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-~ RESUME DU MEMORANDUM SUR L’EVALUATION DE LA
PRECISION OBTENUE PAR LE CHOIX D'UN BCHANTILLON.

Par A. L. BowLEY.

1.. Choiz au hasard: Un certain nombre de personnes ou d’objets est
choisi dans une totalité soigneusement définie, de maniére que chagque
personne (objet) ait la méme chance d’8tre compris. Il convient de re-
garder.séparément troig cas spéeiaux: (1) la fréquence d’une qualité que
. peuvent posséder les persomnes; (2) la distribution d’aprés Timpertance
“d’une qualité ou d’aprés des qualités alternatives; (3) la moyenne d’une
.quantité variable caractérisant chague personne. Un exemple du premier

oas serait le nombre proportionnel de personnes payant l'impdt sur le
" revenu; du second cas: Ie nombre proportionnel de personnes dont le
revenu s’éléve _respectivement 3% moins de £200, £200-£500, ete.; du
- “jroisiéme cag: le revenu moyen.

Les proportions et les quantités résultant du choix peuvent &tre
&tablies, dans le premier et dans le troisiéme cas, dans des limites déter-
minées par des erreurs moyennes auxquelles s’applique le tableau de
- ‘probabilités de la loi normale des erreurs, abstraction faite de certaines
° réserves et modifications qui sont discutées dans des termes mathématiques.
" Dans le second cas, ol il g"agit d’un nombre de classes, la probabilité peut

_tre déterminée comme étant au-dessus d’une certaine fonction des erreurs
- des classes séparées.
" (les résultats généraux sont, dans leur forme la plus slémentaires, les
‘suivants: .
ler cas: n unités sont choisies au hasard parmi N, et p X% signifie le
nombre dunités possédant la gualité en question; dans ces conditions la
‘proportion de la totalité (V) est exprimée par la formule suivante:

-

pi\/p(l—p)(-lﬁ*%r):

*expression aprés = indiquant Ierreur moyenne, et non pas “‘Verreur
* probable,” terme souvent employé. Si p est insignifiant la formule se
s modifie.
" 94 caqe: n unités sont choisies au hasard parmi N, et les proportions de
“certains groupes alternatifs (dont le nombre est de c) gont parmi les
' P, ... P,, et parmi les de py, Py --r Po; dans ces conditions il
est 3 supposer que les proportions de la totalité différent de celles de
Péchantillon de sorte que x* n’est pas au-dessus du chiffre de (¢ — 2),
alors qu’il est trés peu probable qu’il g’élove au-dessus du chiffre de 2,
étant donné:
xg={(P1_'p1)2 (Pz—Pa_)2+-___i_(Pc—“Pc)a}:(l 1).
2
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3e cas: m unités sont choisies au hasard parmi N, et la quantité e
questlon qui les caractérise est de xl, Ty ... ¥,; alors & condition que

m——(x1—|—m2+;c3+ )etquesﬂ—m{(w :r:l)2 (£ — x,)* +.;.+(x—xﬂ)

la moyenne de la quantité en question, pour Ia totalité (N) peut &tr
exprimée dans la maniére suivante:

susy/I k.
| n N

Dans chacun des cas la préeision du résultat s’augmente, si Péchantillan
au lieu d’stre choisi exclusivement au hasard, est établi dé sorte qu’ 0
classifie, d’abord, la totalité dans un certain nombre de groupes (methoder,
dite “stratification), et choisit, dans une proportion’ égale, un nombr
d’unités dans chacun des groupes, le choix étant pour chague groupe dirig,
par le hasard, T’augmentation de la précision n’est, dans des circon
stances ordinaires, que faible, mais elle peut &tre considérable dans de:
cas exceptionnels, qui présentent de grandes variations des qua]ités‘ ot
des quantités en question.

J’ai souligné la difficulté logique & établir, & la base de Iéchantillon,
une conclusion guantitative au sujet de la totalité (probléme différent du:
probléme direct d’évaluer la précision d’un échantillon dans des circon-
stances olt la totalité est connue), et j’ai tiré 1’attent10n sur une méthode
permettant de surmonter ladite difficulté.

Parmi les facteurs déterminant la précision le plus imporiant est, dans-

1 , e . .
tous les cas, Tn i lo précision augmente avec la racine carrée du nombr

choist, mais non pas dans une proportion directe.

II. Choix raisonmé. L’unité faisant Iobjet du choix est un district ou
un groupe, dont chaque membre est compris dans Péchantillon. Le choix
est établi de sorte que I'ensemble des districts choisis donne les mémes =
résultats que la totalité pour ce qui concerne certaines quantités (“carac--
teres de contrdle”), dont on a déja connaissance, et pour les districts
choisis et pour la totalité, et qui présentent une corrélation aveo les pro-
portions et quantités inconnues qui font I'objet de ’étude.

J’ai démontré que Ja moyenne ou la proportion de la totalité s’accorde
a celle que présente l'ensemble des districts choisis {aprés une faible
correction dont le caleul est possible), dans des limites déterm_‘mees par
une erreur moyenne contenant 4 facteurs, & savoir:

.\/1+S%.\/R’.‘/—1n.

Dans cette formule s, signifie I'erreur moyenne du groupe de fréquence
formé par les diverses valours de (Ia guantité ou la proportion étudiée),
constatées dans les divers districts; o signifie Pimportance moyenne du -
district (nombre de personnes ou d’objets y appartenant), et s, P'erreur
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moyenne du groupe de fréquence formé par les chiffres md_lqua,n’o I’im-
- portance des divers districts. R’ dépend de la corrélation entre la quantité

étudiée et les “caractéres de contrble” et de la corrélation entre I'un et
Tautre de ces caractéres; n signifie le nombre des districts.

&1l y 2 seulement un “caractére de coutréle,” on obtient:

R =1-<ry

r signifiant le coeﬂiclent de corrélation entre le “ caractére de contrdle”™
"ot la quantité étudide. L’avantage obtenu par 'augmentation du nombre
“des “caractéres de contrdle” n’est que faible, particulidrement s’il existe

entre eux une corrélation. En effet, Pemploi de “caractéres de contréle”™
n’augmente, dans des problémes ordinaires, pas considérablement la précision,
ot la précision dépend plutdt d’une grande valeur de n, le nombre des districts,
‘of dune petite valewr de s, celui mesurant la variation entre les districts de
o quantité ou de la proportion étudiée.

Si Pétude porte sur une classification dans un certain nombre de
“groupes alternatifs, au lieu de se rapporter & une seule qualité, les mémes
considérations 8’y appliquent. Cependant, il y a quelguefois une faible
_ augmentation de la précision, due & la corrélation entre les proportions
- des diverses classes d’un district.
Je tiens 4 reconnaftre Passistance précieuse que m’a rendue M. E. C.

Rhodes (Agrégé en statistique & I'université de Londres) en fournissant des
-suggestions, des critiques et des vérifications.

[13




SUMMARY OF THE MEMORANDUM ON MEASUREMENT
OF THE PRECISION ATTAINED IN SAMPLING .

By A..L. BowLey

1. Random selection. A number of persons or things is selected in suc
a way that every one in a caréfully defined universe has an equal chane
of inclugion. We have to consider three cases: first, the prevalence of-
one attribute which the persons méy possess; second, the distribution‘ in:
grades or among alternative attributes; third, the average of a variab
magnitude associated with each person. An example of the first woul
be the proportion of men who paid income-tax; of the second, the relativ,
numbers whose incomes were less than £200, £200 to £500 ete.; of the:
third, the average income. ) ,
The resulting proportions and quantities can be stated in the first and
_third cases with standard deviations to which the table of probabilities
of the normal law of error applies, with certain limitations and modifica-
tions which are discussed mathematically. In the second case, where we
deal with a number of classes, the probability can be assigned of not
exceeding a certain function of the errors in the separate classes.
The general results in their simplest form are as follows:
Case 1. If n things are at random selected out of N, and p X n are
found to possess the attribute in question, the proportion in the universe

(N) may be written .
; ‘ 1 1
P+ \/{p (1—-p) (ﬁ_,ﬁ)}:
where the expression after - is the standard deviation, not the “probable
error” which is oftensed. If p is very small the formula is modified.
Case 2. If n things are selected at random out of N, and among the
N the proportions in certain alternative groups (¢ in all) are P, Py ... P,
and among the n the proportions are py,, ... 2., then we may expect
the proportions in the universe (N} to differ from py, Py ... P, in such a
way that y2 does not exceed (c — 2), while it is very unlikely that it will :
exceed 2c, where
W2 — (PI_P1)2 (Pz—P2)2 (Pc_ipc)z); l_l)
X"{ P + D et Pe j(n N/
Case 3. If n things are selected at random out of IV, and the magnitudes -
associated with them are #;, %y ... &y, then, if -

1 _ . By
T = ?—1?} (2, + Ty + ... %), and 5% == :ﬁ,{(xl —ZP+ (@m— 3P+ ..k {x, — 2)%

the average of the magnitudes in the universe (V) may be written

ceo /B-4)

Tn every case the precision of the result is improvaﬁ, if, instead of -
selecting purely at random, we first divide the universe into & number of




classes (the method called “stratification”™) and select equal proportions
“at random from each.” The improvement in ordinary cases is but slight;
" put there are exceptional cases, when the qualities or magnitudes vary
- sonsiderably from one class to another, where it is important. _
"~ Hmphasis is laid on the logical. difficulty of making a quantitative
' inference from the sample to the universe (as contrasted with the direct
- problem of measuring the precision of a sample, when the universe is
* known), and a method is suggested by which this dificulty can be overcome.
In every cose the most important factor in the precision is 1 a/n; the
- Precision increases, but not in direct proportion, with the square root of the
- pumber selected. _
 II. Purposive selection. ere the unit of selection is a district or
~group, every member of which is included in the sample. The selection
“is so made that the aggregate of the districts gives the same results as
the universe in respect of certain quantities (called “gontrols’’) which are
. known in the districts and universe, and which are correlated with the
unknown. proportions or quantities which are the subject of investigation.
Tt is shown that the average or proportion in the universe is thab
~found in the aggregate of the districts (after a smiall calculable correction)
subject to a standard deviation containing four factors, viz.: :
2y - .
Sy - \/(1 +S£§) "/R’.+ /.
" Here s, is the standard deviation of the frequency group formed by the
various values of & (the quantity or proportion under investigation) in
- the different districts. e is the average size of (number of persons or
“things in) the distriet, and s, the standard deviation of the frequency
group formed by these sizes. R’ depends on the correlation between the
- quantity under investigation and the “controls” and on the correlation
- between the controls. = is the number of districts. ‘
If there is only one control, B' =1 — 7% where r°is the correlation
" coefficient between the control and the quantity under investigation.
Little improvement, is obtained by increasing the number of controls,
.+ especially if they are correlated with each other. In fact, in ordinary
. problems the use of conirols does not increase the precision greatly, and reliance
" maust be placed rather on the greatness of m, the number of districts, and the
- smallness of s, which measures the variation of the quantity or proportion
investigated between the districts. - L
B Tf we are concerned with the distribution in grades, instead of with a
. single attribute, the same considerations apply, but in some cases there
" i8 a slight increase of precision, ‘owing to correlation between the pro-
- portions in the grades within a district.
T desire to acknowledge the valuable help given by Mr E. C. Rhbodes
(Reader in Statistics in the University of London) in suggestion, criticism
and verification. ' :




MEASUREMENT OF THE PRECISION
~ ATTAINED IN SAMPLING -

By A, L. Bowzzy
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Summary

Distinction between attributes and variable. In selection the fundamental rule

is that of equal chances, which may be obtained by pure chance or by stratification

For attributes the precision depends mainly on the square root of the number

in the sample divided by the proportion-found. A more complex formula is involved

if a distribufion in grades is in question . . .

Tor variables the precision depends mainly on the squa.re root of the number in
the sample divided by the standard deviation of the distribution

The formulae may be expréssed in terms of the constants of the universe (A. Du:ect.
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in the universe, » the total number in.the sample. 2. Pis small, but Pr finite. 3. 7 is
small. 4. The selection is stratified . . . .
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Distribution of atéributes. A formula showmg the chanee of exceedmg a certain
function of the errors is given, and its use illustrated .

Magnitude of an dverage. A. Full and approximate formulae are gwen for the
precision of an average, for random and for stratified selection .
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THE problem is divided throughout into two sections, in one of which we
consider the prevalence in the population of a characteristic or attribule
" which is either present or absent independently of its intensity, in the
other the average magnitude of some variable quantity which is universally
present. An example of the former is the male sex, of the latter is age.
Mr Yule’s noménclature is followed in speaking of the first section as the

problem ‘of “attributes,” of the second that of “variables.”

In both: cases the first necessity is to define exactly the population or

1
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<anjverse” in question. Only those populations can be treated in which
here exists or can be made an adequate directory or list of members,
'évery one of which is theoretically accessible to observation. The attribute,
‘or variable must also be adequately defined.

It being decided, from considerations discussed below, how many
‘persons or things should be observed, a number of them is selected at
candom in such a way that @ priori every person or thing has an equal.
hance of being selected. The universe which is sampled is in fact limited

- were to be made, the universe might be either children present on a certain
‘day in state-supported schools, or in any schools, or children on fhe
- register of schools whether present or absent, or all children in the country
petween certain ages whether on a school register or not. Which of these
umiverses is in fact represented depends on the answers to the questions:—
for which was it that we had or could make a list, and from which was it
‘that we selected children at random, each with an equal chance of inclusion?
 The selection may be made in either of two ways. The first corresponds
- 40 drawing for prizes in a lottery. A number is assigned to each member
‘of the population, and there are chosen at random from an independent
list (which contains the same total of entries) sufficient numbers for the
pre-determined size of the sample. The persons whose numbers correspond
_win the prize, in this case the privilege of being selected for obsergation.
'In the second way, distinguished in the sequel as the method of gtratifica-
tion, a list of persons or things is taken which may be grouped in classes
or districts, and in each district the same proportion is selected at random
“for observation. Especially in the second method, the selection may. be
‘made by taking.e.g. the first, the twenty-first, the forty-first ete. throughout
the list, comprising all districts, if the sample is to be one in twenty (and
corresponding intervals for other proportions), unless the order is in any
way correlated with the attribute.
Minute precautions are necessary to ensure that the method of selection
is completely uncorrelated with the presence of the attribute or the size
of the variable. :
The selection being made, every person or thing selected must be
observed, if possible. Where observation is impossible or inaccurate -the
resulting unknown element must be retained and exposed in the final
report. _ '
Any breach of these conditions, however slight, introduces an unknown
element of error in the result, and destroys the relevance of the formulae.

&

w

in large samples cannot have any great effects, but in general the magni-
tudes of the resulting errors cannot be estimated.

