
Optimal Rates for Stochastic Convex Optimization 
under Tsybakov Noise Condition 

Aaditya	  Ramdas	  and	  Aar-	  Singh	  

Introduction 

UC Implies TNC 

d-D Lower & Upper Bounds 

Conclusion 
Extensions	   References	  

First	  Order	  d-‐D	  Stochas6c	  Convex	  Op6miza6on	   Ac6ve	  1-‐D	  Threshold	  Learning	  	  

f(X)

x

⇤

1.*Role*of*feedback*

3'

•  in'convex'op3miza3on''

''''''
'
'
'
'
'
'''''minimize'informa&on/query**
*****complexity**
''''(T'='#'queries'needed'to'find''''''
'''''the'op3mum)'

•  in'ac3ve'threshold'learning''

'''''
'
'
'
'''''minimize'sample*complexity*
*
*****(N'='#'queries'needed'to'find'''''
'''''''decision'boundary)*

RaginskyNRakhlin’09'

X

0'

0.5'

1'

X
x

⇤

f(X)

x

⇤

1.*Role*of*feedback*

3'

•  in'convex'op3miza3on''

''''''
'
'
'
'
'
'''''minimize'informa&on/query**
*****complexity**
''''(T'='#'queries'needed'to'find''''''
'''''the'op3mum)'

•  in'ac3ve'threshold'learning''

'''''
'
'
'
'''''minimize'sample*complexity*
*
*****(N'='#'queries'needed'to'find'''''
'''''''decision'boundary)*

RaginskyNRakhlin’09'

X

0'

0.5'

1'

X
x

⇤

2.*Connec&ons*in*1Jdim*noiseless*seMng*

7'

•  convex'op3miza3on ' '''

''''''
'
'
'
'
'

X

f(X)

0'

0.5'

1'

X

P (sign(g(X)) = +|X)

P (Y = 1|X)

•  ac3ve'learning''

X
0'

1'
P (sign(g(X)) = +|X)

2.*Connec&ons*in*1Jdim*noisy*seMng*

8'

•  convex'op3miza3on''

''''''
'
'
'
'
'

•  ac3ve'learning''

'''''
'
'
'
''''*

X

f(X)

X

0'

0.5'

1'

•  ac3ve'learning''

P (sign(g(X)) = +|X)

P (Y = 1|X)

bg
0'

0.5''

1'

X

bg

zeroNmean'noise'

P (sign(g(X)) = +|X)

2.*Minimax*ac&ve*learning*rates*in*1Jdim*

•  If'Tsybakov’s'Noise'Condi3on'(TNC)'holds'
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•  Epoch-‐based	  ac-ve	  learning	  algorithm	  –	  adap-ve	  to	  unknown	  Tsybakov	  noise	  parameters	  

•  Using	  ac-ve	  learning	  to	  perform	  line	  search	  in	  op-miza-on	  

•  Op-miza-on	  procedures	  with	  access	  to	  direc-onal	  gradient	  signs	  (not	  real	  valued	  vectors)	  	  

•  Randomized	  coordinate	  descent	  algorithm	  –	  adap-ve	  to	  unknown	  convexity	  parameters	  

•  New	  algorithms	  for	  deriva-ve-‐free	  stochas-c	  op-miza-on?	  

•  Por-ng	  ac-ve	  learning	  procedures	  to	  non-‐convex	  op-miza-on?	  

Primal-‐dual	  subgradient	  methods	  for	  minimizing	  uniformly	  convex	  func-ons	  (Juditsky,	  Nesterov,	  2009)	  
	  
Minimax	  bounds	  for	  ac-ve	  learning	  (Castro,	  Nowak,	  2007)	  
	  
Informa-on	  complexity	  of	  black-‐box	  convex	  op-miza-on	  (Raginsky,	  Rakhlin,	  2009)	  
	  
Beyond	  the	  regret	  minimiza-on	  barrier:	  an	  op-mal	  algorithm	  for	  stochas-c	  strongly-‐convex	  op-miza-on	  (Hazan,	  Kale,	  2011)	  
	  
Convex	  games	  in	  banach	  spaces	  (Sridharan,	  Tewari,	  2010)	  
	  
Informa-on	  theore-c	  lower	  bounds	  on	  the	  oracle	  complexity	  of	  stochas-c	  convex	  op-miza-on	  (Agarwal,	  BartleW,	  Ravikumar,	  
Wainwright,	  2010)	  
	  
Query	  complexity	  of	  deriva-ve-‐free	  op-miza-on	  (Jamieson,	  Recht,	  Nowak,	  2012)	  

Minimize	  #	  queries	  needed	  to	  find	  
op-mum	  (informa-on	  complexity)	  

E[f̂(x)] = f(x) 2 R and E[ĝ(x)] 2 @f(x) ⇢ Rd with variance �

2

Minimize	  #	  queries	  needed	  to	  find	  
decision	  boundary	  (sample	  complexity)	  

Point error: kxT � x

⇤k, Function error: f(xT )� f(x

⇤
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•  Oracle'provides'noisy'func3on'and'gradient'values'
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•  There	  exists	  a	  connec-on	  between	  the	  two	  fields	  due	  
to	  sequen-al	  nature	  and	  role	  of	  feedback	  

•  This	  can	  be	  explicitly	  captured	  by	  the	  implica-on	  of	  
Tsybakov’s	  Noise	  Condi-on	  from	  Uniform	  Convexity	  

•  Exploi-ng	  this	  leads	  to	  sharing	  of	  lower	  and	  upper	  
bound	  ideas,	  new	  proof	  techniques	  and	  algorithms	  

Takeaway	  Messages	  	  

Intui6on	   Uniform	  Convexity	  and	  TNC	  
Ac6ve	  Learning	  and	  TNC	  

Epoch-‐based	  Gradient	  Descent	  

Lower	  bounds	  based	  on	  ac6ve	  learning	  

Immediately	  yields	  lower	  bounds	  for	  func-on	  error	  and	  for	  
zeroth	  order	  deriva-ve-‐free	  stochas-c	  op-miza-on	  

Point error: |xN � x

⇤|, Excess risk: Risk(xN )� Risk(x

⇤
)
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3.!1?dim!vs.!d?dim!
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Complexity of convex optimization in any dimension is 
same as complexity of active learning in 1 dimension. 

Decision'boundary:'curve'(dJ1'dim)'

Ac-ve'learning''Convex'op-miza-on''

Minimizer:'a'point'(0Jdim)'
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3.!Minimax!d?D!SCO!rates!

Theorem:!The'minimax'op-mal'firstJorder''
stochas-c'op-miza-on'error'rate'for'dJD''
Lipschitz'convex'func-ons'that'sa-sfy'
'
'
for'some''''''''''''''over'a'bounded'set'is'
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We	  can	  show	  that	  this	  algorithm’s	  last	  point	  achieves	  the	  
minimax	  op-mal	  error	  rates,	  giving	  us	  the	  following	  theorem	  

3.!TNC!and!strong!convexity!

•  Strong'convexity'''''''TNC'with''
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uniform,'etc),'then'(for'a'different'constant)'
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•  TNC'for'convex'func-ons'
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2.!When!does!ac6ve!learning!help?!
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4.!Epoch?based!gradient!descent!

•  If'f'is'a'Lipschitz'convex'func-on'that'sa-sfies'TNC(κ),'then'
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do Projected Gradient Descent

until Oracle budget T is exhausted
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⇣
T

� 1
2�2

⌘

sup
f

E
h
f(xE+1

1 )� f(x⇤)
i
= Õ
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