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1 Intr oduction

This reportsurweys a few statisticalmodelsandcomputationamethodshat might be usedto un-
derlieanassessmersystemdesignedo yield inferenceghatarerelevantto arich cognitvetheory
of instruction,learningor achiezement.Thatis to say we areinterestedn a deeperaccountof
featuresof studenperformancehanwhichitemsor tasksa studengotright, andwe areinterested
in aricherdescriptiornof thesefeatureghana numbefright score.

The modelsdiscussedhere mostly arosein the effort to build a practicalmethodologyfor
cognitive diagnosisin the information-processingtyle of cognitive psychologydevelopedby
Pittshurgh-baseaognitive scientistdNewell, Simon,andAndersonandtheir intellectualdescen-
dants.Therearetwo reasongor this focus:first, mary examplesof this style arewithin my ready
reach.Secondthis style—especiallyn its applicationto intelligenttutoring systems—igarticu-
larly aggressie in makingexplicit thelinks betweeranunderlyingtheoryof performancendthe
obsenabledatathat we canobtainby watchingstudentperformtasks.This aggressie explica-
tion makesit easyto lay baresomeissuesn assessmermindlink themto statisticalissuespoth of
whichareessentiator usunderstan@swe facethemorecomplex demandsf cognitively relevant
assessment.

Thereademwhois notan“information processorshouldnotbe putoff by the heary emphasis
on assessmerdnd ITS’s in this style. Probabilisticreasoninghasbeenhighly successfuhere,
in explicatingissuesof whatit is importantto assessywhat sourcesof uncertaintyin assessment
might be presentwhat the expectedpatternsin dataare, etc. The samekind of efforts that led
to theseadvancesin cognitive diagnosiscan be broughtto bearon assessmerftom ary other
psychologicaperspectie aswell. The natureof the studentepresentatiorthekindsof evidence,
andthedetailsstatisticalmodelsandmethodsmaybeverydifferentin their particularsRegardless
of one’s psychologicaberspectie, the challengef designingan assessmerarethe same:one
mustconsidetow onewantsto frameinferencesboutstudentsyhatdataoneneedgo see how
onearrangesituationsto getthe pertinentdata,andhow onejustifiesreasoningrom the datato
inferencesaboutthe student.

All of the modelsdiscussedn this report,from factoranalysisto item responseheory (IRT)
models Jatentclassmodels Bayesiametworksandbeyond,shouldbe thoughtof asspecialcases
of the samehierarchicalmodel-tuilding framework, well-illustratedrecently by the textbook of
Gelman Carlin, SternandRubin(1995).They aremodelswith latentvariablesof persisteninter
est,which mayvaryin nature—continuousirdereddichotomousetc.—aswell asin relationship
to oneanotherdependingon the cognitive theorythat drivesthe model,that are positedto drive
probabilitiesof obsenations,which may alsovary in natureandinterrelationshipThe functions
thatlink obsenationsto latentvariablesvary asappropriateto the natureand interrelationships
of the obsered andlatentvariablesandthe modelsare madetractableby mary assumptionsf
conditionalindependencespeciallybetweerobsenrationsgivenlatentvariables.

In the pastthesevariousmodelshave beentreatedanddiscussea@sif they werequitedistinct.
This is duein partto the factthat until recentlycomputationamethodshave laggedfar behind
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modelbuilding sothatfor yearsthe sometimesdeosycratiestimatiormethoddirst seenasmak-
ing eachmodeltractiblein applicationshave “stuck” to the model,enhancinghe appearancef
distinctionamongthe models;andin partto the historicalaccidenthatthesevariousmodelswere
originally proposedo solve ratherdifferent-soundingroblemsBut asRoudenlbish(1999)hand-
ily illustratedin his written materialsfor the Committeeat its Octoberl999meetingmodelswith
ratherdissimilarnamesandapparenthdifferentdomainsof applicationcananddo amountto the
samemathematicabbjectwhendecont&tualizedfrom estimatioormethodandoriginal domainof
application.Rapidprogressover the pasttwo decadesn computationamethodsueledby faster
computingmachineryanda bettersenseof the wide applicability of a coremethodologyto prob-
lems from humandemographyto theoreticalphysicsfueled by a revolution in communication
within and betweenthe disciplines,hasencourage@nd confirmedthe view that moststatistical
modelsarisefrom a singleframewvork in which the modelis built up from a hierarchyof condi-
tional probability statements.

Two quick examplesillustrate the flexibility that this view of modelingprovides. Fienbeg,
JohnsorandJunler (1999;seealsoDobra,1999)illustratehow IRT models,well-known in large
scaleeducationalassessmentgan be readily appliedto solve difficult problemsin multiple-
recapturecensusedpr examplein assessinghe size of the World Wide Web by comparingthe
“hits” at varioussearchenginedor the samequeries.Patz, Junker andJohnson1999)adoptthe
entireconditional-probabilitystructure@mplicit in generalizabilitytheoryandreplacehattheory’s
traditionalnormal-distrilution assumptionsvith assumptionappropriateo fallible scoringof in-
dividual itemsby multiple judgesaccoding to discretescoringrubrics. The resultingmodelfor
analyzingmultiple ratingsof performancétemscanbetteraccounfor peritem uncertaintlyin the
ratingprocessandcanproducea “consensustatingon eachperformanceysingthe samescoring
rubric thatthejudgesthemselesuse ,weightedaccordingo the biasesandinternalreliabilities of
the particularjudgeswho sawv thatperformance.

Within thehierarchicamodelbuilding framework justsketchedthisreporttriesto illustratethe
continuumfrom IRT-lik e statisticalmodels,thatfocuson a simpletheoryof studentperformance
involving oneor a few continuoudatentvariablescodingfor “generalpropensityto do well” on
the onehand,to statisticalmodelsembodyinga morecomple theoryof performanceinvolving
mary discretelatentvariablescodingfor differentskills, piecesof knowledge,andotherfeatures
of cognitionunderlyingobsenablestudenperformancepntheother Someof themostinteresting
work on theselatter typesof modelshasbeendonein the contet of intelligenttutoring systems
(ITS’s),andrelateddiagnosticsystemgor humanteacherswhereafiner-grainedmodelof student
proficieny is often neededo guidethetutor’s next steps.However, this extra detailin modeling
canmeanthatno oneinferencas madeveryreliably. While thismaybeanacceptabl@riceto pay
in anITS wherethe costof underestimating students skills may be low (perhapscostingonly
thetime it takesthe studento successfullycompleteoneor two moretasksaccessing particular
skill, to raisethel TS’s confidencehatthatparticularskill hasbeenmastered)low reliability is not
acceptablen high-stales, limited testing-timeassessment# which e.g. attendancén summer
school,job or gradepromotions,and entranceinto college or other educationabrograms,may
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be affectedby inferencesaboutthe presenceor absenceof particularskills and knowledge.We
shallalsoseethatthe moredetailedmodelsoftenincreaseéhe computationaburdenof inferences,
whatever their reliability.

This reportdealsmostly with full specification®f reasonablyromple statisticalassessment
models.Taken at facevalue,fitting thesemodelsanddrawing inferencedrom datawith themre-
guiresat leasta powerful personatomputerandrathercomplex software;andmayin somecases
requirecomplex codingof studentsbehaior asthey performassessmeniasks.This would seem
to constrainthe possibleapplicationsof themodelsIn-classandotherembedde@dssessmenthat
requireimmediate teacherscoredfeedbackfor example,might not be ableto usethefull power
of suchmodels And in somesituationsthetechnicalcompleity of therelationshipbetweertask
performancandinferencesboutskills andknowledgepossessebly studentswould creatgpoten-
tial political andlitigation hurdlesin theirimplementationl focuson thesefully-realizedmodels
for two reasonsFirst, thesemore complex modelscomecloserto what we may be aiming for
whenwetry to incorporateamorecomplex theoryof performancento themeasuremengroblem.
Consideringthemin full detail allows usto askwhatinferencesare possibleor reliable,taking
suchatheoryseriously Secondit is certainlytruethatin mary situations—especiallheteacher
scorecembeddedssessmentdludedto abore—simplersummarie®f studentbehaior would be
necessaryl hesesummariesnight be basedon qualitatve scoringrubrics,for example,thatare
not directly relatedto the modelsconsideredn this report;or they might be basedon simplified
versionsof thesecomplex models,that allow us to usethe datain a more straightforvard way
to make lessrefinedinferencesin either case thesesimpler summariederive validity only to
the extentthatthey reflectvariationpredictedby the underlyingtheoryof performancethe more
comple statisticalmodelsconsiderednhereprovide a vehiclefor formulatingsuchpredictions.

In developingthis reportl have madetwo simplifying assumptiongn the statisticalmodeling
of studentperformanceto easemy own expositionalburden.First, | have assumedhatall fea-
turesof studentperformancen a(generic)cognitve modelcanbe codedby binarypresent/absent
variables.Thus,a pieceof knowledgesuchasthe nameof the capitalof Brazil, or a skill suchas
factoringthe exponentof a suminto a productof the exponentiatedummandsis codedaseither
presentor absentjnsteadof presentto somedegree,in the models.Secondand perhapanore
seriously | have assumedhat all models—IR-based cognitvely motivated,or otherwise—are
only sensitve to binary outcomesthatis, whetherthe studentgot eachtask or subtaskright or
wrong.As | shallagueat somepointsbelow, modelsbuilt on only thesebinarytaskperformance
measuresnay not alwaysbe ableto gatherenoughevidencefrom a typical-lengthstudentexam,
to allow reliableinferencesaboutcomplex underlyingfeaturesof studentperformancefrom par
ticular skills andknowledgeto students'choicesof stragetiesrom problemto problemor overa
wholesequencef problems.

Neitherof thesesimplifying assumptions—"binargkills” and“binary outcomes”—issacro-
sanctandbothmightbesacrificedo meetthefeaturesof thetaskdomainandunderlyingtheoryof
cognition,aswell asthetheinferentialsubstancandpurposespf a particularassessmersystem.
On the other hand, relaxing theseassumptionsnay lead to a modelwith more complex com-
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putationalneeds,or onein which inferencesare lessreliable. Balancingthe detail of modeling
suggestetby the purpose®f assessmemtndtheoryof studenperformancenthe onehand,with
the computationatractibility andinferentialreliability of the resultingmodelon the other is one
of theartsof assessmemhodeling.This reportillustratessomeconsiderationghatinform thatart.

2 On Designingan Assessment

We begin our surwey of statisticalmodelsandcomputationamethoddor cognitively-relevantas-
sessmeny briefly consideringseveralmajordecisionsn designingheassessmemb whichthese
modelsandmethodsnaybeapplied.lt mayseenstrangeo startasurwey of statisticaimodelsand
computationaimethodswith assessmeulesign put thisis exactlytheright placeto start.Statistical
modelsfor assessmemiatavary greatlyin compleity, andcomputationaimethodgor thesemod-
elsalsovaryin bothcompleity andrunningtime. Relatvely simpleassessmemjoals,evenin the
contet of cognitve modeling,requireonly relatively assessmemtesignsandsimplemodelsand
computationamethodsthis often meanghatinferencesare availablealmostassoonaswe have
the data—"inrealtime”. Onthe otherhand,complex assessmergoalsrequiremorecomples as-
sessmentlesignsandhencemorecomplex modelsandalgorithms;consequentlynferenceswill
only be available “offline”—too long after the datahasbeengeneratednd collectedto provide
immediatefeedbacko studentsandteachersfor example.

Designof anassessmenmtvolvesansweringat leastthe following questionsWhatis the pur-
poseof the assessment®hat kinds of inferencesdo we wish to make aboutthe studentVhat
datawill we needto seeto make theseinferencesandhow canwe arrangeo getit? How will we
make andreporttheseinferences?n the next several subsectionsve will considerbriefly some
aspectof thesequestionsThis discussiorwill notbe completebut is intendedo highlight some
importantconnectiondetweerassessmeitesign assessmemiodelcompleity, computatiorfor
modelfitting, andreliability of inferences.

2.1 Purposeof Assessment

Thetraditionalpurposesssessments which psychometrienethodshave beenappliedhave been
for linearrankingandrelatedmasteryandselectiordecisionsusingasinglemeasur®f proficieny
likeanumbercorrectscoreor alatenttrait estimatdrom anitemresponsenodel.Johniy is “more
proficient” thanSuzy and Suzyis more proficientthanBill. Johniy’s proficieny is so high that
he hasachieved masteryof the subject;andwhile Suzyhasnot achieved masterysheandJohnry
bothmake goodcandidatesor trainingprogramX. Bill’ slevel of proficieng, however, is too low
for admissiorto this program.

Although masteryin the senseof having a level of proficieny thatis abose somethreshhold
is certainlypart of the traditionalpsychometrid¢oolkit, both formal andinformal analysisof the
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attribute€ neededo achieve masteryshavs considerableompleity in whatthe student actually
bringsto the exam. Figure 14.5 of Tatsuoka(1995),for examplelists frequentknowledgestates
correspondingo # andscaledSAT scoreson aform of the ScholasticAptitude Test(SAT) Mathe-
maticsExam.Tatsuokas work particularlyshavs (seealsoSection2.4 belov) how datadeviations
from a corventionalpsychometri¢IRT) modelcanexhibit considerabletructurewith respecto
putative skills underlyingtheexamproblemghemseles.This suggesta morenuanceadrersionof
masteryin which we attendto standard®f performancen particularskills underlyingthe exam
problems,nsteadof numbetright or patternsof rights andwrongson the problemsthemseles.
The more nuancedversionof masteryin turn demandsa more nuancedand comple« modelfor
assessingtudentperformance.

Which of the above “conceptions”of an assessmennhodel—asingle continousproficieny
variableor mary discretestudentattributesworking in concert—igsright? Theanswetrto this ques-
tion dependgartly on whatis “really going onin our heads”,illuminatedfor exampleby basic
researclon the neuralbasisof cognition.But it alsodepend®n the purposeof the assessmenif
our purposas to producdinearrankingsalongoneor afew scales—foiselectioror certification,
for overall programevaluationwith pre-andpost-testspr moregenerallyto mapthe progressof
studentghrougha curriculumvia several equatedestsgiven at variousintervals throughoutthe
curriculum, etc.—thena multitude of discretestudentattributesprobablygetsin the way of the
story we want to tell; moreover inferencedor a single latent proficieny variablewill be more
reliable,giventhe sameamountof datafrom a well-constructedest,thaninferencedor a large
collectionof discretestudentattributes.

On the other hand,assessmertan also be usedto inform instruction,in orderto enhance
studentlearning.Indeedthereis substantiaagumentandevidence,assummarizedor example
by Bloom (1984),thatpartof whatdistinguishesigherstudentachiezementn “masterylearning”
andindividualizedtutoringsettingsasopposedo thecorventionalclassroomis theuseof frequent
andrelatively unobtrusve formatie testscoupledwith feedbackfor the studentsand correctve
interventiongfor theinstructor andfollowupteststo determinenow muchtheinterventionshelped.
This approaclkcontinueso be adwocatedaspartof a naturalandeffective apprenticeshigtyle of
humaninstruction(e.g. Gardney 1992), andit is the basisof mary computerbasedintelligent
tutoring systemg(ITS’s; e.g. Anderson,1993; and more broadly Shuteand Psotka,1996). This
kind of assessmemtftenrequireshe mostcomplex modelsof studenfperformanceandmayalso
requirecomplex estimationmethods.

Anotherpurposeof assessmeris to refineour understandingpot of individual differencesn

2Differentcognitive modelscall the attributesthat affect task performancadifferentthings. Somemodelssimply
call themrulesor subgoalsandin somecasessubgoalsare collectionsof rules.Many, notablythe tutorsdescribed
by AndersonCorbett,KoedingerandPelletier(1995),make aprocedural/declarate distinction.Others for example
Gertner ConatiandvanLehn (1998),make afiner distinction. To minimizeterminologyl will referto all of theseas
simply “studentattributes” or occasonallyskills andknowledge”.

3Not every persorwho takesan examis a studentso “examinee”might bea morepreciseword choice. However
in thisreportl will usetheterms“student”and“examinee’interchangeably
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studentperformanceper se,but ratherof how a particularsetof problemsmeasurenasteryof a
particularsetof skills thatwe areinterestedn, andhow we mightconstruciproblemshatmeasure
particularskills of interest.Thatis to say we may be mostinterestedn testdesign(Mislevy,
SheehanandWingersky, 1993; Embretson,1994,1995b;Baxterand Glasey 1998; Nichols and
Sugrue,1999)or in real-timegeneratiorof novel exam problems(e.g.,Embretson;1998,1999).
To theextentthatour modelof studenfperformanceés comple, statisticaimodelsfor this purpose
will becomple also.

Psychometrieanethodsrom true scoretheory(Lord andNovick, 1968)to item responsehe-
ory (IRT; van der Linden and Hambleton,1997) have beenhonedto characterizeand minimize
theerrorin linearranking,masteryandselectiondecisionsFor thesepurposesa new approacho
assessmemhodelingis notneededFor purposeshatrequirea morecomplex modelof individual
studentttributesunderlyingperformancewe mustatleastconsideithecomputationaburdenand
reliability of inferenceghatsuchmodelsimply, especiallyif realtime feedbackis intended Exact
formsof computationamethodgor complex modelsmayruntoo slowly to beof use(e.g.Hrycek,
1990),evenif thefeedbackdoesnot have to occurin realtime.|ITS’s andotherembedde@ssess-
mentsystemsoften avoid this difficulty by eitherrunningsimplerapproximationgo the “right”
model,or by precalibratingpartsof the model(this occursin ComputerizedAdaptive Testingas
well; seefor exampleWaineretal., 1990;andSandsWaters,andMcBride, 1997).Thesemethods
canrun therisk of beingmore“sure” of the students knowledgestatethanis in factjustified, but
areoffsetby eitherthe low costof uncertainty(e.g.in ITS’s) or the availability of a wide variety
of informal corroboratingcontextual information(e.g.in classroom-embeddegsessment).

More detailedconsideratiomf purpose®f assessmeiihatmightrequirecognitively rich mod-
elingis givenby Lesgold,Lajoie,Loga,andEggan(1990).They list five specificourposedor test-
ing: to developa descriptiorof studentapabilitiesto explain a students level of performanceto
adaptinstructionto astudentscompetencesp screenfor the purpose®f warningor remediation,
low-achieving studentsandto screenfor the purpose®f selectionhigh achieving studentsThe
specificdetailsof one's mapof assessmepurposesrenot asimportantasthatoneconsiderghe
purposeof theassessmerindtriesto determinevhatmodelingcomplexity/effort is usefulfor that
purpose.

2.2 StudentRepresentations
2.2.1 SomeGeneral Considerations

As Hunt (1995, p. 415) notes,the first stepin developingan assessmens to decideon arepre-
sentatiorof theexaminees knowledge,capabilitiesgtc: All inferenceghatwe canmalke from the
assessmermreultimatelyframedin termof this representation.
Huntandotherauthorsgoingbackto atleastCronbach1957)distinguishbetweerpsydhome-
tric andcognitivesciencearepresentatioisPsychometricepresentationareusuallycharacterized

4Pellegrino, Baxter and Glaser(1999) review the history of thesetwo approacheso psychology and various
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by a generaltrait orientationto whattestitemstell us aboutunderlyingstudentachiezement,re-
flectedby rathercoarsepsuallycontinuousmeasuresf studentproficiengy; seefor examplethe
editedvolumeon IRT modelingof vanderLindenandHambleton(1997).By contrastcognitve
sciencerepresentationare often characterizedn termsof theory-drven lists of studentbeliefs
and capabilities,and correspondinglyfine-grained discretemeasure®f studentattributes(e.g.
presenceof absenceof a particularbit of knowledge,succesr failure masteringthis or that
skill, etc.); well representediscreteskills modelsoftenimplementedvith Bayesiametworks of
discretevariables;seefor examplethe editedvolume on cognitively diagnosticassessemeraf
Nichols,ChipmanandBrennan(1995).

Thisdichotomybetweercontinuougroficieny approacheassociatewvith traditionalpsycho-
metricsontheonehand,anddiscreteattributesapproachegecentlyassociatewith recentattempts
atcognitively diagnostiassessmentsitheother is perhapsoosharplydravn to captureheways
in which theserepresentationsave stretchedoward eachother but it is usefulbecauset allows
usto make severalimportantobsenations First, statisticaimethodsandprobabilisticreasoningre
usefulregardlesof one’s psychologicaberspectie—fromthe trait andbehaiorist perspecties
with which the continuougproficieny approachof IRT modelsandtheir relativeshave beenasso-
ciated,to the cognitive diagnosigerspectie for which the discreteattributesapproacthof discrete
Bayesiametworks seemnatural—becausmuchof educationabndpsychologicabssessmens
a signal-detectiomproblem:we wish to draw inferencesaboutconstructshat may or may not be
directlyobsenablefrom behaior thatis directly obsenable,but maynoisyorincompletepr both,
asanoperationalizatiomf the constructwe wish to learnabout.

