in this report.

The posterior variances of the parameters are affected by the scaling of the weights. By
weighting the data, the sample size affectively becomes ), > wy;. When the weights are
unscaled, this is an estimate of the size of the population, which is larger than the sample
size and will create smaller posterior variances. For the simulations in this report, the
weights are scaled analogous to the scaled 2 weights so that Y %, wf|k = nyg, where wf|k
represents the scaled conditional weight from cluster £ and njy Unlike the LME models, it
is not clear that the scaling of the cluster weights, wy, will have no affect on the estimates.
The cluster weights are scaled so that ZkK:sl w; = K, where wy represents the scaled cluster
weight and K represents the number of sampled clusters. The effect of the scalings of the

weights is an area for further investigation.
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4 Indeterminacies in the GoM model

4.1 GoM model, Factor Analysis and Rotations

The GoM model and factor analysis models both contain latent class structures designed
to find factors to explain interrelationships among observable variables. Woodbury and
Manton (1989), Marini et al. (1996) and Erosheva (2002) compare and contrast the latent
structures of the GoM models and the factor analytic models. Unfortunately, these models
both have rotational indeterminacies.

Rotational indeterminacies in factor analysis are well known and researched; see any
statistical multivariate analysis text such as Johnson and Wichern (1992). Rotational
indeterminacies in the GoM model have not been previously documented. To see where
these rotations are inserted in the GoM model, consider again Assumption 1 from Section

2 and Assumption 1 from Section 3.1,

c
Prij = P(yriy = 1gkis Aej) = D Ghichej = gy
c=1

where gr; = (grits Grio, - -+ > gric)’ are the GoM scores for individual ki and the pure

response probabilities for item j are A\j = (A1, Aoy, - - ,/\Cj)T. Collecting all the Py;; into

a matrix, see that
P=GA

where G = (g, ,gh)T and A = (A1,---,\;). If R is an invertible matrix subject to

suitable restrictions discussed below, define,

G* = GR

A" = R'A
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Now G* and R* are a new rotation for G and R. The definition of the probabilities of

response remains the same,

P=G'A"

Restrictions on the matrix R come from Equations 1 and 2. Namely,

GRlcyx: = 1
GR > 0
R7IA > 0
RN < 1

where all inequalities are element-wise. The set of matrices R satisfying these conditions
usually has positive Lebesgue measure in the space of invertible matrices R, hence finding
these rotations in an MCMC algorithm is possible. Described next are two ways to work
with the rotational indeterminacies in the GoM model, using informative priors and fixing

A parameters.

4.2 Informative Priors

In frequentist analysis, a number of specific rotations are defined for factor analysis. The
purpose of these rotations is to find factor loadings that are easily interpretable. There
are a variety of standard rotations that are used, such as orthogonal rotations (including
varimax, quartimax and equimax) and oblique rotations (including promax).

In Bayesian factor analysis, using informative (or subjective) priors uniquely determines
the rotation, see Kaufman and Press (1973) and Rowe (2001). The formulation of the GoM
model in Sections 3.1, and 3.2 allows for informative priors, especially the prior for A.; and

the specification 71.; and 12.;. Whenever informative priors are used in the remainder of
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this report, it is clearly stated.

4.3 Fix )\ Parameters

GoM models and item response theory (IRT) models contain similar latent class struc-
tures, Erosheva (2005). As an example, the National Assessment of Educational Progress
(NAEP) uses IRT models to estimate proficiency scores (analogous to the GoM scores or
g;’s) of students on different skills, see the special issue of the Journal of Educational Mea-~
surement (1992). In estimating the proficiency scores, the NAEP model first estimates item
parameters (analogous to the pure response probabilities, A’s in the GoM model) ignoring
the survey design completely, then assumes the item parameters are fixed and produces
random draws of the proficiency scores accounting for the survey design, see von Davier
et al. (2007). In fixing the \’s when estimating the ¢’s, the NAEP estimation avoids the
rotational indeterminacy and provides a precedent for this approach. An explanation of
the estimation of the proficiency scores and item parameters in NAEP based upon Mislevy

and Sheehan (1989b) follows.

