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Announcements
� Next up (starting today, continuing to next week):

� Gelman & Hill, Ch’s 11-13. 

� We will return to some of these topics as we go through 

the rest of the course

� HW:

� HW05 due today (Oct 6).

� HW06 due next Thu (Oct 13).

� Sols to HW’s 01-04 are online; I will post HW05 sol asap.

210/6/2016 *(I have to take a conference call at noon.)
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Outline

� Example: Minnesota Radon Levels
� Pooled vs Unpooled – is there a compromise?

� Random-Intercept, aka. Varying-intercept, models

� Fitting the Random-Intercept Model

� Three Different Ways to Write the Model
� Multi-Level Models

� Variance-Component Models

� Hierarchical Models

� Fitting Multi-Level Model to the MN Radon 
Data
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Example: Radon Levels in Minnesota

� Each individual unit in the data set is a house

Individual-level (house-level) variables:

� radon, log(radon) 

� floor = 0 if measurement was made in basement; = 1 if 

measurement on first floor

� Houses are grouped into counties

Group-level (county-level) variables:

� county.name & county number

� uranium & log(uranium) – measurement of uranium in the soil in 

each county

� We want to predict radon levels from the other variables
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Many ways to view this data

1. Pooled regression: examine radon as a function of 

uranium [ignoring county]

2. Unpooled, means (intercepts) only: look at radon 

levels within each county [ignoring uranium]

3. Hierarchical “simple” regression: Take model #2 and 

build a second regression predicting mean level of 

radon in each county from uranium levels in that 

county.

4. Unpooled regression: examining radon ~ floor within 

each county

� Can we combine #3 and #4 in some way?

610/6/2016

Totally pooled vs totally unpooled 

log(radon) intercept-only models



Looking at the coefficients from 

fitting separate (unpooled) models
> cties <- as.factor(county)

> contrasts(cties) <- contr.sum(85)

> summary(lm.0 <- lm(y ~ 1))

Est SE     t value Pr(>|t|)    

(Intercept)  1.22    0.03   43.51   <2e-16 ***

> summary(lm.unpooled.contrast.from.grand.mean

+   <- lm(y ~ cties))

Est SE   t value Pr(>|t|)    

(Intercept)  1.34   0.04  32.01  < 2e-16 ***

cties1      -0.68   0.40  -1.72 0.09 .  

cties2      -0.51   0.12  -4.36 1.49e-05 ***

cties3      -0.30   0.46  -0.65 0.52    

cties4      -0.20   0.30  -0.67 0.50

cties5      -0.09   0.39  -0.23 0.82    

cties6       0.17   0.46   0.37 0.71

cties7       0.57   0.21   2.63 0.01 ** 

cties8       0.29   0.40   0.72 0.47

cties9      -0.41   0.25  -1.63 0.10

cties10     -0.14   0.32  -0.43 0.67    

cties11      0.06   0.36   0.16 0.87

cties12      0.39   0.40   0.98 0.33

cties13     -0.30   0.32  -0.94 0.35

cties14      0.44   0.21   2.04 0.04 *  

cties15     -0.37   0.40  -0.92 0.36

cties16     -0.68   0.56  -1.21 0.23 

.           .      .      .    .

.           .      .      .    .

.           .      .      .    .

cties68     -0.25   0.28  -0.90 0.37    

cties69     -0.10   0.40  -0.26 0.80    

cties70     -0.58   0.08  -6.82 1.80e-11 ***

cties71      0.03   0.16   0.20 0.84

cties72      0.24   0.25   0.93 0.35

cties73      0.45   0.56   0.80 0.42

cties74     -0.36   0.40  -0.90 0.37    

cties75      0.14   0.46   0.31 0.76    

cties76      0.48   0.40   1.22 0.22

cties77      0.38   0.30   1.25 0.21

cties78     -0.35   0.36  -0.97 0.33

cties79     -0.91   0.40  -2.29 0.02 *  

cties80     -0.09   0.12  -0.75 0.45

cties81      0.89   0.46   1.94 0.05 .  