The secondmportantobsenationto make is onethatwe beganin Section2.1:the choicebe-
tweencontinuousproficieny anddiscreteattribute representationis driven at leastas muchby
the purpose®f theassessmerasit is by somephysicalor psychologicaleality. Despitethe per
sistenceof the“latenttrait” terminologyin theirwork, few psychometriciangdaybelieve believe
thatthelatentcontinuougroficieng variablein anIRT modelhasary deepreality asa“trait”; but
asavehiclefor efficiently summarizingrankingandselectingoasedon performancen adomain,
latentproficieny canbe quite useful.By the sametoken,computerbasedntelligenttutoring sys-
temsoftenimplementakind of ongoingstudentassessmeim termsof discreteattributes,usually
neitherasfine-grainedasa fully-developedtheoryof performancenor asefficienta summaryas
anoverall proficieny measuravould be; yet these‘middle-level” modelsmay be well-tunedfor
makinginferencesaboutwhatthe tutor shoulddo next with a particularstudent.Thereis in fact
a wide rangeof optionsbetweenthe continuousproficieny and discreteattributesextremesof
assessmemhodeling,providing avariety of choicedfor a variety of assessmemmurposes.

Our third obsenation is that the actiity of developing a studentrepresentationas an in-
formed collaborationbetweencognitive psychologistand psychometrician/statisticiapyrovides
fertile groundfor cognitive psychologyto provide a strongersubstantie foundationfor psycho-

attemptgto blendthem;seealso Snov andLohman,1989,p. 264, for a brief discussionThe samedistinctionsare
echoedodayfor exampleby O’'Connor(1992,pp.16—-21),Embretsor(1998),andNicholsandSugrue(1999).
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metrics,andfor psychometricgo provide principlesof efficient summarizatiorandreliability of
inferencefor cognitively valid assessmenAs Snov and Lohman(1989,p. 266) outline, cogni-
tive psychologycancontrikute to testdevelopmentby providing a more nuancedicture of what
makes a testitem difficult andwhat producesoticableindividual differencesn studentperfor
mance;by elaboratingour understandingf target aptitudesachiazementsand contentdomains
thatmight suggesalternatve datacollectionandmeasuremerdtratgies;andby developingnew
theory-basegherspectieson the goals,requirementsgemandsndconditionsof educationakn-
vironmentsCornversely Mislevy (1994)givesmary examplesof thewaysin which psychometrics
andthe broaderstatisticalenterpriseon which it is basedcancontributeto the sharpeningf con-
structdevelopment,operationalizatiorand measuremenh cognitve psychology Theseinclude
issuessuchasthe decreasingeliability of inferencesvhenthe assessmenmnodelfails to track
importantvariationin the underlyingperformancealata(e.g.Mislevy, 1994,p. 468); tradeofs be-
tweenincreasingcompleity of the studentmodelanddecreasingrecisionof measurementue
either directly to model compleity (asis clearto anyone who haswatchedthe standarderror
of aregressioncoeficient increaseasadditionalregressorsareaddedto the model)or indirectly
to the difficulty of preciselymeasuringcovariatesneededn the more complex model (Mislevy,
1994, esp.p. 474); andthe tools to identify deviationsfrom a modelthat accountsof the main
component®f variationin multi-facetedneasuremengndto examinedeviationsfrom the model
for regularitieswhich suggeseitherelaboratiorof the modelor quality controlissuesn the data
collectionandmeasuremerdesign(Mislevy, 1994,pp.476-480).

DespitegreatprogresghathasbeenmadesinceSnaov andLohmans (1989)somevhatspecu-
lativeinvitationto psychometriciangndevenmorerecentlysinceMislevy’s(1994)demonstration
of someof the synegy thatis possiblewhena statisticianbecomesieeplyinvolvedin cognitive
measuremergroblemsthereis still muchwork to do. Questionghataresimplein othercontexts,
suchassamplesizeto producesuitablypreciseinferencesbe only approachabléy approximate
analysisor lengthy simulation,and may dependdelicatelyon detailsof the statisticalmodelin-
tendedto morenearlyreflecta complex cognitive theoryof performanceAnd selectingthe right
“granularity” both in the studentattributesunderlyingperformanceandin the performancelata
itself, is still moreartthanscienceThusfor the nearfuture at least,we arenotin a positionto be
ableto recommendhatonetake a“standard’model“off theshel"—thereis no collectionof stan-
dardmodelsandperhapsiot evenashelfyet. Progressn developingstudentrepresentationthat
have both sufficient cognitive validity andadequatesychometriautility will continueto require
thefull intellectualparticipationof boththe cognitive specialisiandthe statistician.

2.2.2 SomeSpecificTypesof Representation

We now turnto abrief menageri®f studentepresentationthatcanform touchstonefor thework

to follow. As indicatedabove, thesedo notrepresenary sortof “shelf” of “standard’models they

aresimply someextremesandvariationson the extremesthatsuggesboththevariety of models
availableandthe pointsof commonalityamongthem.
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Figurel: Typicaldiscrete-attrintesassessmemtodel;boxesindicateobserablestudenwvariables,
ovalsindicatelatentstudentvariables Quality of studentresponseprovidesevidencefor the pre-
sence/absencet degreeof presencepf eachof variousstudentattributes. The@-matrix described
in equation(1) indicatespresencég;, = 1) or absencéyg;, = 0) of anedgeconnectingattribute &
to response.

Our first representationilustratedby Figure 1, is what| considerto be the basic“discrete
attributes”representatiosuggestedby ary theoryof performancehathypothesizes discreteset
of studentattributesunderlyinga students responsesn a seriesof assessmertsks.If the at-
tributesarecodedin binaryfashion(present/absentiherepresentatiodepictedn Figurel allows
for 2° = 32 studentknowledgestatescorrespondindgo eachpossiblecombinationof presentor
absentattributes. Arrows indicate dependeng of response®n studentattribute: responsel for
exampledepend®nthefirst threeattributes. Theresponsethemselesmaybein one-to-onecor-
respondencevith distinct assessmernasks,they may be nestedwithin tasksso that Responsd
andResponse@ relateto the sametaskbut Respons@ relateso a differenttask,etc.

How the attributescombineto producea responses left unclear Two simplepossibilitiesare
pure conjunctionsn whichall antecederattributeshave to bepresentogethelin orderto produce
a correctresponseor pure disjunctionsin which arny oneor moreattributesis sufficient to pro-
ducea correctresponsefor easeof exposition,mary of the examplespresentedh this reportwill
involve conjunctve modelsrelating binarily-codedattributes (present/absentp binarily-coded
responsegight/wrong),but thereis no compellingtheoreticareason—thougtheremaybeprac-
tical implementationssues—restrictinghodelsto conjunctve form or binarycoding.

Figure 1, interpretedas a conjunctve modelwith binary coding of attributesandresponses,
alreadyillustratesthreeimportantpointsaboutmeasuremenih this framework. First, whenmore
thanoneattributeis involvedin aresponsethereis aninherent‘credit/blame”problem:For ex-
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ample,supposehat we obsere only Responses for a particularstudent,and that responsas
incorrect.We do notknow whetherto blameAttribute 3, Attribute5, or both(similarly, in apurely
disjunctive modelwe would not know whetherto credit Attribute 3 or Attribute 5 for a correct
Respons®&). A relatedproblemis the“hiding” of oneattribute behindanother Supposeve know
the studentdoesnot posses#ttribute 5. A wrong Response tells us nothingaboutAttribute 3,
the otherattribute requiredfor this task.Both problemsmay be alleviatedby observinga correct
Respons@. This tells usthat Attributes3 and4 are presentso that Response is beingdriven
completelyby Attribute 5. However, anincorrectRespons doesnot help,regardlesof whether
we have alsoobsenedResponsé or not. This suggestdoththatcarefuldesignof theassessment
maybeableto alleviate someof theseproblems andthatsuchcarefuldesignmay be difficult.

Secondtherelationshipdetweerresponseandattributesdisplayedn thefigure canbecom-
pactly describedn matrix form, by a matrix ) with elementsy;;, = 1 if attribute k is neededor
responsg, andg;; = 0 if not. For examplethe@ matrix for Figurel would be

Q= (1)

o O =
o O =
= o o

10
11
10

indicatingdirectededgegarrons) connectingattribute nodes(columnsof the @-matrix) with re-
sponsenodes(rows of the Q-matrix). The g;;’s mightbe 0’sand1’s asshowvn here,or they might
be given differentvaluesindicatingthe strengthof associatiorbetweenthe attribute andthe re-
sponse.The @-matrix is thus essentiallyan accountingdevice that describeghe “experimental
design”of thetasksor responses termsof underlyingattributesthattheresponseareintended
to besensitveto. Althoughit hasgainedprominencen recentyearsasatool for taskanalysisn
thework of Tatsuokae.g. Tatsuoka,1990,1995),it or somethindik e it, would be presenin ary
well specifiednodelof taskperformancen termsof underylingstudentattributesor taskfeatures.
Third, thearrowns in Figure1l may representleterministicconnectiondetweenattributesand
responsevariables,or probabilisticones.The direction of the arrans in thesemodelsindicates
the flow of informationwhenwe usethe modelto predictresponseadata. Thus, undera purely
conjunctie versionof Figure 1 we might predictfrom the knowledgethat a particularstudent
possessedittributesl, 2, and 3, but not Attributes4 and5, thatonly Response& and2 would
be correct(or would be correctwith high probability), and Response3 would be incorrect(or
correctwith low probability).In applyingthe modelto assessmermtata,the informationflows in
theotherdirection.Thisis especiallyevidentwhenthearrovs representleterministicconnections:
if Responsedl is correctand the modelis purely conjunctve we may be surethat the student
hasAttributesl, 2 and 3. It alsoworks whenthe connectionsare probabilistic,andthe graphis
interpretedasa Bayesiametwork® (whichin this casemeanghatall responseareconditionally
independengiven all attributesand all attributesare maginally independent)ijn that casewe

Seachvariableis conditionallyindependenof all of its non-descendantgjvenits parentgPearl,1988,Corollary
4,p.120).
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Figure 2. Multi-layered discrete-attribtesassessmenhodel; boxes indicate obsenrable student
variables ovalsindicatelatentstudentvariables Presence/absenéer degreeof presencedpf at-
tributesgivesevidenceabouthigherorderclustersor meta-attrilteswithin eachstudent.The Q-
matrix andhierarchicaimodelingframevorks describedn the text canaccomodatéhis structure

aswell.

startwith baseratesor prior probabilitiesfor possessionf eachattribute,andapply the rulesof
probability, andespeciallyBayes’rule (seeAppendixB for details),to adjusteachattribute’s base
ratesupward (e.g.in the caseof correctresponsespr downward (e.g. in the caseof incorrect
responses}p obtainposteriorprobabilitiesthateachparticularstudentpossesethe attribute.

Whenthe arraws represenprobabilisticconnectionsthe relevant probabilitiesmight be as-
signedon the basisof prior theoryor experiencepr estimatedirectly from pilot studydata,or
evenfrom thesameassessmeumtatausedo evaluatestudenperformancesrheprobabilitiesmight
befurtherstructuredoy amodelof how attributescombineto produceresponsegotonly thecon-
junctive/disjunctve distinctionmadeabove but alsowhetherfor exampleAttribute 5 is easierto
acquireif Attribute3 is alreadyin place).

Figure2 displaysa naturalvariationon thediscretestudentattributesrepresentatiori.et usin-
terprettheedgesof thegraphprobabilistically;againwe assumehatall responseareindependent
givenall attributes,andin this casealsoall attributesareindependengivenall clustervariables.
Theideaof the clustervariablesis to tie togetherattributesthattendto be learnedtogethey for
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exampleClusterl in the figure might representmixed numberskills”, Attribute 1 might be the
skill “separatavhole numberfrom fraction” andAttribute 2 might be the skill “simplify improper
fractionto mixednumberform”¢. We might speculatehatAttribute 2 is presentithin a student,
thenthereis a greateilik elihoodthat Attribute 1 is presentaswell, and corversely—perhapbe-
causethesetwo skills aretaughtin the sameunit in mostmathematicsurricula. If we obsene

that Response@ is correctfor a particularstudent,successie applicationsof the rulesof condi-

tional probabilitywould increaseheprobabilitythatthat Attribute 2 is presentandhencealsothat
the probability thatthe “mixed numbersskills” clusteris present—perhapbe studenthasseena

mixed numbersunit in school—whichin turn increaseshe likelihoodthat Attribute 1 is present,
beforeever seeingResponses or 2. More directrelationshipdbetweenattributescanbe obtained
by connectingskills directly in the graph—sayplacingan arrov from Attribute 2 to Attribute 1

and(perhapsyemaoving Clusterl from the graph(thus,knowledgeaboutAttribute 2 directly in-

fluencesour inferencesaboutAttribute 1 [and vice-versa]without going througha higherorder
clustervariable).An exampleof amodelincorporatingoothkindsof dependencbetweerskills is

givenin Figures9 and10 of Mislevy (1994,pp.464—-465).

As alludedto above, a commoninterpretationof graphssuchas Figure 1 and Figure 2 is
as a Bayesiannetwork A Bayesiannetwork is a directedgraphrepresentatiomf a probability
distribution in which eachvariable(eachnodein the graph)is conditionallyindependenof all
of its non-descendantgjven its parents;seePearl,1988, Corollary 4, p. 120. In Figure 1 this
meantthattheresponseareconditionallyindependenof oneanothemiventheattributes,andthe
attributeswereindependenbdf one anotherIn Figure2 not only arethe responsesonditionally
independendf eachothergiventheattributes,but alsothe attributesareindependenof eachother
giventhe clusters andthe clustersareindependenodf oneanother Of course Bayesiametworks
arein widespreadisein expertsystemsandasstudentandusermodelsin ITS’s (seefor example
Jamesonl995).Thereis nolossin having morelayersin thenetwork thanthetwo in Figure2, and
in factITS studentmodelsmay employ fairly complex multi-layeredBayesiametworks; seefor
exampleGertner ConatiandVanLehn(1998).The hierarchicaimodelingintroducedn Sectionl
and consideredn somavhat more detail in Section3.3 below, on the one hand,and Bayesian
networksontheother areessentialljusttwo namedor thesamanodelingframeawvork. In artificial
intelligenceandITS applicationdBayesiametworks often consistof all discretenodes but there
is no reasorthatthey must.All hierarchicaimodels(in the sensaf Section3.3,andall Bayesian
networks, have the useful property that information from observingone outcomeor subsetof
outcomeganpropagatehroughouthenetwork, via therulesof conditionalprobability, to modify
our predictionsaboutoutcomesot yetobsered.

Figure3 depictsthestudentepresentatioof atypicalunidimensionalRT model. Thediscrete
attributesof Figuresl and2 have beenreplacedy a singlecontinuousproficieny variable.IRT
modelshave typically beenemployedin sitationsin whichthe obsenableresponsesorrespondo

6Clearly, therearemorethanthesetwo skills involvedin arithmeticoperationsvith mixednumbersput thesewill
suffice for illustration.
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Figure 3: Unidimensionaitem responseheory (IRT) assessmemhodel; boxesindicateobserv-
ablestudentvariablespval indicatedatentstudentvariable.Discretestudentattributeshave been
replacedvith a singlecontinuous‘proficiengy” variable(proficieny is alsoa studeniattribute).

separatassessmertasksor testitems,but the obsenableresponsesould alsobe nestedwithin
tasks,so that Response4 and 2 arerelatedto onetask,Response8, 4, and5 to another etc.
StandardRT modelsareBayesiametworks,thatis, responseareconditionallyindependengiven
theproficieny variable A standardnonotonicityassumption—thainincreasen thevalueof the
proficieny variableincreaseghe probability of correctly respondingto ary item—meanghat
proficieny will becloselyrelated to anumberof-responses-correstore.

Figure4 depictshestudentepresentationf amultidimensionalRT model. Themodeldiffers
from theIRT modelof Figure3 in thatnow therearetwo or morecontinuougproficieng variables,
thatmaybeconnectedo obserableresponseariablesn fairly arbitraryways.Qualitatvely there
is little differencebetweerfFigure4 andFigurel; theunderlyingreasorfor thisis thatbothrepre-
sentone-layeiBayesiametworks.Thedifferencesrein thedetails:(a) whetherthelatentvariables
arediscreteattributesor continuougroficiengy variablesy{b) thenumberof latentvariableswhich
is traditionallylessin IRT modelsthanin Bayesiametwork basedstudentmodelsin ITS’s for ex-
ample;and(c) the natureof the connectiondbetweenlatentvariablesand obsenableresponses.
IRT modelstendto exhibit more“simple structure” thatis, theretendto be clustersof itemsthat
dependon only one proficieny variableper cluster(thoughthis would also provide a way out
of the credit/blameproblemdiscussedn connectionwith Figure 1 above), andthe predominant
multidimensionalmodelis disjunctve—calledcompensatoryn the IRT literature—rathethan

"In the caseof binary responseshe relationshipis a strongprobabilisticrelationshipcalled stodastic ordering
(Grayson,1988;Huynh,1994);in the caseof polytomously-codedesponsetherelationshipappeardo be consider
ably morecomplex (Hemler, Sijtsma,MolenaarandJunler, 1997).
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Figure4: Multidimensionalitem responseheory(IRT) model;boxesindicateobsenablestudent
variablespvalsindicatelatentstudenwariablesDiscretestudentttributeshave beerreplacedvith
two or morecontinuousproficieng” variablesQualitatively thereis little differencebetweerthis
figureandFigure1; this is why a statisticianmay seelittle differencebetweenRT anddiscrete-
attributesmodels.The primary differencesarein the details:(a) whetherthe latentvariablesare
continuousor discrete;(b) the numberof latentvariables;and(c) the natureof the connections
betweerlatentvariablesand(coded)obsenableresponses.
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conjunctve—calledhoncompensatoriy thelRT literature(e.g.Reckasel985;Wilson,Woodand
Gibbons,1983;FraserandMacDonald, 1988;Muraki andCarlson,1995).A typicaltrait interpre-
tation of Figure4 might take Proficieny 1 asproficieny in a partof mathematicsProficiengy 2
asproficieny in verbaltasks,items1 and2 as“pure math”, items5 and6 as*“pure verbal” and
items3 and4 as“word problems”.In the compensatorjramenork, a greatdealof mathematical
proficieny might overcomeverbaldeficienciespr vice-versa,onthe“word problems”.

Embretsone.g. Embretson1985) hasexploredthe conjunctive versionof this modelexten-
sively, whichshecallsthe“multicomponentatenttrait model” (MLTM). In thesemodelstaskper
formanceepresentetly responsé for examplemightinvolve executionof two differentactions.
Theproficieny variablesndex the proficieny with which eachactionis expectedo beexecuted,
theseproficienciesare translatednto probabilitieswhich are then multiplied togetherto obtain
the probabilitythatresponsé is correct.Thus,modelingstudeniperformancen aword problem
mightrequiresufiicientlevelsof bothmathematicaindverbalproficieng, ratherthanjustenough
of oneto offsetalack of the other

Finally, Figure5 illustratesonevariationon a classof modelsthatis extremelyimportantfor
thinking abouthow to extendthe studentrepresentationsf Figuresl through4 to accountfor
situationsin which thereis substantiaualitatve heterogeneityamongstudentsperformingthe
assessmernasks.Thefigureis labelledto suggesta progressiorof competenciegto which we
might divide a studentpopulation,or throughwhich a singlestudentmight passover time. In this
modelastudentanbein only oneof threestatesof competancéelithin astateof competancehe
studentonly hasaccesgo the studentattributesassociatedo that state;andcanonly applythose
attributesto eachtaskresponseariable.Thusa studenin the“low competance$tatewould only
have thetoolsto respondcorrectlyto the third task;a studentin the “medium competancetate
could respondcorrectlyto all threetasksbut would requirea differentattribute for eachtask; a
studenin the“high competancestatecouldusea singleattributeto do all threetasks but thefirst
taskhasa twist thatrequiresan extra attribute. Somestatesof competancenight shareattributes,
but this would unneccessarilgomplicatethe figure. The restrictedlatentclassmodel of Haertel
(1989)andHaertelandWiley (1995)is similar in structureto this. Clearly, the low/medium/high
competancédabelson the threeknowledgestatesin Figure5 could be replacedwith lessjudge-
mentallabels,andthe samefigure would illustratethe modelingof multiple stratgjiesor statesof
knowledgethatareof roughlyequalworth for performingtasksin a particulardomain.