4.3.1 Informative Stratified Sampling and GoM Models

Mislevy and Sheehan (1989a,b) argue that differential probabilities of sampling in a strati-
fied sampling model do not affect estimation of item parameters in an IRT model, but may
affect estimation of proficiency scores. Their argument is shown below in the context of
the GoM model using the Dirichlet prior from Section 2. Similar results hold for the GoM
model with logistic regression prior from Section 3.1.

Suppose that the GoM scores, g; and the augmented data inclusion variables, m;;. are
observed. Consider the likelihood portion of Equation 3,

N

P(yamag|/\70407§) = Hp(yhmivgi‘)‘va[)vé)'
i=1
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Suppose the census data are stratified, where the distribution of the GoM scores differs in
each stratum. Let h; represent the stratum indicator for element i. Let f(gi|an,,&n,, hi)
be the distribution of the GoM scores in stratum h;. Let ms be the proportion of the

population in stratum s and assume that

H
f(g!a,f) = Zﬂsf(g!ozs,ﬁs, h; = 5)'

s=1

The likelihood becomes

N
p(y7magaH|)‘7a07£) = Hf(H = hi|>\a7T7a?ﬁ)f(yhmiag”hiy>\a7rva7£)
i=1

N
= HPT(H = hq|m) f(yilmi, Np(milgi) f(gilhi, & on,)
=1

H H
= =Y x [] fwslme Np(mslgs) f(gnlhs, €. on,)
s=1 s=1

where the ys represent all responses from people in stratum s. There are corresponding
definitions for ms and gs. Note that the ms is distinct from the rest of the likelihood
and consistency for these parameters is derived using standard results on the multinomial
distribution, as the N; grow. The second term is a product of H likelihoods with a common
A parameter. Bradley and Gart (1962) show conditions for consistency when the likelihood
is made up of separate populations that have distinct population parameters (such as
gs, Ms, &p, and ap,,.) and a few common parameters, such as .

Suppose a sample is taken and that the proportion of sampled elements within a stratum

does not equal the proportion of population elements in the stratum. Now define

H

Frgla, &) =D mif(glas, & hi = s),

s=1

*

¥ is the sample proportion of the elements in stratum s. Then the likelihood

where 7
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becomes

p(y,m,g,HP\, 010,6) = f(H|)‘77T’ aa&)f(yvmvg‘Hv )"ﬂ-a O‘vg)

= HPT(H = hi|7*) f (yilmi, N)p(mil gi) £ (gilhis En, s )
i=1

H H
= = x 1 fwslms, Np(malgs) f(gslhs, €n., om,)-
s=1 s=1

Similar to the case where the census was taken, consistent estimates of of A, ay’s, &,’s can
be obtained, but we can not reconstruct f(gla, &) = >, 7 f(g|as, &, hi = s) because of our
inability to estimate m, the population proportions when the sampling design uses biased
s,

This argument is used in NAEP to show that the item response parameters (or A’s in
the GoM model) are not affected by the sampling design, whereas the achievement scores

(or g’s in the GoM model) are affected by the sampling design. Next is a brief description

of the implementation of the Mislevy and Sheehan (1989b) results in NAEP.

4.3.2 National Assessment of Educational Progress

The National Assessment of Educational Progress (NAEP) is a national assessment pro-
gram that regularly tests students in grades 4, 8 and 12 on a variety of academic sub-
jects. NAEP provides an important operational example of the methodology advocated by
Mislevy and Sheehan (1989a,b). The data from NAEP are analyzed and published in the
National’s Report Card (see http://nces.ed.gov/nationsreportcard/) for comparative
analysis across years. There are many complexities in NAEP’s design that are derived from
the limited time to administer tests (often about one hour) while at the same time pro-
ducing reliable and valid assessments. The goal of NAEP is to produce reliable estimates
of proficiency for specific population subgroups in various academic subjects.

Group proficiencies are estimated using three stages as described in von Davier et al.

