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Discrete Multivariate Analysis

e Basic data is discrete: counts, ordinal responses, nomgspbnses

— Poisson counts of some event

— Cross-classified tables of counts (contingency tables)
— Succes#ailure records

— Questionnaire responses

— Judge’s ratings

— Classification of objects
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Two Basic Kinds of Problems

e Describgunderstand structure of a (discrete) multivariate digtrdn
— Describe or display associations between variables {fegai
models, graphical models)
— Find underlying (latent) structure (latent variable maglel
e “Generalizations” of regression, with predictors and oese
variables
— Response variables are discrete

— Predictor variables can be

« Discrete (log-linear models)
x Mixture of discrete and continuous (logistic regression)
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Contingency Tables

Observed counts;;, sometimes;

Expected countsyj, sometimeg;;

Cell probabilities (joint distribution)p;;, sometimes;;
Marginal probabilities (distributionp;., p.j or pi., p
Marginal (observed or expected) counts, &g, n.j or n;., N,
Conditional probabilities (distributiory;, 7j;

Observed probabilities or proportiong; Or 7, etc.

OBSERVED COUNTS _ _
Myocardial Infarction

Fatal Nonfatal No
Attack Attack Attack Total
Placebo N1 = 18 np =171 N3 = 10845 A [— 11034
Aspirin - np1= 5 o= 99 np3=10993 ny, =11097
Total n,; =23 n.,=270 n,3=21838 n,, =22131

*Physicians’ Health Study Research Group, Harvard Medichb8l.
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EXPECTED COUNTS
Myocardial Infarction
Fatal Nonfatal No
Attack Attack Attack Total
Placebo My 1 My M3 My
Aspirin 11751 1]77) Mp3 My,
Total m, g m,» myz M,

PROBABILITIES _ _
Myocardial Infarction

Fatal Nonfatal No
Attack Attack Attack Total
Placebo P11 P12 P13 P1+
Aspirin P21 P22 P23 P2+
Total Ps1 P2 P+3 P++

e For adesigned experimemte might have independent fixed rows with fixed
totalsn;,. Then it makes sense to hagg = P[jli] and hencem; = n, p;j (so
pi+ = 1, and neithep,; nor p,, have useful interpretations);

e For anobservational studywe may have only the grand totaJl, fixed. Then
it makes sense to hayg = P[i & j] and hencen; = n,, p;j, andp,, = 1.
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2 x 2 Tables

Let us assume that the subtable

Myocardial Infarction

Fatal Nonfatal
Attack Attack Total
Placebo n;; =18 ni»=171 ny =189
Aspirin - np1= 5 nyp= 99 ny, =104
Total n,; =23 nop=270 n,, =293

represents designed experimemtith independent Binomial rows

Is the treatmentféective? We want to test

Ho : p11 = p2randpiz = p22

Since the rows are binomial we only need to tdgt pi1 — p21 = 0.
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Two-Sample Test
A ~ n n N A
Pr1— Por = —= — ==, E[P11 — P21] = p11— P21
N1+ r]2+1 1
var (Buy — Po) = p11(1 - p11) N P21(1 - le);
N1+ N2+
~ A 1 1
If Ho : p11 = p21 = p holds, then Varfr1—p21) = p(1-p)-| — + —|;
~ ~ N1+ N2+
7= P11 — P21 approx N(O, 1)’ Where_p _ N1+ N1 .
VRL-P)[ + 2] e Nz

In our casepr; = M1/ng, = 18/189= 0.095,
ﬁgl =Ny1/Npy = 5/104=0.048, ﬁ: (18+ 5)/(189+ 104): 0.078, and so

. 0.095- 0.048
J0.78(1-0078) & + %]

which seems like mild evidence agaitdf : p11 = p21 (One-sidedp-value
is 0.076; two-sideg-value is 0.151).

= 1435
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Aside

e Any test based om =(statisticy (SE of statistic) is called ®ald test

e You can always invert a Wald Test to produce a confidencevalter
for the estimand of the numerator, e.g.:

P11—Po1—Zi—as2 VVar (P11 — P21) < Pr11—P21 < Pra—Pai+zi—as2 VVar (Pr1 — Po1)

Wald intervalsare usually the first intervals we teach or use when
constructing interval estimates.

e The above Wald interval is reasonably well-behaved in tinses¢hat
its nominal coverage is really around 106{%)% for most
reasonable sample sizes and valuep,9f p,1.
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e However the corresponding Wald interval for a single proportioguge
badly behaved, as | was reminded at a project advisory ngpegently: the
nominal coverage of

F’j_ Zl—d//2 \/\W < p < p+ Zl—a//2 \/\W

may be quite far from 100(2 )%, especially wheip is near O or 1, since
yVar (p) = +/p(1 - p)/n may become too small.