The“facets'modelsof physicsperformancef MinstrellandHunt (Levidow, HuntandMcKee,
1991; Minstrell, 1998) are similar to Figure 5, positingup to ten generallevels of competance
within eachof several areasof high schoolphysics;within eachcompetancédevel Minstrell and
colleagueshave cataloguet] “f acets”,which are specificskills or bits of knowledgethat may or
may not be sufficiently generalto explain a particularphysicalphenomenonThe large number

80r the presencef two differentstudentattributes,in which casethe proficieny variablescodethe strengthof
eachattributewithin the studentfor example.
9This useof theword “f acets”is completelyunrelatedo the lateruseof theword in structuringlRT models.
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Figure5: An exampleof a “multiple-stratgyies” assessmemnnodel.In this modela studentcan
bein only oneof threestatesof competanceWithin a stateof competancethe studentonly has
accesdo the studentattributesassociatedbo thatstate;andcanonly applythoseattributesto each
taskresponsevariable. Thusa studentin the “low competance’statewould only have the tools

to respondcorrectlyto the third task;a studentin the “medium competance$tatecould respond
correctlyto all threetasksbut would requirea differentattribute for eachtask;a studentin the

“high competance’statecould usea singleattribute to do all threetasks,but the first taskhasa

twist that requiresan extra attribute. Somestatesof competancenight shareattributes,but this

would unnecessarilgomplicatethefigure.
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of levels of competancandof studentattributeswithin levelswould make this modelunwieldy;
exceptthat datacollection throughtheir computerprogramDIAGNOSER provides very direct
evidencefor eachattribute andside-step$iding andcredit/blameproblems a point to which we
shallreturnbelow.

Also notethatwithin eachknowledgestatein Figure5 is a versionof the discreteattributes
model of Figure 1. Eachof thesediscreteattributesmodelscould be replacedwith ary of the
othermodelsof Figures2 (the multi-layereddiscreteattributesmodel),3 (theunidimensionalRT
model)or 4 (the multidimensionalRT model).Thisallows usto considerradicallydifferentways
of approachingroblemsFor example aversionof Yamamotas HYBRID model(e.g.Yamamoto
andGitomer 1993)mightaddafourth knowledgestatein whichthe studentreprestentatiowasa
unidimensionalRT model.Thus,studentsvho do notfit thelow/medium/highmixtureof discrete
attributesmodels mightstill follow anIRT modelin whichincreasinggeneraproficieny leadsto
moreitemsright. The IRT modelthusprovidesan interpretation(albeita cruderone)for atleast
someof the studentsvho don't fit the competang progressiorof Figure5.

A potentialdravbackof thestructuran Figure5 is thatit doesnotefficiently allow for changing
stratgy from onetaskto thenext; ratherit postulateshatstudentscometo theexam” with afixed
stratgy thatwill beappliedto all tasks A differentstructures requiredfor stratgy switchingfrom
taskto task;essentiallythe strategy selectionprocessodedby low, mediumandhigh competance
ontheleft in Figure5 would be replicatedwithin eachtaskor taskresponsepossiblydepending
on somefeaturesof the taskitself (sothat a studentmight selecta stratgy basedon which one
lookseasieffor thatparticularproblem.The mainchallengehereis notin constructinghe model,
which locally hasthe samefeatures—maype built out of the samebuilding blocks—asmodels
herefor example.Rather the challengeis to collect datathat would be sufiiciently informative
aboutstudentstratgy to make pertaskestimationof stratey realizable.

Fromastatisticaimodeling-tilding point of view thereis little differencebetweercontinuous
proficieny anddiscreteattributesrepresentationsepresentedby Figuresl through5 (seeSec-
tion 3.3 andequationg11), andespeciallyFigure8, below; seealsoMislevy, 1994),andindeed
therearemary assessmennhodelswhich represengradationsetweentheseextremes(seeSec-
tions 3 and4; aswell asRouss0s1994).The differencesarisefrom detailsaboutthe granularity
of the latentvariablerepresentation—foexample,a few continouslatentvariablesrepresenting
studentproficieny in IRT, vs. mary discretelatentvariablesrepresentingpecificskills or other
studentattributesin discreteBayesiametworks—andhe consequenassumptiongboutthe con-
ditional distributionsthatmake up themodels A goodstatisticianvould notchooseeitherof these
extremes—narnecessarilyarny oneof themodelssurweyedbelow in Sections3 and4, nor neces-
sarilyary particularoneof themodelssurneyedby Rousso0£1994).All of thesemodelsgive sharp
examplesof building blocksthatonemight combinein variouswaysto accomodatéhe specifics
of astudentmodel,assessmemiurposedataavailability, etc.in a statisticalmodelof assessment.
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2.2.3 Validity, Reliability, Granularity

Two touchstone®f traditionalpsychometricare validity, the extentto which we are measuring
what we intendto measureand reliability, the extent to which obsenable responsesre well-
determinedy underlyingstudentvariablegattributesor proficiencies)andcorverselythe extent
to which inferencesabouttheselatent studentvariableswould be stableif the assessmenwere
repeatedTheseconsiderationslo not disappeamwhenwe move to one of the non-IRT models
listedin Section2.2.2,but how we measur@andmanipulatehemwill changejustasthereliability
coeficient of classicatesttheoryhasgivenway to item discriminationin somelRT models.

DiBello, StoutandRouss0g1995)list four reasonghatan assessmemhodelbasedon anal-
ysis of tasksinto componenattributesof studentperformanceskills, bits of knowledge,beliefs,
etc.)maynotadequatelypredictstudentstaskperformanceThefirst two maybeatleastpartially
interpretedn termsof validity issuesStudentsnay choosea differentstrategy for peformancen
thetaskdomainthanthestratgy presumedby thetaskanalysispr thetaskanalysismaybeincom-
pletein that not all attributesrequiredfor task performancevere uncoveredin the taskanalysis
or incorporatednto the model. Thesearethreatsto a kind of constructvalidity, to the extentthat
they indicateareaswvherethe statisticalassessmemhodelmay not mapwell ontothe underlying
cognitive constructs.

The secondwo reasonsnay be interpretedat leastpartially in termsof reliability. DiBello,
StoutandRouss0$1995)saythatataskhaslow positivityfor a studentattribute, if thereis either
a high probability that a studentwho possessethe attribute canfail to perform correctlywhen
the attribute is calledfor (in this reportwe will call this probability a slip probability), or a high
probability that a studentwho lacksthe attribute canstill performcorrectlywhenit is calledfor
(we will call this probability a guessingfprobability). Otherunmodeleddeviationsfrom the task
analysismodel(concevedof asleadingto incorrecttaskperformancesuchastranscriptiorerrors,
lapsesin studentattention,etc.) are collectedtogetherundera separatecateyory of slips. Note
that both the phenomenorof low positvity and the separateslip categyory suggesthiding and
credit/blameproblemsfor example,if theguessingyrobabilityis high anda studentactscorrectly
whenthe correspondingttributeis calledfor, we do notknow if it wasdueto a“guess”or dueto
correctapplicationof the attribute.

A standardproblemin cognitve modelingis the granularity of the model. Discussiongrom
two differentbut complementaryperspectiescanbefoundin DiBello etal. (1995)andMartin and
VanLehn(1995).Both setsof authorsemphasizéhat, ultimately, grainsizeis or shouldbeafunc-
tion of the purposeof the assessmeng crudeillustration of this principleis givenin Section2.4
below. DiBello etal. (1995)point outthatfinerlevelsof granularitycanmake the modelunwieldy

19DiBello and Stoutwould probablyobjectto this terminology;correctperformanceby a studentwho lacksfull
masteryof a modeledstudentattribute may not be a guessat all: it may either be the applicationof an alternate
strat@y, or theapplicationof alessgeneralersionof theattribute,thatworksin thepresentase Similarly, incorrect
performancevhena studentpossessethe skill may not be dueto a “slip” or transientstudenterror relatedto the
attribute,but ratherto poorquestionwording,transcriptiorerrors,etc.
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for inference;Martin andVanLehn(1995)develop a Bayesiametwork-basedassessmerdystem
atamaximumlevel of granularityandthenprovide areportinginterfacethatallows a humanuser
to coarserthe granularityof the assessmemeportin fairly arbitraryways. Anotherproblemnot
explicitly addressedby theseauthorsis the limit of informationavailableto estimatemodelpa-
rametersas the granularitybecomediner. Thereare self-correctingmechanismsn ITS’s—and
perhapsn mary formative assessments—thatake the low reliability of inferenceghatoneob-
tainsin finely-grainednodelsmoretolerable:for exampleif a studenis giventoo high or too low
a scoreon a particularskill, the studentis sentto an inappropriatenodulethat he or shemight
quickly exit by performingthe skill at his/hertrue level. Similar low reliability is not tolerable
in higherstalesassessment§Ve shallreturnto the problemof weakinferencesn finely grained
modelsbriefly in Section2.3.

DiBello and Stoutview positiity and(in-)completenesasvaluablewaysto think aboutma-
nipulatingthegranularityof thestudentrepresentationdo increaseghegrainsizeof amodelbased
on acarefultaskanalysistherearetwo obviouschoices On theonehand,we candrop somestu-
dentattributesfrom themodel;thisleadsto incompletenesdVhetherthisturnsoutto beimportant
dependson how the purposeof assessmeris relatedto the attributesthat were dropped.On the
otherhand,we canmeigetogethersomeattributesinto a singlecoarsemttribute. This candegrade
positivity: if the componenattributesof the coarsemttributescanstill be acquiredseparatelyor
example thenfor tasksthatonly requireoneot two of thesecomponentshe “guessing”probabil-
ity will behigher Whetherthisturnsoutto beimportant,for examplein estimatiorandprediction,
dependon how large the “guessing’parameteturnsout to be,andon detailsfo the topologyof
the studentepresentatiorilhesemanipulationsareillustratedin the “unified model” of

DiBello, Stoutand Roussog1995)andDiBello, Jiangand Stout(1999),which incorporates
mostof themodelsreviewedin Section2.2.2asspecialcasesaswell asall of thenotionswe have
discussedhere,asspecialcases.

As discrete-attribtesandrelatedmodelsbecomenorecommonijt will benecessarto broaden
our notionsof reliability andvalidity. Thediscussiorheresuggestshatsomeaspect®f reliability
andvalidity maybetied up with modelgrainsize—ateastin discreteattributesmodelsthatallow
usto radicallymanipulategrainsize—irwaysthathave not beenobviousin the context of simpler
truescoreandlow-dimensionalRT models.

2.3 The Data

In the procesof selectinga studentrepresentatiofior an assessmergystemonemustalsocon-
siderwhatdataoneneedgo seein orderto makereliableinferencesn theframeavork of thestudent
representatiormndhow onearrangeso getthis data.

We begin with anillustration of a point thatwe have touchedon before,relatingsamplesize
to modelcompleity: themoreheavily parametrizedhe model,theheavier thedatarequirements.
We contrasttwo casesstandardunidimensionalRT modelsasillustratedby Figure 3 and dis-
creteattributesmodelsasillustratedby Figurel. Notethatthe samplesizethatmattershereis the



AssessmerflodelsandMethods draft of November30, 1999 23

numberof responseperstudentwhich affectsprecisionof inferencesboutstudenattributesand
proficienciesnotthe numberof studentsywhich affectsprecisionof estimate®f conditionalprob-
abilitiesfor the edgesconnectingattributesandproficienciedo data;in boththe IRT anddiscrete
attributescasest is assumedhatall of these‘edgeparametersareknown with certainty!.

Ontheonehand,awell-designedestof 25 binary (right/wrong)items,basednanIRT model
like that depictedin Figure 3, may be expectedto estimatea unidimensionalatent proficieny
variableto within 4-0.22 populationstandardieviations? nearthe middle of the proficieng distri-
bution,andto within about+0.31 standardleviationsneartheuppertail (Hambleton1989,Figure
4.18,p. 192). At +2.00 standarddeviationsthis represents variationof about+1.25 examinee
populationpercentag@ointsabove andbelow thetrue proficieny value;lesswell-designedests
might accomplishthis with roughlytwice asmary items(e.g.Lord, 1980,pp. 86—88).Hencethe
estimategosteriordistributionfor aproficieny parametewill be bothmuchtighterthanthe pop-
ulation (prior) proficieng distribution, andits meancanbe quite far from the population(prior)
mean.Thisis dueto the concentratiorof all of the students responselataon a singleproficieny
parameterOn the otherhand,a very plausibleBayesiametwork similar to thatdepictedin Fig-
ure 1, developedby VanLehn,Niu, Siler and Gertner(1998), relating 34 binary (right/wrong)
physicsitemsto 66 binary (present/absengttribute (skill) variableswasableto produceonly the
wealestinferencedor 46 of the 66 attributes;in particulartherewasverylittle differencebetween
prior andposteriordistributionsfor these46 attributes.

This exampledoesnot meanthatthe Bayesiametwork approachs hopelessbut it doesdrawv
attentionto the severelack of informationavailableto estimatgparameterg thesemodelsfrom a
sequencef moreor lessnaturally-occuringtemsscoredwrong/right. Thereareessentiallythree
approachet improving theinformationthatcanbe obtainedaboutindividualskills in thediscrete
skills models.

First,we cantry to increasegherichnessof theitem scoreswve assign Evenwhenthescoringis
binary, caremustbetakenthatthe“right” distinctionbetweerrightandwronganswerss madefor
exampleSijtsma(1997)shonvsthatwhenitemsonadevelopmentameasuref transitve reasoning
arescoredassimply aswrong/right,they have very low reliability'® within a unidimensionalRT
modelingframevork. Whenthe sameitemsarerescoredsuchthattheitem is wrong unlessboth
thecorrectanswelanda correctjustificationof theansweis provided,theitemsform avery strong
IRT scalethatreflectsa naturalincreasen compleity of thetransitve reasoningasks.

A moretransparentvay to enrichitem scoreds to scoreitemsinto morethantwo cateyories.
This nearlyalwaysimprovesproficieny estimatesn IRT models(Hambleton,1989,p. 158); an
early demonstratiorof this phenomenoris given by Thissen(1976). Todaya variety of item re-

11n practicethey neverare.SeeSection3.3andalsoAppendixB for somenotionsof how to incorporataincertainty
aboutedgeparametermto measuresf uncertaintyaboutstudentvariablegattributesandproficiencies).

12Theseare crude95% intervals for proficieng, basedon the informationfunction plot on p. 192 of Hambleton
(1989).

13Suggestinga problemwith multidimensionalityor atleastheterogeneityf respons@rocessicrossstudentsnot
unlike thatalludedto by Mislevy, 1994,p. 468
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sponsemodelsfor partial creditand unordereccateyoriesof responsexist (seeChapters2—9 of
vanderLindenandHambleton,1997)andarein use,especiallyfor more complex constructed-
responsatems. HuguenardLerch, Junler, Patz, and Kass(1997; seealso Patz, Junler, Lerch,
and Huguenard1996) apply an unorderedpolytomousresponsE IRT modelto an experiment
relatinghumanworking memory(WM) andotherfactorsto performancenavigatingahierarchical
audiomenusystem.They usethe unidimensionalRT proficieng variableto “f actorout” general
aptitudedifferenceamongexperimentakubjectsin orderto focusinferenceon how WM loads,
and other experimentalconditions,affect the variouswaysin which subjectscould fail to navi-
gateahierarchicabudiomenusystemfrom only 27 itemsadministeredo lessthan100subjects.
Similargainsmight beexpectedn well-designedliscreteattributesmodelsthattake advantageof
morethanwrong/rightscores.

A secondapproachto improving the information availableto estimateparametersn an as-
sessmentnodelis to make useof auxiliary information,i.e. informationoutsidethe (partial) cor
rectnes®r natureof errorin a studentstaskresponsedMislevy andSheehar{1989)discusshe
prospectdor incorporatingauxiliary informationinto estimatesf the conditionalprobabilities
thatrelatedproficienciego responses IRT models;andavery extensive conditioningmodelhad
beenbuilt for the National Assessmendf EducationalProgres§{NAEP) (e.g. JohnsonMislevy
and Thomas,1994) exists becauséhe auxiliary informationin the conditioningmodeldoesim-
prove ability distribution estimatesSomevhatmoredirectly, thereis ongoingresearchs focused
on usingresponsdateny to improve estimatef proficieny in computerizechdaptve tests,at
leastin domainsfor which speedf responsés important,basedn themodelof Roskam(1997).
Finally, it maybepossibleto querystudentglirectly, or examinetheirtaskperformancedopr infor-
mationthatmakesinferencesaboutstudentattributesor proficienciedessuncertainOneexample
of thisoccursin ITS’s (e.g.Anderson Corbett,KoedingerandPelletier 1995; Hill andJohnson,
1995)thateitherdirectly askstudentsvhatstratgy they arepursuing,or keeptrack of otherenvi-
ronmentalariableso helpdisambiguatstrateyy choicewithin a particulartaskperformance.

Anotherexampleis suggestedby cognitive constructvalidity studiessuchasthat of Baxter
Elder and Glaser(1996). Theseauthorsestablishthe validity of a numbercorrectscoreon the
ElectricMysteriesfifth-gradescienceperformanceassessmenby askingstudentsuxiliary ques-
tionsto elicit explanationf how anelectriccircuit works,andplansfor distinguishingamongsix
“black box” circuits by experimentationandby observingstudentstratgiesandself-monitoring
behaior asthe assessmemrogressedlhey shav thatlow-performingandhigh-performingstu-
dentspossesgualitatvely quite differentattributesrelatingto conceptualunderstandingbout
circuits, organizationanddetail of an experimentalplan, effectivenesof stratgy, and quality of
self-monitoringbehaior; andthey establisithatmiddle-performingstudenteachhave individual
mixturesof the low- andhigh-performancattributes.This is a verbaldescriptionof a modelnot
unlike thatof Figure5. Thevariouscompetancéevelsprobablycouldnot be estimatedaccurately
on the basisof total score(hnumberof circuits correctlyidentified),or even patternof rights and

HThatis, itemsscoredn severalcateyories,not justwrong/right.
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wrongs,alone,but Baxter et al.’s work directly suggestavhich additionalresponsevariablesto
collect—eplanation plan, stratgly andself-monitoring—todecrease¢he uncertaintywith which
we mightassignstudentgo eachof thethreeperformancer competancstates.

A third approaclto improving estimationof studentattributesis by careful“experimentalde-
sign” appliedto the assessmemtatacollectionprocessWe considertwo clearpossibilities.First,
carefularrangemenof tasksin a discrete-attrintesmodellik e that of Figurel may make it pos-
sibleto gatherenoughredundantnformationaboutall the attributesthatwe canmale inferences
aboutthe presenceor absenceof particularattributesdespitelocal hiding and credit/blameas-
signmentproblems;indeed,VanLehnet al. (1998) attribute strongand weakinferencesn their
experimentwith a discrete-attribtesproblemto exactly suchdesignissues.The algebraof task
and attribute dependenciedevelopedby Tatsuoka(1990,1995), Haerteland Wiley (1993)and
othersmaybe helpfulin thisregard,atleastin simplecasesin addition,in somedomainsjt may
evenbepossibleo generateéasks‘on thefly” to reduceour uncertaintyaboutwhethera particular
studentpossessethis or thatattribute.

Alternatiely, if the assessmens embeddedvithin a curriculumit may be possibleto ar
rangeobsenationssothatonly a smallportionof theassessmemhodelneedbe consideredt ary
onetime, and sothatthe datacollectedis directly andindependentlyelevantto eachof the few
studentattributesoperatingn thatportionof theassessmemhodel.Boththedetailedinformation-
processing-baseld S’s of Andersonet al. (e.g. Corbett,Andersonand O’Brien, 1995) andthe
elaboratemodelfor facetsof students’understandingboutphysicsof Minstrell (1998)involve
hundredsof studentattributes. Andersoniantutors managethe compleity by constrainingstu-
dentsto follow afairly narrav solutionpathon everytask;andcollectingresponsetor obsenable
subtask®f eachtaskthatarein one-to-onecorrespondenceith the underlyingstudenattributes.
Similarly Minstrell’s DIAGNOSER(Minstrell, 1998)asksstudentsapparentlythin questionghat
arelinked in a clever way to underlying studentattributes (“f acets” of understanding)DIAG-
NOSERasksonly multiple choicequestionsput eachoption'® is tied to a particularstudentat-
tribute:now notjust subtaskdut eachpossibleresponséo a subtasKmultiple-choicequestion)s
tied to the presence/absencd a studentattribute. Both approachegrovide very directevidence
for eachstudentattribute, thatsidestephiding andcredit/blameattribution problemsassuminghe
modelis correct®.

5Minstrell alsoincludesa “write-in” optionthatis nottiedto ary attributes,sothathe cancollectdatarelevantto
expandinghis modelof studentperformance.

16The Minstrell modelis essentiallya deterministioversionof Figure5 within eachproblem;theknowledgetracing
modeldescribedoy Corbettet al. (1995)is essentiallya versionof Figure 1 in which guessingandslip parameters
moderateotherwisedeterministiclinks beteveenattributesand responsesvith guessingand slip probabilities;see
Section5.1 below. They alsosimplify the modelin anapparentiyharmlessvay: it is assumedhat studentattributes
arepresenbr absent priori independentlyThis meanghatevenif the presencef oneattribute makesanothemore
likely, themodelsdo nottake thisinto accountthisresultsn somevhatlower certaintyaboutthe presencef attributes
thanwould be presenin the “complete” model,but it alsoresultsin greatlysimplified computationin additionthe
Corbettetal. (1995)modelsacquiringa skill overtime usinga latentMarkov learningmodel;seeSection5.1.
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2.4 Making and Reporting Infer encesAbout Students

It shouldbeclearby now thatthepointof view of thisreportleansheavily ontraditionalprobability
modeling.Thereareessentiallytwo reasongor this: first, mostof the modelsthatarerelevantfor
assessmeimirealreadyexpressedn the unifying languageof traditionalprobabilitymodeling;and
secondyulesfor updatingour inferencesandassessingincertaintyaboutinferences—especially
via Bayes'rule—enjq relatively widespreactoncensusibouttheir appropriatenesgndare me-
chanicallywell-understoodJamesoi§1995)suneys Bayesiametworksandtwo othermethodsof
updatingstudentvariablesgivendata:DempstetSchaferTheory(DST), andFuzzyLogic. These
lattertwo, especiallyDST, areintriguing potentialalternatvesto traditionalprobabilitymodeling,
but they provide neitherthe unifying framewnork within which to discussthe assessmemhodels
consideredn thisreport,nor the consensusn methodologythatwould beimportantin arny high-
stalesassessment.