(2007). In the Scaling stage, an IRT model is fit to the data to estimate the item response
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parameters (equivalent to the A’s in the GoM model). These IRT models do not account
for the sampling design. After estimation of the item response parameters, they are consid-
ered fixed in the remaining analysis. The justification for this is from Mislevy and Sheehan
(1989b) as stated in Thomas (2000). In the Conditioning stage, marginal maximum like-
lihood is used to estimate the mean and variance of the proficiency for students in the
population given the students individual covariate values (i.e. the ¢g’s in the GoM model).
Using that mean and variance, random draws (also called multiple imputations or plausible
values) are obtained from the examinees posterior latent variable and are used to create
subgroup estimates. In the Variance Estimation stage, multiple imputation and jackknife
approaches are used to estimate subgroup variances.

The simulation study in this report provides results of weighting on the GoM model

when there are informative priors on the A parameters, and when the \’s are fixed.

5 GoM Simulation Study Set-Up

The role of the sampling weights in the GoM model is analyzed using a simulation study.
These simulations are designed for a number of comparisons; 1) the difference between the
polytomous logistic mixed-effects prior parameters (GoM estimates) when A is fixed versus
when \ is unconstrained with an informative prior, 2) the difference between unweighted
and wE P weighted estimates, both when ) is fixed and when ) is unconstrained with an
informative prior, and 3) the difference between unweighted and wE P weighted estimates
of A

The simulated sampling design is the same in all the simulations; two top-level strata,
and within each stratum there are clusters. Elements from the clusters are then sampled.

There are three different levels of informativeness,

Non-Informative (Non): Clusters and elements are sampled according to the size of

an independently generated random variable.
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Informative Clusters (Clust): Clusters with larger random effects are over-sampled.
Elements are sampled according to the size of an independently generated random

variable.

Informative Individuals (Indiv): Clusters are sampled according to the size of an
independently generated random variable. Elements with larger random errors, €;;

are over-sampled.

5.1 True Values in the Simulated Model

The simulated model contains C' = 2 underlying classes and J = 5 questions. The pop-
ulation has 2 strata, with 20 clusters per stratum (@ = 40 population clusters) and 250
elements per cluster for a population size of N = 10,000. The polytomous regression prior
has two X covariates which are indicators of stratum inclusion and no intercept. The
population Z matrix is of dimension (10000 x 80) or (N x K@Q). The regression function

for a given element is

Yukit = — M p==1 +0.50p——2 + U1 Ip==1 + UgpLp——2 + €nki1

Uoik ~ N(0,0.04), Upap ~ N(0,0.64), €nuic ~ N(0,0.25)

where h = 1 or 2 denotes stratum inclusion and k represents the cluster. This LME
is similar to the generating model in Simulation Set 11 in Bertolet (2009) modified for
only one level of stratification. This LME contains two random slopes, each on a stratum
inclusion indicator variable. There is no data to estimate the values of Us;, when the
element is in stratum 1. As such, the posterior of Us;. for values of k in stratum 1 matches
the prior. Those values are not reported in the simulation. The reverse holds true for Uy
and stratum 2.

In this model, C' = 2 so the ;. is only defined for ¢ = 1, as the baseline class

for the polytomous logistic regression is ¢ = 2. In other words, this is a logistic re-
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class 1 class 2
Question 1 | 0.765  0.050
Question 2 | 0.723  0.407
Question 3 | 0.447  0.410
Question 4 | 0.642  0.483
Question 5 | 0.950  0.250

Table 1: True Value of Simulated \

gression as there are only two classes. The mean GoM score for someone in stratum

1is E(gixs) = (1ii?<£§i]i}’ 1+ex;1){71}) = (0.27,0.73), and for stratum 2 is E(gor;) =
exp{0.5} 1 _
(1+e£)(p{0.5}’ 1+exp{0.5}) = (0.62,0.38).

The true value of Acj = P(Ynki; = 1|lgri = ¢) for C = 2 classes and J = 5 questions
is in Table 1. These correspond roughly to a ”sick” class and a "healthy” class. Prior

parameters are set at g = 0l2x1, X3 = 10l2x2. The value of Q2 is

0.01 0.001
= ® Ik, x Kk,
0.001 0.01
Throughout the simulations, the estimates of oi tended to drift. To control this, an
informative prior was used, with prior degrees of freedom v = 200, and prior mean equalling
the true value of s?p = 0.25. Changing this back to a non-informative prior is discussed in
the future work. For the simulations below that use informative priors on A, the values of

M1cjs N2¢; are listed in the descriptions below.

