Random Variables

e We've beenworkingwith randonwvariablesall semester
we just haven't calledthemthat.

e A Randonwvariablesis justanumericalariablein
statistics).e.arandomoutcomethatis quantitatve
(numerical).

Example: Sally, Bill, GeogeandBettinamaleupasmall
engineeringeam.Sallymales$75,000a year Bill males
$35,000Geoge makes$100,000andBettinamakes$75,000.
Considertwo randomsamplingprocedues:

e A procedue thatdoesnt geneiate a randomvari-
able: Fortheproceduréselectapersonmatrandom
from theteam”,thesamplespaces

S = {Sally, Bill, Geoge,Bettina}

andif the outcomesare equally likely then each
hasprobability 1/4 of occurring.



e Aproceduethatdoesgenelatearandonwvariable:
For the proceduré'selecta persomat randomfrom
theteamandchecktheir salary”the samplespace
IS

S = {35000, 75000, 100000}

(only threeoutcomesinceonesalaryis repeated).

In thelanguageof randomvariableswve would say:

“Let X bearandomvariablewith values35000,75000,
and100000 Notethatthesevaluesare nolongerequally
likely. Rather

Outcome Probability
$35,000 1/4
$75,000 1/2*
$100,000 1/4

*Two peoplehave this salary

Thesgorobabllitiesare calledthedistribution of X'




Expectedvalue (Cential Location)

In our salaryexample supposeg/ourepeatl00timesthe
procedue of selectinga personfromtheteamat random
and chedking their salary. Whatwould the sampleaver

age of your 100 observationde?

Sinceyou expectto seeead personabout25 times(1/4
of the 100 trials), you'd expectyour sampleaverage to
beabout

% ~ (25)(35000) + (50)(75000) + (25)(100000)
- 100

= (1/4)(35000) + (1/2)(75000) + (1/4)(100000)
= $71,250.

Note that $71,250is the sumof eadt salary timesits
probability. Thisformsthe basisof the definitionof the
expectedvalueof a randomvariable

Theexpectedvalueor meanof therandomvariableX
with valuesz is

1 = Sumof valuestimesprobabilities

= Zaz-P(X:az)




Standad Deviation (Speador variability)

You canusethesameadeato predictthesamplestandard
deviationin repeatedndependentrials:

Thestandad deviation (SD) of therandonvariableX
with valuesz is

Sumof squaredieviations
timesprobabilities

VD@ - wP(X =)

In the salary exampleabove the varianceof the salary
randomvariable X is

+ (1/2)(75000 — 71250)3
+ (1/4)(100000 — 71250)3
542, 187,500

(1/4)(35000 — 71250)?

andtheSDof X is

o = /542,187,500 = $23, 285.

Thisisaverylarge SD,but of coursetherange of salaries
from $35,000to $100,000is large too.



Law of Large Numbes

If arandomprocedurewith numericaloutcomess re-
peatedmary timesindependentlythe meanvalue of
the actually-obser@d outcomesapproacheshe true
meanor expectedvalue.

0.8

0.6

0.2

e Thepictureshavsthelaw of large numberdor an
“unfair coin” with probabilityof heads= 0.25.

e The sameprinciple appliesto averagesrom any
samplewvherethemember®f thesamplewereob-
senedindependently

e Thelargerthe standarddeviation (SD), thelonger
we have to wait for the law of large numbersto
“kick in”.



Gambling

A SimpleLottery

In asimplelottery, 100,00Qicketsaresoldfor $1.00each
andthefollowing prizesareguaranteed:

18 $400prizes
120 $50prizes
270 $40prizes

Theexpectedpayouton a $0.50ticketis

18 120 270
-($400 -(350
100000 (5400)+ 100000 (850)+ 100000

sothe stateonly paysout 48% (= .24/.50)of the money
wageredn thelottery.

.($40) = $0.24



Fromhtt p://pal ottery. com : “The daily number”

e Pickary threedigit number
e Chooseabetfrom $0.50to $5.00

e Perfectmatchpays500to 1, soif you bet$1.00a
perfectmatchpays$500.

e Probof anexactmatchonthreedigits:

L. & . £ =10.001, or 1in 1000.

e For a$1.00bet,the expectedpayoutis

$5000.001+ $0.000.999= $0.50.

e PA is payingout exactly 50% of the wagerin this
game.

e |t isverytypicalfor astatelotteryto payoutabout
1/2 of whatis wagered.

(Moore:15% — ad\ertising;35% — statecoffers; Casi-
nospay more(85%—95%)).



Fromhttp://pal ottery. coni: “Super6 Lotto”

[Approximateanalysis]

e A “play” costs$1.00(threesetsof 6 numbers).
e Stateskims 48 centsoff the top and puts 52 centsin

“Prize pool”.

e Playerpicks6 numberdrom 1 to 69. Winning oddsbe-
low (0ddsl : z <> probability1/(1 + x)).