cties82      0.89   0.79   1.12 0.26

cties83      0.11   0.22   0.51 0.61

cties84      0.25   0.22   1.11 0.27    
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Problems with totally-pooled vs totally-

unpooled

� Totally-pooled: It looks like there is some pattern 
to the county means, so this “over-smooths” 
(forces all the counties to be the same)

� Totally-unpooled: Although the counties have 
some variation in means, there may not be very 
much!

cties <- as.factor(county)

contrasts(cties) <- contr.sum(85)

lm.unpooled.contrast.from.grand.mean <- lm(y ~ cties)

anova(lm.unpooled.contrast.from.grand.mean)

#            Df Sum Sq Mean Sq F value    Pr(>F)    

# cties      84 136.89 1.62960  2.5567 1.736e-11 ***

# Residuals 834 531.57 0.63738 

length(unique(county))

# [1] 85

sum(coef(summary(lm.unpooled.con-

trast.from.grand.mean))[,4]<0.05)

# [1] 15

15/85

# [1] 0.1764706

Having different means

is better than totally-

pooled model…

,…but very few county

means are different

from overall mean!



� The coefficients are

nearly normally

distributed!

� Suggests that we 

modify our usual

regression model…

910/6/2016

Some Equations…

> hist(coef(lm.unpooled.contrast.from.grand.mean)[-1],

+      main="Unpooled Contrasts from Grand Mean")

1010/6/2016

A compromise between totally-pooled 

and totally-unpooled

� The 85 county means look rather “normal”, so 

why not model them that way?

� Most authors: “random 

intercept” model

� G&H: “varying inter-

cept” model
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Fitting the varying-intercept [random-

intercept] model

cties <- as.factor(county)

contrasts(cties) <- contr.sum(85)

lm.unpooled.contrast.from.grand.mean <-

lm(y ~ cties)

summary(lm.unpooled.contrast.from.grand.mean)

# Coefficients:

#               Est     SE      t Pr(>|t|)    

# (Intercept)  1.34   0.04  32.01  < 2e-16 ***

# cties1      -0.68   0.40  -1.72 0.085374 .  

# cties2      -0.51   0.11  -4.36 1.49e-05 ***

# cties3      -0.30   0.46  -0.65 0.518720 

# […]

# Residual std err: 0.7984 on 834 df

library(lme4)

lmer.intercept.only <-

lmer( y ~ 1 + ( 1 | county.name ) )

summary(lmer.intercept.only)

# Random effects:

#  Groups      Name             Var    SD

#  county.name (Intercept)    0.096 0.310

#  Residual                   0.637 0.798 

# Numb. of obs: 919, grps: county.name, 85

# 

# Fixed effects:

#             Estimate     SE   t value

# (Intercept)     1.31   0.05     26.84

Unpooled fixed effects (equation 1 only)Multilevel model (both equations 1 and 2)

1210/6/2016

Random-intercept model: Where are the 

intercepts?
> summary(lmer.intercept.only)

Random effects:

Groups      Name        Variance 
Std.Dev.

county.name (Intercept) 0.095813 0.30954 

Residual                0.636621 0.79789 

Numb. of obs: 919, grps: county.name, 85

Fixed effects:

Estimate Std. Error t value

(Intercept)  1.31257    0.04891   26.84

> fixef(lmer.intercept.only)

(Intercept) 

1.312574 

> ranef(lmer.intercept.only)

$county.name

(Intercept)

AITKIN               -0.245071104

ANOKA                -0.425038053

BECKER               -0.082191868

BELTRAMI             -0.088030506

BENTON               -0.022598796

BIG STONE             0.062346490

BLUE EARTH            0.404629013

[….]