A moreimportantissueto raiseis the fundamentabgranularityproblemimplicit in choosing
betweenan IRT style anda discrete-attribtesstyle studentrepresentationWe have seenabove
in the samplesizeillustrationin Section2.3 thatincreasingthe compleity of the modelin the
interestof cognitive validity can seriouslyreducethe power of the datato influenceinferences
aboutstudentvariables.This might suggesthata betterapproacho assessmentould beto use
a coarsesistudenimodel—perhapan IRT model—forformal inferenceaboutstudentproficieng,
andtheninformally mapthis proficieny onto a cognitive theory of performancen the domain.
This canbe done—BaxterElderandGlaser(1996)did somethindik e this, andwe will seemore
examplesbelov—nbut it alsohasa dravback,namelythatthe informal natureof the associatiorof
studentattributeswith levelsof proficieny makesit difficult to saywith certaintythata studentat
aparticularproficieny level doesor doesnot possesgarticularstudentattributes.

Supposeave have areasonablytrongtheoryof performancen the domainof fractionsin ele-
mentaryschoolmathematicghatcanbeencodedy adiscreteattributesBayesiametwork model
likethatin Figurel. Threeof theattributesare,in increasinglegreeof sophisticatio®’, the skills
“Informal useof theterm‘half’ 7, “Comparefractions”, and“Percentage”Let usidentify these
with Attributesl, 4 and5 in Figurel; Attributes2 and3 will simply representther“fractions”
skills thatdo notconcernour example.Sincethemodelhasanexplicit parametefor whethereach
studentpossessethe“Comparefractions”skill (Attribute4), we canreportfrom themodela spe-
cific posteriorprobability, for eachstudentthathe or shepossessethis skill; or, if the posterior
probability risesabove someagreed-upothreshholdsimply reportthatthe studentdoespossess
the skill. Additional evidencecan be obtainedaboutAttribute 4 by askingmore questionghat
dependonit, but evidencefrom questionghatdo not dependon this attribute doesnot affect our
inferencesaboutAttribute4 (Attribute4 is independentf all otherattributesandresponses this
Bayesiametwork, exceptfor responsethatareits descendantseePearl,1988,p. 120).

17The orderof theseby sophisticatiorprobablydependon the mathematicgurriculumto which studentsare ex-
posed] canimagine‘Percentagebeingaless-sophisticateskill, with theaid of ahandheldtalculatorthan“Compare
fractions”,for example.
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Figure 6: Scalingitemsand studentattributeson a unidimensionalRT scale,asin Mastersand
Forster(1999)andDrangy, Pirolli andWilson (1995);this diagramis a greatlysimplified version
of Figure2 of MastersandEvans(1986,p. 262). The vertical axis represent®oth studentprofi-
cieng/ anditem difficulty (moreproficientstudentsandmoredifficult itemsarelocatedhigheron
the scale). Whenthe item setis carefully constructedhis canrevealan increasingprogressiorof
sophisticatiorof domainunderstandingr increasingaccumulatiorof attributesrequiredto solve
the items, at leastfor populationsof studentssharinga commoncurriculum. The studentprofi-
cieng distribution canbe plottedon the samescaleto indicatewherea populationof studentdies
with respecto theitems;or a singlestudents proficieny canbe plotted,alongwith anindication
of whichitemsthe studenigotwrongor right, asa kind of diagnosticscreen.
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Comparethis with fitting a unidimensionalRT modelto the samedata,anddisplayingthe
itemsandthe primary studentattributesuponwhich they dependpn alinearscaleasin Figure6;
suchadisplayhasbeenadwocatedoy Mastersandhis colleaguedor sometime (e.g.Mastersand
Evans,1986; Dranegy, Pirolli andWilson, 1995; and Mastersand Forster 1999). Whenthe item
setis carefully constructedthis canreveal anincreasingprogressiorof sophisticatiorof domain
understandingr increasingaccumulationof attributesrequiredto solve the items, at leastfor
population®f studentsharingacommoncurriculum.Thus,in generalstudentsvhoseproficieny
is near300for example have abouta12%chanceof gettingitem 3 correcta50%chanceof getting
item 2 correct,anda 98% chanceof gettingitem 1 correct.This is a statemenaboutpopulations
of studentghough,notary particularstudentWe couldbe ascertainaswe lik e thatthe students
proficieny scorewas 300'*—andwe will not know whetherthat studentactually possessethe
“Comparefractions”skill; we have to go outsidethe IRT modelto assesshis, for ary particular
student.

This is not to saythatthe graphicaldisplay of Figure6 is uselessindeedit may work quite
well on anumberof levels,asbotha communicatiordevice andasakind of diagnosticscreenin
mary assessmeisettingst mayonly befeasabldo reportnumbetright or asimilargrossmeasure
of proficieny to a particularaudiencea displaylik e Figure6 allows usto communicatevhata
studentwith eachpossiblenumbefright scorecanbe expectedto do, muchasNAEP achiezrment
levelstry to accomplisithis interepretatiorof NAEP scoresAs a guideto instruction,Figure6 is
usefulalso:ateachemight askto plot the proficieny distribition of his or herstudentge.g.asa
rotatedhistogram)Qnthesamescaleto getanideaof whatskills have beenlearnedandwhichones
bearfurtherteaching A singlestudents proficieny scorecanbe plotted,alongwith anindication
of whichitemsthe studentgotwrongor right, asakind of diagnostidool: If thestudents scoreis
340andhe/shegyotitem 2 wrong,theteachemight probethe studendirectly abouthis/herfacility
with comparingfractions(i.e. go outsidethe IRT modelassuggeste@bove, whichis not difficult
in the classroom!)Or, severalsuchplots might be comparedside-by-sideto mapthe progressof
studentghrougha curriculumvia several equatedestsgiven at variousintervals throughoutthe
curriculum.The centralpoint, however, is thatdespiteits usefulcommunicatiorvalue,plots such
asFigure6 arenot directly usefulfor assessinghe presencer absencef discreteattributesin
specificstudents.

Anotherexampleof the samekind of communicatioranddiagnosticscreeninglisplayis the

18 Mischieviously, we couldaccomplistthis by addingmary moreitemsof lessersophisticatioranddifficulty than
Item 2—say itemsnearltem 1 for example.The unidimensionalRT proficieng/difficulty scalelinks performance
on theseitems unrelatedto the attribute “Comparefractions” to a proficieny estimtate“near” that attribute. Such
mischiefis impossiblein the discrete-attrintesBayesnetwork modelof Figure 1, sinceas notedabove “Compare
fractions” (Attribute 4 in the figure) is stochasticallyndependentf everythingin Figurel exceptfor responsethat
areits descendantm the graph.The fundamentaproblemthat the mappingmappingof discretestudentattributes
ontothe IRT proficieng/difficulty scaleis anexampleof the well-known problemin IRT of mappinga multidimen-
sionallatentspaceontoa unidimensionabne:mary combination®f valuesin themultidimensionaspacecorrespond
to the sameunidimensionabroficieng/difficulty value; no uniqueinferencefrom the unidimensionakpaceto the
multidimensionakpacss possible.
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Figure 7: Clusteringof examineedn Tatsuokas (1990,1995)rule spaced is a unidimensional
IRT-basedstudentproficieny variable.( measuresnisfit of eachstudents patternof rights and

wrongsto the IRT model; ( is sometimescalled a “caution index”. On the basisof a carefula

priori analysisof studentattributesneededo producevariousanswerson testitemswe canfor

exampledistinguishgroup A from group B (which areindistinguishableon the basisof 6 alone)
onthebasisof differing correctandbuggyrulespossesselly studentsn eachof thesegroups See
Tatsuoka(1995, Figure 14.5,p. 350) for a detaileddescriptionof variousexamineesknowledge
statedasedn thistype of analysisappliedto SAT-M items.
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rule-spaceepresentationf Tatsuoka(1990,1995). Thefirst ingredientof this representatiors a
carefulandcompleteanalysisof correctandbuggyrules,or attributes,underlyingstudentperfor
manceon a setof itemsthatareintendedo befitted with a unidimensionalRT model,including
ananalysisof dependenciesetweertherules.Thesecondngredientis ameasuref thefit of each
students answerpatternof wrongsandrightsto the IRT model,sometimesalleda cautionindex
in this literature;the closerto zerothe cautionindex, the betterthe fit of the students response
patternto the IRT model. Eachstudentis thus assignedan estimatedproficieny valuef anda
cautionindex value(. All students’(#, ) pairsareplotted,asin theschematid=igure7; thef x ¢
plotis calledarule-spacelot; clearlyit is akind of residualplot for the IRT model.

Usually the studentclusterin someway in rule spacejn the figure we canseethatthereare
five clusters.Roughly speakingwe now examinethe responseatternsfor the studentsn each
cluster to seewhat combinationof learnedand unlearnedcorrectand buggy rules accountfor
mostof the answerpatternsn eachcluster In Figure7 all the clustersare alreadydistinguished
by their 8 (proficieny) values,exceptfor the clusterslabelledA andB; the IRT modelassignsa
subsef the clusterB proficienciego clusterA; the two clustersareinitially only distinguished
by their cautionindices.lt is alsolikely that a differentcombinationof correctandbuggy rules
explain the responsepatternsof studentsn the two clusters;thusthe rule-spaceplot shavs how
answelpatternresidualsrom a corventionalunidimensionalRT modelcanexhibit considerable
structurewith respecto putatie skills underlyingthe exam problemshemseles.

The rule spaceplot can be corvertedinto a linear display analogougo to figure Figure 6,
exceptthat only groupsof studentattributesand not tasks/itemsarerepresentedrigure 14.5 of
Tatsuoka1995),for example,shavs frequentknowledgestateggroupsof learnedandunlearned
attributes)correspondingo proficieny scoreson a form of the ScholasticAptitude Test (SAT)
MathematicEExam.As with Figure6, boththerule spaceplot andthe reducedolot shoving only
knowledgestatescorrespondingo variousproficieny levelsaremappingsof a high-dimensional
space—thespaceof learnedand unlearneddiscreteattributes—ontoa one- or two-dimensional
spaceMany combinationsof valuesin the high-dimensionaspacecorrespondo the sameone-
or two-dimensionakpacelocations;henceno uniqueinferencefrom the unidimensionakpace
to the multidimensionalspaceis possible.For this reason,neither Masters methodof scaling
attributesontoa unidimensionalRT scale nor Tatsuokas rule spacenethod allow directmodel-
basedassessmemf presence/absenoéattributeswithin studentsSuchdirectassessmentgain
requireusto go outsidethe unidimensionalRT frameawork.

The fundamentaproblemwe have illustratedin this subsectioris thatthereis a tradeof to
be madebetweerfitting a modelwith too fine a granularity degradingthe quality of inferences;
vs. startingwith a modelthatis too coarseto allow formal inferencesaboutstudentattributesof
interest.Thecoarsemodelsdo allow a kind of informal, associationaihferencego bemade,and
dependingon the purposesf assessmerthis may be exactly whatis requiredfor reporting,or
entirelyinadequate.
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3 SomeBasicStatistical AssessmenModels

In this sectionwe provide a brief overvien of the kinds of technicalspecificationghat might

underliethe modelssureyedin Section2. The modelsaretreatedin roughly the sameorderas
Figuresl throughd: In Section3.1wetreatsomesimpledeterministiandstochasti®ayesiamet-
worksfor discretevariablesthenin Section3.2we developsomebasicitemrespons¢heory(IRT)

models.Finally in Section3.3 we indicatehow thesemodelsarereally “the same”,asalternate
specificationof a two-way hierarchicalmodelingframevork. Unlessotherwiseindicated,both
taskresponsevariablesand studentattribute variablesare binary (wrong/righttaskresponseab-
sent/preserdttribute). This simplifiesthe exposition;it doesnt represenafundamentalimitation

of themodelsandmethodsdescribedhere.

It is corvenientto think of theraw respons@lataasan N x J matrix

X X - Xy

Xo1 Xoo -+ Xy
X = [X;] = : : .. :

Xnv Xno -0 Xpyg

In practicesomeof the responsesX;; may be missing,in all the usualwaysthat item response
datacanbe missingin assessmergroblems;for easeof expositionwe treatsuchmissingnessis
irrelevantto our purposefactorsin modelscorrespondingo missingdatawould simply beomitted
from therelevantequations.

3.1 Two Simple Discrete-Attrib utesModels

A reasonabl@laceto starttheassessmemhodelingproblemis with alist of J items,andallist of
K studentattributes,to which we attribute mostof the variability in students'taskperformance.
Dependingnthenatureof theassessmentheitemsmaybewholetasksor they maybesubgoals
nestedwithin a collectionof M > J tasks.For simplicity of discussiorhowever | will referto
themastasks(so M = J).

3.1.1 A Deterministic AssessmenModel

Marny modelsthat relatetask performanceo presenceor absenceof studentattributesfeature
somethindik e the Q-matrix (e.g. Tatsuoka1990,1995),which we will write asa J x K matrix
Q@ = [gjx] of 0’'sand1’swith entries

1, if attributek is requiredby task

9k =9 0, if not (2)
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(thisis actuallythetranspos@f the matrix () that Tatsuokausesput it is morecorvenientfor our
expositionto write it lik ethis). Recallfrom equation(1) in Section2.2.2thatthe@ matrixencodes
thedependencies a bipartitedirectedagyclic graphsuchasFigurel.

While the -matrix doesnot captureall of the structurewe may be interestedn—( treats
the studentattributesin a flat, non-time-orderednanney andtheremay be both hierarchicaland
time-orderstructuren theattributesasthey areappliedto, or becomeelevantfor theperformance
of, a task—itis a usefulbookkeepingdevice. The basic@-matrix idea—theincidencematrix of
a directedagyclic graph—carbe extendedto accomodatdayeredmodelsasin Figure 2, multi-
stratgy modelsasin Figure5 andothercompleities.

It is worth noting that the expressionof the @ matrix is in termsof attributesrelevantto the
tasks,but for the purpose®f assessmemhostof the attributeswould be thoughtof asresidingin
thestudentg.g.skills, beliefsandbits of knowledgeacquirableby the studentandthe purposeof
theassessmeis in factto figure out which of thesethe studenthasacquired Oneway to express
this is to defineanothey possiblytime-dependentnatrix A(t) = [ax(t)] of dimensionN x K
(whereN is thenumberof students)with elements

__ ] 1, if attribute k is presenfor student attimet
aik(t) - { 0’ if not (3)
Note that g; ] g1, - --,4;x] lists all the attributesthat are requiredfor task j and «;(t) def

[a;1(), ..., ;i (t)] lists all the attributesthat studenti posessedf we now denotesuccessor
failureof taskperformanceattimet as

Xii(t) = 1, if student performstask; successfullyattimet
VA0, if not

asimpledeterminsitiomodelof taskperformancevould posit

3 . 1, If ij S Oéik(t) V k
Xig(t) = { 0, if not (4)

thatis, X;;(¢) = 1 whenall theattributesneededor task; arepresenfor student attime?.

Most of the assessmemhodelsthat we will discussare one-timeassessmen&ndhencethe
time dependencwiill often be suppresseth whatfollows; it will really only arisein discussing
theknowledge-tracingnodelof Corbett,AndersorandO’Brien (1995),in Section5.1.

3.1.2 A Simple StochasticAssessmenModel

The modelwe presenthereis essentiallyidenticalto the conjunctve Bayesiannetwork (“noisy
AND-gate” model)investigatedy VanLehn Niu, Siler, andGertner(1998),anddiscusse@bore
in Section?2.3;it canalsobeconsidere@dsaone-timeversionof theCorbett AndersorandO’Brien
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(1995)model.Thismodelcanalsobe connectedo multidimensionahoncompensatoMRT mod-
els, sinceit is interpetableasa simplified versionof Embretsors (1985) multicomponentatent
trait (MLTM) model, which we alludedto in conjunctionwith Figure 4, p. 17, and which we
discussagainbelow in Section4.2. Define,exactly asin Section3.1.1,

Xi;; = 1lor0 indicatingwhetheror not student performedask; correctly

gjr = 1or0 indicatingwhetheror nottask; requiresattribute &

o, = 1lor0 indicatingwhetheror not student; posesseattribute &

Cij = Ik gpu=1 ik indicatingwhetheror not student: hastheattributesneededor task;
s; = P[X;; = 0[&; = 1], aperproblemslip parameter

g; = P[X;; =1|&; = 0], aperproblemguessingarameter

Thebasicresponsenodelis

PlXy=1|¢s.8] = &i(1—sj)+(1—&))y;
= (L-s)fg " 5)

andsofor the entireexamineedy tasksmatrix X = [z;;] of taskresponsesye have'?

1—x;;

PlXIgs gl = TTTI[0 —s)%g @] [1-(1—s,)8g;7%]
t ]
= TITL[(—sp)7s)]" [g77 (1 = gp)i=s] ©

Notethatthe¢;; in this modelis definedin termsof theg;;'s anda;;,’s exactly as X;; wasdefined
in the deterministicmodel (4) above, only now &;; is a “latent response’{Maris, 1995):it is the
functionthatcombinesattributesconjunctvely for eachobserableresponseariableX;;. Thegoal
is to try to estimatethe a;;,’s, or more preciselyP[«;, = 1], from the task performancedata. A
conceptuallyeasyestimationmethod,and somenoteson the sensitvity of estimatecbarameters
to variationin thedata,arerecordedn AppendixB.6. Readerdamiliar with itemresponseheory
will alsonoteaformalsimilarity betwenthelik elihood(6) andthebasicjoint likelihoodof anitem
response¢heorymodel,which we discussext.

3.2 Item Responserheory

Item responseheory (IRT; e.g.van der Linden and Hambleton,1997) is not a “theory” in ary
scientificor mathematicatenseput rathera psychometrianodelingtradition, muchasdiscrete-
nodeBayesnetworksareamodelingtraditionin Al; indeed bothIRT anddiscreteBayesnetworks

9This formulation assumeghat tasksare conditionally independentas in Figure 1. More generaldependence
structuresnightreplaceEquation(6) a Bayesiametwork model,for example.
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canbeviewedasspecialcase®f thehierarchicamodelingframewvork describedn Sectionl. IRT
typically employs alogistic responsdunctior??
1

1+ exp(—t)
to relatetaskperformanceX = 0 or 1 asin Section3 with acountinuougpredictort. Thepredictor
¢ is usuallydecomposethto (atleast)afixedeffect 3; for task;j andarandomeffect; for student
.t = 0; — ;. Thusastudents“ability” ¢; competesvith the“difficulty” of thetaskp3; to biasthe
probabilitythatthe taskwill be performedcorrectly Theseareall fairly standarduilding blocks:
a statisticianlooking at IRT will seemixed-efectslogistic regressiona computerscientistmight
seeaneuralnetwork with a sigmoidalrespons@nda particularlysimpletopology

ThelRT modeljustdescribed,

P(X = 1]t) =

1
7
I+ exp(=[6: = ) @
is calledthe Rasch(1960)modelor the one-parametdogistic (1PL) model. Thereis alsoa 2PL
model

P[X;; = 110;, 8;] =

1
(8)
1+ exp(—a;[0; — 5;])
reflecting differential sensitvity of task performanceo student“ability” throughthe so-called
“discrimination” parameter;, anda 3PL model

P[X;; = 1|6, a4, B;] =

1
9
T+ exp(—olf — 5)) ©
incorporatingaparametefor guessindehaior similarto thatof our stochasti«) model,equation
(5). Thesemodelsalsomake a conditionalindependencassumptiorik e equation(6):

P[X;; = 116;, 95, ), Bj] = g5 + (1 — g;)

N J
P(x|8,....08] = [T II PIXij = il6;, ..., ;] (10)
i=1j=1
Many moredetailsandvariationscanbefoundin therecenteditedvolumesby FischerandMole-
naar(1995)andvanderLindenandHambleton(1997).

ParametridRT, assurneyedfor examplein theeditedvolumesof FischerandMolenaar(1995)
andvanderLindenandHambleton(1997),is awell-establishedyildly successfustatisticaimod-
eling enterpriseIRT modelshave greatly extendedthe dataanalyticreachof psychometricians,
social scientistsand educationaimeasuremengpecialistsParametriclRT models,extendedby
hierarchicamodelingandestimationstratgies,make it possiblein principleandin practiceto in-
corporateauxiliaryinformationin theform of covariatesandotherstructurefo improveinferences
aboutbothitemsandstudentsMany violationsof the basiclocalindependencassumptiorof IRT
modelsarein factdueto unmodeledeterogeneitpf subjectanditems,thatcannow beexplicitly
modeledusingthesemethods.