Thus many other intervals have been considered (see e gnRxoal., 2001,
Stat. Sci.101-133) and some are even suggested in elementary bagks (H
Moore & McCabe).

e Two of the more successful alternatives are\Wikson interval

np+2/2 zyn
n+z2 n+2
and theJeffreys interval

np+2/2 zyn

A — A 2
n+ 22 +n+22 VP~ ) +2/4n

VB(1-p)+Z/4n< p<

Bl@/2,np+1/2,n(1-P)+1/2) < p<pB(l-a/2,np+1/2,n(1-P) +1/2)

which both continue to behave well whernsnear O or 1.
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The Chi-Squared Test

The two-sample test (Wald test) works well for two binomialg doesn’t
generalize to more than two binomials (rows) or more thandwiwomes
(columns); nor does it generalize to other sampling sché€mgs
consider the table as an observational study with anlyfixed).

We can get an idea of a better test by squaring the Wald test:

2 (P11 — Po2)? _(Ma/my —npa/np,)? _
T osmomv [l 1] (nutne)(Maetngy) | mag+ny, B
p(l p) [nl+ + N2, ] (n1+ +n2+)2 N1y N2y
2 . ) . 2
[Mino2 — MMl "Ny Z Z (Nij = My j/ney)” NG
N1+ N2+ NNy 2 i i ni+n+j /n++

Sincezis approxN(0, 1), thenX? is approximately? on 1 d.f.

For the Aspirin-Heart Attack dat? = 2.061, with ap-value of 0.151,
consistent with the two-sidedtest above.
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Another motivation for thg? test

Now we consider

Myocardial Infarction

Fatal Nonfatal
Attack Attack Total
Placebo n;; =18 npp =171 ng. =189
Aspirin - np1= 5 nopp= 99 ny, =104
Total n,1 =23 nop =270 n,, =293

as having only the total, , fixed (as in an observational study).

Now we assumgy;; = P(treatment and outcomg).

A test of the &ectiveness of the treatment is now a test of
Ho : (treatment)lL (outcome)

i.e. of whethermp;; = pi, p.j, or equivalently whethep;; = p,;.
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To testHp : pij = pi+ P+j, we can compare the table of observed counts
ni; with estimates of the expected counts underHo:

j=1 j=2 j=1 j=2
i=1 N1 Ny2 VS. i=1 r’hll le
i =2 No1 Noo =2 r’th r’hZZ

Sincep;; = P(treatment and outcomg), we know that
Mj = N4 Pij = Nys PisP+j underHg. Therefore,

mj =Nyt pi+f)+j = n++(ni+/n++)(n+j/n++) = ni+n+j/n++

Thus we want to comparg; vs. ni.n,j/n,. in each cell of the table. This
clearly can be done with the? statistic derived earlier:

N Z Z (Mij — nixnyj/n,.)?
i i ni+ﬂ+j/n++
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Aside

Suppose thg? test rejects. What went wrong? A good way to check is by
looking at thePearson residualsvhich are the square roots of the

summands oK?: A
o Mij — M
lij = ——

Iy
For the Aspirin-Heart Attack study above, we have

Observed: Expected: Residuals:
=1 j=2  my[j=1 j=2  F|i=1 j=2

i=1 18 171 i=1|1484 17416 i=1| 082 -024

i=2 5 99 i=2| 816 9584 i=2|-111 032
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The Odds Ratio

Another measure of “unrelatedness” (independence) ix2atable is theodds
ratio.

e For independent binomial rows; = P[jli] so the odds ratio comparing
to poy is
P[FatalPlacebd  1-P[FatalAspirinl _ pu P2 _ PuPz
1 - P[FatallPlacebd P[FatallAspirin] P12 P21 Pi2P2ar
e For the model in which the total,, is fixed, p;; = P[i & j], so the odds ratio
to check for independence is
P[FatalPlacebq  1-P[FatalAspirinl _ pu1/Pie  P22/P2r _ PuiP22
1 - P[FatallPlacebd P[FatalAspirin] P12/P1s  P21/P2: Pr2P21
e Either way, whempi1p22/ p12p21 = 1, P[FatalPlacebd = P[Fatal|Aspirin],

i.e. “Outcome”lL “Treatment”.
e |n both cases,

— Prif22  Many
OR = PubP2 _
PioPo1 NoNp

For example for the Aspirin-Heart Attack stu@,ﬁ. = 2.084.
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Inference on the Odds Ratio
We will see later in the course that the estimated log-odtis-r

logO.R. = logny; + logny, — log g — lognyy

has asymptotic standard error

1 1 1 1
SE=/—+—+ —+ —
M1 N2 M2 N2
asn,, grows (and the true probabilities remain fixed). This imragégly gives rise
to

e A Wald test for independencka the Aspirin-Heart Attack study,
SE= v1/18+1/99+ 1/171+ 1/5 = 0.521, so the test statistic is
z=10g(2084)/0.521 = 1.409, so we still do not reject independence.