5.2 MCMC Notes

Details of the twelve MCMC simulations presented in the graphs below are in Tables 2 and
3 and discussed next.

For the implementation of the MCMC, there is a Metropolis-Hastings step for the ¥p;c.
The acceptance ratio is computed for each ;. for the 1000 elements in the sample and

the average acceptance ratio over the sampled elements is in Table 2 and 3. The target
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UNnon | UNclust| Unindiv | wEPnon| wEPclust | wEPindiv

FixL FixL FixL FixL FixL FixL
Acceptance Ratio of ¢’s 455% | 45.5% | 45.5% | 40.1% | 42.3% 44.2%
Number of Iterations 200K 200K 200K 400K 300K 300K
Number of Burn-In Iterations | 10K 10K 10K 10K 10K 10K
Amount of Thinning 20 20 20 20 20 20

Table 2: Notes for the MCMC simulation when A is Fixed

UNnon | UNclust | Unindiv | wEPnon| wEPclust | wEPindiv

Uncon- | Uncon- | Uncon- | Uncon- | Uncon- Uncon-

strLL strLL strLL strLL strLL strLL
Acceptance Ratio of ¢’s 45.4% | 45.5% | 45.5% | 40.8% | 43.1% 44.4%
Value of 115 + 12} 100 100 100 200 300 150
Number of Iterations 300K 200K 200K 500K 500K 300K
Number of Burn-In Iterations | 10K 10K 10K 10K 30K 10K
Amount of Thinning 20 20 20 20 20 20

Table 3: Notes for the Informative Prior (Unconstrained) A MCMC simulation

acceptance ratio is about 40%. The jumping distribution for the ¢ is normal, centered at
the previous v value with variance 1.

It is not possible to state exactly when a sample from the MCMC algorithm represents a
random sample from the posterior distribution. Assessing convergence of an MCMC chain
is delicate and I used a number of tools. The MCMC chains have a burn-in period to remove
effects of initial values and are thinned (to remove iteration to iteration dependencies and
save computing resources). These values were chosen by running each simulations for
an initial 5000 iterations (no burn-in and no thinning) and using the Raftery & Lewis
convergence diagnostics in the R package boa (Raftery and Lewis, 1992). The Raftery
and Lewis convergence diagnostics provides guidelines on MCMC burn-in, thinning and
number of runs to achieve an estimate of the 0.025 and 0.975 percentiles with an accuracy
of +0.005 with a probability of 95%. Convergence of the MCMC runs after the burn-
in and thinning was monitored using the Heidelberger & Welch convergence diagnostics,

also in boa (Heidelberger and Welch, 1983). The Raftery & Lewis and Heidelberger &

Welch diagnostics are summarized in Cowles and Carlin (1996). The Raftery & Lewis

31



total number of iterations, burn-in and thinning were altered based on the results of the
Heidelberger & Welch diagnostics, if necessary. In addition, I visually examine the plots
for any evidence of nonstationarity. Finally, I also examine the trace of the log likelihood
using the same set of methods. For comparison, Erosheva (2002) analyzed a GoM model
with 2 underlying classes and the Dirichlet prior, using 100,000 MCMC iterations with
10,000 iterations of burn-in and thinned by taking every 10" iteration for the sample.
Most of the parameters passed convergence tests, however each of the simulations had
non-convergence in some of the the random effects (i.e. the Upix and Upax). Most of the
failed tests were the Heidelberger & Welch halfwidth tests, though two of the U’s failed
both the stationary test and the halfwidth test. However in mixed-effects regressions, the
specific values of the Uyg’s are usually not of interest. It is the variance of the random
effect that is of interest, and that value is reported in the simulations below. The variance
of the random effects was computed for each MCMC iteration. The chain of variances of

the U’s did converge for all of the simulations.

5.3 Presentation Format

The format of the presentation of the results is similar to that of Bertolet (2009). The
differences from that format are described here.