A common and very injurious departure from the rules is to ignore
persons or things in which observation is difficult, e.g. when no one is

by this condition. If, for example, observations of children of school age .

-

Tt is naturally to be.understood that very small departures from the rule -

A




" present at a selected house when the investigator calls A:nother and eve

4 -

L

_and +26 this would be sufficient. If not; we must increase the size of the

~Aftributes.

-always exaggerates it, is % .4/ (pn).

< : [ 8]

more obvious mistake is to define the universe loosely, and to be conten
with answers from people who happen to be willing to give them. ,

Complete formulae are given in the following section, and the mathe
matical analysis on which they depend in a concluding section. Here th
more important results are summarized.

A sample containing » persons or things is selected from a univers
containing N. Then p x #n among the persons are found to possess
ceffain attribute. P is the unknown proportion in the universe.

The difference P ~ p is subject to a standard error

VISR
V(-5

The table of the normal curve of error applies to this expression®, if pn .
is sufficiently large. The odds are about 2 to 1 against this error being -
exceeded, and about 21 to 1 against twice and about 370 to 1 against. -
three times this error being exceeded. _

As a rough guide we may say that pn should exceed 100. The result
is apprommately true when pn is less than 100 but exceeds 20, but then
there is a. tendency for the proportion to be under rather than over-
estimated.

If pn is less than 20, the form of the standard error is unchanged, but.
the normal table should be replaced by the table for small numbets (p. 36).

A convenient approximate expression for the standard error, which

for which we may write

If for example we find 100 cases with the attribute in a sample con-
tammg 500 cages, we might write
7 100 ++/100 = 100 + 10,
for the number we ought to have found; or, for p, -2 & -02.
- If we were content to know that the proportion was between -14

sample. '
If in this case there were 5000 persons in the universe, the more correct
statement for the standard error of » would be

\/{-2 x 8 500
% (1 —

500 5000)} = 017, _
If the sample is stratified the standard error is reduced in accordance

* Subject to considerations discussed on p- 15 and p. 42 below. Tt is believed that the
conditions there named are commonly satisfied in the kind of sample here under diseussion.
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:th the formula (38) on p. 32; but in ordinary cases the reduction is
-iﬁoonsiderable. The method is, however, to be recommended as giving
ome additional security. _

Tt is often required to state the proportion of those in a number of
alternative classes (fogether making up the universe) at the same time,
instead of in only one class. Thus instead of simply estimating the pro-
‘portion of males, we might want to know for each sex the number of
infants, children, adults, ete., each term being defined. The above formula
‘applies to each class singly, but a test of composite agreement is discussed
also on pp. 16 and 37 below. S

Commonly N is so great that the term 1_7; in the formula for standard

deviation may be ignored. Then the error depends only on g and n, and
the resulting precision is independent of the size of the universe, provided
always that the rule of equal chance of selection can be extended
‘throughout the universe. -
Variables. _ .
The standard error for the average of the magnitudes of some measur-
able characteristic possessed by all the persons or things in a universe
_containing N, is ' .

5-/0-3)

where 7 is the number in the sample, and & is the standard deviation
from their average of the observed magnitudes.

The yuleés and considerations explained for attributes apply, except
that since s itself is subject to error, n ought to be large enough to allow

us to neglegt L That # should exceed 100 is a faifly safe rule, so far

2
as this difficulty is concerned. : . g

To determine generally how large % should be, we must take s as well
as n into consideration. :

Suppose we wish to determine the earnings of coal-miners correct to
one shilling per week, and that our sample gives an average 81 shillings
with standard deviation 10 shillings. :

The average would be stated as

10 SN
. 61i%.J(1—W).
¢ % — 900 the standard error is less than } of a shilling, and we obtain
at least the required precision, whatever N is. ‘

The standard error is reduced by stratification to an extent given by
formula (17), p. 19 below, and there illustrated by examples.

i
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SUMMARY OF RESULTS -
- I SAMPLING FOR THE PREVALENCE OF ONE ATTRIBUTE

A. Dmrror PROBLEM

In a universe or population containing N persons or things PN have
a certain attribute. The whole population having been numbered or other-
~ wise indexed, n persons are selected at random. Required to find the

probability that the number in the sample possessing the attribute
gshould be pn. .

Writepn=Pr +2,Q@=1—P,¢g=1—p.

Then gn = Qn — =.

There are O, equally probable combinations of » things chosen out
of N, of which pyC,, X onCy; contain pn with, and gn without, the
attribute. . ' '

Write &, for the required probability.

Ea: = PINCp»n x QNOun + n0p = PNOin x QNOQn—x‘ - Nc’n
g _ (PN (Q@N) ! n! M!
- T NI (Pn +2)! (PH —2)! (@n—2)1 {QM + x)!”
where M =N —n. . '
We may take n < M and P.< @. -

‘Case 1. Random sample.

Pg is so large that we may neglect —% in comparison with unity.

P
Then ) 7
_ 1 . —':—: Q— P AN
Eﬁ_aw\/(Err)'e g '{1— 2¢q (1——?)(3—@)}, (D)
 where ¢® = PQn ( 1 —I—T\LT) , Note p. 32. Formula (36)

and the chance that p should not differ from P by more than z is

23

L o Re(5 1) de (@)

L T

since the terms containing ¢ — P disappear on integration. 7
Note p. 32. Formula (39)

Case 2. P small. . _
n is still so large that % is negligible, but P is small and of the order % ,

so that Pn is finite and % is not negligible.

Write Pr - 2z =7, n = kN, and Pr = w.
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H, = ‘i'i;;ji if % is negligible, ......o.cenns peeiaes (3)

‘if I is retained and —-= Yo N neglected,

e . w' -1 i - ) [
B, = 3 1=k "%.e Fw(I—FK) . cevuees viaeaes A4

Note p. 35. Formulae (42) and (43)

- The results given in Cases 1 and 2 are practically the same, when w
‘as great as 20 and n is as great as 1000. - S Note p. 35

ase 3. Small sample.
Tf # is small and E is neg‘]igible,
) = Opnia - PEPHEQE2, ... RUTRTRTUT (5)

the va.lue of which can be written down with the help of a table of
Binomial coefficients. :

Case 4. “Stmmﬁed” sample.

~ Tf the population is an aggregate of the populations of d districts, in
which the populations are N, N,... Njand PNy, P,N, ... P;N; persons
‘have the attribute, and kN, BN, . . kN, are selected in- each case at
‘random from the various districts, then the” standard deviation of the
frequency group of &, becomes

g = \/{(PQ—UU)?%KI——)}

Note p. 32. Formula (38)

~ instead of c= ,\/ {PQ% - ¥ }
‘where Na,2 =N, (P,— P)?+ Np(Py— PR+ ..+ Ny (Pa— PP

and PN = PN, 4 P,N, + ..—l—PﬁN,z.

' o s
Then Em=__,_1___e‘2,da_{1_‘£§(£__§_

2 Tg 30'13

5ar/(@m)

. where
Kdadszn(l-_\( )PQ(Q P

{1_ 30,° +9. N (P—-P)P+ N (P— P2)3+...}
PQ NPQ (¢ - P) )
" Mo take an extreme case, if all the persons possessing the attribute were
‘concentrated in district 1,

(-2 )0-5)

L h- iR (- R )
' Note p. 32

If P, approaches 'unity o, approaches zero.

et A e b P £ e R e TR Tl
\
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where §% = pgn.
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When P is very small, there is a perceptible chance, viz. eFn= g,
of missing the attribute in question altogether. If for example w is less
than ‘4, e is greater than -018. In a stratified sample this chance is-
diminished a little; if all the cases having the attribute are in one district,
the diminution is somewhat greater. Note p. 37. Formula (44)

Thus increased accuracy is always attained by stratification, unless
the attribute is evenly distributed throughout the districts, and in some
cases the improvement is considerable. '

B. InveErse PROBLEM

Given that in a sample of # persons or things, drawn at random from
a universe containing N, pn possess a certain attribute, what can we infer
about the prevalence of the attribute in the universe? :

The answer is given in two parts; in one the chances that the sample
would be drawn from. various hypothetical universes are compared; in
the -other it is considered under what circumstances we can make any
inference ‘about the relative chances that in fact the universes contained
given proportions. The second part alone involves the theory of inverse

- probability.

For the first part we have merely 130 ‘Tecast our formulae so that they
depend on the observed p, instead of on the P in the universe. The result
is that in an unstratified sample the expectation that pn + = will be found
from a universe in which the proportion is P is

1 -iz g—p ny a® -
E‘”—U—_’\/@w)'e 2q .{I— 60"_(2.—F)?3}’
_ " Note p. 40. Formuls (47) ~
where o'® = pyn (1 - %) ’ T ’

PR -
if o is negl%glble.

1. . . .
If 7n is negligible, tms reduces to

1
Ea‘: = W . €
i3 W is negligible, but \/ not negligible,

B )

1 7 . .
If 7n and 7 are negligible,
. 1 _2%_
_— ‘2 .
E, s,v(2w).e RN ¢ L1}




[ 18]
. K

Euri_-,her, it 7n ig neghglble, §? = P@Qn and o =2 (1 - F) do not

frer significantly from " and o' ‘
In each case &, is the chance that pn would be found, if the proportion

. H A
“the universe was p — - .

- In a stratified sample we cah only proceed definitely if ﬁ is negligible.

1 Ca
E”=m2—w)'e 20::'“0’,%, .................. ...(11)

Note p. 40. Formula (48)
In the case of small numbers, we can find the chances of obtaining
w = pn from a universe in which the proportion is P from the table

on p. 36.
Thus if we find w = 4, or w = 10, we have

¢; =chance of ¢, =chance of
Value of Pn obtaining 4 obtaining 10
015 - —
-080 —
-168 -000
-195 -005
175 018
-134 041
091 -071
057 -099 -
034 119
019 -125
-010 -119
005 -106
-003 -(86
-001 -066
001 - -(049
034

— -023
- 009

. — 006

_e-Pn{Pn) . e N ppyw

i T (T

Twice the standard deviation when w =10 is 24/10 = 6:32. The
chance of finding 10 when the proportion in the universe differs from 10
by as much as twice the standard deviation is very gmall. Butb if w is
very small, say = 4, there is a perceptible chance that Pn exceeded w by
more than twice the standard deviation, viz. 2+v/w = 4.

To illustrate the numerical values of these formulae, we will consider
the case where N = 10,000, n = 1000, pn = 100, p =-1. '
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Then o = -1 x 9 x 1000 (1 — %) and o ~9 g2 =1 %- 9>< 1000,
and & = 34/10 = 9-487,

Chance that 100 instances should be found

PI‘D}_JIOI'T)IOH - B, =chanece that p=-1

n 4 T .
; = - Formula Tormula Formula
Unizerse v A (R O))

060 60 4444 4216 | -0000 | -0000 | -0000
070 70 | 3333 3162 | ~0000 | -0017 | -0002
080 80 2229 2108 | -0026 | -0038 | -0034
085 85 1-667 1581 | -0096 | -0111 | -0107
090 90 1111 1054 | 0229 | 0288 | -0233
095 95 : 556 527 | 0378 | 0380 | -0364
100 100 ‘ 0 [ 0O 0443 | 0443 | 0421
105 105 ~ 556 | — -527 | -0382 | -0389 | -0368
110 110 -1111 | -1-054 | -0247 | -0238 | -0249
115 115 _1667 | -1-581 | 0125 | 0111 | 0134
120 120 | ~2222 | -2108 . -004¢ | -0038 | -0058
130 130 30 ~3.333 | -3162 | -0004 | -0002 | -0005
140 140 -40 _4-4dd | —4-216 | -0000 | -0000 | -0000

It is apparent from this table that the chance falls rapidly as » in-
creases; but the full importance of the fall is lost, because the chance at -
any individual value of x is smail. )

A better view is obtained if we suppose that the & priori chance that

. P should have certain values is constant over small ranges and. add (by
integration) the chances over these ranges. We have the following table.

Chance that 100 cases would be found

Pr%an?ilv'rt;x?sré m Formula | Formula Formuls, | Formula
P - M (8) @ (10)

060 to -070- -0000 -0004 0000 -0008
-070 ,, -080 0067 -0127 - 0098 -0167
-080 ,, -085 -0278 0346 -0328 -394
-085 ,, 090 -0703 - 0866 0834 -0890
080 ,, 095 -1532 - 1538 - :1510 -1532
095 ,, *100 -2106 2109 -2007 2009 -
100 ,, 105 2111 2109 -2010 -2009
-105 ,, -110 -1584; -1558 1554 -1532
-110-,, -115 -0918 0865 0946 -0890
115 ,, +120 0416 ‘0346 0460 0394
120 ,, -130 -0187 0127 0237 -0167
130 ,, -140 -0016 -0004 0016 0008

Here (7) is the most complete; in (8) L is neglected, in (9 2 s
A/ N

neglected, and in (10) 171% and ?—\T are neglected. It is noticeable that the

chances from universes in which P exceeds -1 are somewhat greater than




where P is slightly less than -1. We are in general more ]Jkely to under-
astimate than to overestimate P.

For many practical purposes the four formulae are eqmvalent

Tt is now clear that if choice was made from a universe in which P
— outs1de the limits -081 and -119, the chance that p =1 would be
found in the sa,mple would be very small. These limits differ from -1 by
approximately twice the standard deviation, viz.

/{3

We have still to consider whether any more definite inference can be
made from the sample to the universe. This necessitates some assumption
about the & priori chance that in the universe from which selection was
*'made the proportion should be P. We are not justified in assuming, as
+ in the first form of Bayes’ theorem, that P is equally likely to be anywhere
~on the scale 0 to 1.

Write F (P) for the chance that the proportion in the universe & priors
- was P. Then the double chance that P was the proportion in the universe
“‘and that then p should be found in the sample is F' (P) x E,, and it
- follows that the inverse chance that p being found P was the proportion in
" the universe is

F(Pyx B, -+ Z{F (P) x £},
" the summation being extended over all possible values of P.
‘ : Note p. 42
If we assume that F (P} is of definite (though unknown} form, is con-
. tinuous and integrable, and that its change in the neighbourhood of P = p
is finite, then it can be shown that the chance that P does not differ from'p

on either side by more than g is independent of F, and does not involve
the unsymmetrical term. On these assumptions the chance that P is

within the limits p & 2, where z = z, is

. This result depends essentially on the rapid fall in the value of &,
. illustrated in the table above, as P — p increases. To compensate this
- rapid fall it would be necessary that extreme values of P should have

- great & priori probability, if they were to be regarded as competltors for

- inclusion.
The same formula applies, with the modified form of standard devia-

tion, s;” +— m, in the case of a stratified sample, but only if ;/% is negligible.

It is to be emphasized that the inference thus formulated is baged on
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assumptions that are difficult to verily and which are not applicable in -
all cases¥, : :
The method cannot be used in Case II where pn = w is small. There
dependence must be placed on such a table ag on p. 36.

