
Random Variables

� We’vebeenworkingwith randomvariablesall semester,
we justhaven’t calledthemthat.� A Randomvariablesis justanumericalvariablein
statistics,i.e.arandomoutcomethatis quantitative
(numerical).

Example: Sally, Bill, GeorgeandBettinamakeupasmall
engineeringteam.Sallymakes$75,000ayear, Bill makes
$35,000,Georgemakes$100,000andBettinamakes$75,000.
Considertwo randomsamplingprocedures:� A procedure that doesn’t generatea randomvari-

able:For theprocedure“selectapersonat random
from theteam”,thesamplespaceis� � �

Sally, Bill, George,Bettina�
and if the outcomesare equally likely then each
hasprobability1/4of occurring.



� A procedurethatdoesgeneratea randomvariable:
For theprocedure“selectapersonat randomfrom
theteamandchecktheir salary” thesamplespace
is � � �����
	�	�	���
�
	�	�	����	�	�	�	�	 �
(only threeoutcomessinceonesalaryis repeated).

In thelanguageof randomvariableswewouldsay:

“Let � bea randomvariablewith values35000,75000,
and100000.Notethat thesevaluesareno longerequally
likely. Rather,

Outcome Probability

$35,000 1/4
$75,000 1/2�
$100,000 1/4�
Two peoplehave thissalary.

Theseprobabilitiesarecalledthedistributionof � .”



ExpectedValue(Central Location)

In our salaryexample, supposeyourepeat100timesthe
procedureof selectinga personfromtheteamat random
andchecking their salary. Whatwould thesampleaver-
ageof your100observationsbe?

Sinceyouexpectto seeeach personabout25 times(1/4
of the 100 trials), you’d expectyour sampleaverage to
beabout
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Note that $71,250is the sumof each salary times its
probability. This formsthe basisof the definitionof the
expectedvalueof a randomvariable.

Theexpectedvalueor meanof therandomvariable�
with values) is* �

Sumof valuestimesprobabilities� ) +�, � � � ) �



Standard Deviation (Spreador variability)

Youcanusethesameideato predictthesamplestandard
deviation in repeatedindependenttrials:

Thestandard deviation (SD)of therandomvariable�
with values) is

- � Sumof squareddeviations
timesprobabilities� � ) . * �0/ , � � � ) �

In the salary exampleabove, the varianceof the salary
randomvariable � is� �� 1"$� � ���
	�	�	 . �'� � �
	�� / � � �! � � � ���
	�	�	 . �'� � �
	�� /� � �! 1"2� � �3	�	�	�	�	 . �'� � ��	�� /� �#" � �4��5��'�6�
	�	
andtheSDof � is- � �#" � �4��5��'�6�
	�	 � & � �� � 5��7(
Thisis averylargeSD,butof coursetherangeof salaries
from$35,000to $100,000is large too.



Lawof LargeNumbers

If a randomprocedurewith numericaloutcomesis re-
peatedmany times independently, the meanvalueof
the actually-observed outcomesapproachesthe true
meanor expectedvalue.
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� Thepictureshows thelaw of largenumbersfor an
“unfair coin” with probabilityof heads= 0.25.� The sameprinciple appliesto averagesfrom any
samplewherethemembersof thesamplewereob-
servedindependently.� Thelarger thestandarddeviation (SD), the longer
we have to wait for the law of large numbersto
“kick in”.



Gambling

A SimpleLottery

In asimplelottery, 100,000ticketsaresoldfor $1.00each
andthefollowing prizesareguaranteed:

18 $400prizes
120 $50prizes
270 $40prizes

Theexpectedpayoutona$0.50ticket is��5��	�	�	�	�	 + � &1"�	�	��8� � � 	��	�	�	�	�	 + � &
��	��9� � �:	��	�	�	�	�	 + � &1"�	��;� &
	( � "
sothestateonly paysout 48%(

�
.24/.50)of themoney

wageredin thelottery.



Fromhttp://palottery.com/: “The daily number”

� Pickany threedigit number� Chooseabetfrom $0.50to $5.00� Perfectmatchpays500to 1, soif you bet$1.00a
perfectmatchpays$500.� Probof anexactmatchon threedigits:<<>= + <<?= + <<>= � 	(@	�	�

, or 1 in 1000.� For a$1.00bet,theexpectedpayoutis

$500+ 0.001
�

$0.00+ 0.999
�

$0.50.� PA is payingout exactly 50%of thewagerin this
game.� It is very typical for astatelottery to payoutabout
1/2of whatis wagered.

(Moore:15% A advertising;35% A statecoffers;Casi-
nospaymore(85%–95%)).



Fromhttp://palottery.com/: “Super6 Lotto”

[Approximateanalysis]B A “play” costs$1.00(threesetsof 6 numbers).B Stateskims 48 centsoff the top and puts 52 centsin
“Prizepool”.B Playerpicks6 numbersfrom 1 to 69.Winning oddsbe-
low (odds CED3F G probability CIH�JKCML FON ).