For each parameter there are two vertical lines, one grey and one light blue. The grey
line is the simulated parameter value. Because there is known shrinkage towards the prior
mean in Bayesian analyses, the light blue line indicates the mean of the unweighted non-
informative mean. Comparisons of the effects of informative sampling and weights are
compared to the unweighted non-informative estimates. Each line is labeled above. The

labels are in Table 4.
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Label Meaning
UN Unweighted analyses
wEP Weighted analysis using wE P weights
non Non-informative sampling
clust Clusters with large random effects, Uy or Ugor, are over-sampled
indiv Individuals with large random error, €p;, are over-sampled
UnconstrL Unconstrained \’s
FixedL Fixed A\’s

Table 4: Labels on GoM Simulations

6 GoM Simulation Results

Five simulation plots are shown below to evaluate the comparisons noted above; 1) the dif-
ference between unweighted and wFE P weighted polytomous logistic mixed-effects regres-
sion prior parameters when A is fixed versus when A\ is unconstrained with an informative
prior, 2) the difference between unweighted and wE P weighted estimates, both when A is
fixed and when \ is unconstrained with an informative prior, and 3) the difference between

unweighted and wE P weighted estimates of .

6.1 Unweighted Results of Sampling Design Parameters (GoM Scores)

The results from this simulation are in Figure 1. First, examine the difference in the
estimates where A is fixed versus where A is unconstrained with an informative prior. The
unweighted estimates under the non-informative sampling scheme when A is fixed versus
when )\ is unconstrained are very similar. For the unweighted estimates under informative
cluster sampling scheme, the unconstrained A estimates have larger posterior spread for the
(B’s. The posterior spread on the variance components are similar for the fixed versus the
unconstrained A estimates. For the unweighted estimates under the informative individual
sampling scheme, the unconstrained A estimates also have larger posterior spread for the
(B’s. The posterior spread on the variance components are similar for the fixed versus the
unconstrained A estimates.

Next, examine the difference in the fixed-effects under the different sampling schemes.
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As mentioned earlier, the [ estimates exhibit shrinkage towards their prior mean of zero.
When the sampling design over-over-samplessamples clusters with large random effects
(Up1x or Upax) then the estimates of the [(’s increase, as expected. Similarly, when the
sampling design over-samples individuals with large random errors (epxi.) the estimates of
0 increase.

Finally, examine the difference in the variance components under the different sampling
schemes. The estimates of ai are consistent across sampling schemes. I expect that the
random error variance would decrease when the individuals are informative sampled based
on €pk- 1 believe that the underestimation of ai is not seen in these simulations because of
the informative prior placed on the parameter, as discussed in Section 5.1. The loosening of
this informative prior is discussed in the future work. The estimates of Var(Uy) for Stratum
1 and Stratum 2 are smaller for the informative cluster sampling than the non-informative
sampling, as expected. Under the informative individual sampling scheme, the estimates
of Var(Uy) for Stratum 1 and Stratum 2 are larger than the informative cluster sampling
scheme, as expected. There appears to be some positive bias for the estimates of Var(Uy)
Stratum 1 and some negative bias for the estimates of Var(Uy) Stratum 2 when compared
to the non-informative sampling scheme. This bias is not well understood, however it may

be due to the lack of bias on the ai estimate.
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Figure 1: Unweighted GoM Results of Sampling Design Parameters (GoM Scores)
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6.2 Weighted Results of Sampling Design Parameters (GoM Scores)

The weighted estimates of the sampling design parameters (GoM Scores) are in Figure 2.
This figure is included for completeness, though it is difficult to interpret. There are two
confounding effects in this comparison. The first difference is the difference between the
estimates of the parameters of the polytomous logistic mixed-effects regression prior when
A is fixed versus when A is unconstrained with an informative prior. The second difference is
that the wE P weighting is different when A is fixed and when A is unconstrained. To see this
consider the unweighted joint distribution from Equation 8. As discussed in the Weighting
based on the Estimated Parameter subsection of Section 3.2.3, the p(yrij|mkije, Acj) entry
of the likelihood gets weights because the estimated parameter \.; is a group parameter.
However, when A.; is fixed, then the term p(ykij]mkicj) no longer contains an estimated
group parameter and does not get weights.