II. DISTRIBUTION OF ALTERNATIVE ATTRIBUTES BY SAMPLE

A. Direor PROBLEM

Tt is often the case that as a result of an investigation by sample the
persons or things are divided into a number of classes, e.g. as married,
widowed, divorced or single. As regards any one of these classes taken
by itself the former analysis applies, but we may want to regard the
digtribution as a whole, and then no such simple procedure is possible.
Tt is no longer a question of the chance of the difference between a single
p and the corresponding P, and there are many ways possible in which
“a combination of differences can be expressed. The method that lends
itself to mathematical analysis is to take the function

¥ = Nszn{(Pl - 1391.)2 + (Ps — pa)® R (P, — Pc)z}, '“'(13)
5 Y4 Do

where n things are selected at random from & universe containing N things,

in which P;, P, ... P, are the proportions in ¢ certain defined classes,

which combine to make up the universe, and py..p; ... P. 8re the pro-

portions found in these classes in the samplet.

_ Note p. 41. Formula (50)

This function is & measure of the complex of differences, and it can be

shown that the chance of obtaining an assigned x? is the same, however

the errors are distributed within the function. Note p. 37

As a rough geﬁeralization it may be said that the chance is about §

that ¥ will not exceed ¢ — 2, where ¢ is the number of separate classes,
and. more than 20 to 1 against y* exceeding 2¢. '

B. InvErsE PROBLEM

The proposition as it stands relates to deviations from a known
universe. It can be inverted on assumptions similar to those on p. 15,
and applied with discretion to the chance that an unknown universe will
not differ from an observed sample by errors which make x* exceed given
values. .t

To illustrate the use of this formula we will consider two tables in

* Note that the integration on p. 14 only assumed stationarivess of the chances of
P over small ranges, and was given for illustration rather than to establish a definite
argument. .

¥ A more elaborate form of x% in which % it not neglected, iz given below, p. 88.
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report of the enquiry by sample made by the Ministry of Labour of
< United Kingdom to ascertain the ages and other circumstances of
“sons claiming unemployment payments®. In November 1923 a sample
isisting of 1 in 100 was examined, and we may compare it with a
mple of 1 in 3 taken in the previous January, regarding the earlier
mple as giving a practically true account. '

-Age distribution of Males clo;imiﬁg Unemploymém payments

-~ Sample Sample - Co
Age 1 in 100 lin3 p-P (p-P)P=p
4 P :

16— 019 020 001 | 00005
18- 047 064 - 017 00615
- 20~ 165 178 -013 00102
25— 120 130 ~-010 00083
30- | 103 103 000 400000
35— 71 176 ~-005 -00015
45— 178 167 +-011 00068
55— 082 069 +013 00206
60— 115 093 +022 00421

Total 1000 - 1-000 — -0i515

" ¥ =900,000 approx., the totzl number of males insured in 1923.
n =8137, the number in the smaller sample.

Nn _(p—-P%_
=¥ n 3 o =124 approx.

~ Now the number of classes, ¢,is 9, and x*is much greater than 2¢c. Either
the samples were not properly collected, or they relate to different popu-
lations, or there is some mis-statement in the table. In fact, ages in the
- higher age-groups in the earlier sample were understated by about a year
(loc. eit. p. 870); but this does not account for the abnormal difference in

-~ the group 18— years. . :
A second table is nearly independent of age statements, and is more

. ‘satisfactory, for x? is less than c. ' '

Cases in which benefit to men was authorized in respect of
_dependent childrent .
_ Namber of children _
1 2 3 4 5 6 7or8 Totals

Sample 1in 100, »  -369 -288 171 (07 -055 023 007 1000
Rample 1in 3, P -376 -273 -168 -101 -0b4 021 007 1-000
p-P —017 +015 +-008 -—-004 +-001 +-002 o 0
Lp-PRsp 00081 -00078 -30005 -00016 -00002 -00017 O -0019%
Here N =3500,000 approx. n=2526. c¢="T.
Xe= Nan x 00199 =5-1 approx.
* Statistical Jouwrnal, July 1924. Tables, pp. 565 and 550.
+ Loc. cit. p. 559. :

-
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L. SAMPLING ¥OR THE I)ETERMINATION OF THE MAGNITUDE
OF AN AVERACGE

A, D]ZRECT ProprEM

Let a universe contain N measura.ble ob]ects whose magnitudes are
X Xy oo Xive :
Wnte Nﬁ=X1+X2+...+XN,
= (Xy— )2+ (Xp— a2+ ... + (Xy— %)%
N,w3 (Xp— @) - (X~ 2P+ ... + Xy — 9)3
= Mz, :
K=y + o5
. Then 4 is the average, o the standard deviation, y, the second and g
the third moment about the average, of the magnitudes in the universe.

Case I. Random sample.
Select; n things at random all together from the universe, and let the

average of their magnitudes be % + 2. Write & for 1% .
Then the standard deviation of z iz given by

aazﬁz.V(1~k),

which becomes \%ﬂ when N is indefinitely large.
The chance that @ -+ z will be found is
2

.6_27.;2.{1.
1

B, =

1
644/ (2m)

Ky = —F—

Note p. 29. Formula (29
if % is negligible—subject to the condition that the great part of the

magnitudes in the universe is contained within the range # 4 3g, or ;
more exactly that the ratio u, + ¢” is finite for all values of 7.
If nis so Iamge that \—/1?—% is negligible, the term containing «, is negligible

It also % is so small, N so large, that ik is negligible, o, become

@ .
— = §, and we have

A/
VN -
Yo oem % \
From formula (14) the chance that the average in the sample differ:
from the average in the universe by not more than  is

T 1 a?
fwrr) B da,

the term containing «, vanishing.
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Yase 11, Siratified sample.
If the populatlon is divided among ¢ districts, containing respectively
., N, ... N, persons, the averages in the districts differing one from
nother and if the same proportion (k) is taken at random from each
istrict, the standard deviation of the average of the sample is dlmmlshed,
nd the constants of its frequency curve modified.
. Write .84 for the standard deviation in this case. Then
. a8d2 = % (1 - k) (02 - 0-‘2?2)5
‘where no,? = 7y (T — B)2 + 1y (B — )+ oo + 0 (Te — )%, Ty, Ty being
the averages in the distriets.
Formiula {14) becomes
1 -2 PO x8
=g Zs.{l— 2 {2
2. aSa v/ (2m) ¢ {1 2 ( a3 Sds)}’ "
Note p. 30. Formulae (81) to (34)

where wy has a comphcated relation to x, shown below (see pp. 29-30).

Districts Whol
ole
X 1 2 3 4 | sopu:
Population lation .
(@} 1 [ 100 — — — 100 | Scheme (a). Take n=160, k=1y.
2 100 — — — 100 | ¢ =25 #=55. &=25 &H=45,
3 1100 100 — — 200 £y =65, & =85.
4 160 100 — — 200 160—1,2 =80. o,=5.
5 | — | 100 | 100 | — ! 200 | gsgf=qdp(l—D) ({250 -5%
6 | — | 100 | 100 | — | 200 | gsg=-084.
7 e 100 100 200 | sy (inan unsteatified selection) =-188.
8 | — | — | 100 | 100 | 200 | gsy=s, x-45.
9 — — — 100 100 :
10 — — — 100 160
Total 400 400 400 400 | 1600 -
@1 | 100 | — — | — | 100 | Scheme (b). Take n=240, k=1}.
2 | 100 | 100 { — | — | 200 | o%=3%. o=i.
3 160 100 100 — 300 a3d=’105 sa =-125.
4 | 100 | 100 | 100 | 100 | 400 | ,sgz=sq x84
5 100 100 100 100 400
6 100 100 .| 100 100 400
7 — 100 1060 100 300
81 — — 160 100 200
t — — — 100 100 R
JTotal | 600 600 600 600 | 2400
(c) 1 100 — — — 100 | Scheme (c). Take n =280, k=15.-
2 | 100 | 100 | — | — | 200 | o2=3%. o=}
3| 100 | 100 | 100 | — | 300 | gsg=-113. s,=-130.
4 100 100 100 100 400 | p55=3, x-8T.
5 100 100 100 100 400 .
6 | 100 100 100 100 400 .
________ 7 100 160 100 100 400
8 — 100 100 100 300
9 —_ — 100 100 260

10 — — — 100 100
Total | 700 700 700 | 700 | 2800

-7-2
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If the averages of the districts differ considerably from the general
average, or. if the standard deviations in the districts are considerably -
smaller than in the population as a whole*, the gain in accuracy by .

stfatiﬁo&tion may be considerable.
For example take the simple cases shown in tabular form on p. 19.

B. INvErsSE PROBLEM

In & sample consisting of » magnitudes, drawn at random from a
universe containing’ ¥ magnitudes, the average is found to be %, and the
second moment about it u,". :

. The chance that such an average would be obtairied from a universe
in which the average was @, — % i8

1 _ .z
= =t 207 Cireneeeras
B, q'\/(27r)'e e, (18). |
: Note p. 41. Formula (51)
if terms involving 2 are negligible, where
- ) '\/’n
4
o't = '%i— (1 — IE\T) in a restricted but unstratified sample,

’
o' = ‘u'—; in an unrestricted and unstratified sample,

and ¢ = 71; (1 — %) (w5’ — @,’?) in a restricted and stratified sample.
Here no,’? = Zn, (&, — %)% 7, being the observed average of n, things

in the ¢th distriet. ‘
The formula canhot be extended to include the term involving ‘%} )

unless the standard deviation in the universe is known. 7
If in a manner similar to that on p. 15 above we assume that the
chance of various values of the average in the universe is a definite function
that varies continuously, then the chance that the average in the universe
is within the limits %, + xis
% 1 _ _x_”_z
f_m071/—(27;5'e 2o .dx, ........... ..........(19) -
Note p. 45. Formula (53) -
where ¢’ has whichever is appropriate of the above written values.
* Since  Nua =N fome + (G~ N, gy + (T~ D) £
where y#ty, s, 876 the second moments in the districts about their averages, therefore

Ny N 2
}i2=-ﬁ.1m2+f. 2y F e o5

Hence for a given p,, if o2 is large, ym,, iy ... must be small, and the apparent alter-
natives are nearly identical.
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:Formula, (19) is strictly correct when %@ is negligible, and a rule is
veﬁ in the notes, p. 45, for its app]ica:tion when \_}ﬁ is retained andhln
eglected.
_xampk.
- An investigation was made in Northampton in 1913* in which details

were obtained relating to 693 working-class households. k, the ratio of the
umber examined to the whole number, was 1 + 22.7.° '

Number of persons Number of
in house houses )
1 16 Average 4342 =%,
2 113 gy =891
3 146 .08l 1
4 127 oy =€9§(1 ‘277*)
5 . 115 ay =073
6 - 73 .
7 50
8 - 31
9 14
10 6
11 0
12 2,
693

Chance that in the aggregate of‘Working—class houses the averége was

' (from (19))

Qutside 4 +30y, ie above 4-562 or below 4122 0027

Between & +2m, and @ +30y, i.e. betwesn 4489 and 4-562} 0 Qg
. 4-1

or %20y 5 %—36y, L6 " 95 o, 4-122
Between @ -+o;  » %+209. 1 " 4-415 , 4-489 2718

G—ay » G-2oy.le » 4269 4-195
Between G+oy , %-op L& » 4-415 ,, 4:269 6826

. These results apply to the universe “working-class houses as defined
for the investigation.” In the different universe defined for the whole
Borough in the Census of 1911, viz. the whole population less those in

Jarge institutions, divided by the number of “families or separate occu-
. piers,” the average was 4-44,

* Iivelihood and Poverty. London: G Bell and Sons, 1815,
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INTRODUCTION

So far as the direct problem is concerned, the expressions for ¥, in the -
case of purely random sampling from an infinite universe, including the
unsymmetrical term that involves 1 ++/n, have been known since the
time of Laplace, Gauss, Bernoulli and Poisson. Also the modifications of
the standard deviation when the universe is restrieted (or “the balls not
replaced in the urn™) or when the sample is stratified were determined
long ago. But, so far as I can ascertain, no one has brought together .
these formulae so as to give the frequency correct to the second (or.
1 ++/n) term, when the universe is restricted, or when the sample is .
stratified, or when both these conditions apply, either for variables or for

attributes. To obtain these frequency curves, it is necessary to go back.
to first principles, and in the following pages the lines of well-known
analysis are developed. . '
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The briefest method is to combine in one analysis the cases of attributes
and of variables, and since the former can be regarded as special cases of
+the latter, variables are taken first.

Most of the work will be recognized as a simple extension of generally
accepted pr1nc1p1es but the problem before us is definitely to make
inferences from a given sample to an unknown universe, whereas the great
pulk of recent work has proceeded from an assumed universe to a sample,
-and we are therefore obliged to go on to the doubtful ground of inverse
~ probability. My freatment, in which the intention has been to follow
Professor Edgeworth’s methods, is explained in a short article in Metron,
Vol. i, No. 3.

NOTATION

Variables.

n frequency groups. In the ¢th group the average is ;, standard de- .
-viation o, moments about the average tynz, ifhg e

Kr— = tftr =+ OF-

When the groups are identical the prefix ¢ is dropped.

For the sum of n unrestricted selections: average U, deviations u, or «,
standard deviation S, moments about average M, M,, M, ...; K8 = M.

Standard deviation of average of n unrestricted selections, s,.

—— W e

Restricted selection. n,; are selected from a group whose constants are
N., &, My, Mg ..., and the values of n, form one of the frequency groups
defined above. .

7y = kN, '

T, fiz, K; eto. are used for the restricted as Well as for the unrestricted
elemental group; as are S, M, ....

0, is the standard deviation of the average of an my-fold restrigted
selection. :

— o o

Stratified selection. The constants for the ¢th stratum are #,, m,, ...

For all the strata merged Z is average and s, the standard deviation.

no,® = In, (F; — %)% '

oS 18 the standard deviation of the average of the restricted, stratified
selection.

“w

o

o

In the universe from which the actual sample is selected the constants
are written N, 4, o, u,, & ete.

The values of these found from the sample are %, o', ' etc.

Thus the quantities without prefixes are used rather generally, and. aré
defined each time in the text.

Attributes.

,_\_.

Numbers:— in universe,  in sample. M =N —~n. k= %

Proportions:—P in universe,‘ pinsample. @ =1—P. ¢g=1—p,
x=(p—Pln. z=p-— P.
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Districta :—(P;, N)) ... (P, N,) ... (P4, N,) in universe.
(D1 1) oo (Pis ) oo (Pg> Meg) I sample.

N+ ...+ N+ ...+ N,=N.

