Optimal Rates for Stochastic Convex Optimization Zi:
under Tsybakov Noise Conditio
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Introduction

First Order d-D Stochastic Convex Optimization Active 1-D Threshold Learning

optimum (information complexity) decision boundary (sample complexity)  Point error: |z — z*|, Excess risk: Risk(zy) — Risk(z*)
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Minimize # queries needed to find Point error: ||zp — 2*||, Function error: f(zr) — f(z*) ' Minimize # queries needed to find y; €{0,1} and E|Y|X =x| = P(Y = 1|X = x)

UC Implies TNC

Intuition Uniform Convexity and TNC
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1  JUMP : Binary search - exponentially fast! k=1 * If noise pdf grows linearly around its zero mean (Gaussian,

 FLAT : No intelligent queries — passive learning  x — oo uniform, etc), then (for a different constant)
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then minimax optimal active learning rate in 1-dimis CL ¥
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Controls strength of convexity everywhere in domain

d-D Lower & Upper Bounds

Lower bounds based on active learning Takeaway Messages

Convex optimization Active learning

Epoch-based Gradient Descent
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Initialize e = 1,21, Th, R1, m
until Oracle budget T' is exhausted (£ <logT epochs )

fort=1to 71, do
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0" : f(z) ~N(f(x),0%), g(z) ~ N(g(z),0°1a)

d Projected Gradient Descent xy_ ; = H (Y — NeGt) S
i=1 L1 = 5 L '
J T 1 Requires knowledge of « Minimizer: a point (0-dim) Decision boundary: curve (d-1 dim)
fi(x) = ciller = 20"+ 2 i fwal®) + ez @y < da T. = 2T n —n,- 272 R ~ . e<—e—+1 2
fo(x) otherwise e+l = SterTlet1 = Tle el ™ Vet 1 T~ 55 N_@

We can show that this algorithm’s last point achieves the

. _ o _ Complexity of convex optimization in any dimension is
minimax optimal error rates, giving us the following theorem

same as complexity of active learning in 1 dimension.
* Fano’s Inequality if KL(Py, P;) < Constant

Theorem: The minimax optimal first-order * There exists a connection between the two fields due

inf sup P(||z — z%| > |2}, — 2% ||/2) > constant
T

stochastic optimization error rate for d-D £(X) to sequential nature and role of feedback
. . Lipschitz convex functions that satisfy
KL(Po. P2 < 5 ( max lon(e) — a0 ) + 5 ( max o) — o) 1?) . - o
D= g \sess ' 2\ weg " 1 f(x) — f(z*) > Mz — 2*||" | * This can be explicitly captured by the implication of
x* X

Query that yields max difference
between function/gradient values

= O(Ta2“_2) + O (TCLQ”‘)

for some k> 1 over a bounded set is Tsybakov’s Noise Condition from Uniform Convexity

E||ér - 2| = ©(T %)

E[fer) - fa)] =0(T753) 72 p g

Strongly
convex Convex

K =2 K — OO

e Exploiting this leads to sharing of lower and upper
bound ideas, new proof techniques and algorithms

N

. k * _ 1
< Constant if 2% — 2%, ||/2=a=T 2>

Immediately yields lower bounds for function error and for
zeroth order derivative-free stochastic optimization

Precisely the rates for 1-D K =3/2

Py =P({X;, fo(Xi),90(Xi)}im1)  Pr=P{Xi, f1(Xi), g1(Xi)}ioy) :
E active learning!

Conclusion
Extensions References

 Epoch-based active learning algorithm — adaptive to unknown Tsybakov noise parameters Primal-dual subgradient methods for minimizing uniformly convex functions (Juditsky, Nesterov, 2009) Sk

* Using active learning to perform line search in optimization

 Optimization procedures with access to directional gradient signs (not real valued vectors)

* Randomized coordinate descent algorithm — adaptive to unknown convexity parameters Convex games in banach spaces (Sridharan, Tewari, 2010) §:¢
: : : : .. : Information theoretic lower bounds on the oracle complexity of stochastic convex optimization (Agarwal, Bartlett, Ravikumar,
* New algorithms for derivative-free stochastic optimization? Wainwright, 2010) i
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