Affiliations:

and Stochastic Convex Optimization
;@@1 Aaditya Ramdas and Aarti Singh ,%:1 7 4

Introduction Key Ideas Minimax Lower Bounds

F(X) P(Y =9|X) . . .
1 Technique From Active Learning
First Order d-D Stochastic Convex Optimization M supsupinfsup B[ — 2] = (I"==) g,
0oe® ® 060 o0 o o
| : . §* = 0,1 {laf) < 1}
f(X) 'y A
0" Jla) ~ N(f(), 0%, §(a) ~ N(g(x),0La)
O 1 d ®
fo(ﬂf) _ Clz‘xi‘,{ 0 2a 4a
0 1=1
"I"' L 2 *—@ X f1(513): { Cl(‘$1_2a"€—|—z,§i:2 ’337;‘/1)4—02 r1 < 4da
T * fo(x) otherwise

Minimize # queries needed to find
optimum (information complexity)

= P({Xi, fo(X:), 90(Xi)}ioq)  Pr=P{X;, f1(Xi), 01(Xi) o)
* Fano’s Inequality if KL(Py, P;) < Constant

inf sup P(||z — 3| > ||z%, — 2%, 1//2) > constant
T

KL(P P < 5 (_max loo(o) = @) + 5 (_max (o) ~ (o))

[0,1]¢NS

K Query that yields max difference

between function/gradient values

= O(Ta2"’_2) + O(Taz"")

< Conmstant | if |7}, — 2}, /2 =a =T
E[f(z)] = f(z) € R and E[j(z)] € 0f () C R with variance o Learning O /
: . o : . B N and TNC ‘ Yields lower bounds for point+function error and for first

Point error: ||z —2”||, Function error: f(zr) — f(z7) * A +zeroth-order (derivative-free) stochastic optimization.
* JUMP : Binary search - exponentially fast! k=1
* FLAT : Nointelligent queries — passive learning K — 00

___________________________________________________________________ If Tsybakov’s Noise Condition (TNC) holds P(Y = o|X) “_“““—““:l:l_‘lu_l___““““B“““a“l“:r_:_l_’]“i““““““““
Active 1-D Threshold Learning 1 e Lower Bound Is Tight:

— — 7)) — > e it :
[P(Y =e|X =2) = 1/2[ > Al|lz — 27| 0 | Epoch-Gradient Descent
P(Y =e|X) z* X
o e i Initialize e = 1,21, T3, R1, m
then minimax optimal active elarnlng rate in 1-dimis until Oracle budget T is exhausted (£ <logT epochs )
Bl — ') < N5 _ for ¢~ 10 T, do
Projected Gradient Descent xy,; = H (x5 — Megt)

and under 0/1 loss + smoothness of P(Y|X) - K =2 SNB(z¢,Re.)

O . e+1 :

® Risk(Zy) — Risk(x™) < N~ 2=—2 N1 Z 7t Requires knowledge of «

- - 1
X ___________________________________________________________________ Te—|—1 — 2Te; 77€—|-1 — Ne - 2 2w—2 7Re—|—1 ~ nem_|_17 €< €+ 1

* Strong convexity = TNC with xk = 2
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Controls strength of convexity everywhere in domain

Exploring the Intersection of Active Learning
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Upper Bounds

Adaptive 1-D Active Learning

Robust Binary Search

Fore=1,...,F =log\/T/logT

(ignoring )
Do passive learning,with sample budget T, =T /E

Rei1 = Re/2,e+—e+1

Adapted from louditski-Nesterov’'10
e s.t. ||z — k|| < T~1/(2672)

%k
Tz =
— —1/(2k—2
Ve > e, ||z, — xs| < T~/ (2572
Rl
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Adaptive d-D Optimization

Gradient Sign Oracle

Inputs a point and coordinate and returns a noisy 1-bit sign of
the gradient’s corresponding coordinate such that

Pr{s;(z) = sign([Vf(z)];)} < |[Vf(z)];]
or Pr{sj(z)=+}—-1/2 o« [Vf(z)];

Querying near the directional minimum gives uniformly random
sign. Far from the minimum, we are likely to get the correct sign.

Randomized Coordinate Descent

Oracle: Stochastic sign oracle returning noisy sign(|V f(x)];)
BlackBox: Adaptive line search from z in direction d for n steps

Initialize any xg € S
fore=1to Edo (E <d(logT)* epochs)

Choose d. € {1...d} uniformly at random
r. < Adaptive Line Search (x._1,d.,T/F)

e« e+1 Requires no knowledge of «

If fis “exactly” k—uniformly convex (like two-sided TNC), then

Sup]E{ng:EJr1 — x*H — ()( _214,1—2)
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Achieves minimax rates, adaptive to unknown exponent, constant!
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Query complexity of derivative-free optimization (Jamieson, Recht, Nowak, 2012)



