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36-711 Fall 2003: Maximum Likelihood II

Brian Junker
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Newton’s Method and Scoring for MLE’s

Aside on WLSGLS

Application to Exponential Families

Application to Generalized Linear Models

Application to Nonlinear Least Squares

Application to Robust Regression

Newton’s Method and Scoring for MLE’s

¢ When carrying ouNewton-Raphson to maximizet,(6), the natural
iterates are:
o = o) — V2@V e

e Sometimes the observed information has a simpler form, ichvh
case one may use

o = 8 + 1,0 v @)

Maximizing using this quasi-Newton method is callégher
Scoring.
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Aside on WLS/GLS

Suppose
y=XB+e, e€~N(0, )

We can convert this to an ordinary least squares problem via
L2y =3IXB+€e, € ~N(O,lpxp)

whose solution is
B=X" X)X 1y

e When X is diagonal, this is calledeighted least squares (WLS)

e When X is general, this is calledeneralized least squares (GLS)

We will repeatedly apply this idea in the examples below.

Application to Exponential Families

Lety = (y1,...,Yn)' denote iid data to be modelled with an exponential
family model. Recall that an exponential family model hassfibrm

Fi16) = gy)e? O
wherefp,1 are thep original parameters;(6)1 are ther natural
parameters, andk(y;)x1 are ther sufficient statistics for y. Then the
likelihood fory is

Ln(60) = f(yil0)

n n
1_[ g(yi)eZ{Llﬁ(F))JrZi”:l ¥(O)Tk(yi)
i=1 i=1

G(y)eBOO™KY)

and the log-likelihood is

£a(6) = 10gG(y) + B() + ¥(0)TK(Y)
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Comparing Newton-Raphson with Fisher Scoring

In order to apply Newton-Raphson to fifigl we need to comput@,(6)
andV?¢,(9). A simple form forve¢,(6) follows from

Vn(6)
0 = E[Vn(6)]

VB(6) + Vy(0)K(Y)
VB(6) + Vy(0)u(6)

so that

Ven(6) Vy(O)IK(Y) - u(0)]

whereu(6)rx1 = Eg[K(y)ra] andVy(6) = [3y;/96] p = 3,(6)". From the
first expression foW¢,(6) above it is also easy to see that

—V2B(6), if A Axps.t.y(h) = A9
(messy)  otherwise

In the first case, we see that Newton-Raphson and Fishemgcame
really the same thind(6) = E[-V?£4(6)] = E[-V?B(6)] = —V?B(h).

—V2,(6) = {

V()"

Fisher Scoring when Newton is Ugly
Using the formv¢£,(6) = Vy(0)[K(y) — u(6)], we have

Eo[-V2(n(6)] = Vary(Vin(6))
VYOOV = VuO)=(0)Vu(6)'

In(6)

whereX(6) = Var4(K(y)) and the last equality follows from

v f K)La(i8)dv(y) = f KTy d(y)

f KWV O] La(@)dv(y) = f KO)IK®) — 1] V4(6) L))

f [K(y) = 1(@OIK(Y) ~ (O] La(O)dv(y) - V¥(0)" = Z(6)V¥(6)"

This shows that,(6) can be expressed in terms of the first and second
moments oK (y), which may be simpler than working withV2£,(6).




Slide 7

Slide 8

Some details

Fisher scoringgt*Y) = ) + 1,(61)-1v¢,(610)), may be expressed as
oli+h) — o) 4 {Vﬂ(g)(i))Z(Q(i))—lvﬂ(g(i))T}71 Vy (@WK (y) - u(6D)]

and, after applying our identityu(h)" = Z(9)Vy(6)", we get

oli+h) — gt 4 {V,u(@(j))Z(H(D)_1Vp(6)(j))T}71 Vu(@D)=(@M) K (y) — u(6D)]

which again uses just(y) and its first two momentg(6) andZ(6). This

suggests the followingeratively reweighted least squares (IRLS)
algorithm:

e Compute the WLESLS solutions for § = X3 + &, € ~ N(0, L):
B=X L)X Ly
wherey'= [K(y) — u(@D)], X = Vu(@D)T, and ¥ = =-2(60);

o Letdlid = i) 4
e Repeat until converged.

