Notes for Tuesday March 10, 1998

Model Selection

In order to select a model it is necessary that we be able to compare models. Consider the following schematic situation, where M_0 is a log-linear model with all possible main effects and interactions, and each model in the table differs from the one above it by deleting one or more parameters.

Models M_5 with M_2 can be compared using either Pearsons X^2 or the log-likelihood G^2 statistic. So can models M_5 with M_0. For the G^2 statistics (and not the X^2 statistic) it is true that

G^2(M_2|M_0) + G^2(M_5|M_2) = G^2(M_5|M_0)

i.e., an additive partition of χ^2 with the two components being independent χ^2_{n1} and χ^2_{n2} components.

Thus, the techniques available allow us to compare, say, M_5 with M_2 but that does not necessarily allow for a comparison between M_5 with M_6. This is exactly the same problem we face in linear regression—where we looked at things like RSS, residuals, and other properties to decide on a good model.

We will discuss formal selection techniques (like forward selection and backward elimination), and less formal, but more useful, techniques based on (conditional) independence diagrams. Often we will use our intuitions about the relationships between the factors to help constrain the models we are building.

Digression: We say that M_5 and M_2 are nested models, because the set of parameters in M_5 is a subset of the parameters in M_2; but M_5 and M_6 are nonnested, since neither parameter set is a subset of the other. All of our techniques for deciding between non-nested models are informal; formal methods based on G^2 or χ^2 are valid only for comparing nested models.

This inability to formally compare nonnested models is considered a weakness of standard statistical theory. A theory of statistics based on Bayes’ Rule, called Bayesian Statistics, would allow us to make formal comparisons of non-nested models, using a weighted version of likelihood ratio tests called “Bayes factors”. We would pay for this added flexibility by having to make additional modeling assumptions, for example, we would have to attach a “prior” distribution describing where we thought the parameter values would lie, to each parameter in the model. Nevertheless, the Bayesian approach is mathematically and inferentially powerful, and unifies many ideas in statistics (for example, a simple and compelling analysis of the split-plot and mixed effects models that we considered in ANOVA could be given by embedding these models in a Bayesian framework.)

Some Notation and Graphs for Model Selection

In order to interpret our results we intend to restrict our approach to a hierarchical family of models. The rule for hierarchical models is the same one we used for building ANOVA models:

Hierarchical Terms Rule: If we want to fit an interaction term we must also fit the corresponding lower order interactions and main effects.

Now consider a 3-way table.

x_{1,1,1} x_{1,1,2} x_{1,1,3} x_{1,2,1} x_{1,2,2} x_{1,2,3} x_{2,1,1} x_{2,1,2} x_{2,1,3} x_{2,2,1} x_{2,2,2} x_{2,2,3}

We will consider the following models, abbreviations, and corresponding pictures.

Model Sufficient Stats Picture Meaning

u + u_1 + u_2 + u_3 [1][2][3]

1 indep 2 indep 3

u + u_1 + u_2 + u_3 + u_{12} [12][3]

(1 and 2) indep 3

u + u_1 + u_2 + u_3+ [12][23]

2 indep 3 given 1

u_{12} + u_{13}

u + u_1 + u_2 + u_3+ [12][23][23] none I don’t know u_{12} + u_{13} + u_{23}

The [·] are the indicate the margins of the table that make up the sufficient statistics—thus [1] is the margin formed by summing over the 2 and 3 indices of the table and [12] is the margin formed by summing over the 3 index.

Graphical Models—An Aid for Higher Dimensional Tables

The Hierarchical Terms Rule ensures that our parameters will have nice interpretations, just as with ANOVA models: an interaction term fits the variation in the data that is not well-modeled by the corresponding lower-order terms. However this rule is not very helpful in building up a model.

For high dimensional tables (say 6 or higher) it is very difficult to develop models (let alone good models) without some form of extra guidance. A special case of hierarchical models, called graphical models allow one to draw useful pictures which can be a major help in selecting and interpreting models.

A graphical model is a hierarchical model (satisfies the Hierarchical Terms Rule above) that also satifies the following “triangulation rule”:

Graphical Terms Rule: If A, B, and C are factors then the interactions A*B,A*C, and

B*C imply that the A*B*C interaction must also be in the model.

Consider a model with 6 factors (A–F). Draw 6 points. For each two-way interaction in the model, add a line joining the points. For each factor not included in the model, change the filled circle to an unfilled one.

As an example, the model A*B*C + C*D*E has the following picture.

