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4.1 Maximal Inequality

Let Xi,...,Xq be centered random variables such that log E[e*¥i] < 4()) for some convex function ()
and for all A that satisfy [A| < ¢, b > 0. Then

E[ max XZ} < inf {lg@ﬂm}

1<i<d T 2e(0,3) A

We proved this inequality in the previous class. Here we consider an example.

Suppose ¥(A) < )‘22" ® for all A\ € R. This means that X, € SG (02) . Applying the maximal inequality, we
see

log(d) 4 22
]E{ max X@} < inf {Og()—”
1<i<d

A>0 A

_ log(d) + Zlog(d) o2 21og(d)

setting A =
- [210g(d) & 02
0-2

~ 2log(d)

N /2 logz(d)
= /202 log(d).

This tells us that when we have sub-Gaussian X1, ..., Xy, E[lrgaécd Xi] grows on the order of y/log(d).

(optimal)

Also, by the union bound,
d
P (maXXi > t) < ZP(Xz > t) < de—tz/(Qaz) — e—t2/(202)+10g(d).
; >t) < >1) <
i=1

This probability goes to 0 if % > log(d).

A maximal inequality for another characterization of the X;s comes from Lemma 2.1 from [MO07]:
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Lemma 4.1 Suppose that X1,...,Xq are centered random variables such that log E[e*Xi] < (N), [A| < ¢,
b > 0 for some function v (-) that satisfies

e Y(-) is convex
o U(:

o $(0) = v/(0) = 0.

is continuously differentiable on [0, §)

—  —

Let *(t) = sup {A—v(N)}. Then for all p >0, * " *(u) = inf {LM} =inf{t > 0:¢"(t) > pu}.
AE(0,1) A€(0,3) A

This expression 1¥*~1(u) is called the generalized inverse of 1*. For more details, see [M07] or [BLM13].

Example: Suppose Xi,..., Xy satisfy the conditions of Lemma 4.1, where ¥(\) = %, A€ (O, %)
Then * () = /2v2u + bu for p > 0, and

E[miaxXi] < inf {W} = ¢* 1 (log(d)) = /2v2 log(d) + blog(d).

AE(0,%)

4.2 Bounded Differences

Suppose X7q,...,X,, are independent random variables. So far, most of the concentration inequalities that
we have considered have worked with Z;;l X;. More generally, we may be interested in concentration
inequalities on arbitrary functions f(Xi,...,X,). That is, if we let Z = f(X1,...,X,,), can we place a
useful upper bound on P(|Z — E(Z)| > t) for t > 07

We begin by considering the expression Z — E(Z). Set

Zo=E[f(Xy,...,X,)]
Zy =E[f(X1,..., Xpn)|X1,..., Xg] forl1<k<n-—1
Zn =E[f(X1,..., X)|X1,..., Xn] = f(Xq,..., Xn).

Then we can re-write
n

Z—B(Z2)=Zn—Zo=Y (Zr—Zr1)=» Dy,
k=1 k=1

where Dy = Zy, — Zy_1 for 1 < k < n. These terms Dj, are not independent, but they are an example of a
martingale difference. Martingales can be considered as a first step away from independence. We now turn
our attention to martingales.

4.3 Martingales
We begin by defining a martingale.

Definition 4.2 (Martingale.) Let (Q, F) be a measurable space, and let Fo = {0,Q}. Let Fo C Fy C Fo C
-+ C F be a sequence of sub-o-fields. Let {Yy}r=01,2,.. be a sequence of random variables such that Yy is
Fr-measurable.
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Then the sequence {Yj}k=0,1,2,... is a martingale adapted to the filtration {Fi}r=01,2,.. if E[|[Yx|] < oo and
E[Yi|Fr—1] = Yi—1 for all k.
Example: Doob construction.

One way to create a martingale is through the process of Doob construction. Suppose X7, ..., X,, are random
variables. Let Z = f(X;,...,X,) for some function f, subject to the condition that Z is integrable. Define
the generated o-fields Fj, = o(X1,...,Xy) for k > 1. Let Y, = E[Z|Fy]. Then the sequence {Yy}r=12, . is

a martingale.
Proof: We see that E[|Y;|] = E[|E[Z|Fk]|] < co because Z is integrable. Also, for k > 1,
E[Yi|Fr-1] = E[E[Z|Fi]|Fr-1] = E[Z|Fr-1] = Yi—1,
where the second equality holds by the Tower Property. We conclude that {Yj}r=12 . is a martingale. H
Exercise: Martingale difference.

