Some Useful Formulas From LM’s, GLM’s, and MLM’s
Do not bring this to the exam. A copy will be provided for you.

Basic Statistics

Traditional

Simulation

Confidence
Intervals

If parameter estimate (mean, MLE, etc.)
follows normal distribution, use “esti-
mate + 2XSE”

Estimate parameter(s) from real data,
simulate 1000 data sets from estimated
parameters, compute 1000 estimates of
what you want, compute 2.5%-ile and
97.5%-ile.

Hypothesis Tests

Mathematically derive (or look up) dis-
tribution of 7'(data) under H,. If T'(real
data) is in tail of distribution, reject Hy.

Estimate parameters from real data, sim-
ulate 1000 data sets to get distribution of
T(data). If T (real data) is in tail of dis-
tribution, reject H,.

Linear Regression

o Lazy Way:y = o+ Xi +BoXo+ - +€

° Long Wayy, = ,B]Xil +ﬂ2Xi2+"'+ﬁ](Xi](+E,' =Xl'ﬁ+6,', i= 1,}’[

* y; are responses, Xj; are intercept (1’s) and predictors are coef’s, ¢ are iid N(0, 02) “errors”.
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o Matrix Way: Y = XB + €

* Y, are responses, X,xx are intercept (1°s) and predictors, Sk« are coef’s, €,x; are iid N(0, o) “errors”.

Some other formulae

o &=Ly vi-XB?=-0-XB) (- Xp)
o Y ~ N(XB,02) = B~ NB,(X"X)'02), § ~ N(Hy, Ho?), where H = X(X"X)' X

o R2= (raw variance)-(residual

variance) _ 52

(raw variance)
Generalized Linear Models

GLM’s

o yi~ fOluis...), pi = Elyi],i=1...n

o g(w) =0, =Xp

Logistic Regression

e yi €{0,1}; y; ~ Bern(p;), p; = Ply; = 1] = E[yi]
e g(p) =logp/(1 - p); g'(6) = exp(6)/(1 + exp(6))

Causal Inference

- \12
~ Var, = [Cor(X.Y)]

Normal Linear Model

® y; € IR’ yi~ N(l"li’o—z), Mi = E[yl]

o g =p

Poisson Regression

o v €{0,1,2.3,...}; y; ~ Poisson(u), y; = E[y]
o g(u) =logu; g7'(6) = exp(6)

e ACE =+ 3,0/ =y =1 3yl =+ 3¥, 0 = E[y'] - E[y"]; but can’t obsertve both y! and y?.
e ACE = ,31 iny; =B+ B1T; + Baxsi + -+ - + BxXki + €; xii’s are confounders and/or pre-treatment covariates.

Obs. Studies: What can a “cause” be?
Obs. Studies: Instrumental Variables, Propensity Scores, Regression Discontinuity, Bounding Confounders

Multilevel Models — Example: Random Intercept

Hierarchical Form

Level 2: «a; %
Level 1: y; inder
Multi-Level Form
yi = ajite€, €
@ = Bo+mp

Model selection / model criticism

e AIC, BIC, DIC: 2, 3, 10

Variance-Components Form

N(ﬁOst)
N(Clj[i],ﬂ'z)

& ™ N, %)

n; % N@©,7%)

= Bo+nu+e,

“Imer” Form

N, )

Y NO,7%)

e Marginal Residuals, Conditional Residuals, Rand. Eff Residuals

Imer(y ~ 1 + (1 | group))

Laird-Ware Form

y=XB+Zn+e




MLE Facts

o Likelihood L(6) < f(data | 6) e Fisher information 1(¢) = E[-LL" (6)]
o LL(O) = log L(H) o SE®) = 1/VI©)

e MLE § solves 0 = L'(§)

Model Selection Criteria
Let M be a model fy(data | parameters) with k parameters for data with n observations.

e Deviance = D(M) = e AIC = DIM) + 2k
—2log fp(data | MLE’s of parameters). e BIC = DIM) + klog(n)
e DIC = DIM) + 2k,

Bayesian Inference

e The slogan

Posterior mode [or median, or mean] is like MLE
Posterior SD is like SE

Shrinkage

Conjugate Priors — Two Examples

o Gamma/Poisson: o Normal/Normal:
~ Prior: f(1) = Gamma(d|a, B) — Prior: f(u) = N(ulpo, 72)
— Likelihood: xi,. .., x, ¥ Poisson(x|4) — Likelihood: x,, ..., x, " N(xlju, o)
— Posterior: f(/llxl_" ) = Gamma(dle”, 5%, — Posterior: f(ulxy,...,x,) = N(ulu,, 2) where 72 =
where " = +nx, f*=F+n 1/(n/o? + 1/72) and

i —_ a?/n
n = X
K 2+ 02/n 2+ 02/n Ho

Some Common Distributions

Name Density Range E[X] Var(X)
N(xlu, o) zlwe‘(‘”'“)z/z"2 —co<Xx<00 U o’
Binomial(x|n, p) (Z)p"(l -p) 0<x<1 np np(l - p)
Poisson(x|1)  A%e™/x! x=0,1,2,... 2 Pl
Exponential(x|1) e~ 0<x<oo ! A2
Unif(xla,b) 1/(b—a) a<x<bh (a+b)/2 (b-a)?/12
F@+p) . a-1 -1 aB
Beta(xla,,B) m}(ﬂ 1- )C)B 0<x<l1 a/(a +,8) @R
Gamma(x|a, ) %x"‘le‘ﬁx 0<x<oo a/B a/p?

JAGS - Example: Random Intercept

model { for (j in 1l:n.groups) {
for (i in 1:n) { ad[j] = dnorm(®,tau2inv)
y[i] ~ dnorm(mu[i],sig2inv) }
muli] <- bO® + a®[group[i]] b® ~ dnorm(0,0.000001)
} tau2inv <- pow(tau,-2); tau ~ dunif(®,1000)

sig2inv <- pow(sig,-2); sig ~ dunif(0,1000)