L _ —Pa_ g

Fl—..- —mﬁ... —Z—\Td_
ot =PQ, s2 = PQn, 0% = PQn (1— k), s> = pgn, 6’2 = pgn (1 — k), 0=~

0,2 = Ity (Py — P)?, 0o, = Zny (p, ~ p)*

=n(1- k) (PQ - %2), ot =n(l— k) (pg — &%)
My = Pyl oo Mg = PPy oo Wog = Pyl
Nn (Pe—p)? Pt)

|- p————
AT z ¥4
Alternaitve atiributes—see p: 37.

1. GENERAL. Frequency of the sum of a number of independent variables

Let there be n frequency groups of measurable guantities, and let
Fy, Ot dihgs tits --- DO the average, standard deviation and second, third ...
moments about the average in any, the fth, group.

Select one quantity from each group, e.g. &; -+ 4, from the tth, and
take their weighted sum, thus

U -+ Uy =10 (%1 + l'us) + ) (ﬁz + 2’&&3) + .o+ _an (En + ﬂus)!
‘where 4, @ ... &, are constants, and - ' -
U = a4ty + @y + o0 + 8aZy, - .
Uy = 0 - 1, _|_-"g,2 cglhy b Ty pUs

Assume that there is no correlation between any u, and ,u,, or
between any u, and 2.

Required the frequency curve of u,

Take any small constant «, to faclhtate collection of terms

Then g — o™ 1¥s 5 g% d¥s 5 to g factors.

Therefoi‘e o }
i=n ’ o2

1+au+ u +31u +"'=aH (1-|~aat.tus+§.-a¢2.tu82+.,.).
-1

Since the fact;ors on the right-hand side are independent of each other,
the mean of their product equals the product of their means,

Write M,, M, ... for the moments of %,, and write M, = 8

Take the means of both sides of the equation, observing that mean ,u,
is zero, since the s are measured from their average.

Then . '

a2 &? ol
1+aM1+—2M2+...=H(1+E.atﬂ.,tpﬁy.aﬁ.,yga..)
eElog(1+‘§.-af.;ﬂg+...)

ot . a2 . 2
='e§Eat2-tﬂ-e+31zats gt — 32 5-“12-:#24"--) e
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Expand, and equate the coefficients of @, a? and o®.

M, =0,
8% = M, = Za? . i, = Zal. o,

M= Za,®. p,

Use these vaiues, and collect the coefficients of %, &5 .., in the mdex. :

52. 2 iga My, 58t o e

1+ M-!— M = g2 L eB81 T8 g4l " TE g 5!‘05__ , :

where the first three s are as follows:

Zad (e — 304t _ 2" (g — 3) ot 4
= .Iu'4 ;
04 (Za’tz . 0'32)2 (Earf, [=F) ) Where e is written for -5 t ‘ ,
5 _ ’ N
Oy = Zag (g 10#?) , where s, s are written for #3 s ¢

(Zas? . o)t 68’ ap |

Zaf — 15— 15 — 3) — 10,2 i

0, = £ {ska (s ) % of , where , is ertten for e t}-"ls i

(Zad . o) af
In the special case where 6,0, = @y03 = ... = U0y, €ach of these products

would = i and we should have

A’
=%=—1—xMeantx1, * L
85 nt i
C‘=1><Mea,n(tx—3)
1 =4 2T ) b
1 -
C, == x Mean (x5 — 10,5),
- n"_f ‘:

Cy = }—2 x Mean {;x, — 15 — 15 (g, — 3) — 10,43,

Now regard n as large and § as finite.
Restrict the original frequency groups, so that @y, a0y ... ayo, are of

the same order of magnitude, viz. n é, and all such qua,ntmes as
tfcl, Ko , #g - . are ﬁIllte
Then the coefficients of 2, &® ... in the index written above are of the

ordets 1, n %, n_l, n_%, w2

Neglect terms of the ordern™ ! »%...,and notice that K2is of order # ~

Then
a2 aS - aﬂl ) a21+1 . ot . j
1+§ME+'BT.M3+.u+'(§‘l)—!MZI+'(_21—ﬁ“)_!M2[+1+--.—328 ,QESK ‘
. 0F oy, Lo oo\? P _
—{1+§S+§(§S) () + }(”ESSK)' |
Equate coefficients, Then
@l K (2 + 1)1
= 88, Mo = gy S ;i
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But integrating by parts, with the help of the fundamental integral

Va=|" e,
as in the caloulation of the moments of the horrﬁal curve of error, we
have ’
o1 -z R A @t
—QW.G 282.{1—§K(§—w>}.u -du—zr’.l].s,
and _ :
= 1 ‘Ezi 1w %W 2041 K@+ DT oy
J_szﬂ_).e 28.{1'—'§K<§"*‘3ﬁ3)}.u .du—m!.g .
Hence the moments of % are the moments of the curve
1 _u w U
g o= — — 1 il
Y= 5@ ¢ 252.{1 QK(S 383)}, eeeeenen(20)

and the frequency curve of % can be identified with this curve.

i=n - Ti=n
Here 2=%Zal.02 and K§=Zal. pu,.
t=1 i=1

The conditions are
Independence in selection of items.

That a,0;, @0, ... arve of the same order, viz. that of Sn-t,

)

That ;ﬁj = gc,_p 18 finite for all values of » and of ¢.
11

That % is negligible in comparison with unity.

If —1% is also negligible, the curve becomes

0z
1 -
yzmj.e 2B, i iieira s (21)
If all the frequency groups have the same moments, or if all selections
are made with replacement from one group, and if @y = @y = ... =, = 1,
then writing ¢ = 6y = 0y ..., and pg = 3t = obg = ..., 80 &y = 157 = i, = «ooy

1
we have 82 = no?, k8% = Aug, and x = — . x;.
/N

" So far we have considered the sum of » magnitudes. We frequently
require the frequency of the unweighted average of n items selected from

U and u, by »n throughout, in the simplified case just described.
 Write u = nz, The standard deviation for z is given by

s =t 8= i (22)

¢ m’ /'

and x is unaltered.
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The frequency curve of z is then
i . _z K% a3
y=m.e 2‘?52.{1"“§(a——-3—:s?)}. ......... (23)
Note. A theoretical difficulty arises from the consideration that in
formula (20) or (23) v becomes negative, if (x being positive) %L is less

than a certain negative quantity. « is, however, so small that »*is negli-
gible, and if « is as great as -1, « must be less than — 4s before i becomes
negative, and in this region y is negligible. Tt is recognized, however, that

the terms neglected in the approximation, involving multiples of % , have

effect as %"’ increases and that the extremities of the curve are indefinite.

See for example Edgeworth in the Statistical Journal, 1206, p. 512.

II. Rustriorep UniversE. Moments of the sum of n, selected quantities

Let a group of n, things be chosen at random, without replacement,

from a frequency group consisting of N, measurable quantities, whose

average is 2, and moments about the average m,, %y ...

Write n, = &N;. ‘ o

Required the moments g, , uy ... of the sum of the n, things, all possible
gelections being made.

Write the NV, quantities as & + 4, @ - Uy ... T3 + U, .

Then 2, + g + ... + Uy, = 0.

There ate y,0,, possible selections of sums such as

Ny + Up - Ug T oeee Ugy

'Evidently u; = 0. :

7,0, < pie = Z (ug + % + o0 + %)% the summation being extended
over the y,C,, choices.

n .
Each ferm such as #,® ocours —* . y,C,, times, and each term such as
N, ™

24431, OCOULS %111 11)-) . 5,0, times.
Therefore

g = 1%1; Zu? + %%1((;\;1—:% Zuu,l .Where Tuw is the sum of all possible pairs
= I_?:’Ti (1 — “19\2711_:—11) Tul, since Tu? + 2Tuy = (Ju)? =0,
= %lwgl_v_lﬂ") m,, sinée Nym, = Zu?,

= n, (1 — k) m,, where k = o, ifiis neglected.  ...............(24)
NJ. N’l N

ke e e
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Similarly = N 1Tud 4+ 3 :T“ 022 Zulu + 6 ::gs PRI
N,y 178

=y (1 — k) (1 — 2k) my, if W is neglected, ...... (25)
1

for Tuly = — Zud = — 3Zuuu.
Similarly

- 7y (N — ny)
= =T (- B) (= 9

N2 — 6m N, + 6m2+ Nhm
+ 3 {ny — 1) Ny (Ny — my — 1) mp?)

1 (/m 1 — 6k - 6k2 ]
d e S 4 _ _
an Mg {(%2 3) o 2 B (26)

e 3.
if w, is neglected.
Tf the analysis is continued further, it is found that

%um&=éﬂ% )ﬁ@+w T8 A @) 2D

51'2% Bt Mt My®

and
g [.L 2
LT 15(#—;‘3—3)—102—3

2
L L 19) =15 09— 10—}

if T\% and 1\—571 are neglected, where f; (k), f; (k) ... fy (k) are functions of k,
finite unless & = 1.
As in the geﬁeral analysis {p. 26), let ~m~§ be finite in the universe,
M2
and neglect texms involving %; .

We have from formulae (24) to (28)
o = g == Ty (1 - k):
_ Hs_ 1 1 — 2k myg

Ha
Ko == — = ,
? pa®
K3='(;g=101€,

Ky = %g' = 15 — 10k® = 15, since «? is of order ”%

Hence, up to the 6th moment at least, the frequency of the sum of
n, things taken at ra,ndom without replacement from a universe con-
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' tammg n, -+ k& things (in which the distance of the bulk of the observations

from the centre does not exceed a small multiple of the standard deviation)
is given by the equation

1 il
=g 2°
V= oem e
correct to terms involving L , but neglecting terms involving 1 .
Vg #y
The frequency curve of the average of n, things is obtained by writing

aw=f~=\/{@(;—"é@} et eerensenna(30)

for o in this equation. ’ , -

1. StrATFIED SELEcTION. Variables

Suppose a universe containing IV things to be divided into d strata
containing N, N, ... IV, things respectively. -

Select at random, but without replacement, %, = kIV, things from the
first stratum, n, = LN, from the second ... n; = kN, from the last.

Write

o= Ny -+ Ny + ...+nd=k(N1+Na+... + Ny = kN.

In any, the #th, stratum let the average be written Z; and the moments
about the average gn,, #ig ...

Lef; the results of the selection be to give totals n@, + (%, 0 + U ...
for the strata, and nZ -- u, for the universe, where 7 is the average for
the universe.

Then -

nf = kN2 =k (N + Ny + ...) = 0@ + 0Ty 4 ..o+ By,
and. NE -+ Uy = (Mgl + %) - (Ray + g) + oo
so that Uy = gthg + othy + oo + Uy + oo b gl
As shown in the preceding séction (formulae (24), (25), (26)) the
 moments for ,u, are given by
o = gy =y (L— k)., s =1 (1 — &) (1 — 2k) . gy
and
— 3. e = g (1~ &) {(ymg — 8. gmy?) (1 — 6k + 6k2) — ym,® 6k (1 — &)} eto.

Apply the methods of the general section (pp. 24-7), the guantities
oy ol ven b_eing independent of each other. Then

1 + oM, + M + Ma E:ﬂa+3'S C’+ S 04+ S Tt ...
where M, M, ... are the moments of the frequency group of u,.
" Equate coefficients of e, a2, a®.
. M, =0,
8% =M, =g, = (1 — k) Zn,. m,,
My=Zps = (1 — k) (1 — 2k) Zn, . gng




[ 30 ]

Take S as of unit order. . :
Let (Mg, oMy ... gy bE Of the same order of magnitude. Then this

order is 717’/ , from the equation just written for 52

Let 2™ be finite for all values of ¢ and of r.
: (tmz)'r
Then -
0y = (1= 28 2 ny T )t = (1 B (s ol
#Mg)”

and is of order »~¥; and-

c,=2 li:n* {((:2:)2— 3) (1— 6k + 6%%) — 6% (-1— k)}l(tma)a = (1— k) (Zn,. t’mz)ﬂ s,

and is of order n~.
Similarly C;, Cy are of orders n~ ¢ n-? respectively.
Neglect terms of order n~ or lower. .
Then, as on pp. 26-6, My, M ... are the moments of the curv

1 _fiz K 2
y:m—ﬂ—)_e 25 {1—-—2—(3— '.?TS,*B)}, ........ ..(31)

2

where §2 = (1 — &) Zn, . g1y, and K83 = (1 — k) (1 — 2k) Zmy . 4.

The values of § and K can be given in another form as follows.

Write @y, = & + ¥y ».. By = & + vy, Where % is the average in the universe,
and 7, the average in the tth digtrict.

Then 7% = Sng,, Snw, =0, and nsf= T, (sme + v,2), where & is
the standard deviation in the universe.

‘Write noy? = Tnpd = ny (@ — ) + g (T2 — ) LI ENUPON ¢ -)
so that o, is a measure of the scattering of the averages in the distriets
about the average in the universe.

Then 8= (1—k)Zn;. gy =n(1— k) (52 — @) veeeenes .{33)

I no attention had been paid to stratification we should have been
dealing with one restricted universe and have obtained from formula (24)
after the proper change of symbols 82 = n (1 — k) 8%

Stratification therefore improves the precision of the sample.

By a similar procedure we obtain '

My=n(l1-k(1— 2k) (My — 3Vie — sbho)s
where M, is the third moment in the universe, nVy, = Znw;. My, and
T gty = 2V
For the average

\71};\/ (1= &) (52— oP)fF. comenees (34)

* g is replaced by o on p. 19

Sa=8 +n=
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IV. APPLICATION TO ATTRIBUTES

- Now consider a universe in which PN persons {or things) possess a
certain attribute, and QN do not. P 4 @ = 1.
Select a number of persons from the universe, and make a total by count-
ing each that possesses the atiribute as one, and each that does not as zero.
We may then consider the universe as a frequency group in which
QN things are at 0 and PN at 1.
QN x 0+ PN x 1 p
TN |
With reference to the average, the QN are at — P and the PN at
i—-P=0.
The momenﬁs about the average are
= oty ={@N x (-~ PP+ PN x @3+ (P+ QN = PQ,
ois = — PQ + PQs = PQ (Q* — P*) = PQ(Q — P),
aftg = P4 + PQ* = PQ (1 — 3PQ),
ois = — P + PQ5 = PQ (@ — P) (1 — 2PQ),
otte = P°Q + PP = PQ (1 — 5PQ + 5P%Q )
ok = otz + 0p° = (@ — P) +4/(PQ), .,
— 3= _ 5 1600

The average is

o - PQ
oy — e Mun_ (@~ P)(1—12PQ)
g 7p° (PQ)*
Ky — 1B 4 15 (g, — 3) — 104 = (1 — 30PQ + 120P2) - P2,
where oka - Go° = qoias N

r
and generally ¢, = {(— Py + @Y} = (PQ)2 t

If P is finite and n large we have all the conditions necessary for the
genera,l cage discussed in Section I (pp. 24-6); for each @ = 1, each

= P@, and each &, equals the value of i, ]ust written and is finite, -

1f P ig finite*.
Write s for 8 in that notation. Then
§* = M, = ZP@Q = nPg. The ¢’s are then of the order sn_%,
My =ZPQ(Q— P)=nPQ(Q— P), :
_M9 Q—-P
~VwPY)
Hence formula, (20}, which now gives the frequency of when Pn 4+ x
are found in an wunresiricted selection of » things, becomes

y=—1 .6_2;‘“@75. 11— @-P ( i i )}:(35)
v/(2PQnw) ' © 24/(PQn) W(PQN) 3 (PQN)

. L.
terms in - being neglected.