Sometimes we work with the difference of consecutive terms of a martingale. Suppose {Yi}r=01,2,.. is a
martingale adapted to the filtration {Fr}r=012,... Let {Dp}m=12,.. be the sequence defined by D, =
Y., — Yi—1. Then E[D,,|Fyn—1] = 0 for all m and {D,, }m=12,.. is adapted to the filtration {F,,}m=12,. .-

Proof: We see that
E[Dmlj:mfl] = E[Ym - m71|]:m71] = E[Ym|]:m71] - ]E[Ym71|]:mfl] = mel - mel =0.
D,, is F,,-measurable because D,, =Y,, —Y,,_1, and Y,, and Y,,_; are both F,,-measurable. [ |

Now we relate martingale differences to the concept of sub-exponential variables.

Theorem 4.3 Let {Dy}r=1,2.. be a martingale difference with respect to {Fi}r=1,2,.. such that E [e)‘D’“ |.7:k_1} <
N2 s, for (A < Oéik and vy, ap > 0. Then

1.3 Dy e SE (Y} _, vi, maxay)

n
2. Where 1/3 = ZV,%, Qy = m]?xak, andt >0,

k=1
7252/(21/,?) .
P i) < % ts
) T 20 W) g s

Proof: To prove statement 1, we see that for || < m,

N
N

%

R Q
% tox

S
k=1

Q
x

E[) Tiet ] = B[E[} Thes P 7, | (4.1)
= B[N i Dep [P |7, ] (4.2)
< MR {exz:;f D} (4.3)
< N il vi/2 (4.4)

(4.1) holds by the Tower Property. (4.2) holds because e*“i=1 P is F,_;-measurable. (4.3) holds by the
assumptions of Theorem 4.3. (4.4) can be derived by iterating the process of (4.1)-(4.3) n — 1 more times.
This shows that Y., Dy € SE (3_, v7, max ay).



4-4 Lecture 4: September 13

Statement 2 follows directly by applying the concentration bound on means (sums, in this case) of sub-
exponential random variables from the 9-11-17 lecture notes. [ |

Corollary 4.4 (Azuma inequality.) Let {Dy}r=12. .. be a martingale difference with respect to {Fj}x=12,....
Suppose ay, < Dy < by a.s. for all k. Then fort >0 andn € N,

- 2t2
P(ZDk 2t> SQexp{_W}.

k=1
Proof: This is a direct consequence of Theorem 4.3. Since ap < Dy < by a.s., Dy is sub-Gaussian with
_ (bp—aw)?
= 1

parameter at most o . (See properties of sub-Gaussian random variables from 8-30-17 lecture
notes.) That implies that E[e/\Dk] < eMoi/2 a.s., SO E[e’\D’f|]—'k,1] < eMoi/2 g, Using statement 2 from
Theorem 4.3, we set v2 = > oif = > 1_;(bx — ai)? and a,, = 0. Then for ¢ > 0,

Y t? 212
P Dyl >t <2e — _ —9e o U
<Z i ) Xp{ Q'iZg—l(bk—ak)Q} Xp{ Zk_l(bk—akP}

k=1
4.4 Bounded Differences: The Return of Section 4.2

We return to our problem from Section 4.2, where Xi,...,X, are independent random variables, Z =
f(Xy,...,X,,) for some function f, Z, = E[Z|X},...,X], and Dy is the martingale difference given by
Dy = Zy, — Z_1. We want to find a bound on P(|Z — E(Z)| > t). To make this problem more tractable, we
might impose on f the Bounded Difference Property.

Definition 4.5 (Bounded Difference Property.) A function f : R™ — R satisfies the Bounded Difference
Property if for all x = (x1,...,2,) € R™ in the domain of f and for allk =1,...,n,

Sup [ f(&1, .y Tho1, Thy Thit 1y« - Tn) — (X150 oy The1, Yy Thog 1y -+, Tn)| < L
y

for some positive constants Lq,...,L,. This can be seen as a Lipschitz condition with respect to Hamming
distance.

The following theorem uses the Bounded Difference Property to conclude that Z = f(X;,...,X,) exhibits
sub-Gaussian behavior when f satisfies the Bounded Difference Property.