20Thoughothersigmoidalfunctionsarealsoused thelogistic is mostcommon.
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3.3 Two-Way Hierar chical Structure

As we saw in Section2, IRT modelsanddiscreteattributesmodelsarebothinstance®f Bayesian
networks. We shall seebelav thatthey arealsoboth instanceof the samehierarchicalmodeling
framework; this commonframework lets us think aboutmodelingandestimationissuesfor both
kindsof model;in factit alsoletsusthink aboutmixing andmatchingvariousmodelcomponents
to developmodelsthatarewell-tailoredto a specificassessmeisituation(seee.g.PatzandJunler,
1999b for anexampleof this).

Becaus®f thetwo-waylayoutof thedatain theraw responselatamatrix X' = [X;;]—students
1 by assessmemasksj—thehierarchicaframavork for thesemodelsalsohasatwo-way structure.
This two-way structurewas suppressedh the examplesin Section2.2.2to focus attentionon
accumulatingdatafor inferencesaboutstudentdbasedon assessmertask performancebut it is
alreadyevidentin thedouble-products equationg6) and(10).

Thegeneraframevork for statisticalassessmemhodelsis athree-level, two-way hierarchical
structurefor N individualsandJ responseariableswhichwe depictinitially in termsof notation
thatis similarto theIRT modelnotation;seeFigure8. Thefigureemphasizethatthemodelis built
outof conditionalprobabilities(or conditionaldistributions),representetly edgesn thegraph,at
threeor more“levels”, successiely fartherfartherfrom theraw taskperformancelata represented
by labellednodesn thegraph:

First Level: At level one, obsenrable task responsevariablesX;; summarizingstudent:’s re-
sponseto task (or subtask)j follow distributions p(X;;|0;, 3;) determinedby studentat-
tribute parameterg, andtaskfeatureparameterss;, for all students = 1,..., N andall
tasksj =1,...,J.

SecondLevel: At level two, studentattribute parameterg, follow distributions f;(6;|\f); task
featureparameters; follow distributionsg;(5;(A).

Thesedirsttwo levelsrepresentheformulationof abasicBayesiamrmodelfor thetaskperformance
data,with alikelihood

N J
IT II »(Xi519:, 8;)
i=1j=1

for the datafrom level on€’!, andprior distributions

N J
IT fi(8:[A;) and TT g4(8;120)
=1 j=1

from level two, to represenbur uncertaintyaboutthethelik elihoodparameters.

The“twoway” structureof themodelcanbeseerbeginningatlevel two (andcontinueghrough
level threeandhigher):thereis a separatsetof parameter§; for studentattributesand; for task
features. -

21 Notethe similarity to both of equationg6) and(10).
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37 Level:
Ap ~ dr(A) Strategies,

; ~ f:(8])\;) / \ Groups,etc.
2nd |evel:

. . N Student
\ /N\\ /N \\ Attributes

. oy . 1% Level:
Observable

TaskResp.
Variables

2md | evel:
Task
Featues

34 Level:
TaskGroups,
Testing
Cond’'ns,etc.

Ag ~ ¢g()‘)

Figure8: A three-leel hierarchicaBayesview of mary of themodelsin this report,describedn
equationg11). Both traditionalIRT modelsand“discreteattributes”modelsof Figuresl through
4 arerepresentedmultiple stratgyy modelssuchasFigure5 canbe accomodatedswell. A @
matrix relatingstudenattributesto tasksdeterminesiow coordinate®f §; arerelatedto tasksX;;.
A possiblydifferentQ-matrix relatingtaskfeaturego tasksdeterminesiow coordinatesf 3; are
relatedto eachtask X;;. Seetext in Section3.3 for details.This figure is essentiallyidenticalto
thatof Mislevy (1994,p. 462).
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Third Level (and higher): At level three (and possibly higher levels), alternatestudentstrate-
gies,differentialperformanceamongvariousgroupsof studentsetc.,aremodeledwith the
parameters ; and\, whichthemselesfollow distributions¢ (), ¢4(A).

Thusthehierarchicamodelis akind of Bayesiametwork. Theexpressiorof themodelin termsof
conditionalprobabilitydistributionsis away of expressinghefactthatpredictionof X from § and
(3 is uncertainandalsopredictionof # and from the A's is uncertain.Inferencefrom obsenred
datato likely valuesof §’s ’s, etc.is via Bayes'rule. For easeof referencdater, we recordthe
hierarchicamodelingstructurecompactlyasfollows:

Firstlevel: Xii o~ p(XU‘Q“gJ)7
1=1,...,N;7=1,...,J

Secondevel: ¢, ~ fi(6|)\;), eachi

B; ~ gj(é‘)‘g)a eachy

> (11)

Third level: )\f ~ ¢f()\f)
)‘g ~ ¢9(Ag)

7

Distributionalassumptionsit thefirst level, p(X;;|0;, 3;), determinewhetherthe modelis anIRT
model,a“discreteattributes”model,or somethingelse.For example,

¢ In atraditionallRT model,theonly studenttributed; is acontinuous'generalproficieny”
variable,or possiblyasmallcollectionof continuousroficieny variablesasin multidimen-
sionallRT modelsandtaskparameterg; typically codefeaturessuchastaskdifficulty and
discrimination(sensitvity to changesn §); seefor exampleequation(8). As a description
of IRT modelshis diagramis equvalentto Figure8 of Mislevy (1994,p. 462).

¢ In a“discreteattributes” modelemphasizinghe individual acquisitionof mary distinctat-
tributesand piecesof knowledge,f; is replacedwith the vectorof binary (say) variables
(ev1, - . ., ;) indicatingthe presencer absencef eachof thesedistinctattributesin stu-
dent:. 3; mightcodetaskfeaturesuchasguessingndslip parametersor the 5t item; see
for exampleequation(5).

We seeagain,as pointedout in Section2.2.2,thatthe principal differencedbetweenBayesnet-
worksandgenerallRT modelsis in granularityof representatioand particulardistributional as-
sumptionsnothingmore.

The secondandthird (andhigher)levels canbe usedto imposeconstrainton the first level
parametersand latent variable,incoroporateother covariatesinto the model, etc. For example,
in the “discreteattributes” model—andin the multidimensionalRT modelsdiscussedelov—
relationshipsetweerstudentattributes/proficienciesyhicharecoordinate®f §,;, andtasksmight
becodedby a ) matrix.
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Displayingassessmemhodelsasin Figure8 makestherole,anddemandsof thetaskparame-
tersf; asvisible asthestudenattributeparameters;. We seeimmediatelythatvaluesarerequired
for theﬁ in orderfor the modelto work. Estimationmethodghatsimulataneouslybtainj; and
B, arebrlefly describedn AppendixB. It is |mmed|atelyobv|ousthatmformatlonobtalnedrom
the X,; mustalwayspropagateup the brancheof bothtrees;spreadinglataout lik e this leadsto
greateruncertaintyin studentatttribute estimationfor example(sincesomeinformationhadto be
“spent” ontaskparameteestimation)ln mary situationswe “plug in” valuesfor thetaskparam-
etersf, basedon guesswrk or previous assessmemtata.This canartificially reduceuncertainty
aboutproficieny estimatessinceall the informationfrom observingX;; will thenpropogateup
theattributessubtree.

4 Extensionsof the BasicModels

In this sectionwe surwey afew waysin which the basicmodelsdescribedn Section3 have been
extendedfor usein cognitively richer assessmergettings,both to give a feeling for the variety
of modelchoicesthatexist andto suggestmary areasof commongroundbetweerthe models.A

morecompletesurwey of suchmodelsis providedby Rousso$1994).

4.1 The Linear Logistic TestModel

The Linear Logistic TestModel (LLTM; Scheiblechnerl972;Fischey 1973) placeslinear con-
straintson the taskdifficulty parameterg; in the Raschmodel:

1
L+ exp(—[6: — 5]

P[Xi; =16 8] =

wherethevectorg is linearly constrainedy

ngl :QJXK%KXI (12)
andtheentriesg;;, of the“bookkeeping’matrix ) are

1, if attributek is requiredby task;j
Gk = { q y J (13)

0, if not

Theattribute canbea cognitive skill, a surfacefeatureof theitem, etc. (e.g.FischerandMolenaay
1995; Drang et al., 1995; Huguenardet al., 1997; Embretson,1995a;1995b;1999). Thustask
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difficulty parameterg; have thelinearstructure

3 oy
2 Yo
| =R . (14)
Br-1 '
ﬁ] wK

where() is anappropriatelesignmatrix of full columnrank,to reflectdependencidsetweentems
dueto commonitem featuresNotethatthis useof the@ matrixis equialentto specifying(linear)
constrainton 3; throughits prior distribution g; ().

This model andits variousgeneralizationge.g. Glas and Verhelst,1989; Patz and Junler,
1999b)continuego beusedior psychologicaéxperimentsvith multiple outcomegpersubjecte.g.
FischerandMolenaar 1995andthe referencesherein)andfor researchn cognitvely-motivated
testdesign(Embretson1995a,b;1999). Recently Embretson(1999) hasalso beenapplyingan
LLTM-lik e decompositiorto item discriminationsin a 2PL model,to explore variationin item
discriminationwith increasingognitiveload,againwith aneye towardtestdesign A conceptually
straightforvardmethodof estimatiorfor theLLTM model(aswell asfor thebasic2PLIRT model)
is consideredriefly in AppendixB.4.

By itself, the LLTM cannotdirectly provide a vehiclefor cognitive diagnosisor assessment,
sincethe studentparametep); is unidimensionaland cognitive descriptionsof performanceare
invariably multidimensionalKeepingthis in mind, we now turn to somebasicmultidimensional
IRT models.

4.2 Modeling Multidimensional Proficiencies

Researchin multidimensionallRT modelshasconcentratedn two extremes:“compensatory”
modelsin which differentproficienciescombinelinearly, so that a lack in one proficieny may
be madeup with anexcessin anotherproficiengy, and“noncompensatoryinodelsin which each
obsenableresponseaepresentshe conjunctionof several subprocessethat individually follow

unidimensionalRT models.

4.2.1 Multidimensional, CompensatorylRT Models

Compensatorynodelsareobtainedoy replacingtheproficiengy variabled in aunidimensionalRT
modelwith anitem-specificknown (e.g.Embretson1991;Stegelman,1983;andAdams,Wilson
andWang,1997)or unknowvn (e.g.Reckase1985;Wilson, Wood andGibbons,1983; Fraserand
MacDonald 1988;MurakiandCarlson,1995)linearcombinatiorof componentg;, 6, +- - -4-a;404
of ad-dimensionalatenttrait vector For examplein thedichotomousesponsease

P[XJ = 1‘01, .. .,Hd] = P(aj101 + -+ ajdﬁd — ﬂj),
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where P(t) might be the logistic function from Section3.2, or a probit responsdunction, etc.
Béguinand Glas(1998)sunwey the areawell andgive an MCMC algorithmfor estimatingthese
models;GibbonsandHedeler (1997)pursuerelateddevelopmentsn biostatisticabndpsychiatric
applicationsseealsoAckerman(1992,1994).Whenthe o, areknown, thisis akind of additve
or disjunctive Q-matrix decompositiorof examineeproficiencies.

Estimatingthis modelwithout firm constrainton the parametevectorsa; = (a1, . . ., a;q4) IS
tantamounto performingan exploratoryfactoranalysison the logits of the succesgrobabilities
of the 0/1 data.X;;; exploratoryfactoranalysisis alreadya difficult andunstableproblemwhich
is only exacerbatedy the indirect connectionbetweenthe dataandthe parametershroughthe
logistic function P(t). Whenthe ¢; aresuitably constrainedhe modelseemdo be morestable
to estimate and several articleson estimatingthe more constrainedrersionof this modelusing
MCMC methodssimilar to thoseoutlinedin Appendix B.4 are making their way throughthe
journalreview procesgresently

Anothergeneralizationthathassomeutility wouldbeto addto themodelin whichthea;;, were
known, a (perhapslifferent)QQ-matrixdecomposiiomf thedifficulty parameterg; alongthelines
theLLTM, thus:

t=0;—fBj=2a;-0i—q;- ¢

wherenow §; is a d-dimemsionalvector of (say) attribute-specificcontinuousabilities, and a;
is a d-dimensionalectorof known constantgusually0’s and 1's, analogousliyto the ) matrix)
indicatingwhich coordinatef ¢; areinvolvedin performingtask ;. Adams,Wilson andWang
(1997)refer to this generalmodel(or actuallya polytomousgeneralizatiorof it) asthe multidi-
mensionarandomcoeficientsmultinomiallogit model(MRCMLM), provide an E-M algorithm
for estimatinghemodel,illustratesomeusefulspeciakcase®of themodel,anddemonstratseveral
dataanalysewith it. A specialcaseof this model,thataddsdimensiongo ¢; to accountfor pre-
test/post-tegperformancelifferenceshasbeenproposedndusedoy Embretsor{1991).A further
elaboratiorof the MRCMLM model,calledM?RCMLM, allows for mixing over bothLLTM-lik
item difficulty decompositiongnd over variouscompensatorgcompbinationsof studentprofi-
cieng variablesijt is beingdevelopedby Pirolli andWilson (1999)asa generalstochastianodel
for cognitive assessment.

All threetypesof multidimensionalRT modelsrepresenteal computationahdwvancesand
have applicationsin more traditional educationabssessmerdand educationakuney settingsas
outlinedby Ackerman(1992,1994)andAdamset al. (1997).As modelsfor cognitively-relevant
assessmenthey asseraratherdifferentrelationshipghantheconjunctve discreteattributesmodel
of Section3.1.2 or the noncompensatorjRT modelsto be discussechext. The “cognitive at-
tributes” parameterg, enterthe modelcompensatorilythatis, a low valuein one coordinateof
#; canbe compensatedor by a high valuein another perhapsyielding a fairly high probabil-
ity of successfutaskperformancesventhoughoneattribute componenivasquite low. Whether
this compensatoryelationships “right” for agivenassessmermtependss of courseanempirical
modelfit issue.
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The compensatoryelationshipjust describechassomeof the flavor of “multiple strategies”
where,if onestratgy is absent(low valuefor that coordinateof §;) anothermore fully-learned
stratgy (highervaluefor that coordinateof §;) cancompensatéor it. But thereis no attributes
model underlyingthese“strategies”—justorderedvaluesfor coordinatesf #;. A more general
approactio multiple strategieswill beconsideredelow.

4.2.2 Multidimensional, Non-CompensatorylRT Models

An alternatve to the compensatorynodelsof the previous sectionis suggestedby inspectingthe
definitionof ¢;; in Section3.1.2above. Given an analysisof tasksinto attributeswhich mustbe
presenin conjunctionin orderfor thetaskto be correctlyperformedwe might positvariables

D if student executesacorrectbehaior whenattribute £ is calledfor onitem j;
Wk =1 0, if not
whichthemselesfollow alogistic IRT modelwith respecto a attribute specifictrait 6,
1
1+ exp[— (6 — Bjr)]’

say(of courseothermodelsbesidesheRaschmodelarepossiblenere).If theY’sareconditionally
independengiventhe parametersasis our usualassumptionthen

PYijk = 1|6, Bjx) =

PXij=11056]= II PNijx=1/0, Bjl

ki gjrp=1

Embretsor(1985)hasproposedch multicomponentatenttrait model(MLTM) thataddsto this
basicnoncompensatorynodel slip and guessingparametersimilar to thosediscussedn Sec-
tion 3.1.2.In theMLTM,

PXyy=110:,6]=01-5 ]I P[Y%jk=1|9ik,ﬁjk]+g<1— 11 P[Yijk=1|9ik,ﬁjk]>

k: q]kzl k: q]kzl

wheres andg are(universal)slip andguessingparametersatisfying

(1-s) = PIX;=1| H Yijgr = 1]
k: qix= 1

g = zg—1| H Y;jk—o
k: q]k 1

If we alsolinearly decomposeéhe difficulty parameterss;, in the MLTM asin the LLTM, we
obtainEmbretsors generalcomponentatenttrait model (GLTM). The MLTM hasbeenapplied
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for exampleto synorym tasksby JanssemandDe Boeck(1997),who alsodevelopsomeheuristics
for determiningwvhetherthe MLTM is anappropriatanodelfor the dataathand.

A fundamentaissuewith the MLTM is whethertheY;;, needto bedirectly obsenableor not.
In Embretsors early work on the modelsheassumedhatthe Y;;, would be obsenable.As in
the discussiorof waysto improve theinformationfor estimatingstudentattributesin Section2.3,
this would be expectedto leadto better parameterestimateson relatively little data.Later the
requirementhatY;;, be obsenablewasrelaxed. While it is computationallyfeasabldor theY;;y
to remainunobsered (a straightforvard algorithmto estimatethe modelin this casewould look
somavhat like the algorithm for the discrete-attrintesmodel describedn Appendix B.6), this
situationimmediatelyleadsusto the credit/blameandhiding issuesoutlinedin our discussiorof
Figurelin Section2.2.2.

4.3 Other Discrete-Attrib ute Approaches
4.3.1 Latent ClassModels

Supposestudentscanbe classifiedinto W latent(unobserable)classes”,,, w = 1,..., W, and
let

Ay = P[student isin classC,]
pwj = P[X;; =1|student isin classC,,]

AsusualX;; = 1 or O indicatingcorrectperformancef task; by student. Sincewe do notknow
student’s latentclassthe modelfor onestudenis

w J
PXi=xi|p, Al = D Aw [] P [l — pugl' ™™
w=1 j=1

andfor an N x J matrix of response&latat’, we obtain

N w J
Plx|pAl=1]] { Ao [ Pofl1 = pwj]l‘“f} (15)
i=1 (w=1 j=1
This latentclassmodelis someavhat differentin form from the discreteattributesmodel(6) and
thebasiclRT model(10): thelikelihoodis notin doubleproductform; thereis asummatiorin the
way. Most estimatiormethodsbecomeaunwieldywith this model,as N, J andW grow large.
Thereis, however, awayto “decouple”thismodelandputit backin productform. Themethod
goesby thenamedataaugmentatiornn the statisticalworld (Tanney 1996);it is alsorelatedto the
latentresponsapproachof Maris (1995).Let

- _ )] 1, if student isin latentclassw
“ 1 0, if not
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Thento eachstudentsactualobsered data(z;i, . . ., z;;) we will addthe “data augmentation”
variablesz; = (z1,...,zw) = (0,0,...,1,0,0,...0) with a1 only in positionw, studenti’s
assignedatentclass.

If we pretendthatbothz’s andz’s areobsened,the modelfor the ;** studentsimplifies;it is
now just

Plxi,zilp, Al = Plzi[A] - Plxi[zi, p, Al |
= {HAZfW}-H{HPw”[l—pw;P } (16)

Thejoint probabilitymodelfor Xy« s, Zny«w, andthe parametersalsosimplifies;atleastit is
in productform again:

Plx, Z|p, Alr(p)7(}) ]

= H H {/\ pr” [1 - pwj]l I”} 71-(2‘) pr(pw]’)
= {H)‘ij} {Hp e 1 _pwa | cwjﬂp(pwj)}

(17)

/

wheren,, = Y, 2, andc,,; = ¥, ziwzi; (@ndw(}) andm,(p,;) arepriors). The price we pay
for this productstructurels now every estimationalgorithmwill have to iteratebetweenmputing
valuesfor Z andworking with this nenv simplerjoint likelihood. Alternation betweenimputing
valuesfor Z andmaximizingthejoint probabilitymodelaboveis attheheartof the E-M algorithm
for example(seeAppendixA). A sketchof aconceptuallysimpleestimatiormethodfor thismodel
basedn Markov ChainMonte Carlotechniquesnsteads givenin AppendixB.5.

Latentclassmodelshave beenaroundfor almostaslong aspsychometric#self. For a history
of their moremoderntreatementseefor exampleBartholomev (1987).We have presentedhem
herefor two reasonsfirst, they will be helpful in describingHaerteland Wiley’s approachto
discreteattributesmodeling,to which we turn next. Secondthey provide a canonicalexampleof
the model structureneededo dealwith multiple studentstratgies,to which we shall returnin
Section6.

4.3.2 The Haertel/Wiley Restricted Latent ClassModel

Haertel(1989)andHaertelandWiley (1995)discussa latentclassmodelwhich represents: dif-
ferentway to try to stochasticizéhe deterministicnodelof Section3.1.1.We begin againwith a
Q-matrixwhoseentriesg;, = 1 whenattribute £ is neededor responsg, and= 0 whennot.