Percenbf Winnings
Match Odds | PoolWon on$1.00
6o0f6 | 1:39,959,158 76.0% | (.760)($0.52F $0.3952
50f6 1:105,715 8.0% | (.080)($0.52F $0.0416
4 0f 6 1:1,364 7.5% | (.075)($0.52)F $0.0390
30f6 1:51 8.5% | (.085)($0.52) $0.0442

e Expectedeturnon$1.00wager:

$0.3952 - (1/39,959,159) + $0.0416 - (1/105,716)
+ $0.0390 - (1/1,365) + $0.0442 - (1/52) = $0.000863.

e Sothe Stateexpectsto payyou backlessthan1/10of a
penry oneachdollaryou spendonthelottery.
e Whataboutthosebig prizes?Thebettingsystems para-

mutuel(everyoneswagerancreasehepot)andunclaimed

mong is rolled overto anew play.
e Soenteringotto aftersomerolloverscaneventuallymake
thebetfair to you (but notto lastweeks losers).




Disentangling Probability by Simulation
TheBirthdayProblem

What'’s the probability of two [or more]peoplein a grouphav-
ing the samebirthday?

MIB > set cl

DATA> 1: 365

DATA> end.

MIB > Sanple 10 Cl1 c2; MIB > Sanple 10 Cl1 c2;

SUBC> Repl ace. SUBC> Repl ace.

MIB > Tally C2; MIB > Tally C2;

SUBC Count s. SUBC Count s.
C2 Count C2 Count
42 1 55 1
154 1 74 1
163 1 133 2
168 1 180 1
206 1 192 1
212 1 241 1
224 1 244 1
250 1 257 1
309 1 346 1
313 1 N= 10
N= 10

Do this mary times(10,000!)on thecomputer:



Probof at
Numberof people leastonematch

10 0.1209
20 0.4075
25 0.5658

80 1.0000




Binomial

A randomvariablethatwe encounterepeatedlyn opin-
lon suneys, marketingsuneys, qualityandperformances
studiesetc.,is thebinomialrandomvariable.

If an experiments analogousto countingthe numberX
of headsn n independentlips of a loadedcoin, then

e Theprobabilityof Headson ead flip is denotedp.

e X (thenumberof heads)s calleda binomialran-
domvariable

e p = X/n (thefractionof heads)is calleda bino-
mial proportion

We havealreadyseenthe formulasfor the meany and
standad deviation ¢ of a binomialrandomvariable:

px =np ox = +/np(l—p)

B _ /p(1—p)
pp=p  Op=

n




We canalsocalculate—gactly—theprobabilityof acer
tain numberof successfubutcomedrom a binomialdis-
tribution:

P[X = k] = (7,3) pP(1—p)"*, (fork=0,1,2,...n)

The symbol* (Z’) " standsfor “n choosek”, the bino-

mial coeficientfrom high-schoohklgebra:

<Z> B k!(nni k)l

Thesymbol“n!” is read“n factorial”.

n! | Meaning Value
0! | (specialcase) 1

1! |1 1

2 1 2-1 2

3 13-2-1 6

4! 14-3-2-1 24

5! |5-4-3-2-1 120

6! |6-5-4-3-2-1 720

mnm17-6-5-4-3-2-1 5040
8 |8-7-6-5-4-3-2-1 | 40320




Whee doesit comefrom?

e Imaginea loadedcoin with P[heads}= 0.25.We
wantthe probability of exactly threeheadsin five
iIndependentosses

e That'sthreeheadstwo tails:
(0.25)(0.25)(0.25)(0.75)(0.75) = (0.25)°(0.75)?
But thislookslike only thecaseHHHTT....

e WhataboutHTHTH? That’s
(0.25)(0.75)(0.25)(0.75)(0.25) = (0.25)°(0.75)”

acpin, sameanswer!We shouldaddtheseup be-
causehey arebothpossibleoutcomes.

e How mary otherpossibilitiesarethere? (g) .Adding
all thesewe get

5
(3) (0.25)3(0.75)?
e Thisisjusttheformula
-PPY==k]=:(Z)pkU~—zﬁn_k

withn =5,k = 3 p = 0.25.



So..., whatis the probability of threeheadsin five tossesof
thatloadedcoin?

P[X = k]

(Z) pf(L—p)~"

— (g) (0.25)%(1 — 0.25)°~3

|
— 3'5'2' (0.25)%(0.75)°

_ 120 3 2
= G 02" 07)

= (10) - (0.008789062)
—  0.08789062

We canlook at all the probabilitiesin anidealizedhistogram:

Binomial P[X=k], p = 0.1 Binomial P[X=k], p = 0.25

000000000000

Binomial P[X=k], p=0.5 Binomial P[X=k], p = 0.8

000000000000

The 68—-95-99. tHoesnt work aswell for skewed distributions
asfor symmetricones.