==

* See Section V below for the case where P is small,
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This formula is usually obtained by considering the limit of the ex-
pression PrPre  @no-e (' p. , when n is increased, P being finite.
In 8 restricted universe, where n = kN are taken without replace-
ment from N, the frequency of z is obtained from formula (29). Correct
to the 6th moment at least

B (Lo |

are ﬁeglected, where

_ t=n(1—k PQ xet=n(l— k) (1 — 2k) PQ (¢ — P).
In a stratified selection we have formula (31) with ,
8T= (1= B) T (1P, 8 = (L — E) (1— 20) T {0, PR, (@ — Pl (37)
where P, is the proportion with, @, without, the attribute in the ith
district, which contains N, persons, from which n, = kN, are selected.
"Write P;=FP 4+ v, _
na,? = Inw? = In, (Py— P)?
RV = Znw, . gy = Z {nwy (P + ) (@ — v}
= T, (Q— P) vd — Tmp?3, since Znw, =0,
T . glhy = 2V
Then as in formulae (32), (33), (34) if 042 and k4048 are the second and
third moments of the frequency of z, .
olt=n(l— k) (52— o) =n (1l — &) (P@— 0% omeemrenee (38)
kaolt = (1 — k) (1 — 26) {PQ{Q — P) — 3(@ — P) o® + 2. aftal
The precision is improved by stratification. It we take an extreme
case where all the persons with the attribute were concentrated in the
firat district,

when

s

¥

B
=
2l o

-]

—

P1n1=Pn,?)1=FP1_P,'U2$’03=...=(Uc:—"P,
no,? =y (Py — P)2 + (n—my) P2=nP (Py— P)=nP (@ — @),
N .
d : b (l—k)PQ=nP (1—k(1—P5].
an ol =n(l— WP =nP -k (1- Py

Tt is found that x,o.® = % (1 — k) (1 — 2k) PQy (@4 — Pu)-

In all the cases discussed in this section the frequency of @ when
Pn + z appear in the selection has been given.

Now let p be the proportion found in the selection, so that pn = Pn + =,
and p = P + 2, where ¢ = nz.

For the frequency curve of z, write o, = g in formula (36). The « in

the equations is unchanged. We have

R R
IR T A
V=oveEn ¢ " {1 : (% —3%3)}, ......... (39)

- (1— k) PQ _(1—-2k)(@—P) om
where o, = J(d_n ), and =V (= B PG} , k being = .
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. If the universe is unrestricted we have merely to pub k= 0 in this
formula. 7
For a stratified universe, we write ,o4 for o,, where
O = \/{(1 — k) (f:Q = "”2)}. eerseinesasensaas (40)

V. Law oF SMALL NUMBERS

If the sample is stratified, it is indifferent to the argument how the
P.s are distributed; for since in formula {37} some of the terms such as
Pm, must be comparable with Pn, the aggregate of the terms is of order n
when P ig finite, and the coefficients of ¢?, e® ... in the exponent on p. 25
are of order 1, "%, n™1 ... even though many of the P;’s in the strate are
small or even zero. :

But if P in the universe is so small that Pz is no longer large, the
whole argument breaks down*, and we must start again from the beginning.

Let P be small, but Pn = w be finite.

Let N be the number in the universe, n = IcN k finite. Write
M =N —n

[To elucidate the order in which terms. are neglected suppose that
N = 10,000, n = 1000, P =-02. Then k=1, w=20, PN =200,
M = 9000.]

Write E, for the chance that Pn 4+ z =r will be feund with the
attribute in question in the sample.

Then out of xC, possible selections pxyCppiy X @nCos—r contain exactly
Pn '+  cases. .

Therefore K
5. o PCense X onOgns _ (PN)! (QN)!n! M!
» ~On (Prn+ ) (PH — x)! (&n — 2)! (QM + )TN
_ ! M1 (PN)! (@N)!
Tl — ! (PM — ) (@M +2) 17 N1

Apply Stirling’s formula, viz.
_ ml=m™t ™™ 1/ (2m),
n Whlch a— 1s neglected in comparison with 1 in the index, to all the

1
f . - .
actorials except r! Then 12PN > T2 = 7) and smaller fractions are

neglected.

* Tf we use the limit of PaP+a Qn@ -2 ,Cpp.. for our analysis, we find that we

have to assume that Fln is negligible. In the method of Section I, M2=M3, and Cy, O ...
are not in descending order of magnitude,

B . 3
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After a little reduction we have

e T w nNTEONY
B, — ﬂ.(l—a) APt
’ ,.1(1_1) 7 mt
n
(1 B -PH+x-4 2 QM -1
x m)

and is finite. ,
Also (1 — ;;)T._%Q—T — (Q_,f)r_%Q—" _ Q_%(l B ni)?'—?z‘

(-9 T

since % = Pz is negligible.

Again N§+M%¢(1—7G)—é, gr=e,
and TP = wt. .
Therefore

el 4 - -PH+z-1% % -QM -
2= -0t (1-p5) {1+ 2%)
v (A1)
when terms containing ?—1 are neglected. |
1t is only possible to rproceed further if we now regard I—JIF = g =

in the illustration, as small.
Write PN =W.
Then PQM = PN (1—k) Q= W (1 — k), neglecting % .
~PM+z-} L —@M-z-}
. x z
Write L=10g{(1—PTM) : ,(1_;_@1'_1) }

72 2

=(PM —z+3) (PmTerz + ) — QM + 2+ }) (a%_ WﬁMz-zT "
___# L s@-P) FQ-P

2PQM ' 2PQM 8P M*

The standard deviation of @ is v/{P@n (1 — k)} =+/{w (1 — &)}, 1eg

+ e

LW
lecting o
Write 22 = 72 . w (I — k), so that = is finite.

1ﬁc+ TA/W _ 7w _
2 "AWA(1—-k) 6WE(l-—k)

e

L=
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Now neglect % . Then 7
' o x% . x?
- 2w(1—%  ~ 2PM-
e z

and from (41) AL g Bt emw,

" approximately, when l‘%\f is neglected.

If the universe is unrestricted, % = 0, and this reduces to the well-

known form
e~ uwr
rl

- as may be obtained directly from the limit of ,C, . Pr. Qn—r.

E, =

H

o The following table shows comparisons between the results obtained
by applying the general law and the law of small numbers, distinguishing
- ‘between a restricted and an unrestricted universe.

(1)

& (z)
{a) (&)
-000 -00005
-000 -0005
003 . 002
008 - 008 12
019 -019 15
037 -038 ' 18
062 -063 21
-089 -090 : 24
112 113 27
:126 1125 30
127 -125 33
115 113 36
-095 -095 37,38 ,, 39
072 073
-051 052
034 -035
022 -022
013 013
007 007
-004 -004

10 ! 002 -002

Rolls N Aol SN R ey

@
-10
-9
-8
-7
-6
-5
-4
-8
-2
-1
0

1
2
3
4
5
8
7
8
9

| Take (1) m» = 1000, P = -01, N indefinitely large. w = 10.
(2} m = 1000, P = -02, N = 10,000.  — -1, w = 20.

" Apply to (1) the formulae
cBp-%52E-2).

1
> By = s+/(27) 25 \s 3
Where s2 = PQn, and
Em=i;;sw", where r = 10 + 2. .oioinnns. ...{B)

32
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Apply to (2) the formulae
1 _-“iiz Q—P 2ny (& @\
E 0_1/(2”) 2 {1-—'-—‘20 (I—F) (;—-%'3)},....”.(0)

where o® = PQn (1 — W) , and

w (1 — k)% . e (1=, e (d) -

where r = 20 + z.
It is noticeable that even when w is as sma]l as 10 the d1£ferences

between the results of (@) and (5) are 1ns1gn1ﬁoant
An abbreviated table of the values of % w is given for convenience -

of reference. A more complete statement Wﬂl be found in Tables for

Biometricians, p. 113,

el
Value& Of T .

W .
. 1 2 3 4 5 [} 7 8 9 10 11 12 13 14 15 16
0 368 135 050 018 00T -0O2 -0OL° 000 000 — — — — — — —
1 388 271 -149 073 034 015 006 008 OOl — — — — — @ —  —
g .1sd 271 -224 147 084 045 022 011 005 002 001l -~ o~~~ —
3 .05l 180 -224 195 140 089 052 029 015 008 004 002 001 — . —
4 -0i5 000 166 -1p5 -E75 134 001 057 034 019 Q10 005 003 001 OO —
5,003 088 -101 156 175 161 128 092 061 088 022 .OL8 00T 004 002 00T
g | .02 050 104 146 -161 -149 122 091 063 041 025 0I5 000 005 -003
7 — |- 022 -0B0 104 128 149 140 -117° D00 065 Q44 028 017 010 -008
8§ _ {00 -008 030 -065 103 -130 140 132 113 089 066 -046 030 019 012
9 — —— |-003 -013 036 -080 101 -IB4 182 125 103 087 086 047 032 -G2I
0 -— — ’-om Q05 018 04l 071 099 -119. 185 -119 105 086 066 040 034
I — - —]-002 008 -023 -045 072 -097- -4 119 .II4 -I01 -0B4 086 050
¥ — o~ — = |-03 011 -026--048 073 005 109 114 110 098 083 066 -
i3 — — — — |-01 005 -014¢ -030 -050. -075 088 106 110 -I0G 096 081 .
4 — == — — — |-002 w007 -0I7 -032 -052 073 Q90 -102 106 102 093
5 — — — -— — |-001 008 -009 019 035 053 072 088 00O 102 099
8 — - — — — —j-001 -005 -011. 022 -037 -054 072 -0B7 086 099
¥ — —= — — — e —1-002 -006. -023 024 -038 055 071 -085 .93
§ — — -— — — — — |-001 -003 007 -015 -026 -(40 -055 071 083
v — — — - — — — ~—[-01. -004 008 016 -027 041 -056 070
M — — - — — — - — |00l -002 -005 L0 -018 020 042 056
9] — e —m e e — —  — e | 001 003 -008 041 018 030 -043
99 e o e e e —  — — — _ — [+01 -003 -006 -012 020 -031
08 _ — — — —_ e — . - | 001 -002 -004 -007 -018 022
M — - — — — = e — = = — 001 -002 -004 008 014
2% — —  —  — = = — = = — =00 -002 005 009
9% — - - — = = = = - — — — — -0 -003 -006
9 o m = - = = = = = e = = — |01 002 003
98 . o - = — = = e — = = = — T—|-001 002
29——————m——-i—_____“_|-cm

* Tn each case the total of the quantities for greater values of » than those computed is less than 001.
T is worth while to examine specially the chance of missing altogether
any instance of an attribute, and to test how far this chance is diminished

by stratification.
Tn an unstratified sample the chance is @7, which is less than e™,
where w = Pn. This is only perceptible when w is a small number, say

lesg than 5.
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In a stratified sample we find, using the notation of p. 11, that the
chance of selecting none is .
C=(1—P)u.{1—Pyrz... {1 — Py
log C =n,log (1 — Py) + nylog (1 — Py) + ...
= — (mPy + Py + ) — 3 (mPy® + mePp? + ...)

= — P - % (Pt 4 o,?), when n,P,® etc. are neglected.

But 16gQ“=nlog‘Q=n10g (1—P)=—nP—q—21'P2,

when nP? ete. are neglected.
Therefore 0=@Q". e ™,

If, however, there is much concentration, we ought not to neglect
1, Py% ete. For example, if all the persons with the attribute are concen-

trated in the first district, Pyn; = Pn, and @y = @y = ... = @, = 1.
om (1 B\ A S
Then 0@ M(l—a) 7(1—5) — g e .(44)
if P;2 and Pyw are neglected. E

The reduction of ¢ is small. In the last formula, if # = 10,000,
ny, = 100 and P, = -04, then w = 4 and P = 004,
Qr = -0182. O = -0169 = Q» x -923.

VI. DISTRIBUTION OF ALTERNATIVE ATTRIBUTES

In a population containing N persons, P,V are in one class (have a
certain attribute), P,N in an alternative class and so on to p, N, so that
" P, 4P+ P, =1
n are selected (without replacement) from the whole population, and
there are found in the respective classes :
pn=Pn+a,pm="Pn+a..p00=PFPnt+x,.
Then PrtPet .+ po=1,
X2+ .+, =0
The chance, E,, that this selection should be made is the product of

.

T ISR O WU D ol o O R W

5 the separate chances that pn should be found out of PN, pm out of
:f _ P,N ... divided by the whole number of possible selections of n out of .
= L - Therefore
B, = (55000 X PiCmn % oo X pott0pen) + 500 ,
(PN)! (PeV)! n! M!

X

P Tyl (B —z)) ~ Pr o) | (Pl — ) " " THT
where M = N — . '

Write E, for the ‘value of JI, when 0 =2 = 2, = ... = ,. iy -
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Apply Stirling’s formula to all the factorials, negleeting such terms as
1
5P in the index, and take logarithms. Then
log (B, + EO)

— (P +w1+%)10g(1‘+ﬁ) = {Pyn +wz+%)log(1 +P£:ﬁ)_

, / .
S P — + Dlog(1— L) — (Pl — %+ B log(1— 2)_
( 1 1 2) g( PM) ( 2 2 2) g( ] PzM
The standard deviation of z;, when only the first class is considered, is

\/{Pl a-Eya(1 —%)} |

and hence z,, #, ... are of the order 4/n, if Py, P, ... are all finite.

Expand, collect terms, and neglect those of order % or lower. Then

log (B, + By) = — 211\]}(“’1 +P2n o)
-8 (- )5 (- o) + (P ahnr) * -}
Write 2,2 = % Pynz,?, x2 = }Zl\{ Pnz? ...,
and N=k,sothatM=N(l—k). .
By Stirling’s formula it is found that
c-1

By=1{2m (1—k} "2 . (Pr. Py P&,
Therefore
I, = B, . e~ Hattat )z (1-20) (M) P, " - 1)+ Pa T s - F ) 4]
e—1
— 2 (I — BT (P Py Py E e
w[1—31—20) Q-1 e PSP -3 ..(45)
since in the expansion of the second part of the index termsg involving %

may be neglected.

{Formula (39), p. 32, is a particular case of thls when ¢ = 2, :cl =2 — T,
Py =P, P,=0]

The formula ca,n be used in full, but it is easier to discuss its use when » is
so large that n~ 1s negligible.