We supposéehatstudentsanbe classifiednto W latentclassesandstudentsithin thesame
latentclasssharehesameknowledgestate they possesandlack exactlythesamearrayof student
attributes Thustheattributevariablesy;, andthelatentresponseariablest;; usedo conjunctvely
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combineattributesin the stochasticversionof this modelin Section3.1.2, are assumedo be
constantvithin eachlatentclass:

__ | 1, if studentsn C,, possesskill &
Yk =1 0, if not

k=1,..., K;andfor eachtask; we summarizehea’s by

6'_ 1, iijwkEijforallkzl,...,K
Y1 0, if not

i.e.&,; = 1 indicatesthatall skills neededor problem; arepresenfor studentfrom latentclass
w. In thelatentclassmodelwe set

1y
Puj = (1 —s;)%g; ot

wheres; andg, arepertaskslip andguessingrobabilities theremaindeof themodelis identical
to the latentclassmodelaspresentedn equation(15) or (17). A discussiorof a straightforvard
estimatiormethodfor this modelis providedin AppendixB.5.

If the numberof latentclassesiV, is muchsmallerthe numberof rules K, the Haertel-Wey
modelrepresentagreatreductionin parametrizatiofirom the stochastiaiscreteattributesmodel
of Section3.1.2andFigurel; it is notneccessario estimatehe K parameter®[«;, = 1 | datg for
eachattributeandstudentratherwe justestimatehe W parameterg’[Examineen class: | datd.
A seriouschallengen actuallyusingthe modelis figuring outwhatconfiguration®f skills present
andabsengarereally therein the studenpopulation.

A relatedassessmemhodelis Polk, VanLehnandKalp’s (1995)ASPM2,which basicallyfits
a very large versionof the deterministicQQ-model (4) by minimizing the Haming distance that
is, the numberof mismatchesbetweenthe model’s predictedperformanceon a setof tasksand
a students actualperformanceTypically thefitting algorithmreturnsseveral differentq; vectors
thatpredictthe students performancequallywell.

Anotherway of “stochasticising'thedeterministionodelwasdevelopedindependentlyin an-
othercontet, by LeenenVanMechelenandGelman(1999).Expresseth theassessmegbntext,
theseauthorsbasicallytreatthe probability thata conjunctve deterministiomodelwill matchob-
sened studentperformanceon eachtaskasindependenBernoulli eventswith a commonmatch
probability 7, anddevelop a clever MCMC algorithmfor selectingwhich setsof skills are most
predictie of studentfperformancen a giventaskdomain.

Finally we notethatthe Haertel/\Mley modelprovidesa way to operationalizd=igure5 on p.
19 of this report.Indeed,eachconfigurationof skills in a latentclassmight be concieved of asa
strat@y, or level of competanceasin thefigure. Thenthe Haertel-Wley modelmight be ableto
directly estimateprobabilitiesof membershipn eachstratgy class.
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4.3.3 The HYBRID Model

Yamamotgroposed model(GitomerandYamamoto1991;,YamamotandGitomer 1993)that
tries to integratetraditional IRT modelswith the Haertel-stylecognitively-motivatedlatentclass
model,by usingthe coarsedRT modelingframeavork to accountfor lack-of-fit to the finer latent
classassessmemhodel.

A descriptionof theirHYBRID modelcanbegin with a studentvariable

g _ 1 if student follows thelatentclassmodel
‘1 0 if not

sothat S; codeswhetheror not student; “fits” the latentclassmodels.Studentshat do fit are
modeledasin the Haertel/\Wey framewvork, andstudentghatdon’t aremodeledusinga coarser
unidimensionalRT model:
1-&;j, &
P[X;; = 1/S;,&;j, 7, {IRT parameterg = { 712(;3'(0:)711] :]: gz z (1)

wherethe probability modelwéj_ & wf;'?’ for S; = 1 is essentiallythe sameasthe Haertel/Wley
latentclassmodel,andthemodel P; (6;) for S; = 0 is astandardRT modelsuchasthe1PL,2PL
or 3PL, dependingn therelevantIRT parametersGitomerand Yamamotq1991)provide anE-
M algorithmfor estimatinga slightly differentformulationof this model.An estimatiomalgorithm
similar to the Haertel/Wley algorithmin AppendixB.5 couldalsobe constructed.

Following the discussiorof Figure5 in Section2.2.2,the point of includingthe IRT modelis
thehopethatsomestudentsvho don't fit the Haertel/\WMley modelmightstill follow anIRT model
in whichincreasinggenerabproficieny leadsto moreitemsright. TheIRT modelthusprovidesan
interpretation(albeita cruderone)for at leastsomeof the studentsvho don't well-fit ary of the
structuredatentclasses.

4.3.4 DiBello and Stout’s “Unified Model”

As notedin Section2.2.3 above, DiBello, Stoutand colleaguegDiBello, Stout,and Roussos,
1995;DiBello, Jiang,andStout,1999)have developeda multi-stratgyy model,which they call the
“unified model” (UM), thatgeneralizeseveralof themodelswe have consideredere andwithin
which onecan“play” with positivity, completnesgnultiple stratgjiesandslips, by turningon and
shuttingoff variouspartsof the model.Our descriptionin termsof the stochasti@)-matrix model
in Section3.1.1lis mostlybasedn Roussos (1994)account.

We bggin with a modelthatis almostthe UM; for easyreferencewne repeathe definitionsof
{fff), andg;; from Section3.1.2.1f thereareseveralstratgieswe will let QY bethe Q@ matrix for
the (' strategyy, andlet oy, indicate(0 or 1) whetherskill & is presenfor student. Then

€0 — { 1, if g <anVk
0, if not
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indicateswhetherall the skills arein placefor student for performingtask; usingstratey /, i.e.
{—“ff) indicateswhetherstratgy ¢ would be predictedo be successfuif chosenLet S;; take values
¢ =1,...,¢indicatingwhich stratey student; choosedor taskj; thenprobabilitythata student
chooses successfustratgy is givenby

vj
¢y = & PS; = 1]
=1
Thenamodelsimilarto the UM canthenbewritten asfollows:

PIXy(t) = Lo(t), € = ks, K] = (1= )65(8) = (1 — 5,) (Z €Opls, = 4)

{=1

To malke this into the UM, we replacethe 55? termswith a stochasticequvalent(seealsothe
predictive equationg19) and(18) in the Corbettetal. model):

gi(f): I mowe: I muke - Pie(0ie)

£ £
k!Q§k) >k k:q;k) <agg

where,analogouslyo the Haertelmodel,

moike = P[student performsconsistentlywith skill £ understratey ¢ | skill k£ is missing
mae = P[student performsconsistentlywith skill £ understratey ¢ | skill k is presenit

andPj,(0;,) is acompensatoryRT responséunction.

The UM llustratesall four of the featuresthat DiBello, Stoutand Roussoq1995) discuss:
strategy canbe modeledtem by item, usingthe ¢,;’s, completeness indirectly representeth the
modelthroughthe Q¢ matricesandtheirrelationshigo theunderlyingcognitive model;postivityis
representeah themodelparameters;,, andmy;x,; andglobalslipsarehandledwith theparameter
s;. Themodelcanbe adjustedo includea catchallstrat@y thatis basicallyan IRT model,asin
theHYBRID modeldiscusse@bove, or to suppres$RT completelyfrom themodel.

As suchthe UM is rathercomplex and surely overparametrizedDiBello, Stoutand Rous-
s0s(1995) discussreasonablasimplifying assumptionsntendedto make the modelidentifiable.
Dibello, Jiangand Stout (1999) develop the modelin detail, giving dataanalysisexamplesin
which the modelis fitted usingan E-M algorithmin which the M-step,which involvesoptimizing
over presence/absena skills in the a vector is accomplishedising a geneticalgorithm (e.g.
Michalewicz etal., 1999).

5 CaseStudy: Two Approacheso Cognitive Assessment

To illustrate the differencesbetweentraditional IRT approachesnd cognitively-motivatedap-
proachego assessment,briefly comparewo publishedmodelsintendedto dealwith essentially
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the samedata:taskperformancéy studentdearningthe LISP programminganguageusingone
of the computerbasedntelligent tutoring systemsdevelopedby JohnR. Andersonand his col-
leaguesat Carngjie Mellon University (e.g. Anderson,Corbett,Koedingerand Pelletier 1995).
Thefirst modelis the assessmemhodelactuallyembeddedhn thetutoring software,asdescribed
by Corbett,Andersonand O’Brien (1995);the seconds an IRT-basedmodelfor essentiallythe
samedata,aspresentedby Drangy, Pirolli andWilson (1995).

5.1 The Corbett/Anderson/O’'Brien Model

Thefirst assessmemhodelwe will considerfor this datais the “knowledgetracingmodel” em-
beddedn theLISP tutor software,anddescribedy Corbett, AndersorandO’Brien (1995).Using
anotationsimilarto thatof Section3.1.2,we begin by defining

X;i(n) = 1lor0 indicatingwhetheror not student; performedtask; correctlyat
timen
gjr = 1or0 indicatingwhetheror nottask; requiresskill
a(n) = 1or0 indicatingwhetheror not student posesseskill k£ attimen
&ij(n) = Il ¢;,=1) @x(n) indicatingwhetheror notstudent: hasthe skills neededor task
j attimen
s = P[X;(n) =0[&;(n) = 1], auniversalslip parameter
g = P[X;;(n) =1|&;(n) = 0], auniversalguessingparameter

The modelof taskperformanceembodiedby Corbettet al’s (1995) knowledgetracingmodelis
essentially

PXii(n) = ain(n), €=k, ..., K] = &;(n)(1 = 5) + (1 = &;(n))g

This modelis essentiallyidenticalto the modelin equation(5), exceptthatheres andg areuni-
versalratherthanperproblemprobabilitiesof slippinggiventhatthe stratey shouldbe successful
(&, = 1), andof guessingcorrectly giventhatthe strat@y would not be successfu(é;; = 0). If
we know the probabilitiesP[a;,(n) > g;i] thatstudent hasskill £ requiredfor taskj attimen,
we cancomputethe probability P[¢;;(n) = 1] thatall theskills arein placefor performingtask
correctlyattime n usingthe modeledstratey

PIXj(n) = 1] = P[&;(n) = 1](1 = s) + (1 = Pl&;(n) = 1])g (18)

wheré? P[¢;;(n) = 1] follows asimpleconjunctie model,

P[(n) = 1] = 1:[ Plair(n) > q;i] (19)

22The productformulain equation(19) assumeshatthe skills arepresenpr absenindependentlyf oneanother
Dependeng amongskills would be representedy replacing(19) with a more complex expressionperhapsoming
from a simpleBayesiarinferencenetwork (e.g.Mislevy, 1994)for thea's, for example.
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It is worth notingthattheé;;(n)’s [or the oy, (n)’s] canbeinterpretedasplayingtherole of Maris’s
(1995)latentresponses.

It is the probabilities P,z (n) > gk, treatingo,z(n) asthe unknavn or randomquantity
thatareactuallyof primaryinterestin assessmeiitasedn this modelof taskperformanceGiven
currentestimatesof Pla;x(n) > g;i], the tutor can both identify which skills needadditional
practice,andselectitemsof suitabledifficulty that exercisethoseskills, to assignto the student
next.

Corbett,AndersonandO’Brien (1995)wereparticularlyinterestedn how to gatherevidence
aboutP[a;x(n) > g¢;i] asthe numberof opportunitiesr to applyrule k increases—i.ethey are
interestedn modelinglearning.They areableto obsere response¢studenfperformancesf sub-
tasks)involving eachstudentattribute (productionrule) separatelyithin the ITS. Althoughthere
couldin principlebedependengrelationsamongtheattributes theirmodeldoesnot assumethis;
thustheir modelfor collectingevidenceaboutstudentattributeslookslik e Figure9. In thefigure,
andin thetext belaw, Attribute & is codedas presentor not in student; attime n, accordingas
a;(n) = 1; otherwisew;;, = 0, The o’s cannotdecreas@asn increasesSimilarly we will denote
thatstudent; performedan actioncorrectlyat time n whenAttribute £ wascalledfor, by writing
a;x(n) = 1; otherwiseu,(n) = 0. Becausef guessingandslips, a;;(n) canincreaseor decrease
asn increasesAlso notethattime n denoteshe numberof opportunitiesone hashadto apply
an attribute; thusasin the figure,n may have differentvaluesfor differentattributes(this is not
reflectedn thenotation,sincewe will work with justoneattributeatatime).

To accountfor the orderin which correctandincorrectactionsare obsered whenskill £ is
calledfor, they suggestreatinga;,(n) asahiddenMarkov learningmodelwith anabsorbingstate
at“attributelearned”.Thetransitionmatrix for the Markov chainis givenbelow,

sty -3
Plag(n) | @an—1)] = 1T (20)
Plai(n) | aix(n —1)] = 0;

where" a;,(n)” standdor “o;(n) = 17 and“@;(n)” standdor “a;,(n) = 0”.

Thetutoring systemis arrangedo directly obsere evidencea;,(n) = 0 or 1 thatthe correct
actionwasperformedwvhenskill £ wascalledfor, greatlysimplifying theinferentialtask.Corbett,
et al. (1995) posit the following relationshipsetweerthe hiddenstatea;, (n) = 0 or 1 andthe
obsenableevidencea;,(n) = 0 or 1:

Plaig(n) | air(n)] = Plai(n —1) [ aix(n)] + (1 — Plai(n — 1) [ ax(n)]) - T

Plaig(n) | @ix(n)] = Plai(n —1) |@x(n)] + (1 — Plai(n — 1) [@x(n)]) - T
Plai(n = 1) |ax(n)] = {(1 = s)Plag(n —1)]} / {(1 = s)Plair(n — 1)] + gP[ax(n — 1)]}
Plai(n — 1) |@x(n)] = {sPla(n —1)]} / {sP[aix(n —1)] + (1 — g)Plag(n — 1)]}

(21)
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Attribute 1l Attribute2 Attribute3

Opportunityl Opportunityl Opportunityl
Opportunity2 Opportunity2 Opportunity2
Opportunity3 : Opportunity3
Opportunity4

Figure9: Arrangemenbf datacollectionfor theCorbett, AndersorandO’Brien (1995)assessment
model.Evidencefor eachattribute is collectedasif independentf all othertasksandattributes,
andis accumulatedhroughseparatéiddenMarkov learningmodelsfor eachattribute, relating
thatattributeto repeatedpportunitiedo performthe“skill” thattheattribute names.
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Givena-priori fixed valuesof 7', s, g, anda probability py thateachskill is in the learnedstate
beforethetutoringbegins,we may substitutep, for P|a;x(n — 1)] whenn = 1, andtheabove for-
mulasgive analgorithmfor recursvely updatingP|«;,(n)] on the basisof the obseredsequence
of correctandincorrectactionsin thefirst n opportunitiesto apply rule k. This is a particularly
simpleandfastcomputationaimethod capableof updatingthetutor's modelof the students skills
in realtime asthe studentworkswith thetutor.

It is interestingto notethatin orderto producea well-fitting model, Corbett,Andersonand
O’Brien (1995) hadto allow the probabilitiesT, s, g, andthe probability p, thateachskill was
alreadyin the learnedstatebeforethe tutoring began, to be perturbeddifferently from overall
populationvalue$?® for eachstudent(:); in statisticalparlancewe would saythey allowedthese
parameterso becomerandomeffects Thus,in additionto the individual differencesn skills ac-
quisitionthatthe modelhadbeendesignedo detect thereweresubstantiaindividual differences
in startingknowledgeof thestudentsin tendenyg to slip or guessandin therateof learning,under
thismodel.

5.2 The Draney/Pirolli/Wilson Model

Drangy, Pirolli andWilson (1995)develop an LLTM-style modelto analyzeessentialljthe same
data.Themodelthey considetbeginswith anindicatora,,(n) = 1 if student performscorrectly
whenthen' opportunityto useskill k¥ occursunderconditiony; anda;;,(n) = 0 otherwiseThese
ai;r(n) differ from Corbettetal’s (1995)a;(n) only in thatthe taskthat providesa context for

performingthe skill is allowedto affect the difficulty of correctskill performanceln the Draney

etal. (1995)model,the“skill responsdéunctions”aregivenby

1
~ 1+exp(—b; +7j + 0 — vlog(n))

Plaijr(n) =16;,7;, 6k, 7]

wherethelogarithmicdependencenn is intendedo follow the developmenbf Anderson(1993,
Appendixto Chapter3). This modelessentiallyjdecomposethe g parametem the Raschmodel
accordingto a (Q matrix, asin equationg14) and(2). For example,if therewereeightobsenred
behaiors, respondingo the needfor two differentskills at two differenttimes,performedwithin

23Exceptfor computationatietails,Corbettet al. very nearlyre-inventedfrom scratchthe hierarchicaBayesmod-
eling framawork (e.g.Gelmanetal., 1995)to solve their modelfitting problemhere!
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two differenttasks we mightendup with thefollowing decomposition:

5 01 0 —log(l) |
Bo 01 0 —log(2)
B3 0 0 1 —log(l) T
Bs| [0 0 1 —log(2) 01
Bs| |1 10 —log(1) | | &
Bs 110 —log(2) v
B 1 01 —log(1)

[ B ] [1 01 —log(2) |

sothatr is a contrastfor thetasks,s; andd, codethedifficulties of the skills, and+ is the slope
of thelearningcurwe. If the decompositiorof tasksinto skills is complete andthe skills areof a
suitablegranularity Andersons (1993) ACT-R theorypredictsthat skill “performanceswill be
approximatelyindependent of oneanotheygiventherelevantdifficulty andstudentparameters.
This is essentiallya statemenof local independencesothatthe “skill responsdunctions”above
may be multiplied togetherin theusualway to form anIRT likelihood.

It is interestingto comparethe Corbettet al. andDraney et al. modelingapproaches-or ex-
ample,for a datasetsimilar to thatanalyzedby Drang et al., the assessmemhodelof Corbett,
AndersonandO’Brien (1995,p. 32; seealsoDrangy, Pirolli andWilson, 1995,p. 115)would em-
ploy essentiallyfour continuoudatentvariables,and 33 dichotomoudatentattribute indicators,
per studenttested—in additionto 132 parameterso characterizdeaturesof the skills beingas-
sessedUsingtheirvariationon standardRT models Draney etal. providedequialentor betterfit
to learningcurvesemploying onecontinuoudatentvariableperstudentested Draney, Pirolli and
Wilson, 1995, p. 109),and 36 parameter$or the skills beingtested(Draney, Pirolli andWilson,
1995,p. 115). Thus,if the goalis to modellearningcurves,clearly the morecomplex Corbettet
al. modelis notneeded.

However, the usesto which thetwo modelscanbe put, andthe substantre interpretationof
estimategarameters thetwo modelsareverydifferent. TheCorbettetal. modelis immediately
usefulfor diagnosingndividual differencesan studenttask performancebehaior by relating it
directly to specificskills in the taskdecompositiorof their taskdomain,but canonly indirectly
assesthevalidity andreliability of thetasksin theassessmenthroughfit to learningcurvesdata.

The Drang et al. modelis notimmediatelyusefulfor studentdiagnosissinceits studentpa-
rametelis one-dimensionalfter fitting themodel,Drane etal. go backandrankstudentdased
on (empiricalBayes)estimated)’s?®, andcompareestimatedskill performancalifficultiesto the

24Thereis animportantissueof granularityherethatpotentiallyaffectsboththe CorbettandPirolli models While
ACT-R predictsindependenperformanceat a very small grain size, this grain size is probably smallerthan ary
studentattribute (productionrule) in the LISP tutor (or any otherAndersoniartutor). At largergrainsizesit may still
bepossibleo obtainapproximaténdependencamongstudentattributes,but thisis notguaranteethy thetheory and
might notevenbetruefor somestudentsdependingn their prior experiencegndexpertise.

25|n the context of learningcurvesanalysisthed’s essentiallycodestudentsinitial facility in thetaskdomainprior
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students’aggreated distributon;indeedtheir Figure5.1, p. 112, is very similar to our illustra-
tionin Figure6 above. As we saidbefore suchdisplaysallow usto predictwhichskills a“typical”
studentvith somefixedvalueof # mightbeexpectedo performcorrectly andareveryusefulcom-
municationdevices.However, detailedcognitive diagnosisof individual studentson the basisof
thef’sis notpossiblewithouta post-ho@analysisof somesort.Indeed for assessing/hethenndi-
vidual studenthave learnedparticularskills, Drangy etal. replacetheIRT modelwith a Bayesian
inferencenetwork thatis focusedon inferring the probabilitythatanindividual haslearnedoneor
moreskills, usingpriorsconstructedrom thefitted IRT modelandnew datafrom furtherattempts
to performtheskill(s).

The utility of the Drang/ et al. model for identifying importanttask performanceeatures
shouldnot be minimizedhowever. For example,KoedingeyLovett, Trottini, Junker, andKass(in
progressiare using essentiallythe samemodelingframevork to develop a semi-automatistep-
wisevariableconstruction/modesdelectionprocedurewith the goal of identifying skills thatwere
eithertoo narravly or too broadlydefinedin a cognitive tutor (theseresultin stylizeddeviations,
or “blips” from thetheoreticallypredictedearningcurvesfor theskills). In asimilar vein, Hugue-
nard,etal. (1997;seealsoPatzet al., 1996)applieda polytomousversionof the LLTM to study
therelationshippbetweertaskfeaturesandworkingmemoryload,usingIRT # parameteto soakup
residuabetween-subjectgariationnotmodeledoy theexperimentahndworkingmemaoryfactors.

