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1.1 Discretization

Definition 1.1 (sub-gaussian vector) X ∈ Rd is SG(σ2) when XT v ∈ SG(σ2) for all v ∈ Sd−1.

Example: 1. If coordinates of X are independent SG(σ2).
2. X ∼ Nd(0,Σ)⇒ X ∈ SG(‖Σ‖op). (exercise)

Theorem 1.2 Let X ∈ Rd be SG(σ2), then E[‖X‖] ≤ 4σ
√
d and ‖X‖ ≤ 4σ

√
d + 2σ

√
2 log (1/δ) for all

δ ∈ (0, 1) with probability ≥ 1− δ.

Proof: First notice that ‖X‖ = (
∑d
i=1X

2
i )1/2 = maxθ∈Bd

θTX where Bd is the unit ball in Rd. Let N1/2

be a 1
2 covering of Bd in Euclidean norm. Then |N1/2| ≤ (1 + 2

1/2 )d ≤ 5d. Next, ∀θ ∈ Bd, ∃ z = z(θ) ∈ N1/2

such that ‖θ − z‖ ≤ 1/2, or equivalently, ∃ w such that θ = z + w and ‖w‖ ≤ 1/2. So

max
θ∈Bd

θTX ≤ max
z∈N1/2

zTX + max
w∈ 1

2Bd

wTX.

Notice that maxw∈ 1
2Bd

wTX = 1
2 maxθ∈Bd

θTX, we get

max
θ∈Bd

θTX ≤ 2 max
z∈N1/2

zTX.

(In fact, it holds that ‖X‖ ≤ 1
1−ε maxz∈N1/2

zTX for ε < 1).
Then by maximal inequality for sub-gaussians,

E[‖X‖] = E[max
θ∈Bd

θTX] ≤ 2σ
√

2 log |N1/2| ≤ 4σ
√
d

since log |N1/2| ≤ d log 5.
Next, for all t ≥ 0,

P(‖X‖ ≥ t) = P(max
θ∈Bd

θTX ≥ t)

≤ P( max
z∈N1/2

zTX ≥ t/2)

≤
∑

z∈N1/2

P(zTX ≥ t/2)

≤ |N1/2|e−t
2/8σ2

≤ 5de−t
2/8σ2

.

1-1



1-2 Lecture 1: September 20

Set RHS ≤ δ ∈ (0, 1) and solve for δ, we get t =
√

8 log 5
√
dσ + 2σ

√
2 log (1/δ).

Remark: The same argument will lead to bounds on ‖A‖op using the fact

‖A‖op = max
x∈Sd−1

‖Ax‖ ≤ 1

1− ε
max
x∈Nε

‖Ax‖

for ε ∈ (0, 1).

1.2 Covariance Matrix Estimation in ‖ · ‖op Norm

Let Σ be a d×d PSD matrix, X1, ..., Xn ∼ N(0,Σ) i.i.d. satisfying the sub-gaussian property. The covariance
matrix estimator Σ̂ = 1

n

∑n
i=1XiX

T
i . Then

max
i,j
|Σ̂ij − Σij | ≤ C

√
t+ log d

n

with probability ≥ 1− e−t. This result is consistent even if d = en.

Before moving on, let’s review our matrix algebra.

1.2.1 Review of Matrix Algebra

Singular Value Decomposition(SVD)

Let A be an m × n matrix, SVD asserts that A can be decomposed into A = UDV T , where D is an r × r
diagonal matrix, or D = diag(σ1, ..., σr, 0, ..., 0) for σ1 ≥ ... ≥ σr > 0 singular values and r = rank(A). U is
an m× r matrix of orthonormal columns, which are the left singular vectors of A, and V is an r× n matrix
of orthonormal columns that are the right singular vectors of A.

Operator Norm

• Note that σ1 is the largest singular value of A. The operator norm of A is defined as its largest singular
value and the following equalities hold:

‖A‖op = σ1 = max
x∈Rn,‖x‖6=0

‖Ax‖
‖x‖

= max
x∈Sn−1

‖Ax‖ = max
y∈Sn−1

max
x∈Sn−1

yTAx.