Given the confounding described above, there are a few items of note in Figure 2. First
consider the fixed effects, or 8 parameter estimates. The parameter estimates when A
is unconstrained have a larger posterior spread then A is fixed. This is reasonable since
unconstrained A’s will contribute variability and the unconstrained A wE P estimates con-
tain weights in more places in the analysis (it is well known that weighted estimates have
larger variances). The estimates of 5 when A is unconstrained have a lower mean than
the estimates when A is fixed. The means (o when A is fixed and the estimates when
when A is unconstrained with an informative prior are much closer to each other than for
B1. The basic trend of the estimates when A is fixed is as expected, with the informative
cluster and individual sampling scheme estimates larger than the non-informative sampling
scheme. The same is true with the estimates when ) is unconstrained. I would expect the
weighted estimates to have less bias in the wE P estimates than the unweighted estimates
in Figure 1. This comparison is done in Figures 3 and 4.

Next consider the variance components. The estimates of Ui when A is unconstrained

have similar posterior variance than the estimates when A is fixed. The means of the esti-
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mates when A is fixed are very close to the means of the estimates when A is unconstrained.
The general trend on the ai estimates is not expected. The estimates under informative
cluster sampling are larger than the estimates under non-informative sampling and the
estimates under informative individual sampling are larger than under informative cluster
sampling. Consider the estimates of Var(Uy) Stratum 1 and Stratum 2. The estimates
when A is unconstrained have larger posterior variance than the estimates when A is fixed,
as expected. The mean of the estimates of Var(Uy) Stratum 1 when A is fixed are close
to the means when X is unconstrained when the informative sampling does not affect this
parameter (for the informative individual and non-informative sampling schemes). When
the informative sampling does affect this parameter (informative cluster sampling), the
estimates when A is unconstrained are closer to the true value. The same holds true for
Var(Uy) Stratum 2, except there is some difference between the estimates when A is uncon-
strained and when A is fixed in the non-informative sampling scheme, with the estimates

when A is fixed being closer to the true value.
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6.3 Results of Sampling Design Parameters (GoM Scores) when )\ is
Fixed

Figure 3 compares the weighted and wE P weighted estimates of the sampling design parameters
(GoM scores) when A is fixed.

First consider the fixed-effects or 8 estimates. The general trend of the unweighted estimates
is as expected, as noted in the description of Figure 1. The weighted estimate under the non-
informative sampling scheme match the unweighted estimate, as expected. For the (3; estimates
under the informative cluster sampling scheme, the weighted estimate has more bias in the same
direction as the unweighted estimate, which is not expected as the informative sampling of clusters
increases the § estimates and the weighting should reduce the affect of the informative sampling.
The weights do not appear to help under informative individual sampling, though they do not
increase bias either. For (35, the weighted estimates adjust the mean of the estimate in the correct
direction, with some overcompensation.

Next, consider the variance components. The general trends in the unweighted estimates are in
the description of Figure 1. The weighted estimate under non-informative sampling is biased low,
as expected from the simulations from Bertolet (2009) simulation set 4. This underestimation of the
random error variance is seen in all sampling schemes in Figure 3. The unweighted estimates of O'i)
are similar across all sampling schemes (as discussed with Figure 1). The weighted estimates produce
largest bias in the non-informative sampling scheme, and least bias in the informative individual
sampling scheme. The weighted estimates of Var(Uy) Stratum 1 are larger than the unweighted

estimates. This is due to the small intra-class correlation (icc:O'g;L = 0.1). This overestimation of

0.25

the random intercept was also seen simulation set 4 of Bertolet (2009). The weighted estimates of

Var(Uy) Stratum 2 are also larger than the corresponding unweighted estimates. The reason for

this is not known. In simulation Set 12 of Bertolet (2009) there was also positive bias of the scaled

2 weights on the estimate of the random intercept, ng, when the intra-class correlation was not
5

very small (iccr 55 = 0.25).
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6.4 Results of Sampling Design Parameters (GoM Scores) when )\ has

an Informative Prior

Figure 4 compares the unweighted and wFEP weighted estimates of the sampling design
parameters (GoM scores) when A is unconstrained with an informative prior.