6 Mixtur esof Strategies

At several pointsin our discussion—Figuré of Section2.2.2, datacollectionin Section2.3,
thelatentclassandrelatedmodelsof Sectiond.3—wehave encounteredhe problemof multiple
stratgjies,and stumbledacrosssomepotentialmodelingsolutions.We now wish to backup and
considerthe problemof accountingor multiple stratgiesin somedetail. This sectionowesa lot
in organizatiorandpointof view to thediscussiorof stratgiesin Mislevy, Steinbeg andAlmond
(2997).

It is not difficult to believe thatdifferentstudentdring differentproblem-solvingstratgiesto
anassessmemsetting;sufficiently differentcurricularbackgroundgrovide a primafacieargument
thatthis musthappenmoreoer comparatie studiesof expertsandnovices(e.g.Chi, Glaserand
Farr, 1988)andtheoriesof expertise(e.g.Glaser 1991)suggesthat,asin Figure5, the stratgies
oneusesto solve problemschangeasone’s expertisegrows. Kyllonen,LohmanandSnowv (1984)
shaw that stratgy changeswithin a personbetweentasksalsooccut andthe evidencefrom ITS
researchis thatit is not unusualfor studentsto chancestratgy within a taskaswell. We can
distinguishthenbetweenat leastfour casedor modelingdifferential stratgy use,in increasing
orderof difficulty for statisticalmodelingandanalysis:

Case0: No modelingof strategies.

to tutoring, muchastherandomeffect versionof p, doesin the Corbettetal. model.
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Casel: Modelstratgy changedetweerpersons.
Case2: Modelstratgy changedetweertaskswithin persons.

Case3: Modelstratgy changesvithin task,within persons.

Which casewe take asour modelingtaskdependsaswith all assessmemhodelingdecisions,
on tradeofs betweenwhat studentsare actually doing and what the purposeof the assessment
is. Returningto the scienceassessmerdf Baxter Elder and Glaser(1996): we might decideto
give the assessmergpecificallyto identify which attributesof a high competance particular
studenhas,andthenremediatgositively towardthe missingattributeswithoutregardto whatlow
competancattributesthechild possesseshis couldbeaninstanceof Case0. Ontheotherhandif
thegoalwasto identify thecompetang level of thestudent—Ilev, mediumor high—andremediate
accordinglythenamorecompletebetween-personsodel,asin Casel, is calledfor. In addition,
if thedifficulty of thetaskdependstronglyon the stratgy used,we mightbeforcedin to Casel
or oneof the othercasesto getanassessmemhodelthatfits the datawell, eventhoughthe only
valuabletargetof inferenceis the high-competancstate.

Mostmodelsfor Casel—modelingstratgly changedetweerstudentsbut assuminghatstrat-
egy is constanfacrossaassessmeniasks—arevariationson the latentclassmodelof equation(15).
As we have indicatedearlier the Haertel/Wley latent classmodel,and Yamamotce HYBRID
modelmapwell onto Figure5; bothincludelatentclassesonsistingof setsof attributesthatare
assumedo be presenin all classmembergandthe YamamotanodelalsocontainsanIRT model
to helpstructurestudentsvho don't fit thelatentclass/discretattributespartof the model.

If we replacethe discrete-attrintesmodelsembeddedvithin eachstratgy classin the Haer
tel/Wiley modelwith LLTM models we obtainMislevy andVerhelsts (1990)modelfor account-
ing for stratgy effectson item difficulty in IRT: Let Q*, w = 1,...,W bethe @ matricesthat
relatestudenattributesto itemdifficulty undereachof W differentstrateies;theirbasicapproach
is to postulatedifferentRaschmodels

1
1+ eXp[eiw - ﬂwj]

P[XZ] = 1|waQa %}] =

where
Bu = Q"

for eachlatentstratey class.Note thatthe proficieny variablef alsodependon stratgy. Mis-
levy andVerhelst{1990)provideanE-M algorithmfor estimatinghismodel(anMCMC algorithm
alongthelinesof AppendixB.5is alsoconcevable)andgive anexamplefrom a spatialvisualiza-
tion task.

This approacltbasicallyexploits collateralinformationaboutthe difficulties of thetasksunder
differentstratgies,to make inferencesaboutwhat stratgy is beingused.Wilson’s Saltusmodel
(Wilson, 1989;Mislevy andWilson, 1996)is quite similar, positingspecificinteractionson the 6
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scalebetweentemsof a certaintype anddevelopmentaktagesof examineeeskEitherapproachs
likely to be succesfuif thetheoryfor positingdifferencedetweenaskdifficultiesundedifferent
stratgies producessomefairly large taskdifficulty differencesacrossstrateyies;a similar point
wasmadefor the Haertel/Wley modelearlier

The M2RCML model of Pirolli and Wilson (1999) allows not only for mixing of strateyy-
or developmental-stage-basédmatricesthatdrive item difficulty asin the Mislevy/Verhelstand
Saltusmodelsbut alsofor mixing over variouslinear/compensatorgombinationsof studentpro-
ficiengy variablesHenceit too shouldbe usefulfor Casel modelingof stratgies.

Case2, in which studentschangestratgy from taskto task,is moredifficult. One example
of amodelintendedto accomodat¢his is the “unified model” of StoutandDiBello. In fact,one
canbuild aversionof the Mislevy/Verhelsimodelthatdoesmuchthe samething; we simply build
the latentclassmodelwithin taskinsteadof betweertasks.Let Q*/ bethe Q-matrix (row-vectog
really) for stratgy w executedonitem j, then

1
1+ eXp[eiw - ﬁwj]

P[Xij = 1|w’Q’ @g]] =

wherenow
Buj = QU

Thefull modelis notdifficult to setup andit is notdifficult to write down estimatingequationgor
it. Howeverit is very difficult to fit, becausevrong/right,or evenpolytomouslyscoredyesponses,
do not containmuchinformationaboutthe choiceof stratayy.

To make progressvith Case2, we mustcollectmoredata,asoutlinedin Section2.3.Response
lateng in computerizedests;informationaboutthe performancef subtasksvithin atask;if that
is informative aboutthe stratgyy; askingstudentso answerstratgy-relatedauxiliary questionsas
did Baxter ElderandGlaser(1996);askingstudentdo explainthereasonindehindtheiranswers;
or even askingthemdirectly what stratgy they are using,canall be helpful. In the bestcase,
this information-gatheringeducesour assessmemnmhodelingproblemto the casein which each
students stratgy is known with certainty

Onemight alsomake moreprogresswith a strongertheoryof taskselectionaswell, but even
heresomeadditionalinformationseemdo be neededFor exampleif a developmentatheoryof
progresdrom onestageto anotherexistsfor the domain,andif atleastsometasksareknown to
besensitveto boundariebetweerstagesthenwe canusethesetasksto triangulateon a students
strategy.

Case3, in which the studentchangestratey within task,is impossibleto modelsuccessfully
without rich within-taskdata.SomelTS’s systemdry to do this, underthe banner‘model trac-
ing” or “plan recognition.JohnAndersons tutorsgenerallydo this by keepingstudentsloseto a
modalsolutionpath,but they have alsoexperimentedvith directly askingstudentsvhat strateyy
they arepursuingin casesof ambiguity (e.g. Anderson,Corbett,Koedingerand Pelletier 1995).
Otherskeeptrack of otherernvironmentalvariablesto help disambiguatestratgy choicewithin a
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particulartaskperformancde.g.Hill andJohnson1995).Bayesiametworksarecommonlyused
for this purposeThe Andestutor of mechanicgroblemsn physics(e.g.Gertner ConatiandVan-
Lehn,1998)emplo/s a Bayesiametwork to do modeltracing. The studentattributesare produc-
tion rules;the obsenedresponseareproblem-solvingactions;andstrat@gy-usevariablesmediate
therelationshipbetweenattributesandresponse@nvertingtherelationshigbetweericluster”and
“attribute” in Figure2 for example) Variousstratgieshave beenproposedor controllingthecom-
binatorialcomplity asthe numberof possiblestratgiesgrows. Charniakand Goldman(1993)
for examplebuild a network sequentiallyaddingnotesfor new evidencewith respecto plausible
plansalongtheway.

7 SomeConcluding Remarks

In recentyears,as cognitive theoriesof learningand instructionhave becomericher, and com-
putationalmethodso supportassessmeittave becomemorepowerful, therehasbeenincreasing
pressurdo make assessmentsuly criterion referencedthatis, to “report” on studentachieve-
mentrelative to theory-drvenlists of examineeskills, beliefsandothercognitive featuresneeded
to performtasksin a particularassessmerdomain.For example Baxterand Glaser(1998)and
NicholsandSugrue(1999) presenttompellingcaseghat assessingxaminees'cognitive charac-
teristicscanandshouldbethefocusof assessmenmtesign.In a similar vein, ResnickandResnick
(1992) adwocatestandards-referencesssessmerdloselytied to curriculum,asa way to inform
instructionandenhancestudentearning.

Appropriatecriterion-referencetestingcanalsobe aneffective teachingool whenembedded
directlyin teachingpractice Indeedthereis substantiahrgumentandevidence assummarizedor
exampleby Bloom (1984),that part of what distinguisheshigher studentachiezementin “mas-
tery learning” and individualizedtutoring settingsas opposedo the corventionalclassroomjs
the useof frequentandrelatively unobtrusve formative testscoupledwith feedbackfor the stu-
dentsand correctve interventionsby the instructor and followup teststo determinehow much
the interventionshelped.This approackcontinuesto be advocatedas part of a naturalandeffec-
tive apprenticeshigtyle of humaninstruction(e.g. Gardney 1992),andit is the basisof mary
computerbasedntelligenttutoringsystemgITS’s, e.g.Anderson,1993;andmorebroadlyShute
andPsotka,1996).Heretoo, a decompositiorof assessmentemsinto appropriatecognitive at-
tributesis important:feedbackand/orcorrectve actionin amasteryclassor from anITS depends
on knowing which cognitive attributesthe examineehasmasterec&ndwhich he or shehasnot.

Cognitve assessmennhodelsfocusedon theseteachingand learningissuesmustgenerally
dealwith a morecomple goalthanlinearly orderingexamineespr partially orderingthemin a
low-dimensionaEuclideanspacewhichis whatIRT hasbeendesignedandoptimizedto do. The
goal of suchassessmentsanbe thoughtof producing,for eachexaminee,a sensiblyorganized
checklistof skills or othercognitive attributesthatthe examineemayor maynotpossess)asecn
the evidenceof tasksperformedby theexaminee.
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Almostary assessmemphenomenon—ifrorhbetween-gamineedependencedueto institutional
or sociologicalfactors,to behaioral aspect®f raters,to the analysisof item responseto reg-
uisite examineeattributesor item features—catbe expressedn the hierarchicaimodelingframe-
work, or thecloselyrelatedBayesiametwork framework, becaus®f their greatexpressve power
andconceptuakimplicity. Thefirst two sectionsof this reportsuneyed someimportantissuesn
developingacognitive assessmestystemThelattersectionsurweyedawide varietyof statistical
modelsthatmight be usedto make inferencesaboutindividual studentattributesandproficiencies
basedntheassessmentvenmoremodelsareoutthere(e.g.assuneyedby Roussos1994).

Recentadwancesin computationand Markov chain Monte Carlo (MCMC) methodsin par
ticular, have madeit possibleto estimatea vastly wider variety of thesemodelsthatwould have
beenimaginableeventenyearsago.However, the compleity of thesemodelsstill putsusat the
limits of our computingabilities. Speedingup the computationsvith approximationgincluding
formal andinformal applicationsof Laplaces methodsuchasRigdonand Tsutakava, 1983and
Kass,Tierney andKadane 1990;blendsof Monte CarloandE-M approacheassuneyedin Tan-
ner, 1996;andvariationalmethodsg.g.Jaaklola and Jordan,1999) continuesto be an essential
andfruitful avenueof researchOn-the-flyassessmentith thesemodelsis only possibleif some
parameters—theonditionalprobabilitiesin a Bayesiannferencenetwork, the difficulty anddis-
crimination parameter®f eachitem in an IRT-basedcomputerizecadaptve test—canbe fixed
in advance,eitherbecausehey aresowell estimatedrom pastdatathatthey canbe considered
known, or becauséhe assessmermutcomesarenot particularlysensitve to their valueswithin a
certainrange(VanLehnandNui, 1999, illustrate sucha sensitvity analysisappliedto a comple
assessmemhodelembeddedh anITS).

Most of theillustrationsin this reporthave beenmotivatedby theinformation-processingtyle
of cognitive psychologyandthe relatedstyle of ITS’s. The succes®f probabilisticreasoningn
thesedomainsis gratifying to me asan obsener with aninterestin statisticsbut it is evenmore
importantasanillustrationof thegeneralway thatthetoolsof probability-basedeasoninganbe
appliedto issuesof uncertaintyin ary rationaldomain.The samekind of efforts thatled to these
adwancesn cognitivediagnosisanbebroughtto bearonassessmeifitom ary otherpsychological
perspectie aswell. The natureof thestudentepresentatiorthekindsof evidence andthedetails
statisticaimodelsandmethodsmnay be very differentin their particulars Guidedby the substance
andpurposeof assessmerih a newv area,we frameour questionsn termsof the the probability-
basednodelingframenork presentedhere:whataretheimportantfeatureswhatarethe expected
patternsyhatsource®f uncertaintiesnightwe expect,in whatwaysarethesesituationdik ethese
but unlike thoseFitting initial modelsbasedntheseadeasto initial datawill undoubtedlyleadto
improvementsn themodels but it mayalsohelprefineour thinking aboutthe substantre theory
think of betterwaysto make obsenations,andimprovedmodels.
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A SomeEstimation Methodsfor the LL TM and other IRT-lik e
Models

In this appendixwe will illustratethreecurrentlypopularwaysof estimatingnoderniRT models,
usingthe linear logistic testmodel (LLTM). The samegeneralmethodsmay be appliedto ary
hierarchicaBayesmodel.

For the LLTM (andary otherIRT model)thesethreeapproachesll begin with the product
likelihood

wherey,, is the subvectorof parameteren 1~p relatlngto taskm.

A.1 Conditional Maximum Lik elihood

An approacttalledconditionalmaximumniikelihoodcanbeused;in thisapproactwe calculatethe
conditionallikelihood
L(X ‘ Qa é: X1+aX2+a - )

giventhe statisticsX;, = >, Xim» which aresuficient statisticsfor 6; whenthe 3’s areknown.

It turnsout that this causeghe parameterg; to drop out of the problem,andthe remainingop-

timization over 8 canbe carriedout usinga combinatorialalgorithmto computethe conditional
likelihoodin closedform andapplyinga variantof the Newton-Raphsoror relatedmethods(see
e.g. Thisted,1988,Chapterd). Seevander LindenandHambleton(1997,Chapterl), andespe-
cially thetext by FischerandMolenaar(1995)andthe referencesherein,for details.This makes
it possiblefor exampleto usethe modelto asseshiow good the task analysiswas—arethe

coeficientsbeingestimatedo be significantlydifferentfrom zero,for example?

A.2 Marginal Maximum Lik elihood and the E-M Algorithm

A secondapproachgalledmaminal maximumikelihood(MML) 26, hasasits goalto producemax-
imum likelihood(or posteriormode)estimate®f the parameterg, in theintegrated,or mamginal,
likelihood, i

[ LX18.9)f(@)de
Up until recentlythe computationaimethodof choicefor MML wasanexpectation-maximization

(E-M) algorithm (DempsterLaird andRubin, 1977; Tanney 1996).In the mostgeneralsetting,
E-M consistof iteratingthetwo steps

26 Someauthorshave adwocatedthe moreaccuratgerm maximunmairginal likelihood but putting “marginal” first
is habitualin theliterature andthe MML abbreviationis thesame.
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E-step Compute
G, ) = [ 10gL(X | 8, 9)]p(@ | ¢, X)dg

M-step MaximizeG (1, ™) in 1) to obtainy "+

for h = 1,2,3.... timesuntil || — ™| or G(y* V), ™)) becomesuficiently small.(See
Tanner 1996, pp. 70ff. for a straightforvard demonstratiorihat eachiterationof E-M increases
themaginalllikelihood,andfor somespecialsimplificationsof the algorithmxin the exponential
family of probabilitymodels.)Becausef the simpleproductform of L(X | 6, ), andbecause)
is usuallya fairly sparsematrix, the M-stepusuallybreaksdown into a several uncoupled Jow-
dimensionamaximizationsTheintegralin the E-stepmustusuallybe donenumerically;this can
bebotha delicateanda slow featureof thealgorithm.

The E-M methodwasusedto estimatehe modelin Drangy, Pirolli andWilson (1995),andto
estimatea modelappliedto a designedexperimenton working memorycapacityby Huguenard,
Lerch,Junler, Patz,andKass,(1997;seealsoPatz,Junler, LerchandHuguenard1996).Variants
of E-M exist for all the standardRT models(e.g. Bartholomev, 1987; Baker, 1992),andit is
currentlytheestimatiormethodof choicefor almostall smallandlargescaleapplication®f IRT in
educatiorandpsychologylargely dueto theexistenceof computeprogramdike BILOG (Mislevy
andBock,1997),MULTILOG (Thissen1997)andConQues{Wu, Adams,andWilson, 1997).

RecentlyEmbretson1999) hasstartedexperimentingwith a -matrix decompositiorof the
discriminationparametersn the 2PL model,in parallelwith the Q matrix decompositiorof the
difficulty parameterg;. In keepingwith theinterpretatiorof § in thesemodelsas“nuisance”pa-
rametershatsoakup variability notaccountedor by the@-matrixdecompositiomf taskdifficulty
parameterdt is plausiblefor examplethattasksfor which the Q-matrix decompositions incom-
pletewill be moresensitve to variationin 8, andtasksfor which the (2-matrix decompositions
more completewill belesssensitve to variationin #. Theredoesnot exist a generalCML algo-
rithm for the2PL model(norindeedfor mostmodelsoutsidethe Raschframeawork), soestimation
mustproceedvia MML usingE-M or someothermethod.

Holland (1990) surweys the literaturecomparingCML, MML and a lessfrequentlyrecom-
mendedmaximumlik elihood approachcalled“joint maximumlikelihood” (JML), which maxi-
mizesthe likelihood (22) simultaneouslyin all # and g parametersThis literature shaws that,
asymptoticallyasthenumberof studentsissessegrows,theCML andMML estimate®f the 3;’s
will beindistinguishableHowever, asAndersen1972)andHabermar(1977)shov, JML canand
doesleadto inconsistenparameteestimationunlessthe numberof tasksandsubjectdothgo to
infinity atvery carefullycontrolledrates(seealsoDouglas,1997),soCML or MML aregenerally
the preferredmaximumlik elihoodapproaches.
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A.3 Mark ov Chain Monte Carlo

A third approacho estimatingamodelsuchastheLLTM is basednaverygeneracomputational
methodcalledMarkov ChainMonteCarlo (MCMC, e.g.GelmanCarlin, Stern,andRubin,1995).
In our context, MCMC is tailoredto computeapproximationgo the posteriordistributions of
modelparametersso insteadof working with the likelihood(22) we work with a completgoint
probabilityspecificatiorof themodel

LX[8,¢) HW ) - T () (23)
k

wherethe 7 ()’s denotepossiblydifferent,but independentprior densitiesfor eachunknownn pa-
rameterlt is well known for examplethatthis expressiors proportionatto thejoint posteriordis-
tribution of the unknavn parameterd-or the purposef describingthe algorithm,let us rewrite

the parametevectoras
def

n= (Qv @Nb)
For ary fixedpartition(n;, . .., nz) of thesetof elementwf the parametewectorn, MCMC pro-
ceedsby successiely simulatingrandomdraws from the completeconditional distributions for
eachn,: Thusafteriteration’ of thealgorithmwe mightgenerateandomdraws

Lot~ (X8, )

2. 5" ~ pny| X, " 0 @)

3.0 ~ png| X, " Y )
h h h

R. 0l ™ ~ p(p [ X, Y, D).

(Otherorders,includingrandomlyselectingstepsfrom thislist, arepossibleandcanleadto more
efficientsimulations) Theresultingpartition(n; (h“) oM (h“)) is onestepin asimulatedViarkov
Chainwhosestationarydistributionis premselythe jomt posterioristribution of 7. Thusif werun
the chainto stationarity the succedingdravs canbe treatedas (dependentiravs from this joint
posteriorwhichis the objectof ourinference.