Application to Generalized Linear Models (GLM’s)

Examples:

Loglinear (Multinomial and Poisson) models for tables odicts
Poisson regression models

Logistic and probit regression models

Normal linear regression

The essential assumptions are:

La(6) = G(y)e'
q(x;H)
a(x; 6)
u(@) = Be[Y] = : = q(X0)
a(%76)
whereX is a model matrix with rows], X3, ..., x}, andg™(-) is called

thelink function for the model.
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Example: Logistic Regression
We assume

To

i'NB. 1,—iT i 0,1
vilX m[ 1+ew) (Vi €(0,1})

Then

n e>ﬁT9yi n 1 n T

o = 25 [l

lijl 1+e5? 1:1[ 1+e5?
eB(6)+yT><0

Sincey(6) = X4 is linear ind, Newton’s method and Scoring will be the same.
Also note that

P1 a(x16)
P2 a(x6)

@) =EN=| . |= : = q(X6)
Pn a0 6)

where

andso q(p) = log rpp = logit(p)

a) = 1+¢€

Fisher Scoring for GLM’s

q(x]6) 0 0
Vu(O)" = [aqéjg)] = |aox;| = (:) q’(>:<;9) ? X
| 0 0 - q0do)
= Q(XOX
so that
V() = VyO)IKEY)-¥6)] = Vu@=O)y - u6)]

[QXOXITD Ty~ u(O)] = XT[Q(XO)] Dy~ u(®)]

whereD,, is the diagonal matrix with diagonal elemenlis= o? = Var (y;).
Also,

VHOZVuE)" = [Q(XO)X]'DHQ (XO)X]
XT[Q (X)]" DQ (X)X

In(6)
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This leads to an IRLS algorithm that operates almost diyexilX and

() = a(X6):
gt — ) = (XTD X)X DYy

wherey =y — u(61) andX = Q' (X6M)X.

Example: Logistic Regression (cont’d)

wi(0) = Ely] = q(6) = &9/(1-e"% =p
o = Var(y) = pi(l-p)
, B ¢ | 1
W = |1g -u+®2—u—mm2

What doV¢,(6) andV2£,(6) look like in this case?

Application to Nonlinear Least Squares

Basic assumptions:

Yo " NQui(), o2/w)
p(@) = dX;e)

where the functiom(-), the design matriX with rowsx' and the weights

w; are all known in advance. We wish to estimate (¢, o)
Examples:

e Exponential model: q(x; @, 8) = a€®*; ¢ = (a, B).

e Logistic model: q(x; @, ,7) = /(1 +ye?); ¢ = (. 3,).

o Gompertzmodel: q(x; @,8,7) = a€ ¢ ¢ = (. 3,7).
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A Sketch of Fisher Scoring

SinceL,(6) is a normal likelihood,

ol6) = 109 = 505 3 Wiy~ (@)
i=1

and so
L0 Wil — i )
Vi) = [ = Di- 1W|[y| Hi(@)]Vpi(9) ]
2(,2 + 204 Sy wilyi — ui(@)]?
p) Zi=1W|Vﬂ|(¢)Vﬂl(¢)T 0 ]

V2, (0) = [ 0

n
202
where the matrices have been partitioned into parts refésgnand too2.
Scoring yields

&(Hl) - &(J)+

n 11 n
D W (¢“>)Vui(¢“>f] [Z wilys - i) Vi (¢“>)}
i=1 i=1

n
2 (j+1 o) a0 1 .
G20 520 _ 200 2 ZWi[Yi _Hi(¢(1))]2
n=

Application to Robust Regression

Main idea:

|ndep

Elyilx] =ui(@)=x¢. yi ~ pil%,,0)

Least Squares: Minimize S(¢) = Z( ”'(¢))
i=1

Robust Regression:Minimize S(¢) = Z ( ’u'(¢))

i=1
Examples:

* p(O) =t 2 <k
° = ° t) =

o) = It " e p(t) @ >k

<
e po(t) = ’ e p(t) = log cosK(t). ..
kit - k3/2, |t| > k

Typically p(t) is symmetric, even, and has ainique antimode p(0) =
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Two common approaches to estimating robust regression models

e Scoring Approach: Replace the model

C 1(Yi 1
X ~ —g3(*7) , C= —
] o =
with the model
C _ (Y 1 <
Xi ~ —@ P( > ) , c — f e p(y)dy

(oa

Apply the Scoring idea. This yields an IRLS algorithm like thne
for nonlinear least-squares.

o lterative weighting with influence function: Observe that if
S(¢) = 21y p (L49), then

Do (e = (222

i=1

VS(¢)

=XTW(y - X¢)
(o

whereW is a diagonal matrix with diagonal elements

I

w; gives values of the “influence function” at eacfhis leads to
another IRLS-like procedure:

1. Computer’as a robust estimate of the residual standard deviatigior
example, 2IQR 34, or takeo” = med|resid — med(resid)|/0.6745.
2. Use thiso"to calculatew, and obtain(i+ using WLS.