From the picture we can read off that D and E are independent of B and A given C.

Can we draw a picture of A*B*C + C*D*E + A*E?

A useful way to use these graphs is the choose models by adding and deleting edges to the graphs.

For example, is A+B+C+D,

and is A*B + C*D,

and is A*B*D + C.

Notes:

• Some hierarchical models, like A*B + B*D + A*D + C, are not graphical models, but they can be “promoted” to graphical models by triangulation. In this case, the terms A*B + B*D +

A*D force us to add the term A*B*D, and then, deleting redundant terms, we are left with the

graphical model A*B*D + C considered above.

• Some models, like A*B + B*D + A*C express a conditional independence relationship (here,

A and D are independent, given B and C) but cannot be represented well graphically.

• If you know the time-order of the variables or you know other relationships between them, you can change the edges of a graph to arrows to indicate possible cause-and-effect relationships. For example in the graph for A*B*D + C, if we know that B occurs after all the other variables, we might change all the edges connecting A, C, and D to B into arrows pointing to B (and leave the edge between A and D alone, if there is no cause-and-effect hypothesis. Whether this makes sense depends on the problem context, presence or absence of unmeasured confounders, etc., of course!

Model Selection Example: Higher Dimensional Tables

Consider the following 3 × 2 × 2 × 2 contingency table where the classification variables are

1. Water softness (3 levels)

2. Previous use of Brand M laundry detergent

3. Temperature at which the laundry is done

4. Preference of brand M over brand X

and the counts are the number of people in each category. We are primarily interested in (4), but the way the data were collected makes each of (1)–(4) response variables. Thus we aim to model how the response variables interact.

Previous user of M [2] Previous nonuser of M [2] Water [1] Brand [4] High [3] Low [3] High [3] Low [3] softness preference temperature temperature temperature temperature Soft X 19 57 29 63 M 29 49 27 53 Medium X 23 47 33 66 M 47 55 23 50 Hard X 24 37 42 68 M 43 52 30 42

IF we consider only models that can be written like factorial models (e.g., log(m_{i,j,k,l} = u+u_{1(i)}+· · ·) and include all main effects, there are still 113 possible models. Even if all these models had closed form estimates (which they don’t) looking at all the models would be difficult. As always, our prefer to have a reasonable (fitting) model with a small number of parameters over a similar model with more parameters.

Fienberg’s book (1987) gives the following scenario for constructing a model for these data. (This ignores the graphical model stuff we have just been talking about. I will try to do a graphical model in a moment.)

1. The simplest model we consider has no interactions; in the abbreviated notation it is [1][2][3][4]

2. It would be natural for brand preference to be related to use, so our next model includes this interaction, [24][1][3]

3. Since some detergents are designed for cold water and some for hot water, it would not be unreasonable for preference to be related to temperature as well, [24][34][1]

4. Next, we add the interaction between softness and temperature, since the softer the water, the higher the temperature the detergent manufacturers usually suggest, [12][24][34]

5. Finally we include some models that incorporate three-factor interactions, [13][234], and [123][234]

Lets start by getting in the data, and looking at it.

402 > ries <- fac.design(c(2,2,2,3),list(Temp=c("H","L"),
+ Pre=c("M","X"),Brand=c("X","M"), Soft=c("Soft","Med","Hard")))
402 > ries$Resp <- scan("ries-smith.dat")
402 > ries
   Temp Pre Brand Soft Resp
 1 H M X Soft 19
 2 L M X Soft 57

 3 H X X Soft 29
 4 L X X Soft 63
 5 H M M Soft 29
 6 L M M Soft 49
 7 H X M Soft 27
 8 L X M Soft 53
 9 H M X Med 23
10 L M X Med 47
11 H X X Med 33
12 L X X Med 66
13 H M M Med 47
14 L M M Med 55
15 H X M Med 23
16 L X M Med 50
17 H M X Hard 24
18 L M X Hard 37
19 H X X Hard 42
20 L X X Hard 68
21 H M M Hard 43
22 L M M Hard 52
23 H X M Hard 30
24 L X M Hard 42

Start by fitting the simplest model in the list above,

402 > glm(Resp ~ Temp+Pre+Brand+Soft, family=poisson, data=ries)
Call:
glm(formula = Resp ~ Temp + Pre + Brand + Soft, family = poisson, data = ries)

Coefficients:
 (Intercept) Temp Pre Brand Soft1 Soft2
    3.699209 0.2745538 0.0436785 -0.00793668 0.02687216 0.003092153

