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23.1 Supreme of sub-Gaussian process

Theorem 23.1 (One step discretization bound) Assume {Xθ, θ ∈ T} is a sub-Gaussian process w.r.t.
d, then

E[supθ,θ′∈T|Xθ −Xθ′ |] ≤ infδ∈(0,D](2E[supγ,γ′∈T,d(γ,γ′)≤δ|Xγ −Xγ′ |] + 4D
√
logN(T, δ)).

Example 23.2

• For T ⊆ R, then for radermacher of Gaussian complexities, we have Xγ = εT δ, then

E[supγ,γ′∈T,d(γ,γ′)≤δ|Xγ −Xγ′ |] ≤
√
nδ.

So Rn(T̃(δ)) . minδ∈(0,D]{δ
√
n+D

√
logN(T, δ)}

• Non-parametric regression:
FL = {f : [0, 1]→ R, f(0) = 0, |f(x)− f(y)| ≤ L(x− y)∀x, y ∈ [0, 1]}. Need to handle
Gn(F(xn1 )) = E[supf∈FL

1
n

∑n
i=1 εif(xi)], where F(xn1 ) = {(f(x1), · · · , f(xn)), f ∈ FL} ⊆ Rn.

Canonical metric is ||f − g||n =
√

1
n

∑
(f(xi)− g(xi))2. Here Xf = 1√

n

∑
εif(xi).

logN2(
F(xn

1 )√
n
, δ) ≤ logN∞(F(xn1 ), δ) ≤ logN∞(FL, δ). (Because ||f − g||n ≤ maxi|f(xi)− g(xi)|).

Note that logN∞(FL, δ) � L
δ , 0 < δ ≤ δ0. Then Gn(F(xn1 )) . 1√

n
(δ
√
n+

√
L
δ ),∀δ < δ0.

Balance the terms by choosing δ � n− 1
3 , Gn(F(xn1 )) . n−

1
3 .

Remark: this is not sharp. The optimal rate for non-parametric least squares is n−
2
3 .

• Wasserstein distance:

E[W1(Pn, P )] . n−
1
3 . Because in this case, E[supd(f,g)<δ|Xf − Xg|] ≤ 2δ, the bound is δ +

√
L
δn .

Remark: this is also sub-optimal, one sharper rate is n−
1
2 .

Remark In one step discretization bound, we bound E[maxi|Xθi −Xθ1 |] by 2
√
D2logN(T, δ).

In the following chaining bound, we obtain a sharper bound as 2
∫D
δ

√
logN(T, µ)dµ.

Theorem 23.3 (Chaining bound) Let {Xθ, θ ∈ T} is zero-mean, sub-Gaussian, separable process w.r.t.
d on T, then

E[supθ,θ′∈T|Xθ −Xθ′ |] ≤ 2E[supγ,γ′∈T,d(γ,γ′)≤δ|Xγ −Xγ′ |] + 16

∫ D

δ/4

√
logN(T, µ)dµ

.
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Remark

• Constraint is not sharp.

• if δ = 0, the integral term is
∫D
0

√
logN(T, µ)dµ. (Known as Dudley’s bound).

Proof: Let U = {θ1, · · · , θN} be a minimal δ-cover of T w.r.t. d. Then,

supθ,θ′∈T|Xθ −Xθ′ | ≤ 2supγ,γ′∈T,d(γ,γ′)≤δ(Xγ −Xγ′) + 2maxi|Xθi −Xθ1 |.

Now we bound the second terms:
For m = 1, · · · , L to be specified, let Um be a δm = D

2m minimal cover of U (where we are allowed to choose
points for Um from T, not just from U. Then |Um| ≤ N(T, δm).
Since U is finite, ∃L s.t. |UL| = |U| and in this case: UL = U. So L is the smallest integer s.t. |UL| = |U|.
For each m = 1, · · · , L, let πm : T→ Um s.t. πm(θ) = argminβ∈Um

d(θ, β).
So for each θ ∈ U, we get a sequence (γ1, · · · , γL), where γL = θ, γj = πj(γj+1), j = 1, · · · , L− 1.
*Remark: (γ1, · · · , γL) can be viewed as a chain, with finer resolution to be close to θ.

Note for θ ∈ U, we can write Xθ −Xγ1 =
∑L
m=2(Xγm −Xγm−1

). Thus,

|Xθ −Xγ1 | ≤
L∑

m=2

maxβ∈Um
|Xβ −XTm−1(β)|.

Given another θ′ ∈ U, we can construct another chain (γ′1, · · · , γ′L) and get the same bound for |Xθ′ −Xγ′1
|.

By triangle inequality:

|Xθ −Xθ′ | ≤ maxγ,γ′∈U1
|Xγ −Xγ′ |+ 2

L∑
m=2

maxβ∈Um
|Xβ −XTm−1(β)|.

(To be continued)
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