First consider the fixed-effects or (3 estimates. The general trend of the unweighted
estimates is as expected, as noted in the description of Figure 1. When there is informative
cluster or individual sampling, the weighted estimates correctly compensate in the correct
direction. For the estimate of (1 in the non-informative sampling scheme, the unweighted
estimates produce negative bias. However, for the estimates of G2 under non-informative
sampling, the weighted and unweighted estimates have similar means. As expected the
weighted estimates have larger posterior spread than the unweighted estimates.

Next consider the variance components. The behavior of the weighted and unweighted
estimates of O'?l} is similar to the behavior when A is fixed as seen in Figure 3. The behavior
of the estimates of Var(Uy) in Stratum 1 and Stratum 2 is also the same as when A is fixed

as seen in Figure 3, however the posterior spreads are larger than in the fixed A case.
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6.5 Comparison of Weighted versus Unweighted Estimates of \

Figure 5 compares the unweighted and wFE P weighted estimates of A. The scale on all the graphs
is 0 to 1 as the A parameters are probabilities.

The main feature of Figure 5 is the consistency of the means regardless of sampling scheme or
type of weighting (unweighted or wEP weighted). I next highlight the estimates whose 0.025 and
0.975 quantiles either do not include the true value, or barely include it. These estimates include
the unweighted and weighted estimates of A\; 4 under the informative individual sampling scheme,
the weighted estimate of Ay 3 under the informative individual sampling scheme, and the weighted

estimate of A2 4 under the informative cluster sampling scheme.
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Figure 5: Weighted versus Unweighted Estimates of A
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7 Summary

The goals of this report are to 1) modify the GoM model to incorporate the sampling design, 2)
insert weights into the modified GoM model and 3) analyze the performance of the new unweighted
and weighted GoM model through a simulation study. A number of new contributions were made
in supporting these three goals.

The original Dirichlet prior GoM model was modified to use a polytomous logistic mixed-effects
regression prior. This prior allows incorporation of the dependencies in the GoM scores induced by
the sampling design. Another advantage to this prior, as discussed in the future work, is that it
can also easily analyze dependencies of longitudinal data.

The insertion of sampling weights expanded upon the PML method from Pfeffermann et al.
(1998) and Rabe-Hesketh and Skrondal (2006). In addition, the new method, weighted based on
the estimated parameter, introduced a principled type of weighting for complex analyses.

Lastly, the simulation study characterizes the performance of the new polytomous logistic
mixed-effects regression prior and the weighting based on the estimated parameter. The simu-
lations indicate that the effect of the sampling design and the effect of adding weights to the

analysis strongly parallel the results from the LME simulation study in Bertolet (2009).
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8 Appendices

8.1 PML Weighting of the GoM Model

The weighting method of Pfeffermann et al. (1998) inserts the weights in the process of solving
for the estimators. Using the Bayesian modeling and estimation techniques that are different from
those used by Pfeffermann et al. (1998), it is difficult to update their method for use on the GoM
model. The weighting method of Rabe-Hesketh and Skrondal (2006) creates a weighted likelihood,
which is easily incorporated into the Bayesian GoM model structure.

A slight re-parameterization of the prior on the U’s is needed to incorporate the Rabe-Hesketh
and Skrondal (2006) weighting. The variance structure of €2 is described in Searle et al. (1992).
The model from the GoM description above assumes that the elements of U are ordered according
to random effect. To incorporate the weighting of Rabe-Hesketh and Skrondal (2006), change the
ordering of the Z and U matrices to be according to cluster instead of element. Allowing Uy to be

the random effects corresponding to cluster k, the prior on Uy, for the GoM model becomes

Uge ~ Normal(0,0), ,e=1,---,C—1 (9)

Uklc J— UkQC

where Equation 9 is a prior on each cluster for class ¢,c = 1,...,C' — 1 and O is the corresponding
covariance matrix.