> summary(lm.unpooled.con-
trast.from.grand.mean)

Call:

lm(formula = y ~ cties)

Coefficients:

Estimate Std. Error t value 
Pr(>|t|)    

(Intercept)  1.343638   0.041980  32.006

cties1      -0.683231   0.396682  -1.722

cties2      -0.510388   0.117180  -4.356

cties3      -0.295300   0.457408  -0.646

cties4      -0.202652   0.301120  -0.673

cties5      -0.091202   0.396682  -0.230

cties6       0.169372   0.457408   0.370

cties7       0.565589   0.214984   2.631

[…]

Fixed effects – estimates

of regression coefficients
Random effects –
draws from N(0,τ2)
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Different ways to write the intercept-

only random-intercepts model
� Multi-level Model (emphasize regression)

� Variance Components Model (substitute for αj)

� Hierarchical Model (emphasize distributions)

1410/6/2016

Multi-level Model 

(a.k.a. Hierarchical Linear Model)

� Emphasize Regression Structure

� Easy to use intuitions from lm() at each “level” of 

the model, to build and evaluate models
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Variance Components Model
� Emphasize Error Structure

� Errors from different sources

� from groups/counties (j);    Var(county level) = τ

� ǫi from individual houses (i);  Var(arbitrary house) = τ + σ

� If j[i] ≠ j[i’]:    Cov(yi,yi’) = 0;  

� If j[i] = j[i’]:    Cov(yi,yi’) = τ,  Cor(yi,yi’) = τ/(τ + σ) 

� Var(yj) = Var(β +        +     )  =  τ


+ σ/nj; 

� The average is a reliable measure of county levels if σ/nj is 
much: smaller than τ:

1610/6/2016

Hierarchical Bayes Model
� Emphasize Distribution Structure

� Emphasize Bayesian point of view (more later!)

� Emphasize two-stage (multistage) sampling
Mean radon across MN

County-level differences

from grand mean

individual house levels
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Back to the Radon Example:

Plot county means vs log(uranium)…
aj.coefs <- NULL

for (cty in 
sort(unique(county))) {

aj.coefs <- c(aj.coefs,

coef(lm(y ~ 1, 
subset=(county==cty))))

}

summary(higher.regression <-
lm(aj.coefs ~ u))

plot(aj.coefs ~ u,

xlab="log.uranium, per 
county", ylab="Intercept 
(mean) for log.radon, per 
county")

abline(higher.regression)
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� Instead of

we could try to fit

Suggests ways to elaborate the 

hierarchical linear model…

Uj = log(uraniumj)



Fitting this model to the radon 

data…
> summary(lmer.intercepts.depend.on.log.ur-

anium)

Linear mixed model fit by REML ['lmerMod']

Formula: y ~ 1 + log.uranium + 

(1 | county.name) 

REML criterion at convergence: 2219.794 

Random effects:

Groups      Name        Variance Std.Dev.

county.name (Intercept) 0.01406  0.1186  

Residual                0.64037  0.8002  

Number of obs: 919, groups: county.name, 85

Fixed effects:

Estimate Std. Error t value

(Intercept)  1.33305    0.03397   39.24

log.uranium  0.71912    0.08777    8.19

Correlation of Fixed Effects:

(Intr)

log.uranium 0.197 

> fixef(lmer.intercepts.depend.on.log.ur-

anium)

(Intercept) log.uranium 

1.3330508   0.7191188 

> ranef(lmer.intercepts.depend.on.log.ur-

anium)

$county.name

(Intercept)

AITKIN               -0.0142971713

ANOKA                 0.0583741025

BECKER               -0.0125490841

BELTRAMI              0.0312484900

BENTON                0.0017869830

BIG STONE            -0.0060780289

BLUE EARTH            0.0895241245

BROWN                 0.0078003746

CARLTON              -0.0293551573

CARVER               -0.0230826914

CASS                  0.0499879229

CHIPPEWA              0.0161734868

CHISAGO               0.0272838175

CLAY                  0.0475401692

[…]

1910/6/2016

β

β

Var(ηj)

Var(εi) Estimates of 
the ηj’s

themselves
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Outline

� Example: Minnesota Radon Levels
� Pooled vs Unpooled – is there a compromise?

� Random-Intercept, aka. Varying-intercept, models

� Fitting the Random-Intercept Model

� Three Different Ways to Write the Model
� Multi-Level Models

� Variance-Component Models

� Hierarchical Models

� Fitting Multi-Level Model to the MN Radon 
Data