Standardhamesfor commonimplementation®f MCMC have comeinto usein the statisti-
cal community:If we implementan MCMC algorithmby simulatingdirecly from the complete
conditionaldistributionsp(n, | X, coodinatesof n notincludingn,), theresultingMarkov chain
is calleda Gibbs Sampley following GemanandGeman(1984).If the completeconditionalsare
intractablefor directsimulation,a clever modificationof the classicMonte Carlosamplingscheme
called“rejection sampling” canbe used,leadingto a Markov chainthatis calleda Metropolis-
HastingsSampler(Metropolisetal., 1953;Hastings,1970).SeeChib andGreenbey (1995)for a
clearexpositionof the methodologywith referencesor the underlyingtheory



AssessmerflodelsandMethods draft of November30, 1999 70

For eachdisjoint setof parameters, in the partition (n,, ...,ng), it is not difficult to see
thatthe correspondingompleteconditionaldistribution is proportionalto the productof factors
containingelementsof 7, in the joint probability model (23). For the samereasonthat the M-
stepin the E-M algorithm for IRT modelsusually breaksdown into a setof low-dimensional
maximizations—thdik elihoodis in productform andthe  matrix is usually sparse—itis usu-
ally possibleto choosea partition of n leadingto low-dimensionacompleteconditionalswhich
usuallyeaseshe programmingsurdenfor simulation.For IRT models the partitionofteninvolves
singletonsetscontainingeachf; andlow-dimensionaketsof 3’s or the underlyingy’s if the 8
have a Q-matrixdecomposition.

For alargeclassof statisticaimodelsn andoutof psychometricandassessmentyeproces®f
selectinga partitionandsettingup a Gibbssampleris sostraightforvardthata computeprogram
(Spiggelhalteret al., 1996) endaved with someintelligentrulescansetup andrun areasonable
Gibbssampleby directlyinspectingadescriptiorof thejoint probabilitymodel(23). A description
of MCMC in generaland Metropolis-Hastingsn particularfor IRT modelsis givenin Patzand
Junler (1999a);otherapplicationsof the methodgo IRT-like dataanalysisproblemsaregivenin
PatzandJunler (1999b),Patz,Junker andJohnsor(1999)andJohnsonCohenandJunker (1999).
Patz and Junler (1999a)also briefly discussthe relationshipbetweenMCMC methodsandthe
MML andJML formulationsof the IRT estimationproblem.

GenerallyspeakingMCMC is moreflexible than,but slower than,E-M, in IRT-like models.
The greatefflexibility comesfrom two places:(1) unlike E-M, neitherdifferentiationnor explicit
numericaintegrationarerequiredto setup thealgorithm;and(2) settingup thesamplingfrom the
completeconditionalds substantiallymorestraightforvard,andlessdependenvnregularity of the
likelihood,thanis maximizationin E-M. For example the manipulationsnvolvedin settingup an
E-M algorithmaregenerallymucheasierif the factorsin the productlikelihood(22) areall from
the sameparametriccamily of functions.This is generallynot a problemwith MCMC, asillus-
tratedby PatzandJunler (1999b).The lower speedcomesprimarily from thefactthatMCMC is
effectively estimatingheentireposteriordistribution by samplingfrom it (whenthechainreaches
stationarity) wherea€e-M andothermaximationmethodsareyielding only a posteriormodeand
perhapsa measureof posteriorstandarderror A variety of methodsintermediate—irtechnique
andin speed—betweeB-M andMCMC aresuneyedin Tanner(1996;seealsothe variantsof
E-M surwyed by Liu and Rubin, 1997; and by Meng and van Dyk, 1997) aswell. In models
thatlook ratherdifferentfrom IRT models—forexampleBayesNetworkswhoseexactevaluation
canbe NP-hard—MCMCmethodscanbe fasterthandeterministiomethoddor a givendegreeof
accurag of estimation(e.g.VanLehnandNiu, 1999).

B Talk givento the Committee, 1 October 1999

Somestatistical modelsand computational methodsthat may be useful for
cognitively-relevant assessment
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Preface

| wantto do two thingsin this paper/presentation:

1. Shaw avariety of statisticalassessmemhodels,especiallyarisingout of the psycho-
metric/statisticatradition.

2. Indicatethe flexibility of somecurrentcomputationatools for estimatingparameters
andmakinginferencesn theseassessmemhodels.

Therearea dizzying variety of models,andof computationaburdensthe modelsplaceon
users.

Attendto the purposesf assessmenlf your
purposedoesnt require the additional com-
plexity, don't build it into the assessment
model.

Outline of talk

. “Clif f’s Notes” on Markov ChainMonteCarlo (MCMC)

e Theonly methodl will discuss.
Itemresponsenodels

e SchematidViCMC for the2-parametelogistic (2PL) modelfrom itemresponséheory
(IRT).
e Extensiorno thelinearlogistictestmodel(LLTM).

LatentClassmodels

270nleave atLearningResearctandDevelopmentCenter 39390’HaraStreet Universityof Pittskurgh, Pittsturgh
PA 15260.
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e SchematidICMC for latentclassmodels
e Extensiono the Haertel-Wley restrictedatentclassmodel.

4. Variant of the Corbett/Andeson/O’Brienmodel

e Simplificationof the Corbettetal. model
e SchematidlCMC algorithm

5. ClosingThoughtsDecouplingcredit/blamecompleity.

B.3 Bayesand MCMC: The Cliff 's Notes
B.3.1 Data

. J tasksand NV studentsgeneratean N x J matrix X of O’'sand1’s, X;; = 1 or O indicating
correctnessf response.

B.3.2 Parameters

.7 = (6,3,)), e.g.studentstasks higherorderpar’s...
Basicidentities

o« pX7) = p(X]7) p(r)
p(X|) -p(r)
[ px1t) - p(o) d

o p(7|X) = x p(X|r)-p(r) = p(X,7)

We alwayswantto know somethingaboutp (7| X):

EAP:argmaz; p(7|X)

MAP: E[7|X] = [7p(7|X) dr

Cl: FindasetA suchthatp(r € A|X) = 0.95
Graphor “shape”of p(7|X)

Theproblem:

e Learnaboutr(r) = p(0, 5, A|X), wherer = (¢, 3,)) is somehigh-dimensionaket of
variableqparameters).

Theessentialdea:

e Definea (stationaryMarkov chainM,, M1, Ms, ... with statesM,, = (6", 8", \"); under
regularity conditions(e.g., Tierney, 1994), M, will corvergein distribution to a stationary
distribution, 7 (6, 3, A).
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e Simulatethe M},’s; samplestatisticsof thesewill approactsamplestatisticsof (6, B, A).
e ForBayesgdesignchainsothatr (0, B, ) turnsoutto betheposteriodistributionp(6, B, A X).
Themagic:

e Let(m,m,..., ) beafixed,disjoint partitionof (6, B, A).
e GeneraMCMC theory(e.g.,Tierney, 1994;ChibandGreenbey, 1995):construcstateM,,
= (rl(h), e ,T](V’[L)), by samplingeachr,, from its “completeconditional”distribution:
To stepfrom M, = (Tl(h_l), e ,T](V'}_l)) to M, = (Tl(h), e ,T](V’;)):
1. Tl(h) Np(7'1|7'2(h_1), e ,T](\Zb_l),X);

2. TZ(h) Np(72|7'1(h),7'§h_1),... 7= X);

s 'M b
3. Téh) Np(7'3|7'1(h),7'2(h),7'£h_1),...,T](\f[l_l),X);

M. T](\]/}) Np(TM|T1(h), 7'2(11), T?Sh), .. ,TJ(\lel,X, )

e Gibbs,Metropolis-Hastings..

Supposehef’s, 5’sand)\’shave prior distributionsp(6|\), p(3) andp()). Thenthe“complete
conditional’for 8, for example,is

p(X,0,5,))
Tp(X,t,8,\) dt
p(X1[0,8) p(8|A) p(B) p(\)
Ip(X[t, B) p(t|A) p(8) p(N) dt
o< p(X|0,8)p(d|))

p(flresy = p(0|X, 5,A)

Theshapeofp(0| X, 3, \) is determinedyjustthepartsof thelikelihoodthatdependxplicitly
oné.

B.4 Item ResponseModels

e Not by themselescognitively useful;but simpleenoughto give flavor of MCMC quickly.
¢ A basicmodelis thetwo-parametelogistic (2PL):

1

Fi(6s 05, 8) = PIXyy =165, 05, B3] = 1 o =5,
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e Letting my(), 74 (), mg() denoteprior densitiesof parametershe completejoint probability
modelis
PX[0,a,0]
il

N N J
=11 II Pi(6s; 0, B;) "3 [1 = P;(63; 5, B;)]' %5 - [[ ma(6i) ][ walcxj)m5(8;)

i=1j=1 i=1 j=1

N J
=11 {H P;(63; 05, B5)" [1 — Py(6i; cxj, B5)]' %5 - wa(aj)m(ﬁj)} 0(0;)
i=1 | j=1

The completeconditionaldistributionsfrom which we would constructan MCMC algorithm
are:

N
plajlrest o< ] Pj(0i; 5, 8)" [1 — Pj(05; ;, B;)]" " - wa () (24)
=1
N
p(Bjlresh o [ Pj(6i5 5, 8% [L = P;(035 05, B;)] " - ma(B)) (25)
1=1
J
p(f;|resh o {H P;(63 i, B5)" [1 — Py(035 cxj, B;)] ' % } 7g(0;)
j=1
(26)

e Requiresastandardejectionsampling‘trick” calledMetropolis-Hastingsvithin Gibbs

e Examplesandillustrationsin PatzandJunter (1999a,b).

B.4.1 Item ‘Respzé‘nsd;/lodezls: LLTM
del (LLTM; Scheiblechngei972;Fischer 1973):

TheLinearLogistic

1
I+ exp(—[0: - 5]

[Xij=110;,05;] =

(27)

§J><1 = QJXK?KXI
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andtheentriesg;;, of the“bookkeeping’matrix ) are

_ | 1, if attributek is requiredby task;
ik = { 0, if not (28)

wherethe attribute can be a cognitive skill, a surfacefeatureof the item, etc. (e.g. Fischerand
Molenaar1995;Drang etal., 1995;Huguenarcetal., 1997;Embretson1995b;1999).
TheLLTM modifiesthesimplerIRT structurein two ways:

1. Theo; aretakento beidenticallyequalto 1
2. Thep; ha/ealinearstructure,g = ng

Modification#1 = completeconditionalsfor «; in equation(24) notneededyp; = 1.

Modification#2 = replacecompleteconditionalsfor 3; is equation(25) with completecondi-
tionalsfor 1

Let J, = {j: B; depend®nq);}. Then

N
p(z/)k|rest) x H H Pj(ai;ﬁ§*’k)(¢k))zij[1 _ Pj(ei;ﬁ](-*’k)(i/)k))]l_wij

i=1jE€T
- oy (Pr) (29)
whereﬁ](-*’k) (vy) is the i elementof thevector
g T
Vi1
Q- | Y

1/1;;+1

BUP) ()

| Yk
wherethe starredy*’s emphasizahat all the ¢)’s excepty,, arefixed. After all v,’s have been
sampledwe computed = Qv for usein theothersteps.

B.4.2 Item ResponseéModels: SimpleIRT vs.LLTM

Therearethreethingsto noteaboutthe MCMC schematidor simplelRT modelsandits modifi-
cationfor LLTM:

1. ThesimpleIRT schematias straightforvard becausdactorsin thelikelihoodarerelatively
“decoupled” parameteraffect only one“dimension” (studentsor tasks)of the likelihood
atatime.
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2.

B.5

Theextensionto LLTM is conceptuallystraightforvard,andnotmuchworsein practice See
for examplethe applicationof a similar modelto multiple ratingsof performancedasksin
PatzandJunler (1999b).

. The introductionof commonparameters), thatunderlieseveral tasks“r ecouples’some

factorsin thelikelihood:thetermsin the completeconditionalg29) for ¢, extendover both
“dimensions”(studentsandtasks).OK if () is fairly sparse

Latent ClassModels

LLTM allows skills decompositiorof tasks latentclass(LC) approachallows us to start
assessin@’[studentasskill], notjustgeneralb.

SchematidlCMC algorithmfor LC illustratesageneratechniqudor “decoupling” factors
in alikelihoodwhenthey arecoupledin a certaincommonway.

Adaptationto the constrainedatent classmodelsof Haertel (1989) and Haerteland Wi-
ley (1995)illustratesagainhow underlyingskill parametergan“r ecouple”the likelihood
factors.

B.5.1 Latent ClassModels

Suppossstudentsanbeclassifiednto W latentclasses,, w = 1,..., W, let

Ay = P[student isin classC,)]
pwj = P[X;; =1|student isin classC,,]

andasusualX;; = 1 or O indicatingcorrectperformancef task; by student.. Sincewe do not
know student’s latentclass the modelfor onestudents

w J
PXi =% [P, Al = > Aw [] D [1 = puy]' %
w=1 j=1

andfor an N x J matrix of response&latat’, we obtain

N w J -
Plx|p =11 { Aw _1:[205}} [1— pwj]l‘””“} (30)

=1 \w=

e Notaproductform for thelikelihood
e Nousefuldecouplingat all!
e Even cornventionalmaximumlikelihoodand E-M methodsbecomeunwieldyas NV, J and

W grow large.
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Decouplingtechniqguedataaugmentation.

Let
- _ ] 1, if student isin latentclassw
Fiw 0, if not
z; = (zi1,-- -, zw) = (0,0,...,1,0,0,...0) withalonlyin positionw, student’sassignedatent
class.

Sothe modelfor theit" studenis now

P[xi,zilp, Al = Pl[zi|A]- Plxilzi, p, Al

= {HW“’}'H{H%JU Pus]' wij}

soajoint probabilitymodelfor X« s, Znxw, andthe parameterss

P[X, Z|p, Alm(p)7()

= HH{/\w-Hpi"}[l—pwj]l—mﬁ} () [I 7 (puy)

- {H A%’“} {Hp ;7 11 —pwj]"“’_c”ﬂp(pwj)}

wheren,, = 37, Ziw, andceyj = >, ziwzi; (@ndw () andm,(p,;) arepriors).  We haveproductstructue
anddecouplingoad!

An MCMC algorithm(evenGibbs!)canbebasednthefollowing completeconditionaldistri-
butions:

e Fromthe secondine of thecompleteprobabilitymodel

P(Pw;Iresh o pyi (1 — pus)™ = 0y (pwy)
e Fromthesecondine againwe canseethat

p(A1, ... Awlresh o< [T Anem(Q)
e Fromthefirst line of thecompleteprobabilitymodel
p(zi1, - .., zawlresh oc [T (A7)

where
- )\w Hpﬂh] 1 - pw] 1 i
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B.5.2 Latent ClassModels: Haertel and Wiley

Haertel(1989)andHaertelandWiley (1995)discussalatentclassmodelin whichthelatentclasses
arecharacterizetby skill variables

S 1, if studentsn C,, possesskill k
wk =) 0, if not

k=1,..., K; andfor eachtaskj we summarizeéhe a’s by

£ = 1, ifawqujkforallkzl,...,K
w1 0, if not

l.e.&,; = 1 indicatesthatall skills neededor problem; arepresenfor studentfrom latentclass
w. In thelatentclassmodelwe set

£
puj = (1= s;)% g

wheres; andg, arepertaskslip andguessingrobabilities.
To estimatethe Haertel-Wley model we replacethe completeconditionalsfor p,,; in the
MCMC schematidor LC with

plgjlresh o« [ {gf-“”' (1— gj)mo i } q(gj)

w: §uyj=0

and

plsjlresyoc JI {1 —sj)ewis]™ 7} mo(s;)

w: Ej=1

wherer,(s;) andm,(g,) arepriorsasusual.

e Introducing“skill structure’re-coupledactorsof theLC likelihood.

e Cy = (a1, .-.,0yK) arefixedin advance sotheusefuldiagnostigparameteis P[student in classC,, | X]
A

w?

from the completeconditionaldor z;,, (seeabove).

B.6 Corbett/Anderson/O’Brien
To shav how to applywhatwe have learnedto a modelthat
¢ Is motivatedentirelyfrom a cognitive diagnosigoint of view;

e Allows usto learnaboutindividual skills that studentsmay or may not have, asopposedo
latentclassskill ensembles”
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we considera simplifiedversionof the “knowledgetracing” assessmemhodelin the LISP tutor
describedy Corbett, AndersonandO’Brien (1995).
Thesimplificationsare

e No hidden-Markv learningmodel;justaone-shoassessment;
e Behavior obseredatthelevel of task,not skill, performance;
e Someprobabilisticstructureseplacedvith equivalentdeterministicones.

Thebasicmodelparameterareexactly the sameasthosein the Haertel-Wley model:

Xi; = 1lor0 for performancef task; by student
gjx = 1lor0 for dependencef task; onskill &
o = 1lor0 for possessionf skill £ by student
§ij = Ik gp=1o =1, if student hasskills for task;

s; P[X;; = 0[&; = 1], pertaskslip parameter
g; = P[X;; =1|¢; = 0], pertaskguessingparameter

alongwith prior distributionss; ~ m,(s;), g; ~ m4(g;), ik ~ mp* (1 — mx)'~%*, and perhaps
T ~ (7).
Thegoalis to infer valuesfor ead o, or moreaccuratelyto estimateP[«;, = 1|thedatd.
Justasin the Haertel-Wley model

P[X;; = 1/¢,5,8] = (1 — s;)% ;"

andso

P[X¢;s, g]
= HH [(1 - sj)&jg;—ﬁij]wm [1 _ (1 _ sj)&jgjl_—&j]
i

- TIL - s -]
i

1—z;;

For aschematicMCMC algorithm,thecompleteconditionalsfor theslip andguessingparam-
eterslook very muchlik e thosein the Haertel-Wley model:

e Foreachs; we obtain

p(s;|resh oc (1 — sj)E ;i s?i(lf‘”"j)ﬁ”ws(sj),
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e Foreachg; we obtain

bl

plg;lresy oc g2 "8 (1 — g E-mn) 0=t ()
¢ If wewere interestedn estimatingg;; directlywe’d alsosee
plslrest oc [(1 = s;)7s; "% [g79 (1= g)1=9] ™ m(&y)
Now we would lik e to replacethe completeconditonaldor &;; with completeconditionalsfor

ok, Where
fijz H (8973
]C: qijI

Let&ff’“) = [lekiq;—1 @ie, Whichindicatespresencef all skills neededor taskj, exceptfor skill k.
Thenthe completeconditionaldistributionsfor «;;, areof theform:

p(aux|resd

R ;R
o L [0 ] Y [ gyn] o

Jt Qjk=1
X ,ﬂ.l‘:ik(l _ ﬂ_k)lfaik

Comparingwith the completeconditionalsfor ¢;; we canseethatagainthereis akind of “recou-
pling” of thelikelihoodfactors.
Notethat

. Whenggj_’“) = 1, thesuggestednodelfor «;; is somesortof Bernoulli, which malessense.

e Whenthereareno taskssuchthatbothg;, = 1 ande(;k) = 1, thenqy, is dravn from the prior
distribution 7 (1 — ;) ' % : nolearningfrom dataoccurs.

e Thisisreallyaversionof thecredit/blameproblem:we cant infer whethera;;, waslearnedjf we are
hypothesizinghatanothemeededskill is still unlearned.

Finally if we wantto estimatethe skill baseratesr;, we mayincludea fourth setof complete
conditionals
p(mi|resd oc gk (1 — ) V=% (1)

wherec, = Y, a; IS thenumberof studentsvho arepresentlyestimatedo have skill k.

B.7 Closing Thoughts
e Decoupling As I've informally usedit here,“decoupling”involvestwo features:

— Thelikelihoodfor thedatais in productform
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— Eachparameteaffectsarelatively smallsubsebdf likelihoodfactors.
Decouplingfacilitiates

— Writing completeconditionaldistributionsfor implementinglCMC algorithms;
— Reducinghedimensionalityof maximizationandintegrationproblemsn maginal/conditionajbint
maximum-likelihoodestimation.

LocalizeddependencésparsearametrizatiorfHrycek,1990);dataaugmentatiorfTanney
1996);variationalboundgJaaklola andJordan,1999).

¢ \alidity, Reliability, Credit/Blame DiBello, StoutandRousoq1995)discusssomevalidity
andreliability considerationg constructingcognitively diagnosticassessmemhodels.

— Validity: Incomplete) matrix; multiple stratgies.

* Assessinghecompletenessf Q mayrequiremodelinglearningaswell asinventoryingskills
thatarein place.

x LC modelsprovide a generalapproachto multiple stratgy whenthe strategy is constant
acrossproblemswithin person If the stratgyy canchangefrom problemto probleml think data
augmentationvill producedecouplednodels but unlessyou asktheright questiongherewill
beverylittle dataonwhichto basestratgyy estimates.

— Reliability: positivity (slips/guessingfor specificskills or for thetaskasawhole.

* s; andg; begin to getattaskpositvity atleast,
* maybediagnosticof certaindefectsn Q.

— Credit/Blameproblemsthat arosein the simplified Corbettet al. model suggesthat
eitheronehasto designtheassessmemsbthatindividual skills areobsened,or atleast
designthe tasks,task scoring,and skill set, so that thereare no “effectively hidden
skills”.

e Compl«ity. Evenin this abbreviatedsurwey therearemary levelsof compleity; andeven
onecomputationamethodvariesgreatlyin its complity in applicationdo models.