Tn this case write my = Pyn, my = Pyn ..., so that m,, m, ... are the
numbers that would be obtained in classes 1, 2 ... if the proportions in
the sample were exactly the same as in the universe. Then

% = (1 — k) myz,* ete.
1 z z T2
and B, = By sB ()




Write x2=f_1f]5(;—1j+§%:+... +w—ﬂ7°j)
_on B
l—kyr e ,
Then B, =E,.e . ... oeeeeeeanireeeannee (46)

Complexes of errors have the same probability if they result in the
same value of y2.

A table has been computed (Biometrika, vol. 1, pp. 155 & seq.) which
shows the probability that given values of x* will be exceeded. From it
the rough generalization can be made that it is rather more likely than
not that y* will exceed the value ¢ — 2, where ¢ (> 2) is the number of
- classes, and that the odds are more than 20 to 1 against x? exceeding 2c.
(Bowley, Hlements of Statistics, 4th ed., p. 431.)

VII. T InveERss PROBLEM

So far we have considered the frequency of errors in sampling from a
known universe, and the results have been gxpressed in terms of the data
from the universe. In practice our data must be drawn from the sample,
and the first step is to transform the principal=formulae in this sense.

A." Adjustment of the formulae
One attribute.

Use fermula (36). Write o' = pgn (1 — k), while o® = P@Qn (1 — k);
pn:Pn+w,qn:Qn—m. Then
1 n 1 1 &N\ A\t
L . —— s I BN R S
o? 1—&" (pn— %) (gn + 2) Pqn(l—k)( p) (+qn)
_ 1 zlg— o) 5 P, : '
= {1 + }, if P is neglected ;

o’® pgn
1_1 z (g — 1)
and o = {1 + 2pqn |
a2 2> 2tlg - 2) Ll 8 (g —
Hence ¢ 2F—¢ 200.e Bapm =e 207 {1-— ﬁ%ﬁ} R
20" *pgn

since terms in % are neglected. Again

[ &

52;(1-"_%):%(1—%)(62—1’){\02—%1)

11— %Ic)r(Q— P) [5—2{1 +ai(§,—;ﬁ£)} _%4{1 +%—QH

-2 (5

- .1
since terms in - are neglected.

i
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Hence, neglecting fterms in % , we have _
1 {2l —m [ _ % a—2)
= P . S
Be=yam e {1 T "opgn } {1 “257pgn |
170 [ x
x 1_(9_19)(1_2‘%)(0_!2_m)
1 -5 P APl U 47y |
m.e 17{ ~(g—p)(1~—§)§074}’ ......... ()
since the coefficient of z is —L—2 — and is negligible.
: 2pq (N — n) ge
This regult may also be obtained from the form
— P‘NOP”' x QNO 7 N
B, = NCn pN+m%OPn aN - a:goqﬂ ’ NG”"

by writing f = &, replacing factorials by Stirling’s formula, taking

Ioga,rlthms expandmg and collecting terms. :
In a stratlﬁed sample we cannot get an expllclt result if we retain

~ terms of order — \/ ; but if \7_ is negligible, the chance that pn would be

found in the aggregate; if the proportion in the universe was p — z, is

readily shown to be -
: 1 _ 2 :
= ——o— 20g%, e
B, V@ E T s (48)
where 0, = (pg — o,/H) 0 (1 — k) and
oyt = nl(pl )2+ 7y (3 ~ D)+ .

Distribution of attribut&s.

Replace Py, P, ... in formula (45) by », + %1 , P+ %’ ... and neglect
. . ,
terms of order —1 . Then

(Pl.xPz---)—é=(P1'P2 "')—1}{1' 2n( 1+102+ >}

P L

i)
P1n+x1 o T

”z E\z

N ay? BN A
A ’ M{pln+pan+"' 7“’:5(.‘1713—!_1523“%[”)},
F(l-20)(1~B P 2P e — g

1 an(® o2
=E—-hk(1-5 z(pn 5(1_—75—)_@9%2)’
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: c-1 1 22 _
=2 (1 — B} T (py.ps .. E e‘mzfn&{l - # 2«’3_3,}

1 k)En2" p?
kel @=F)n (P — Ps)s}
— Ce {1. e SR e, (49)
s_ ® P — p)? i
_where 1 b% _"1'—102 7, .
It 7 is neglected, we have .
B, =0 ¥ . eeereeeeeaee e (50)

and for given observations of p;, p, ... the universes can be classified
accordlng to the probabilities that they would ymld these values.

M agnitude of rm average.

If a universe contains N magnitudes, whose average is #, standard
deviation ¢ and moments about the average are u,, us ..., the chance that
a random sample of 7 things will yield an average @, -~ z + « is given
by formula (29).

Given the sample only, however, we do not kno:W the values of us or p,,
which are there involved. .

Let py', py” be the observed second and fourth moments in the sample
about the observed average, and ¢’ the standard deviation.

The chances that various values of the differences p,” — u, should be
found in the sample are given by a frequency curve which approximates

; : — B

-~ to normality when 7 is increased with standard deviation \/ (“_4%_”2#) ,
. Ju’ L ”2!2 1 . .

which may be written ,\/ (Lﬁ———) when - is neglected.

Write by = p,/ ~ ‘u.,_ %, and p, == ,u‘,, +‘\—?— . Then d is a finite quantity
comparable with y, 1/ (B, — 1).

When this value is written for u, in the expression for Em, a ferm is
introduced which contains \—;% , which is of the same order as . We

therefore can only Carry our a,pprommatlon definitely as far as the first
term, ,
) 1 . .
In the case, then, where = is so large that % is negligible, we have
. : C_a
By=——— .2 2%, ...
@ 0_/ ‘\/(277_) e 4 H . ’ ) (51)
* Biomelrika, vol. 1, part mx, p. 280. Bowley, Flements of Statisties, 4th ed. p. 417.
Tshuprov in Biomefrike, vol. xiI, p. 205, When s is neglected and the original frequency

curves are identieal 1‘ See further on $his question p. 45 below.
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“the ratios F (P)) x fi (0): F (Py) x fo (p): ..., where f; (»), f2 (p} ... are the
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where ¢2 = - and differs from o only by ferms now supposed

JA1—F
n
negligible.

In a stratified sample we may s1m11arly replace the unknown constants
in the universe by the constants computed from the sample (averages

and standard deviations of the strata) When-i is negligible.

V)

B. Inference from sample fo universe

The preceding formulae express the chances that the samples would
be found from given universes, whose constants are computed from the
sample. We have now to complete the problem by expressing the chances
that the universes had these constants, a procedure which involves certain -
hypotheses. '

One attribute,

Let F (P) be the 4 priori chance that a universe should contain a
proportion P having the attribute in question. The necessary hypothesis
is that ¥ (P) should be continuous, and that its derived functions should

be finite (so that their product with %is ﬁegligible) in the neighbourhood

of P = p, where p is the proportion found in the sample.
~ Write f(p) for the chance that, -when P is the proportion in the
universe, p should be found in the sample.
Then the ¢ priori- combined chance that the universe should contain
PN and the sample pn is F (P) x f (p)
- We may write pn = PN —x, pn = PN — 2, ...
For a number of pa,irs of values, (P, %;), (Ps, %) ..., such chances are in

chances that p sha]l be found in the sample, when P;, P, ... are the pro-
porticns in the universe.

One of the events resulting in p has by hypothesm taken place, and
therefore the sum of these chances is unity.

Hence the & posteriors chance that, » being found in the sample, P was
the proportion in the universe is

F (P) x f (p)
X {F (P x fi (0}’

the summation being extended over all values from P=0to P=1.

Write @, for the chance that, p being found, p — 7—52 was the proportion

in the universe, and replace summation by integration.
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Then, since x =prn i P=0,and 2 = — gn if P =1,
F( Jﬁ).Ex

G- p—nF( —_) E,.dv

where E, has the value in formula (47).

The chance that P was within the limits p z is then
j P o - A) E’
o= [ Q. === :
Flp~%) B do
—an _
Write z = zo’, where o’ ~ pgn (1 — k), k = e ., and write

2

lugggr,ﬁ(z—k).

. B " 3
Then E’m.dx—v(z—w).e (1 — =% . d=.
o’ is of order 4/n, z is finite,  is of the order \71;; and sois I, Also

22’2

F('—g)—_—ﬁ*(p—z) F(p)——z— Py +3- o )+

=F(p)—=2 % -F {p), if terms of the order % are neglected. .

Therefore

f”i (p~2).B, .o f {F(p)—-z— F’('p)} 1—lz3)v 5o e

/o4
since terms in z and 2® disappear, and % is of the order % .
For the denominator of C, it can be shown that pn and — gn are re-

placeable by + o when % is neglected, so that the denominator becomes

P _
CF(p) x jm\/( 5y ¢ ¥ de= T (o).
Therefore

_ [ 1 _%zz 7 1 __Eﬁ_‘i_e |
Og_f_z»\/(zn)- - dz [_wo_f’\/_%'e 2 dx,(52)

where ¢’2 = pgn (1 — %) . O, is independent of F (p).

R P O S
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This is the chance that the proportion in the universe wai within the

limits p & f ) When p is found in a sample of » things drawn at random

from ¥, subject to the hypotheses enumerated*.
The same argument applies to a stratified sample, but in that case

we must have n suﬁiclent.ly large to allow us to negleot -

(p. 40).

Distribution of altributes. :
We can argue on the same lines, using formula (49), that it is very
unlikely that the universe was such that
o (B,

.N - Fo
exceeded 2¢ (see p. 39), where ¢ is the number of classes, if wé assume
continuity of the & priori chances of the values of Py, Py ...

\/ throughout

Awverage of variables.

The discussion proceeds on similar lines*.

Let F (%) be the & priori chance that the average in the universe is &,
and f (@) the chance that the average in the sample will then be 4.
Suppose that F () is continuous and that its derived functions in' the
neighbourhood of % = #; are ﬁmte v

Write i, =z + z.

The chance that, given @,, the average in the universe was 2 is

Flag,—x). B,
Qw =

[:F( _%).H,.dv

where E, is given by formula (51), and o and b are the greatest and. lea,st

Y

-

possible values of . In this formula \/ln is neglected

The chance that the average in the u_n_iverse' wag within the limits
i + @ is : o
. _
- - _ j_éF(ul—m).EaF.@
c, — f Q. do="3 .
: TE [F(ﬂl—w).Em.dx

O

Write v = 70’ o’2=p," (E - l) , 1t being the second moment found

from the sample. = is finite, ¢’ of the order \/ln the standard deviation
of the frequency group exhlbited by the Sample bemg cons1dered to be
finite.

* For this pronf see Metron, vol. 1f, No. 8, “The precizion of measurementy egtimated
by samples.” .
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-The numerator of C,
i - ;O = ’ 27 = 1 w7 )
= |7 F )~ 2 B ) £ 4 F (@) s e

- Jr 1 R P
‘ =F(%)'J__,m'e ¥ dr, when

The denominator of C, is

\717—?, is neglected.

F(@). [;’\712—7; ¥ = F(ay,

since the whole chance of a value of 7 is unity.
e 1 [

Therefore 0, = J Ve e 207 . dx. i, (53)
e :

Here we have neglected \%@ , but we can retain it with a slight modifi-

cation.
Let us go back to formula (29) and consider ¢ in the universe as

known. We can then keep the term involving «, which is of the order \_}n
throughout the analysis just given, till it disappears in integration. In
formula (53) we then have o instead of o', correct to terms involving Tn

But o differs from ¢’ (p. 41) in accordance with a frequency curve

. I . 2
whose standard deviation is \/ ‘L—L%E—‘(f—z , since the standard deviation for

Uy 18 \/ % and o% = y,. Here p,” and p,” can be found from the

sample.

In using formula (53) enlarge o by say three times this standard
deviation, and we can safely say that C, is less than the expression so
found, even though L s not neglected.

/n




II. PURPOSIVE SELECTION

Summary

Representative districts are selected, instead of random unite
Weighted averages and correlation are involved

1. Averages and single proportions

Notation . . C e e e

The idea of “eontrols ” which determine the representative quantity .

The precision of the average found depends on the number of districts 1ucluded
the variation between the districts, and the correlations between the quantity under
examination and the guantities used as confrols - . . .

The number of distriets has more influence on the PI'GCLSlOIl than have the corre-
lations. 'The latter in the most favourable case increase the precision but shghtly

Note on the regression formula .

Nurerical examples

" Btratification in the choice of dlStI'thS improves the premsmn, but only by !
qua,nmty which is almost negligible .

2. Distribution in grades

A general method of measuring precision
_ The small improvement; by controls
The effect of correlation between the grades

General tests applicable to the representative method

INTRODUCTION

THE problems presented by purposive selection differ in emphasis, rather
than in kind, from those already discussed when the selection is random.
In both methods we are concerned with the proportion, with the average,
or with the distribution of some quantity or attribute. In both methods
the two fundamental factors in the measurement of the precision of the
observations are the dispersion from their mean of the proportions or
averages through the “universe” under consideration, and the number of
eniries (in random selection the number of individuals, in purposive that
of districts) that are included in the sample. In each method the precision
may be increased by siratification. The essential difference is that In
purposive sclection the unit is an aggregate, such as a whole district®,
and the sample is an aggregate of these aggregates, while in random
selection the unit is a person or thing, which may or may not possess an
attribute, or with which some measurable quantity is associated. It results
that we are concerned with weighted, instead of with unweighted averages.
Further the fact that the selection is purposive very generally involves
intentional dépendence on correlation, the correlation between the quantity
sought and one or more known quantities. Consequently the most im-

portant additional investigation in this section relates to the question
% QOr, as M. March suggests, an “establishment.”
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how far the precision of the measurements is increased by .correlation,
and how best an enquiry can be arranged to maximize this precision.

As before we first deal with averages and proportions in which one
attribute is involved, and secondly with the dlstrlbutlon of a populatlon
within grades on a scale of measurements.

1. AVERAGRES AND SINGLE PROPORTIONS

Notation

The country, population, or “universe” under investigation consists
of N districts.

The population, area, or other fundamental quantity in any, the sth,
éhstrlct is @, units, that of the universe 4 units; so that

A= Zws

SSURUOPIUOUOPUOIUPPTURURROINY ¢ §

It is required to find P, the proportlon of the A units that have a
certain attribute, or X the average of some variable connected with every
unit.

If p, is the proportion, or x, the average, in the sth district,

N W
AP = Za.p,, or AX = Zazx,.
1 1

Regard the N values of the p’s, or of the #’s, as frequency groups,
whose (unweighted) means are 7 or #, and standard deviations are ¢, or g,.