e A confidence interval fdog OR or for OR itselfA 95% log O.R. interval
would be

~0.282 = log(2.084)-1.95x0.541 < log O.R. < log(2.084)+1.95x0.541 = 1.750

Exponentiating both endpoints we get a 95% CI for the O.Rilfits
0.755=exp(-0.282) < O.R < exp(1750) = 5.757
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| x J Tables

We return now to the full Aspirin-Heart Attack table.

Myocardial Infarction
Fatal Nonfatal No
Attack Attack Attack Total
Placebo N1 = 18 np =171 M3 = 10845 N, = 11034
Aspirin - N1 = 5 o= 99 np3=10993 ny, =11097
Total n,; =23 n.,,=270 n,3=21838 n,, =22131

e Our “independent Binomial rows” model (product-binomiedn be
generalized to @roduct-multinomial modelwe build independent
multinomial distributions for each row of this<3 table.

Under this model, the row-totals, are fixed and agaip;; = P[jli].
Moreover,m; = n,. pj;.

¢ Alternatively we can fix onlyn, ,, and assume single multinomial moddbr
all six cells in the table. Thep; = P[i & ], andm; = n,. pj;.
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Chi-squared Test

For a null modeH, : mjj; = n}, we can form the? test just as before:

& (i =)
XZZZZ JmOjJ

i=1 j=1

For large samples (we will formalize this lateRy is approximately?
with d.f. depending o, J and the nature of the null modn,fﬂ.

For example, wheklp : (rows)lL (columns), we have as before

. . R ~0 ~ n|+n+J
Product Multinomial = pj=...=p;jV¥j; = My =nifj= ——
++
. . . . ~0 ~ ~ n|+n+J
Single Multinomial = pjj = pi.psj Yi, j; = My = Ney Pis Puj = ]

N+

and in either cas¥? is asymptotically? with d.f. = (I — 1)(J - 1).
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Using the full Aspirin-Heart Attack data, we get the tableegpected values

uy ‘ =1 j=2 j=3
i=1|1147 13462 1088792
i=2|1153 13538 1095008

and Pearson residuals

fij | ji=1 j=2 j=3
=1 193 314 -041
2| -192 -313 041

ThenX? = 3}, 3 f§ = 27.27; withd.f. = (I - 1)(J - 1) = 2, for ap-value of
1.14x10°8.

We can see from the Pearson’s residuals that subjects tAkipign regularly

(i = 2) have too few heart attackg € 1, 2) for independenceHp) to hold, and
subjects on Placelio= 1 have too many. Combining this with our previous
analyses:

e Regular aspirin dosage seems to be associated with lowidemze of M.l.'s
e Given that ther is an M.1., regular aspirin dose doesn’t appe dfect the
severity of the attack.
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Odds Ratios
Inanl x Jtable, there ar(alz) X (;) odds ratios
S, Pij Birjr
OR(, J, 1%, = —
R, j,1", 1) B P

It is a matter of algebra and patience to show that
e Under the single multinomial or product multinomial model,
Ho : (rows)lL(columns)= OR, j,i’,j) =1V 1, |1, .
e OR(, j,",J)=1Vi,j i, j,ifand only if ORL,1,i,j) =1 Vi, |.
Thus (a) the OR’s can be used to explore deviations from ieidence

(much like Pearson residuals); and (b) there is a lot of rddoay in OR’s
for | x J tables!

Note: We can estima®R(, j,i’, j’) and formulate Wald tests and
intervals for it, using the same formulae that work fox 2 tables.
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In the Aspirin-Heart Attack data,
nj|i=1 j=2 j=3
i=1 18 171 10845
i=2 5 99 10993

there are several interesting odds ratios to consider:

L1, ] OR  Zy,:.0r1 p-value Cl for OR

1,1,2,2 2.08 1.41 0.16 0.751t05.79
1,1,2,3 3.65 2.56 0.01 1.35t09.83
1,223 1.75 4.41 0.00 1.37t02.25

e FromOR(1, 1, 2, 2) we see again that Aspirin and Fatality are not
related,

e FromOR(1, 1, 2, 3) andOR(1, 2, 2, 3) we see that subjects taking
aspirin have fewer heart attacks of each kind separately, shbjects
who do not, relative to the independence model.
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Another interesting table would pool across the two M.l.diGans:

nj j=1 j=2 g J=1 j=2
i=1 189 10845 i=1 082 -0.24
i=2 104 10993 i=2 -111 032

For this table X?> = 24.89 on 1 d.f., with ap-value of 6.0&10°’;
OR = 1.84 with Z4,: or=1 = 4.97. The Pearson residuals above again shgw
that Aspirin and M.I. avoidance are positively associated.

