
Central Limit Theorem/ Normal Approximation� Appliesto SUMSandto AVERAGES� Supposethe observations
�

in somepopulation
have mean��� andstandarddeviation ��� .� Let � be the SUM of observations in a random
sample;let

�
be the AVERAGE of the observa-

tions.� TheCLT tells usthatthe � -scorefrom either � or�
will beapproximatelynormal:� 	 
����� 
����  � ����� ������� ��� 
 � � � ��� �  "!

and� 	 ������ # � 
  � ����� ������� ��� 
 � � � ��� �  "!
� Amazing Fact: This works, no matter what the

shapeof thepopulationdistribution(thisis “swamp-
ing” again).

We will look at someexamplesof whatcalculationsthis
letsusdo (you alreadyknow how to do thecalculations,
usingthe68–95–99.7rule!).



Fromhttp://palottery.com/: “The daily number”� Pickany threedigit number� Perfectmatchpays500to 1, soif you bet$1.00a
perfectmatchpays$500.� Probof anexactmatchon threedigits:$$&% ' $$�% ' $$&% � �(!)�*�( , or 1 in 1000.� For a$1.00bet,theexpectednetgain is+-,/.". ' �(!0�"�( 1	 +  "!0�"� ' �(! .".". � 	 + �2!034�
andtheSD is
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Somepeoplelike to “cover their bets”by buying lots of
ticketsat once,figuring that they have a greaterchance
of winningononeof 100tickets,say, thanon justone.



SupposeI buy100randomly-chosendailynumbertickets
for $1.00each.UsingtheCLT, approximatelywhatis the
probabilitythatI will breakeven,i.e. thesumof my 100
winsandlosseswill begreaterthan0?� Meanof thesum �  D�"� '/^ 	 + �2!034�/_`� 	 34�(!0�"� .� SDof thesum � �  D�"� '  �3a!)b*� � 150.8.
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Thiscanbecalculatedeither

(a) Exact:By looking at thetableon p. 262of Siegel
andMorgan, or on p. 519 of Moore, we seethats t � u �2!)v"v-w�� �(!0x*y . , sos t � z �2!)v"v-w��  1	 �(!)xPy . � �(!0vP{| .
or.. .



(b) Roughand ready. We know from the68–95–99.7
rule that

s t � u �-w � �(!}34� , and
s t � u  \w ��(!0x"b ~ �2!� Dx � �(!)b , , soby interpolations t � u �2!)v"v-w�� �(!}34�/~ �2!)b , 	 �(!03"� �	 � ^ �2!)v"v 	 �(!)�*�P_�� �(!0x( �y

andso,approximately,s t � z �2!)v"v-w��  1	 �(!)x2 �y � �(!0v"b"b .
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ThemeanandtheSD canhelpyou decidewhethera bet
is “worth therisk”. Someexamples:� Wouldyou ratherhave

(a) $1million, for sure;or

(b) $2million, if a fair coincomesupheads,and
otherwisenothing?

Mostpeoplewouldchoose(a)[SD=0]eventhough
(b) [SD=$1 million] also hasexpectedvalue $1
million, sincethereis less“risk” (lessvariability,
smallerSD) in theoutcome.� If two betshave thesamemeannetgainbut differ-
entrisks(SD),wemightprefer

– The bet with the lower risk, if our meannet
gain is positive,or

– Thebetwith thehigherrisk, if our meannet
gain is negative.� If two betshave the samerisk (SD) but different

meannet gains,we might prefer the bet with the
highermean.



A Survey Example

TheSurvey of StudyHabitsandAttitudes(SSHA)is apsycho-
logical testthatmeasurestheattitudetowardschoolandstudy
habitsof studfents.Scoresrangefrom 0 to 200.Themeanscore
for U.S. studentsof college ageis 115 with a SD of 30, and
SSHAscoresareapproximatelynormallydistributed.

a. What is the probability that a single randomlychosen
collegestudentwouldscore106or lower?

b. Whatis theprobabilitythattheaverageof 100randomly
chosencollegestudentswouldbe106or lower?
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c. How do theanswersto (a) and(b) change,if theSSHA
distribution is stronglyskewedto theright?

d. An educatorclaims that older studenthave betteratti-
tudestowardschool.ShegivestheSSHAto a randomly
selectedgroupof 36 studentswho areat least30 years
old, andfindsanaveragescoreof 136.� How surprisingwould it be to get an averageof

136orhigherfromarandomsampleof 36college-
agestudents?

� Whatdoesthissuggestabouttheeducator’sclaim?



Z-score
�-3.00 -2.00 -1.00 0.00 1.00 2.00 3.00

�

68% of data

95% of data

99.7% of data



Square root law

We’ve seenthisbefore.. .� For anaverage
�

from arandomsample,weknow
thatthe � -score � 	 ������ # � 

is approximatelyNormally distriuted,mean0 and
variance1.� Sothe“typical” valuesfor

�
areall like� � ��� � ��� # � 


notethat thereis lessvariability in
�

as 
 grows;
this is thesquare root law.� Thesquarerootlaw justsaysthat

�
becomesmore

andmorepreciseasa measureof ��� , assample
sizegrows.



Pennsylvania Lottery “Lotto”� MorecomplicatedthanI thought!

– BasicallyI forgotto includethefactthatprize
categoriestypicallyhavemultiplewinners,who
split the“pot” for thatprizecategory.

– Figuringouthow many multiplewinnersthere
areperprizecategory is a bit like the“birth-
dayproblem.”� MaybeI’ll try a new analysisoverspringbreak.. .