This defines a norm over m× n matrices.

• If A is symmetric, then
‖A‖op = max

x∈Sn−1
|xTAx|.

• If A is PSD (xTAx ≥ 0 ∀x ∈ Rn), then

‖A‖op = max
x∈Sn−1

xTAx = λmax(A)

where λmax(A) is the largest eigenvalue of A.
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• The Frobenius norm of A is defined as ‖A‖F = (
∑
i

∑
j A

2
ij)

1/2.

• Fact about ‖ · ‖op: ‖Ax‖ ≤ ‖A‖op‖x‖ for all x.

• Weyl Inequality: If A and B are m× n matrices with singular values σ1(A) ≥ ... ≥ σmin {m,n}(A) and
σ1(B) ≥ ... ≥ σmin {m,n}(B), then maxk |σk(A)− σk(B)| ≤ ‖A−B‖op.

Now we continue with covariance matrix estimation.

Theorem 1.3 Let X1, ..., Xn ∈ Rd be i.i.d vectors of mean 0 and covariance Σ such that Xi ∈ SG(σ2) for
all i. Then, for Σ̂ = 1

n

∑n
i=1XiX

T
i , we have

P(
‖Σ− Σ̂‖op

n
≤ C max{

√
d+ log(2/δ)

n
,
d+ log(2/δ)

n
}) ≥ 1− δ

for δ ∈ (0, 1).

Note: 1. If Xi ∼ N(0,Σ), σ2 = λmax(Σ) = ‖Σ‖op.
2. If d� n, the result is not consistent.

Proof: Use the discretization argument and the following fact from HW1,

X ∈ SG(σ2)⇒ X2 − E[X2] ∈ SE(α2, ν)

where α = ν = 16σ2 and the fact from class that E[|X|k] ≤ (2σ2)k/2kΓ(k/2).
To set up discretization argument, need

Lemma 1.4 Let A be symmetric and Nε an ε-covering of Sd−1, ε ∈ (0, 1). Then

‖A‖op = max
x∈Sd−1

|xTAx| ≤ 1

1− 2ε
max
Z∈Nε

|ZTAZ|

Proof: We have to consider 2 cases:
case 1: ‖A‖op = max

x∈Sd−1
xTAx

case 2: ‖A‖op = max
x∈Sd−1

− xTAx.

Regardless, let x∗ be the point in Sd−1 achieves the optimum and let z = z(x∗) ∈ Nε s.t. ‖z − x∗‖ ≤ ε.
Then

|(x∗)TAx∗ − zTAz| = |zTAz − (x∗)TAx∗|
= |(x∗)TA(x∗ − z) + zTA(x∗ − z)|
≤ |(x∗)TA(x∗ − z)|+ |zTA(x∗ − z)|
≤ ‖x∗‖‖A(x∗ − z)‖+ ‖z‖‖A(x∗ − z)‖ by Holder

≤ ‖x∗‖‖A‖op‖x∗ − z‖+ ‖z‖‖A‖op‖x∗ − z‖
≤ 2ε‖A‖op

So, for case 1,
‖A‖op = (x∗)TAx∗ ≤ 2ε‖A‖op + zTAz.

For case 2,
‖A‖op = −(x∗)TAx∗ ≤ 2ε‖A‖op − zTAz.
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Take maximum over z ∈ Nε on RHS to get the result.
Set Q = Σ̂− Σ, symmetric,
let {v1, . . . , vN} be a 1/4-covering of Bd =⇒ N ≤ qd. So ‖Q‖op ≤ 2 max

i=1,...,N
|vTi Qvi| by lemma. Hence,

∀t > 0,

P(‖Q‖op ≥ t) ≤ P
(

max
i=1,...,N

|vTi Qvi| ≥
t

2

)
≤

N∑
i=1

P
(
|vTi Qvi| ≥

t

2

)
.

To be continued ...
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