Consider the census joint distribution defined in Equation 7. Estimate the census joint distri-
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bution with the sample weighted joint distribution. Let

2
c=1

C
pw(y,mﬂ/},)\,ﬁ,U,ai,,X,Z) X exp{IZ(ﬂcuﬁ)ngl(ﬂcuﬂ)}

. vs2
X (0.121))—(5-0-1) exp{ oY } H H )\WICJ )712cj—1

c=1j=1

K, np MEkijcWki

o T | ot

k=1i=1j=1c=1 [Z(’l 1exp(’l/}kwl)

K N -1 . 1 Wik
X H [H (H (03,)"2 exp {—202(%1@ — Xiiffe — ZkiUc)2}>
P

k=1 Li=1 \c=1

AT (1= Agj) 0

1 e
X exp{—2U,z;(9_1UkcH (10)

where K is the number of sampled clusters and nj is the number of sampled individuals in cluster
k. The weights are not inserted on the prior distributions of 3, ai or A and are inserted in the
likelihood conditional distributions of yrilm,,,,..A.; and Mije|tric. The weighting of the 1)’s mimics
the Rabe-Hesketh and Skrondal (2006) weighting, which weights both the |5, U, Upsz and U
distributions. The incorporation of sampling weights on the prior of U is reasonable if the prior on

U only contains priors on the random effects for the sampled clusters. This weighting of the sample

joint density propagates to the complete conditionals corresponding to the polytomous regression
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parameters as follows:
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The complete conditionals for the augmented data and the pure response probabilities are,
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Finally, a Metropolis step is needed for v,

Pw(Vkic|—) ﬁ ﬁ [ exp {Vnic} ‘|mkz‘jcwm
. =Py O {Wnie, }

=1 €XP

1
X expl — =5 (Vric — XniBe — ZriUe)?
2aw

Let the Jumping distribution be Normally distributed, with the mean at the previous MCMC value

and a variance of o2 The acceptance ratio is

$jmp’

T (w)ep _ Pw(¢1§¢c|—>
W)YPkic - r
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- 1111 [ plbi} Zems CXpw,i:;}] s
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- 112

c=1 L 9kic

where gric = %ﬂ”i}l where Yr;c = 0. These complete conditionals and Metropolis-Hasting
c1= ic

steps are implemented using MCMC algorithms.
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8.2 Complete Conditional Weighting

To add weights to the complete conditionals, take the census complete conditionals from the un-

weighted GoM derivation, and add sampling weights to estimate them with sample complete condi-

tionals. The subscript wCC' below denotes the result from weighting the complete conditionals. The

weighted complete conditionals for the polytomous regression parameters are the same as above,
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The complete conditional for A.; remains the same, and the complete conditional for my;;. changes

as described above,

Ke MiijeWhi
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k=1i=1
Ks ng Ks ny
~ Beta (Z D Ukigmiigewrs + Miejs Y Y (1= Yrig)Mkijewni + lecj>
k=1 i=1 k=1 i=1

o {/IZ) } Mkijc
B eXP{Wkic Y N (1=ykij)
pwoc(Miij|—) o l c Ao (1= Acs) J]

czl_Il Z =1 eXp{'l/)kzcl}

Cexp{wkzl} )\y’”’(l — AR
ch =1 exp{wkwl}

Cexp{wkiC} )\z?;j (1 _ )\Cj)l—ykij>
chzl exp{d)kicl}

~  Multinomial (1,

The Metropolis-Hastings step for ;. is the same as the unweighted case,
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By construction, these complete conditionals and Metropolis-Hastings steps insert weights only
when using sample quantities to estimate finite population quantities.

One problem with this wC'C' weighting that some components to the posterior (or log likeli-
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hood times the prior) are treated differently in different complete conditionals. For example, in
pwec (Aej|—), the [/\5;1(1 — )\Cj)l_y’m')] term from the posterior is weighted. However, the same
term in pycc(meij|—) is not weighted. Treating a component from the posterior differently in

different complete conditionals appears unprincipled.
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8.3 Computer Code

The GoM code used for the results of this report started with the code from Elena Erosheva’s
thesis, see Erosheva (2002), and was modified by Cyrille Joutard. I then modified that code to
include the polytomous logistic random-effects prior and the wFE P weighting scheme. This code
may be found at http://stat.cmu.edu under the Recent PhD Theses link. The c-code uses the
VMR library, downloaded from http://www.stat.cmu.edu/ hseltman/. It is in the Computer
Programming, C/C++ section. The code uses the IMSL library, available from Visual Numerics at
http://www.vni.com for a fee. The compilation instructions are commented in the beginning of

the code. Along with the ode are sample input files and the corresponding output file.
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