Let there be one or more allied measurements, whose magnitude is
already known in every district. In the sth district write u,, v,, w, ... for
the magnitudes of these ‘“controls,” and let their magnitudes in the
universe be U, ¥V, W ...; so that

N N N
AU = Zag,, AV = Xap,, AW = Zaaw, ... ..... vereend(3)
i 1 1

Regard the N values of the #’s, v’s, w's ... as frequency groups whose
{unweighted) averages are @, ¥, w ... and standard deviations o,, 0y, oy, .
Write: 71y 5 T1o» Taw --- f0r the correlation coefficients between z (or p)

and u, v, w ..., and py,, puw, Pow -+ TOr those between «, v, w ..., so that
Mean (p, — P) (©, — u) Mean (@, — &) (u, — %)
= Uﬂ,cru O30 e
Mean (u, — ) (¥; —v)
Py = ( — e s )
Assume that the partial regression equation connecting p (or ) with
%, v, ... is rectilinear with sufficient approximation, and write it in
the form -

p—?(orfé—@)ﬂ%(u—?2)+Gﬂ(v—ﬁ)+éw(w—z—u)+.... ...(B)
The values of G, &, Gy ... are known in terms of the standard
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deviations and correlation coefficients (see pp- 50-1 below). E.g. if Uis the
only control, Gy =71 - %? . &

Write e, for the error resulting from caleulating p, or @, from thE;
regression equation, so thab
& = Ps =~ 13 (01‘ Ty — E) - Gu ('ua: ﬂ’) - G'o ('Us_ ﬁ) - Gw (ws_ 'TU) (6)

A number, n, of districts is selected in such @ way that the average for
each control is the same in the aggregate of them as in the universe, sO that
u. %as = %wsus, V. %as = %as'vs, w. %as = -‘%as'ws
1 i 1 1 1 1
Write P, or X, for the value of the unknown as computed from the
~ selected districts (P or X heing the true value), so that

3 K
%‘stps , ?a'»sms
P,=—— or X, =

n

p N =6,
1 1

The problem is to measure the precision of P, or of X,,.

The subsequent analysis is written in terms of X; for P it would be
exactly similar. : - -

We have from (8) and (6} ,

T
X, oo, 5 Oy — @) + Oy (0= D Gu (0 = D) )
Sa,
1
FYaes . . - S —
= > @4 G (U —a)+ Gy (V— 7))+ Gy (W — )+ e from (7). -
Sa,es
Therefore i X-X,—K—-+—,
Za,
1
where =-—(X—s"c)+Gu(U—ﬂ)+G.,,(V—E)+G’w(W—7¢ﬁ)+...
(10}
K, which depends on the differences between the weighted and the
unweighted averages of the guantities, is small unless there is considerable
correlation between the sizes of the districts and the variables; in any
case all the terms can cither be computed exactly from the data, or (if
they involve z} given approximate values from the sample. K appears as
a slight, but probably perceptible, .correction to the value of -X, found
in the sample.
' gases
‘We have now to determine the nature of the error 1.
Za,
1

T ko
Write na = ?as, and no2 =2 (a, — )° = ?asz — ndd
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Then - ' na(X,— K — X)—Z]ae | , | BBt

Let g, be the standard deviation of e, a,nd equally of e;,'¢; ... e, 1t
being assumed that these are uncorrelated. '

Write o, for the standard deviation of the error made in writing
X, — K instead of X.

Then n%i%,? = %asz. o, = (from (11)) no,® (@2 - 0,%).
1

2 - 5
- Therefore Ou? = ai.%(l + %) e (12)

Now it is known* that ¢,2 = % . 0%, where ¢ is the number of controls, ) ;
t 3

and : _ g
B=| 1 1, 1y 1 |sand By=| 1 puy puw--- |5 i

T1u 1 Puv Puw ++ Puy '1 Prw =
Tio Pur 1 Paow o Puw Pow - 1 ...
P10 Pow Pow 1 ... ’ ‘ . N

- . . . .
* » . . 1

where the 7’s must be estimated from the sa.mple while the p’s can be
calculated from the universe.
Also o, must be estimated from the sample, and is subject to a standard

\/ 20 ,
Hence finally from (12) we find that the standard deviation of the
error in estimating X (or P) from X, — K (or P, — K)is

o S+ JRt or Z2. NA(ER BV, e

The advantage obtauned by the use of the controls depends solely on

the value of \/ g , being greatest when this is least. .
: ] : N

R
H t = 0, __R: =1 .
.. .o -t=1, % = 1— 7,
- T f=2 B 1+ 2"’1u"1va — Pt =T — Puu ﬁ:
’ Rt ' Pzw )
We may examine these values further by considering special cases.
Supposge 1y, =1y =Ty = .. =7, 80d pyy = Py = Pow = -+- = p-

Then it can be shown, from the elementary propérties of determinants, _
that B, = {p (t— 1) = 1} (1 — p)¢~? and B = R, — &2 (1 — p)*%, 5o that :
SRyt ‘

- BT T U@—Lp+1

# See pp. 50-1 below.
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For a given r the expression is greatest when p is least. If in fact there
is no correlation between the controls and therefore p is zero, we have .

R

B
2 _ 1 _ #2, or more generally - =1~ Pl — T10° — Trw®
Rt . Rﬁ

Tf two of the controls are perfectly correlated, they have the same -
effect as if one were omitted. If they were all perfectly correlated, we

should have & = 1 — 72, as in the case of one control.
¢

' R .. .. . ‘
In the same case of equal 7’s and equal p’s, 7 diminishes as { increases,
[
e . 72
as is 4 priori obvious, but does not become less than 1 — F .

1f r, is the greatest of the 7’s, and p, the least of the p’s, then Eﬁ is
7ok t
greater than'l — Pl
0
Thus the advantage of increasing the number of controls is in ordinary

cases quite small. B.g.ifr=5§,p=1, which are values that might easily

arise in fact, then \/% for i=1, 2, 8, ... 10 ... o is -745, 638, 877
1
-438 ... -333. o .
In fact, however, there are necessary. relationships between the ¥'g
and the p’s, e.g. if p =0, 1 4 #%, and ‘probably even so rapid a fall would

not be obtained. '

It is clear that the standard deviation of the error of the result 4s in ordinary
cases dominated by the value of o, (or op) and by 7 the number of observations,
rather than by the controls ewercised in. purposive selection.

Note on the regression formula

Write 2, 4y, Yo - 10T & — Bt — G ¥V — U oo
Let the regression equation be .
2z = blyl + bgyz + ey
it being assumed that it should be satished by z =0 =g =Y = -.os
Obtain values of &, b, ... by minimizing
J=3(—z+by + bays + )%

N Then 0 pt i‘f‘ == N (— ?’120'10'5 + b10°12 + 627"120'10'2 + -..).

~ %3,
Therefore — 73,0, + 0oy + Bpoitip e = 0.
Similarly — 73,05 + byoyrys + bagz + oo =0,
— 1‘320'2 —}" 510'1?’13 + 620'27'23 + . = 0.

Also - f=N (02— boyog,— -} y . L + e
j 2 " oh,
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Therefore o, — boyty, — Booste, — ... = S .
Tz 19171 = Upfaluy N,

These equa,tioné are all satisfied by

R
e = 27 TEATE — z -
B R B, and f = Ko, B

where =1 r, and R, is the co-factor obfained by

striking out the fivst row and the kth
column for k= 1,2, 3 ....

3. 1 7y myg...

Hence the mean square error = _ZJ:T =g,%. 7‘? in the notation above
v 1

(p. 49), where

Tle = T1oy 720 == P'1y wvy Tz = Py P13 = Popp eenn
The effect of successive controls may be seen from the following

equation (based on Yule, Introduction to Theory of Statistics, ed. 1922,
p. 237 (10)):

g =v (1 =713 V(L= 7. /(1 — 72, ... to ¢ factors,
s o

where 7y, ., is the correlation coefficient (in Mr Yule terminology) between
xz and v when u is constant and w ... are not introduced; 7, ., is that

between & and w when % and v are constant and terms subsequent to w
are not introduced ; and so on.

Two experiments may be given to illustrate the relative importance

-

of the quantities involved.

1. Reguired the number of males occupied in transport by road, in
England and Wales (excluding London), in 1911,

Control. Proportion of rural to whole population.

Districts. The 61 Administrative Counties (including County Boroughs).

The counties selected: were Kent, Bucks, Norfolk, Peterborough,
Lincoln (Lindsey), Derby, Yorks (West Riding), Stafford, Warwick,
Worcester, Brecknock, and Flint; 12 in all. Except that the proportion,
rural to all, is approximately the same (-245) in the aggregate as in all

Eingland and Wales (excluding London}, viz. 250, the selection followed
no rule. '

U =-250. n=12.

@, average number of persons in the 12 counties, = 748,000.

g, = 803,000.

P the proportion of all persons occupied in transport by road in
England and Wales (excluding London). )

P, the proportion of all persons occupied in transport by road found
in the 12 counties,

4-2
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14 = Tup, cOmputed from the selection, = — +47.
o,, computed from the selection, == -0028.
The quantity K (p. 48 (10)) = — -0007 approx.
P, = -0110.

Forecast: P, — K = 0117. ,
2 _
— .0028 x +288 x 1-44 x -883 = 00116 x -883 = 00102, -

Forecast: -0117 + -0010.
Fact, computed from the census for the whole country: -0115.

~ Inthe same case 12 counties were taken purely at random, and the
forecast was 0097 4 -0010.
Again 12 counties were taken in a certain geographical order, and the
forecast wag ‘0105 £ -0010. T

9 Trom an official report the wage-rates in 1912 of compositors,
magons, and engineering labourers were extracted for 47 towns, and the
problem was set to find the average wage-rates of jronmoulders in these
towns by purposive selection of 12. : _

Here no weights were used, so that 1 =a; = 0 = «--; % = 0. n=12.

The towns were selected so that the averages of the three occupations
used as controls were approximately the saiixe in them as in the 47 towns
together.

Compositors: U = 3349, o, = 2-326, % = 33-50. Shillings per week.

Masons: V = 9-120, o, = 529, = 9-2. Pence per hour.

Tabourers: W = 20;33, ¢, = 1:464, ¢ = 20-3%, Shillings per week.

Tronmoulders: 7 — 38-17, o, = 2:01. 'Shillings per week.

Pup = “T12, Py = 196, Py = 477.

Py = B, Ty = 38, Tgy = 002, .

Tor all three controls, B = -247, By = +354. A/(R + Rg) = -835.

For u and v only, R =349, R, = 493, /(B + ) = ‘841,

For # only, R =-7084, B, = 1. +/(B+ Ry) = -842.

Therefore o, = 0, X \—/—11—2 = \—/sz gy X 83D = :/—11—2 x 2:01 X -835 = 484,
or -488 for u only.

K = — -0316.

Forecast: 7 — K & o, = 3821 & -484,

Fact: 39-12.

The difference between the forecast and the fact is 1-9 times the
standard deviation of the error, which is greater than would be antici-
pated. But not much dependence can be placed on a sample baged on
only 12 districts, since the errors of the terms involving & are considerable.
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Stratification

It is not easy to distinguish the advantages of the method of stratifi-
cation, in which the universe is regarded as consisting of divisions, in
the districts within each of which the variable in question is confined
within a narrow grade and where one district is selected from each division,
from the general method of purposive selection. But an analysis of a
simple case will throw some light on the question. ' .

Suppose that we are investigating the average value of a quantity X
by the help of a control U. Let there be N == k& x v districts with equal
populations in the country. Arrange them in order of ascending magnitude
of U in k equal divisions, the resulting quantities being as follows, where
the values connected with U are known and those connected with X are

- unknown:

1st Division N 2nd Division kth Division
) U X T X . U X
Averages 4dy E+&; & +dy E+48, #+dg E+8
District values a4y A0 Gtdytgtty F-H8ytom Bddytpy T8t
’ By iy &8y e Btdptatty F+Opt+at BAdy ity 0ty

: &Atd, g, T8+ Tty ity EAS o2y Gtdg iy, B0y
ﬁ_Sﬁa.ndal‘d deviations 1T 30z 2Ty 20z RPN By kOx
~ Correlation coefficient m I o

General averages, 4 and #; so that
t=k

g=v 4=y

t=k C
Zdt=0=235; Etus=02Etxs,fort=,1,2...k.
. =1 . '

=1 s=1 s=1

Ceneral standard deviations and correlation coefficient: o,, oy, #yus.

t=kgme =1
Then Nol2 =3 B (d + )t = 3 (0% + d;2),
t=1s=1 i=1

‘and o, = 0’2 + ;% where ko,'? = ,0,% + 50,7 + .+ 0b
‘ kel =d A2+ .. g
Similarly o, = ¢,'* + o:?, where ko,® = 10,° + e I R T
: ‘ ko2 = 8,2 + 8.2 + ... + 82

f=ks=v tok
Also Nr,0,0, = Z Z (dy + uq) (8, + 2,) = Zv(dd, + 7 10u - 100)
: i=ls=1 i=1
Tuxo'uﬂ'm'= %} Zdtat + % ZT; e 3Ty . to'm.

In the special case where the divisions are similar, and

_ _ _ _ ’ _ _ _ . ’
10y = o0y = avn —kou—ou,laz—za'm—... = 30y = Oy 4

and ?‘1=?"2=...=’I‘k:’f',
we should have PyaOuls = Tas » 0405 + 770570, v, (A)

_ This equation shows that, other things being unchanged, the smaller
_is o,’, the larger is #'; that is when the divisions are nearly homogeneous
~ within themselves in respect to U, the greater is the correlation between
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U and X within the divisions. But it is clear from the equetlon that the
relation between the general correlation of U and X in the country and
the correlations within the divisions is complex, depenchng snter alia on
the correlation of the division averages.

Now select one district from each division, choosing (as is generally
possible) one whose U is practically equal to the average for the division.
In the selected districts measure the X.

Write the values found % + d,, & + 8, + 1%,

afdz,emf«sz-'rzacm,

G dyy &+ 8 + 1
Let &y be the resultmg estimate for X." Then

E(J:—I—S + ) —w—l—kztxm, since 28,~0
- Now the value of X expected from the correlation in the fth district is
E+Sz+rt‘°'—“° X 0 =%+39,,

so that z, is the difference between expeetatlon and fact. The standard
deviation of ,,, is therefore ,o, . V1 — 7,2

Hence the standard deviation of the errvor in taking &, for  is that
derived from such standard deviations as ,o, . V1 — .2, and equals

1 t=k
,\/{]?2 f.§1 t(}-zt;2 (1 - ’rtz)} = 0,, 8ay.

To reduce this further make the assumptions that led to equation (A).