Degrees of Freedom: 24 Total; 18 Residual
Residual Deviance: 42.92866

Here is a list of the other models suggested above

[24][1][3]
glm(formula = Resp ~ Temp + Brand * Pre + Soft, family = poisson,
        data= ries)
Degrees of Freedom: 24 Total; 17 Residual
Residual Deviance: 22.34719

[24][34][1]
glm(formula = Resp ~ Soft + Pre * Brand + Temp * Brand, family = poisson,
         data = ries)

Degrees of Freedom: 24 Total; 16 Residual
Residual Deviance: 17.98559

[13][24][34]
glm(formula = Resp ~ Soft * Temp + Pre * Brand + Temp * Brand, family
        = poisson, data = ries)
Degrees of Freedom: 24 Total; 14 Residual
Residual Deviance: 11.88649

[13][234]
glm(formula = Resp ~ Soft * Temp + Pre * Brand * Temp, family = poisson,
      data = ries)
Degrees of Freedom: 24 Total; 12 Residual
Residual Deviance: 8.406872

[123][234]
glm(formula = Resp ~ Pre * Soft * Temp + Pre * Brand * Temp,
        family = poisson, data = ries)
Degrees of Freedom: 24 Total; 8 Residual
Residual Deviance: 5.656044

In this case, note that the models are all nested: [123][234] > [13][234] > [13][24][34] >

[1][24][34] > [1][24][3]. What was the good model?

In many respects this type of “guided” model selection is very satisfying. But, as with regression a more formal stepwise procedure is often helpful. Splus provides all the usual tools, so lets just let it go.

402 > step(mymod,scope=list(upper=~.^4,lower=~.^1))
Start: AIC= 54.9287
 Resp ~ Pre + Soft + Temp + Brand

Single term additions

Model:
Resp ~ Pre + Soft + Temp + Brand

scale: 1

           Df Sum of Sq RSS Cp
    <none> 43.87621 55.87621
  Pre:Soft 2 1.07484 42.80136 58.80136
  Pre:Temp 1 1.25286 42.62335 56.62335
 Pre:Brand 1 20.50510 23.37111 37.37111
 Soft:Temp 2 6.07932 37.79688 53.79688
Soft:Brand 2 0.39516 43.48104 59.48104
Temp:Brand 1 4.35622 39.51998 53.51998

Step: AIC= 36.3472
 Resp ~ Pre + Soft + Temp + Brand + Pre:Brand

Single term deletions

Model:
Resp ~ Pre + Soft + Temp + Brand + Pre:Brand

scale: 1

          Df Sum of Sq RSS Cp
   <none> 23.12993 37.12993
Pre:Brand 1 20.37267 43.50260 55.50260
Single term additions

Model:
Resp ~ Pre + Soft + Temp + Brand + Pre:Brand

scale: 1

           Df Sum of Sq RSS Cp
    <none> 23.12993 37.12993
  Pre:Soft 2 1.075196 22.05473 40.05473
  Pre:Temp 1 1.253319 21.87661 37.87661
 Soft:Temp 2 6.081331 17.04860 35.04860
Soft:Brand 2 0.395230 22.73470 40.73470
Temp:Brand 1 4.357797 18.77213 34.77213

Step: AIC= 33.9856
 Resp ~ Pre + Soft + Temp + Brand + Pre:Brand + Temp:Brand

Single term deletions

Model:
Resp ~ Pre + Soft + Temp + Brand + Pre:Brand + Temp:Brand

scale: 1

           Df Sum of Sq RSS Cp
    <none> 18.33277 34.33277
 Pre:Brand 1 20.37196 38.70473 52.70473
Temp:Brand 1 4.35039 22.68316 36.68316
Single term additions

Model:
Resp ~ Pre + Soft + Temp + Brand + Pre:Brand + Temp:Brand
scale: 1

           Df Sum of Sq RSS Cp
    <none> 18.33277 34.33277
  Pre:Soft 2 1.075230 17.25754 37.25754
  Pre:Temp 1 0.691974 17.64079 35.64079
 Soft:Temp 2 6.081616 12.25115 32.25115
Soft:Brand 2 0.395246 17.93752 37.93752

Step: AIC= 31.8865
 Resp ~ Pre + Soft + Temp + Brand + Pre:Brand + Temp:Brand + Soft:Temp