Questions for the future:
e When is pooling (adjacent) categories justified?
¢ When does it lead to the “same” answer as not pooling?

For now though, we take a closer look at 8smpling modelsnderlying
most contingency table analysis.
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Sampling Models

No fixed totals:Poisson

Cross-sectional studyCull auto-crash records and record, for each person
whether seat belt was worn (i), and whether crash was fatdf {he number
of records is limited only by time (or money) for the study:i$3on.

Totaln = n,., fixed: Multinomial

In the auto crash study, if the total number of records to tedis fixed
(say,n = 100): Multinomial.

Fixed rows (or columns)Product Multinomial

— Retrospective, or case-control studyample a fixed number of cancer
and non-cancer patients, and look backwards to see who sinoke

— Prospective studiesSample a fixed number of treated and non-treated
individuals and follow them until an outcome occurs
« Clinical trials: experimenter assigns tx’s
x Cohort studiessubjects self-select tx’s

(Fixed rows and columnsidypergeometrig
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We consider a table of counts, . . ., n, with associated probabilities

Some Sampling Theory

P1,...,Pr. We also lein = i, n.

We will first consider thgoroduct multinomial model

e Re-index thev's andp’s to ben;j, pjj withi=1,...,1 and
j=1...,3.

e The model is then
|

_ J
L) =] | [Jn'—+'n| [ pi”j”]
=11 =1

i=1

We wish to find the MLEp™= (p1, ..., pr). Itis easiest to consider the
log-likelihood
|

J J
(p) =logL(p) = ), [Iog(ni+!) = 2 log(nyh) + ) nijlog p
=1 j=1

i=1
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The only term involvingpis 3!, Zle ni; log pij. The maximum is achieved when|
we maximize each term

J
fi(p) = > nijlog py
=1
To maximize this we rely on the follwing lemma:

Lemma Let f(ps,....p) =X mlogp, st p>0,n >0 andy; p =1 Then
f() is maximized by, = n;/n, where n= 3 n;.

Proof. Lagrange Multiplier problem, with objective function
g(p,ﬁ)=f(p1,...,pr)—ﬁ(z pi—l] O
i

Therefore, the MLE’s for theaturatedunrestricted product multinomialre
Bij = nij/nix

and we get corresponding ML expected coungs="n;, fi; = n;; (as we might
expect!).
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If we impose a restriction, salo, on thep;;’s (or equivalently them;’s)

we must incorporate that restriction in the maximizatiamducing new
s O

MLE's p andrfy].

For example if the restriction iy : py; = --- = pij, Vj, we may set

mj = p1j = --- = pij, and the new loglikelihood is

J J
(p) =logL(p) = ) |log(i.!) ~ > log(nyh) + Y i logr,
j=1 =1

i=1

and the term involvings;’s is now

I J J
Z Z nij logrj = Z n,jlogn;
j=1

i=1 j=1
If we apply the MLE lemma again we get

A0 A
Pij =7 = Ngj/Nyy

andrfﬂ =N, f)ﬂ = ni;N,j/N,4, just as we expect.
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Likelihood Ratio Test

What does the Likelihood Ratio Test look like? We want to cders
—2[log L(p°) — log L(P)]. Our two maximized log-likelihoods are

[ J J

logL(p®) = > |log(n.h) — ) log(nt) + > Iog(n+j/n++)}
i=1 | =1 i=1
[ J J

logL(p) = log(ni+!) - Z log(ni;!) + Z njj |Og(nij/ni+)}
i=1 | =1 i=1

Taking the diterence, multiplying by-2 and simplifying, we get

wheren; = nj; andn“ﬂ = Mg/ N
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It is well known that the LR statisticd? in our case) is asymptotically’
underHy, with df equal to the number of linear restrictions gettingh
Ha : “mj unrestricted”, tdHo.

In our caseG? ~ y? with d.f. = (I — 1)(J — 1), just as forX?, andG? can
be used in the same way:

For example, for the full % 3 Aspirin-Heart Attack table, we obtained
X? = 27.27; withd.f. = (I = 1)(J - 1) = 2, for ap-value of 1.14107°

UsingG? instead we obtai®? = 28.06; withd.f. = (I - 1)(J - 1) = 2,
for a p-value of 808 x 10~7. This rejection of independence is just as
strong as withx?.
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