Theorem 4.6 (Bounded Difference Inequality, or McDiarmid’s Inequality.) Let (X1,...,X,) be an n-
dimensional random vector with independent components. Suppose f : R™ — R satisfies the Bounded Differ-
ence Property with constants Lq,...,L,. Let Z = f(X1,...,X,). Then for allt > 0,

2t
P(|Z-E(2)| = 1) §26XP{ —m}

Proof: Recall that we can construct a martingale difference with terms Dy, = E[Z] X1, ..., Xi|-E[Z|X1,..., Xk-1]
for 1 < k < n, and set Dy = E[Z]. Recall from Section 4.2 that >_;_, Dy = Z — E[Z]. For k =1,...,n,
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define
Ak = 1anE[Z|X1, .. -7Xk717Xk: = LU] — E[Z'Xl, . .,Xk,ﬂ
Bk = sup]E[Z|X1, cen an—lka: = ZE] - E[Z|X1,. .. ,Xk_ﬂ.

Then Ay < Dy, < By a.s. for k=1,...,n. We apply the Azuma inequality to show that for ¢ > 0,

zn:D >t] <2e 2t2 < 2e 2t2
X — X ——=n 5
S B S N (el D S 7

k=1
since | By, — Ag| < Ly, for all k. [ ]

MZ—EwH>w=P<

Example: Density estimation in L.

Assumptions:

e Xq,...,. X, u P, where P has Lebesgue density p.

e Let K be a kernel. So K : R — R>g and [ K(x)dz = 1.

Our goal is to estimate the density p, which is a function on R.

Define a random function p; by

1 & X

where h > 0 is the bandwidth. We use p;, as an estimator of p. To see why this is a reasonable choice, let
pr(z) = E[pp(2)] for all z € R. Then pp(x) > 0 and [ py(x)dz = 1. That means that pj,(z) = E[ps(x)] is a
valid density on R.

The total variation distance between pj, and p is defined as L1 (pn,p) = [ [pn(x) — p(x)| dz. We would like
to show that Lq(pn,p) — 0, but this is a challenging problem. However, we can at least show that L1 (pn,p)
satisfies the Bounded Difference Property.

The total variation distance Lj(pp,p) is a function of the random variables Xi,...,X,. Thus, define
Li(pn,p) = f(z1,...,2,). Define XM = (z1, ... 2p_1, 2, Tpy1, .. 2n) and X @ = (1, .., T 1, Yy Thg 1y -, Tn).
We see that
f(1'17"'7zk—17$7xk+1a"'ax7l)_f('rlv" y Lk—1,Y, Thkt1y-+ -, T )
1 n 1 n X(2) .
= — N 'K dx—/— K|———| —px)|dz
[ (5572) oo [ (5572 -
1 T — y—
< — K K
<o (5 ) (5 )
! /K T 2)a +/K dz
— z
nh R h R
Setting w = *3% and w’ = 4%,

—[h /R K (w)dw + h /R K(w’)dw’]
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Since K is a density, both integrals equal 1, so this final expression equals %

This shows that L (pp, p) satisfies the bounded difference property with constant % for each of the n compo-
nents. Applying the Bounded Difference Inequality (McDiarmid’s Inequality), we determine that for ¢ > 0,

P (| L1 (pn, p) — E[L1 (P, p)]| > t) < QQXP{ - n?t;?} - 26Xp{ B ”;2}

This bound does not depend on the bandwidth h.
Example: Uniform deviation.

iid

Let X1,...,X, ~ P in R% Let A be a collection of subsets in R%. Construct an empirical measure

1 n
P,(B) = - ZI{Xi € B}, where the sets B are Borel. Often we are interested in sup |P(A4) — P,(A)|. As
i=1 AcA
an example, let d = 1 and A = {(—o0,z] : € R}. Then sup |P(A) — P,(A)| = sup |F(x) — F,,(x)|, where
AcA z
F(z) is the CDF of P and F),(z) is the empirical CDF.

P, (A) satisfies the Bounded Difference Property with constants % because changing one of the X;s will
change P,(A) by at most L. So changing one of the X;s will change sup |P(A) — P,(A)| by at most L.
AeA

Applying the Bounded Difference Inequality,

"

The choice of set A is nowhere in this bound.

2t2 —2t%n
iléa |P(A) — P,(A)| — E[Zléa |P(A) — Pn(A)H‘ > t) < 2€Xp{ - W} =2e .
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