Single term deletions

Model:
Resp ~ Pre + Soft + Temp + Brand + Pre:Brand + Temp:Brand + Soft:Temp

scale: 1

           Df Sum of Sq RSS Cp
    <none> 11.91664 31.91664
 Pre:Brand 1 20.37144 32.28808 50.28808
Temp:Brand 1 4.35029 16.26693 34.26693
 Soft:Temp 2 6.05905 17.97569 33.97569
Single term additions

Model:
Resp ~ Pre + Soft + Temp + Brand + Pre:Brand + Temp:Brand + Soft:Temp

scale: 1

           Df Sum of Sq RSS Cp
    <none> 11.91664 31.91664
  Pre:Soft 2 1.088615 10.82802 34.82802
  Pre:Temp 1 0.691996 11.22464 33.22464
Soft:Brand 2 0.343602 11.57304 35.57304
Call:
glm(formula = Resp ~ Pre + Soft + Temp + Brand + Pre:Brand + Temp:Brand + Soft:
        Temp, family = poisson, data = ries)

Coefficients:
 (Intercept) Pre Soft1 Soft2 Temp Brand Pre:Brand
    3.682699 0.04343019 0.04342718 0.01564269 0.2782644 0.01658998 -0.1437655
  Temp:Brand Soft1Temp Soft2Temp
 -0.06836051 -0.05251834 -0.04906982

Degrees of Freedom: 24 Total; 14 Residual

Residual Deviance: 11.88649

We end up with a model that is at least familiar looking.

We could also proceed by looking at parameter values, again as we did in regression, but it is a little tricky.

402 > mymod <- glm(Resp ~ Soft*Pre*Temp*Brand, family=poisson, data=ries)
402 > summary(mymod)

Call: glm(formula = Resp ~ Soft * Pre * Temp * Brand, family = poisson, data = ries)

Coefficients:
                         Value Std. Error t value
      (Intercept) 3.674892823 0.03362662 109.28523105
            Soft1 0.034602276 0.04166801 0.83042779
            Soft2 0.012394833 0.02349486 0.52755510
              Pre 0.042297443 0.03362662 1.25785595
             Temp 0.285673485 0.03362662 8.49545670
            Brand 0.015236657 0.03362662 0.45311295
         Soft1Pre -0.039962253 0.04166801 -0.95906306
         Soft2Pre 0.016015575 0.02349486 0.68166297
        Soft1Temp -0.045744735 0.04166801 -1.09783816
        Soft2Temp -0.052760617 0.02349486 -2.24562393
         Pre:Temp 0.025849868 0.03362662 0.76873229
       Soft1Brand 0.012866861 0.04166801 0.30879469
       Soft2Brand -0.001045718 0.02349486 -0.04450837
        Pre:Brand -0.157008089 0.03362662 -4.66916072
       Temp:Brand -0.064072675 0.03362662 -1.90541531
     Soft1PreTemp 0.048167488 0.04166801 1.15598236
     Soft2PreTemp -0.000712269 0.02349486 -0.03031595
    Soft1PreBrand -0.062159775 0.04166801 -1.49178638
    Soft2PreBrand -0.030357357 0.02349486 -1.29208509
   Soft1TempBrand 0.012586592 0.04166801 0.30206845
   Soft2TempBrand 0.007774692 0.02349486 0.33091034
   Pre:Temp:Brand 0.050458667 0.03362662 1.50055726
Soft1PreTempBrand 0.010509090 0.04166801 0.25221001
Soft2PreTempBrand -0.019138419 0.02349486 -0.81457903

(Dispersion Parameter for Poisson family taken to be 1 )

    Null Deviance: 118.6269 on 23 degrees of freedom

Residual Deviance: 0 on 0 degrees of freedom

Quite clearly the 4 factor interaction, and all the three factor interactions can be removed, because of small t-values, which leaves us with all the 2-factor interactions.

402 > mymod <- glm(Resp ~ (Soft+Pre+Temp+Brand)^2, family=poisson, data=ries)
402 > summary(mymod)

Call: glm(formula = Resp ~ (Soft + Pre + Temp + Brand)^2, family = poisson, data =
        ries)
Deviance Residuals:
       Min 1Q Median 3Q Max
 -1.107065 -0.4930669 0.02855437 0.5093409 1.386992