Percentof Winnings
Match Odds PoolWon on$1.00
6 of 6 1:39,959,158 76.0% (.760)($0.52)= $0.3952
5 of 6 1:105,715 8.0% (.080)($0.52)= $0.0416
4 of 6 1:1,364 7.5% (.075)($0.52)= $0.0390
3 of 6 1:51 8.5% (.085)($0.52)= $0.0442B Expectedreturnon$1.00wager:P4Q�RTS!U�V!WYX JKCIH S!U�Z[U�V3U�Z C V3U N L P4Q�R\Q4] C_^ X JKCIH
C Q1V
Za` C_^1NL P4Q�R\Q�S!U3QbX JKCIH
C ZaS ^ V N L P4Q�R\Q4]!]:WcX J?CIH V!W Ned P4Q�R\Q!Q!Q�f ^ S�RB SotheStateexpectsto payyou backlessthan1/10of a

penny oneachdollaryouspendon thelottery.B Whataboutthosebig prizes?Thebettingsystemis para-
mutuel(everyones’wagersincreasethepot)andunclaimed
money is rolledover to anew play.B Soenteringlottoaftersomerolloverscaneventuallymake
thebetfair to you(but not to lastweek’s losers).



Disentangling Probability by Simulation

TheBirthdayProblem

What’s theprobabilityof two [or more]peoplein a grouphav-
ing thesamebirthday?

MTB > set c1
DATA> 1:365
DATA> end.
MTB > Sample 10 C1 c2; MTB > Sample 10 C1 c2;
SUBC> Replace. SUBC> Replace.
MTB > Tally C2; MTB > Tally C2;
SUBC> Counts. SUBC> Counts.

C2 Count C2 Count
42 1 55 1
154 1 74 1
163 1 133 2
168 1 180 1
206 1 192 1
212 1 241 1
224 1 244 1
250 1 257 1
309 1 346 1
313 1 N= 10
N= 10

Do thismany times(10,000!)on thecomputer:



Probof at
Numberof people leastonematch

10 0.1209
20 0.4075
25 0.5658
80 1.0000



Binomial

A randomvariablethatweencounterrepeatedlyin opin-
ionsurveys,marketingsurveys,qualityandperformances
studies,etc.,is thebinomialrandomvariable.
If an experimentis analogousto countingthenumber�
of headsin g independentflipsof a loadedcoin, then� Theprobabilityof Headsoneach flip is denotedh .� � (thenumberof heads)is calleda binomialran-

domvariable.� ih � �  g (the fractionof heads)is calleda bino-
mial proportion.

We havealreadyseenthe formulasfor the mean * and
standard deviation - of a binomialrandomvariable:*ej � gkh - j � gkh � � . h �

* lm � h - lm � h � � . h �g



Wecanalsocalculate—exactly—theprobabilityof acer-
tainnumberof successfuloutcomesfrom abinomialdis-
tribution:n oqp d r#sd tvu rxwzyO{ JKC�| y N~}�� { Z (for r d Q�Z C Z�W
Z6R�R6R u )

The symbol“ t g � w ” standsfor “ g choose
�
”, the bino-

mial coefficient from high-schoolalgebra:

t g � w � g��� � � g . � � �
Thesymbol“ g�� ” is read“ g factorial”.� � Meaning Value	 � (specialcase)
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	�"�	5 � 5 + � + � + � + " + � + � + � "�	�� � 	



Wheredoesit comefrom?� Imaginea loadedcoin with P[heads]
�

0.25.We
want theprobabilityof exactly threeheadsin five
independenttosses.� That’s threeheads,two tails:� 	( � ��� � 	( � ��� � 	( � ��� � 	(��
��� � 	(��
���;� � 	( � ����� � 	k(��
��� /
But this lookslikeonly thecaseHHHTT.. .� WhataboutHTHTH?That’s� 	( � ��� � 	(��
��� � 	( � ��� � 	(��
��� � 	( � ���;� � 	( � ��� � � 	k(��
��� /
again, sameanswer!We shouldaddtheseup be-
causethey arebothpossibleoutcomes.� How many otherpossibilitiesarethere? t �� w . Adding

all theseweget

t �� w � 	( � ��� � � 	k(��
��� /
� This is just theformula

, ��� � �x� � t g � w h�� � � . h �a�'� �
with g � �

,
� � � h � 	( � �

.



So.. . , what is the probability of threeheadsin five tossesof
thatloadedcoin?n oqp d r#s d t u r w yO{ JKC�| y N�}�� {d t VS w J Q�R�W!V N~�!JKC�| Q�R�W!V N����'�

d V
�S��3XIW
� J Q�R�W!V N���J Q�R@`3V N��
d C W�QJ�^1N9J W N J Q�R�W!V N~�!J Q�R@`3V N��d J?C Q N X J Q�R\Q!Q�f1`�f!U3Q ^ W Nd Q�R\Q�f1`�f!U3Q ^ W

Wecanlook atall theprobabilitiesin anidealizedhistogram:
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Binomial P[X=k], p = 0.1
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The68–95–99.7doesn’t work aswell for skeweddistributions
asfor symmetricones.


