Central Limit Theorem/ Normal Approximation

e Appliesto SUMSandto AVERAGES

e Supposehe obserations X in somepopulation
have meanu x andstandardleviationo .

e Let S be thESUI\/I of obserationsin a random
sample;let X be the AVERAGE of the obsenra-
tions.

° lhe CLT tellsusthatthe Z-scorefrom eitherS or
X will beapproximatelynormal:

S~ npx ~ Normal, Mean = 0,5D = 1.
\/EO'X
and
X —
Hx ~ Normal, Mean = 0,5D = 1.
Ux/\/ﬁ

e Amazing Fact: This works, no matter what the
shapeofthepopulationdistribution(thisis “swamp-

INg” again).

We will look at someexamplesof whatcalculationghis
letsusdo (you alreadyknow howto do the calculations,
usingthe 68—95-99.fule!).



Fromhtt p://pal ottery. com : “The daily number”

e Pickary threedigit number

e Perfectmatchpays500to 1, soif you bet$1.00a
perfectmatchpays$500.

e Probof anexactmatchonthreedigits:

i - 76 - 75 = 0.001, or 1 in 1000.

e Fora$1.00bet,theexpectednetgainis
$499 - 0.001 — $1.00 - 0.999 = —$0.50

andtheSDis

\/ (8499 — [—$0.50])2 - 0.001 + (—$1.00 — [—$0.50])2 - 0.999

= V249.75
= 15.80

Somepeoplelike to “cover their bets” by buying lots of
tickets at once,figuring thatthey have a greaterchance
of winning on oneof 100tickets,say thanonjustone.



Supposé buy 100randomly-chosedaily numbettickets
for $1.00each Usingthe CLT, approximatelyvhatis the
probabilitythat! will breakeven,i.e.thesumof my 100
wins andlosseswill begreaterthan0?

e Meanof thesum= 100 - (—$0.50) = —50.00.
e SDof thesum= /100 - 15.80 = 150.8.

SUM — (~$50.00) _ 0 — (~850.00)
150.8 150.8

—  P[Z > 0.33]

P[SUM >0] = P

This canbecalculateceither

(a) Exact:By looking atthetableon p. 262 of Siggel
and Morgan, or on p. 519 of Moore, we seethat
P|Z <0.33] =0.629, so

P|Z > 0.33] =1—0.629 = 0.371.

or...



(b) Roughandready We know from the 68—-95-99.7
rule that P|Z < 0] = 0.50, and P|Z < 1] =
0.68 4+ 0.16 = 0.84, soby interpolation

0.84 — 0.50

P[Z <0.33] ~ 0.50+ ~——

(0.33 — 0.00) = 0.612

andso,approximately
P|Z > 0.33] =1—0.612 = 0.388.

95% of data

99.7% of data




The meanandthe SD canhelpyou decidewhethera bet
IS “worththerisk”. Someexamples:

e Wouldyouratherhave

(a) $1 million, for sure;or

(b) $2million, if afair coincomesup headsand
otherwisenothing?

Mostpeoplewouldchoosda) [SD=0]eventhough
(b) [SD=%$1 million] also hasexpectedvalue $1
million, sincethereis less“risk” (lessvariability,
smallerSD) in theoutcome.

e |If two betshave thesamemeannetgain but differ-
entrisks(SD), we might prefer

— Thebetwith the lower risk, if our meannet
gainis positve, or

— Thebetwith the higherrisk, if our meannet
gainis negative.

e |f two betshave the samerisk (SD) but different
meannet gains, we might preferthe bet with the
highermean.



A Survg Example

TheSurwey of StudyHabitsandAttitudes(SSHA)is apsycho-
logical testthat measureshe attitudetoward schoolandstudy
habitsof studfentsScoregangefrom 0 to 200. Themeanscore
for U.S. studentsof college ageis 115 with a SD of 30, and
SSHAscoresareapproximatelynormallydistributed.

a. What is the probability that a single randomlychosen
college studentwould scorel06 or lower?

b. Whatis theprobabilitythattheaverageof 100randomly
chosercollege studentsvould be 106 or lower?
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c. How dotheanswerdo (a) and(b) changejf the SSHA
distributionis stronglyskewedto theright?

d. An educatorclaimsthat older studenthave betteratti-
tudestowardschool.Shegivesthe SSHAto arandomly
selectedyroupof 36 studentsvho areat least30 years
old, andfindsanaveragescoreof 136.

e How surprisingwould it be to get an averageof
1360r higherfrom arandonmsampleof 36 college-
agestudents?

e Whatdoeghissuggesabouttheeducatoisclaim?
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Squareroot law
We've seenthis before..

e ForanaverageX from arandomsamplewe know
thatthe Z-score

X — px
Ox/\/ﬁ

IS approximatelyNormally distriuted,meanO and
variancel.

e Sothe“typical” valuesfor X areall like

Yﬁule:a'x/\/ﬁ

notethatthereis lessvariability in X asn grows;
thisis thesquae root law.

e Thesquargootlaw justsaysthatX becomesnore
and more preciseasa measureof ux, assample
Sizegrows.



Pennsyhania Lottery “Lotto”

e More complicatedhanl thought!

— Basicallyl forgotto includethefactthatprize
catagoriestypically have multiplewinnerswho
split the“pot” for thatprize catgory.

— Figuringouthow mary multiplewinnersthere
areperprize catgyory is a bit like the “birth-
dayproblem:

e Maybel'll try anew analysisoverspringbreak...