Coefficients:
                   Value Std. Error t value
(Intercept) 3.682222962 0.03328281 110.6343930
      Soft1 0.043536098 0.04083575 1.0661272
      Soft2 0.015051992 0.02294280 0.6560661
        Pre 0.036165800 0.03309738 1.0927087
       Temp 0.277223691 0.03296423 8.4098346
      Brand 0.015077502 0.03315577 0.4547474
   Soft1Pre -0.023416451 0.03912050 -0.5985724
   Soft2Pre 0.017893207 0.02258248 0.7923490
  Soft1Temp -0.050438215 0.04091668 -1.2327056
  Soft2Temp -0.049901584 0.02296955 -2.1725101
 Soft1Brand 0.017642716 0.03916083 0.4505195
 Soft2Brand -0.002361722 0.02257536 -0.1046150
   Pre:Temp 0.028578975 0.03322482 0.8601695
  Pre:Brand -0.141752874 0.03193614 -4.4386345
 Temp:Brand -0.064157285 0.03321404 -1.9316312

(Dispersion Parameter for Poisson family taken to be 1 )

    Null Deviance: 118.6269 on 23 degrees of freedom

Residual Deviance: 9.846211 on 9 degrees of freedom

Now things get a little more interesting. It looks like we can get rid of Pre:Temp and Soft:Brand, but what else?

402 > summary(mymod <- update(mymod, . ~ . - Pre:Temp - Soft:Brand))

Call: glm(formula = Resp ~ Soft + Pre + Temp + Brand + Soft:Pre + Soft:Temp + Pre:
        Brand + Temp:Brand, family = poisson, data = ries)
Deviance Residuals:
       Min 1Q Median 3Q Max
 -1.207259 -0.395826 -0.02912609 0.4428775 1.363834

Coefficients:
                  Value Std. Error t value
(Intercept) 3.68213446 0.03329713 110.5841383

      Soft1 0.04409441 0.04083153 1.0799107
      Soft2 0.01492096 0.02294642 0.6502525
        Pre 0.04385639 0.03187799 1.3757577
       Temp 0.27826378 0.03293986 8.4476310
      Brand 0.01662144 0.03311757 0.5018918
   Soft1Pre -0.02717637 0.03867930 -0.7026076
   Soft2Pre 0.01692800 0.02229341 0.7593277
  Soft1Temp -0.05225327 0.04080825 -1.2804584
  Soft2Temp -0.04923468 0.02290183 -2.1498144
  Pre:Brand -0.14381446 0.03185316 -4.5149199
 Temp:Brand -0.06847041 0.03277791 -2.0889194

(Dispersion Parameter for Poisson family taken to be 1 )

    Null Deviance: 118.6269 on 23 degrees of freedom

Residual Deviance: 10.79797 on 12 degrees of freedom

The only likely suspect is Soft:Pre, so remove it.

402 > summary(mymod <- update(mymod, . ~ . - Pre:Soft))

Call: glm(formula = Resp ~ Soft + Pre + Temp + Brand + Soft:Temp + Pre:Brand
    + Temp:Brand, family = poisson, data = ries)
Deviance Residuals:
       Min 1Q Median 3Q Max
 -1.433821 -0.3559708 -0.07358303 0.3974668 1.513481

Coefficients:
                  Value Std. Error t value
(Intercept) 3.68269868 0.03327911 110.6609783
      Soft1 0.04342718 0.04080584 1.0642393
      Soft2 0.01564269 0.02290053 0.6830710
        Pre 0.04343019 0.03185253 1.3634772
       Temp 0.27826441 0.03293940 8.4477687
      Brand 0.01658998 0.03311667 0.5009554
  Soft1Temp -0.05251834 0.04080584 -1.2870299
  Soft2Temp -0.04906982 0.02290053 -2.1427374
  Pre:Brand -0.14376554 0.03185253 -4.5134735
 Temp:Brand -0.06836051 0.03277528 -2.0857337

(Dispersion Parameter for Poisson family taken to be 1 )

    Null Deviance: 118.6269 on 23 degrees of freedom

Residual Deviance: 11.88649 on 14 degrees of freedom

Not much obvious left to do. This is the same model as before.

What is this model, and what does it mean? What are the diagnostics?

The model is quite easy to read. Soft and Pre and independent of each other, given Temp and Brand. Soft is independent of Brand given Temp, and Pre is independent of Temp given Brand.

Given the time-order of the variables, and what we know about water softness and washing temperature, we might be inclined to suggest possible cause-effect relationships by adding an arrowhead into Temp from Soft, and adding arrowheads from Pre and Temp into Brand.

A plot of the residuals also looks pretty good.

402 > motif()
402 > par(mfrow=c(2,2))
402 > plot(mymod)