In this case
J 1 ! g, 2 s T 2
a,,a==(1~4~2).-%2=?“(1-¢2)( —07:2) ......... (B)
We can compare this result with thaﬁb from unstratified control as

follows.
Write 8 = Tyg+ — dt -+ ht’

where k; is the error in estlmatmg the X average of the {th division from
the regressmn equation connecting X mth U.

erte ]ﬂ(}'h Eht .

and since no significant correlation is to be expected between % and d,
take mean h,d, = 0.
Then squaring the equation for §;, we have

2
2 % 2
0‘32—?‘““; 20-6 +Gh;
Ty

and multiplying the same equation by d,, we obtain-

¥ = 4 Ea? 2
T30 = um.g’ - Og%

w
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Eliminate r4 with the help of equation (A); then

0-93
ooy =ty == pu (o

Gy 2

2 2
O #, a5
) ux T u°

Therefore

From (B),

Now there is no reason to expect any large value of , which may

be written 2 — 7,2 where 7 is akin to the “correlation ratlo ’ when each
district is regarded as an array; so t;hat '

O'g (1'—71)

The advantage obtamed by stmtzﬁcatwn therefore, though it exists, may
be expected to be slight. It depends on the non-rectilinearity of the regression
between the control and the quantity sought in the divisions. ,

[Note. I in each division all the U’s were the same, every r, would be
zero, and we should have exactly the correlation ratio in the usual sense;
and in fact in this case the result is obtainable immediately.]

This method was tried on the statistics of wages discussed above. For
the control 45 towns were arranged in order of compositors’ wages and the

list was divided info 9 groups from top.to bottom each containing 5 towns.
N =45, k=9, v =5 In each group a town was selected in which the
wage was approximately the average in that group, and the ironmoulders’
wage was written down for that town. The average of these wages was
39-85s. In all the towns together the average was 39-1s. In the former
method when 12 towns were taken the average was 38-2s. Thusg the new
method based on-only 5 towns gives a somewhat closer result.

It was found that #* was approximately zero and o; = 1-3. g, not
obtainable from the sample, was in fact 2-01. Thus

201 \/
VIZ0.4/1— m = -68,

which is just less tha,n the difference between the frue average (39-1) and
the sample average (39-85).
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There is an evident difficulty in computing o,, in that we have no
means of determining o,, unless we take also a random sample for that
purpose.- '

2. DisTrRIBUTION IN GRADES

: : The problem being to assign the proportions in various age-groups,
] : in grades of income or in some other classification, districts are selected
) which each satisfy certain controlling conditions, and the proportions
i : found in their aggregate form the required estimate.

As regards the proportion in any one grade by itself, the problem is
that discussed earlier in this section. The new circumstance is that we
are considering several grades together. There is the governing condition
that the aggregate of the proportions expressed as percentages is 100,
and there may be other controls, e.g. that the average income is known.
Unless the number of grades is guite small, it is shown below that such
conditions add little to the accuracy. A more important consideration
may be that there is an approximation to a law of distribution, such as
Pareto’s income formula, or other correlations between ‘the proportions.

The additional security obtained by increasing the number of districts,
by stratification, and by correlated controls, is similar in kind and extent
to that already discussed for single averages or proportions.

We will use the following notation; and for simplicity fake the case
when the districts have equal populations.

Proportions
- * * . B
Grades In whole country In ¥ districts
1 oy Bt Pt . Prtat
2 By Pytify  Pypta®y . Pyptaly,
w .pm Pﬂ’l +1$1?I pm+2xm e .pm'i'.\’mn.ar

Then

t=m s=N ) t=m .
Zp=1;, % z=0{fort=1,2...m,and X 2, =0,fors=1,2... N.
=1 s=1 -1

§=N
Write "Nel= X &b fort=1,2..m.
- ‘ 1

s= .
Without controls, for a single grade the standard deviation for p, as

{ N ' _ estimated from the average of N districts taken at random is 1% .

Suppose that 1, .2, ... v, arevﬁorma,lly distributed for each value of .

2 8 2

. x 1 Pl
Write =t 4Lt
T4 Ty Ty

' ; Then, if ,2;, %, ... were completely indei)endent of each other, tl},e
i chance that they would be found in a single distriet would be Ce” B
| where C is a constant. :
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- Any given value of y? corresponds to a complex of érrors, and ‘may be

taken as a méasure of that complex (cf. p. 89 above, where a different’

form is used for the complex).
The chance that so great a value as y;* will be found is
: _ [x o B w1 gy - L B mt gy — P¥

The necessary linear relation between the ’s, viz.
. tﬁﬂlxt =0,
t=1

allows the elimination of one x, reduces x? to a quadratic expression in
one variable less, and reduces the index of the expression for P, by unity,
so that we may begin.by writing the index as m — 2.

Tf the average in the district is known to equal the average in the
country, we have a further relation such as

_ (g oy + O Xy + .00 =0,

where @, @, ... are the scale readings of the centres or averages of the
grades. The index is then to be taken as m — 3. The table annexed
sndicates how far such a relation reduces the chance of extreme deviations.
Thus if m = 10 and x? = 8, if the a,vera,ge were not known P = -534, ie.
the: chance of obta,lmng 80 greaﬁ a y? is *534.. If the average were known
we should regard m as 9, and the chance is only -433.

This would be the case if we depended on only one district. If we
merged » districts, as a first and rough approximation we could write

2= (2 + o2 + ... + 2)° (1372 + 9% + cor giliy)? -
?’Lc;rl ?LO’

[The mathematics of this have not been verified.]

Whether this is the form or not, we have the combined effect of the
increased precision that arises from averaging, and of the virtual re-
duction of the number of grades that comes from the controls. S

Values of P = f T ma | gy s j TemBC ymen dy.
X 0

X 9 g 4 .5 6 7 g8 9 10
1 317 -607 -801 910 ‘963 986 995 -008 -089
2 157 <368 -572 -736 849 920 060 981 991
3 -083 -223 392 -558. . -700 * -809 -885 -934 064
4 046 135 261 -406 549 677 780 857 911
5 025 <082 172 -287 416 544 660 -788 - -834
i 014 G50 112 -199 -306 423 540 647 740
7 008 050 072 -136 221, -321 429 © 537 637
8 -005 018 . -046 -092 ~156 238 -333 433 -534
g 003 <011 029 081 -109 174 -253 342 437

10 002 - 007 --019 - -040 ..-075 -125 -189 -265 -350.
* Obtained for 2 different purpose by Professor Karl Pearson (Philosophical Magazine,
1800, vol. 1, pp. 157 ef seg.). The index is considered ag giving an m-dimensional ellipsoid,

and P, is the ratio of the volwme of z=Ce" W from ¥y 10 @ to the volume from 0 to . See
Bowley, Zlements of Statistics, 4th ed. pp. 426 ef seq. .

e T g e P A g e TN e s
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A different method of approaching the problem is to consider the re-
duction of the standard deviation in one grade only, owing to the fact that

t=m .
2 lxt = O.
i=1

Take only one district, and suppress the prefix.
The chance of finding #,, , ..., subject only to the condition

By ®y . +$m=0
and assuming that there are no other correlations, is
’ 2 g 2 2y en F Ley)?
e

Take @ ... Z,_5 as fixed, and integrate between extreme limits for
% . The result is the chance of finding #,, #, ... #,,_, whatever the value
of z,_,. Similarly integrate away @, Tm_3 -.- %z I sUCCEsSION.

The whole chance of finding z,, whatever the other values, is

4

06_%--Am_m—1-?12’
where A,, =
;?;;,%2 ;1;2 5;2 =Um—jn_‘_2 , %’1&:+1 1 1
‘}# 012+Ui2 0;2 1 ‘;—’:E+1 1
(Timz &%2 ¢?13+o-i,,f 1 i TT—T:H
(E?‘i rows a,;ld columris).
In the particular case when o; = g, = =o,, A, = Erf’mT—z , and

T

A, - m 1

Aps m—1" 02" ,
The standard deviation is only reduced in the ratio vim :v'm — 1,

and instead of ¢, is approximately oy (1 — E}—n) .

If the average is also given we have _
@y + z]"2‘7"‘"2 T T Oy, = 0;
where a,, &, ... are approximately known.
Take the simplified case of equal grades, and write

: _ am_am—1=amml_am—2:.-.=afé_a1=g'
Then ar+ (@ + ) da+ ... +lar+m— lg)a, =0
and By + g e 4w, = 0.

THerefore z,=m—2)z, +m— 3 x+ ... + Tyo
and — Ty =(m—Dx +m— 2+ ... + 2w g.
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Further assume that o; =6, —=... =0,,; then by eliminating =z, and

%y We find that the chance of obtaining #,, =, ... Epyp 18

C héﬁ}?{“’f“‘%”---+rcz,,;%a+(m~1x1+w?2x2+...+2r,,.u2)2+(m-2x1+m—3m3+._. +2g)?} -
e 2o . .
The result of integrating away w,, %, ... ,,_, is to give that the whole
chance of obtaining z, is
1 De
Ce~ 26y Doy’ = :
where (after a troublesome reduction) it is found that

D, = Tz (Wa"1 - ma):

Dy (m — 1) (m — 2) 2
/\/_m=\/ 7 m + 1) =approx.1—ﬁ.

Instead then of o, for the standard deviation of #;, we have approxi-
mately o; (1 - E) .
m,
On the other hand by taking » districts independently without controls

a;
we have -1,

A/

1t is evidently more important to increase tHe number of independent

districts than to increase the number of controls, if there is no correlation

or law connecting the proportions within each district.

Correlation between, the proportions in the grades

It is doubtful whether such correlations are generally present in the
problems to which this method is applied, beyond those arising from the
fact that excess in one proportion must be balanced by defects in others,
or from equality of averages, with which we have already dealt. In
M. Jensen’s problems (Méthods permettant de réaliser une éeonomie de
travail dans la statistique), for example:—In the division of land among
cerfain crops we need not expect much correlation between the areas
under wheat and barley. In the distribution by income there is no
necessary correlation between the proportions in the grades, and similarly
in the distribution by ages. But there may be such correlations. A deficit
of wheat may be compensated by an excess of barley. In such a city as
London we find a deficiency both of the very young and of the very old.
The number of young children is presumably generally correlated with the
number of potential mothers. '

The maximum effect of correlation between one pair of grades is to
reduce virtually the number of grades by i, for with perfect correlation
between the first pair if we were given ¢, we should know @,. The effect
of this can be studied from the table of values of P given above, p. 57.
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The effect on x* can be tested theoretlea,]ly Instead of writing ~

3
Ce t=1 af N

we should write ‘
‘ o™ glﬂ( By + .+2%f3312+...)’

where R, B,; ... are the determinants written on p. 51 above. Here, of

COULSE, 1% + 1% + .o i%m = 0.

There is no evident simplification, and it is not even obviously necessary
that a reduction of the aggregate of the errors, however measured, is
probable if there is correlation. An accidental excess in one grade will
(if the correlation is positive) be found with an excess in another grade,
so that for example all the lower grades might show an excess and all
the higher ones a defect; while if there was no correlation the distribution
of excesses and defects would be sporadic, and by widening the grades -
we should increase the precision. Of course, if we had many districts we
could test the correlation, but the process would be laborious,

" We have thus two opposite tendencies from correlation between grades.
Suppose for example that in an age distribution in 16 grades of five years
each, there is strong correlation between the numbers in the groups 0 to 5
and 5 to 10 years, we tend to have 15 distinet grades only and so far a
measurement of greater precision; but the errors in the remaining grades
tend to be greater than if those in the first two cotld neutralize one

anocther.
We may test this as follows. The chance of an aggregate of errors

Ty, Lo ovv Xy 18 O™ 8¢ where if there is no correlation
. 2 3 2 . 2
: 2,: m? L .
=5+ =5 g+ e + =g, Where @y + T + ... + Ty = 0,
o1 O2 O3 T

while if the first two (only) are correlated, -

ot = (ﬂilf+_vcz_2_2?‘w1wz) %L
2T 1 — 2 \y? 6P 030, 2ot 2"
For a given #,, the value expected for =, is

Gy Tom
a.
r2x & o V1 — 1%
[}

1

Write - aﬁ_—_f?r}.)ﬁ/lm?z_
1

Oz
t_ vt ® [ - 2 %3 PV, - O
Then x,2 — x 'r{?\ ml(_l+x/1 r)}{wfm(l \/17 'r)}
as may be shown after some reduction.

. Here A, 2, and 7 may be positive or negative. A and 22 o, 1 are both likely

to be between 2 and ~ 2. X and #, are equally likely to be of the same
or of opposﬂ:e signs. :
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If, for example,

-z 4/3
the chance of so great a complex is increased. -
Again, if
A=ﬁ=land‘¢==- % ng_?-(laz-\gs

oy
‘and the chance is diminished.

Butif — A = —. = 1, the results are interchanged.
1

Correlation then appears on the average to give no increase in precision.

Finally, if there is some law of distribution to which the observations
in a district may be expected to approximate closely, such as the normal
law of error, Makeham’s law, or Pareto’s law, the constants which de-
termine such a formula may be determined with accuracy for each district.
Suppose that two such constants are involved, we should get their values
trom two grades in each district, and from their variation in the group of
districts selected estimate their value and precision for the country as a
whole. This is an extreme case of correlation within the districts. The
index in the formula for P would be considerably reduced, and the chancé
of finding any assigned complex of errors would also be reduced. Since,
however, we cannot in general expect the. existence of any such law,
these are mainly theoretic considerations.

q[




IT1. TEST BY SUB-SAMPLES, AND -GENERAL CONTROLS

{RANDOM AND PURPOSIVE SELECTION)

Ir the number of persons, or the number of districts, in our aggregate
selection is considerable, we can. with a little care divide it into four
sub-samples each satisfying the governing conditions. The consilience or
difference of the results evidently affords some guidance as to their pre-
cision. But it is important to notice that if there is any concealed bias
throughout the selection, the method of sub-division affords no help in
detecting it. In the case of random selection, if Py, P,, P, P, are the
proportions of persons possessing a cerfain attribute in four sub-samples,
and if ¢ is the computed standard deviation of the error of P, the pro-
portion in their aggregate, then o x%é (or & x'\/ 1 +% if there are m
sub-samples) affords a measure of the difference to be expected between
P and P, (P,, P, or P). If the P’s are markedly closer together than
this value, we may have overestimated o, or they may all err in the same
direction. If on the other hand the P’s are more dispersed, we have
underestimated o either by ignorance of some factor involved or by
breaking some rule in sampling.

We may be able to make general controls by calculating from our
sample some quantity whose magnitude in the whole population is known
(and one that has not already been used as a control if the selection is
purposive). If this estimate differs from the known magnitude by more
than twice (say) the standard deviation computed, then there is evidence
that some rule has been broken, either by taking a biased sample, or by
faulty definition, or from erroneous information. We can thus sometimes
ascertain that our procedure has been faulty. But on the other hand if
we get agreement between expectation and fact in respect of some known
magnitude, it is still quite possible that there should be errors in informa-
tion or in method of collection in respect of the quantities which cannot
be verified.
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