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1 Intr oduction

This reportsurveys a few statisticalmodelsandcomputationalmethodsthatmight beusedto un-
derlieanassessmentsystemdesignedto yield inferencesthatarerelevantto arich cognitivetheory
of instruction,learningor achievement.That is to say, we are interestedin a deeperaccountof
featuresof studentperformancethanwhichitemsor tasksastudentgot right,andweareinterested
in a richerdescriptionof thesefeaturesthananumber-right score.

The modelsdiscussedheremostly arosein the effort to build a practicalmethodologyfor
cognitive diagnosisin the information-processingstyle of cognitive psychologydevelopedby
Pittsburgh-basedcognitivescientistsNewell, Simon,andAnderson,andtheir intellectualdescen-
dants.Therearetwo reasonsfor this focus:first, many examplesof this stylearewithin my ready
reach.Second,this style—especiallyin its applicationto intelligenttutoringsystems—isparticu-
larly aggressive in makingexplicit thelinks betweenanunderlyingtheoryof performanceandthe
observabledatathat we canobtainby watchingstudentsperformtasks.This aggressive explica-
tion makesit easyto lay baresomeissuesin assessmentandlink themto statisticalissues,bothof
whichareessentialfor usunderstandaswefacethemorecomplex demandsof cognitively relevant
assessment.

Thereaderwho is notan“informationprocessor”shouldnotbeputoff by theheavy emphasis
on assessmentand ITS’s in this style. Probabilisticreasoninghasbeenhighly successfulhere,
in explicating issuesof what it is importantto assess,what sourcesof uncertaintyin assessment
might be present,what the expectedpatternsin dataare,etc. The samekind of efforts that led
to theseadvancesin cognitive diagnosiscanbe broughtto bearon assessmentfrom any other
psychologicalperspectiveaswell. Thenatureof thestudentrepresentation,thekindsof evidence,
andthedetailsstatisticalmodelsandmethodsmaybeverydifferentin theirparticulars.Regardless
of one’s psychologicalperspective, the challengesof designingan assessmentarethe same:one
mustconsiderhow onewantsto frameinferencesaboutstudents,whatdataoneneedsto see,how
onearrangessituationsto get thepertinentdata,andhow onejustifiesreasoningfrom thedatato
inferencesaboutthestudent.

All of themodelsdiscussedin this report,from factoranalysisto item responsetheory(IRT)
models,latentclassmodels,Bayesiannetworksandbeyond,shouldbethoughtof asspecialcases
of the samehierarchicalmodel-building framework, well-illustratedrecentlyby the textbook of
Gelman,Carlin,SternandRubin(1995).They aremodelswith latentvariablesof persistentinter-
est,whichmayvary in nature—continuous,ordered,dichotomous,etc.—aswell asin relationship
to oneanotherdependingon the cognitive theorythat drivesthe model,thatarepositedto drive
probabilitiesof observations,which mayalsovary in natureandinterrelationship.The functions
that link observationsto latentvariablesvary asappropriateto the natureandinterrelationships
of theobservedandlatentvariables,andthe modelsaremadetractableby many assumptionsof
conditionalindependence,especiallybetweenobservationsgivenlatentvariables.

In thepastthesevariousmodelshavebeentreatedanddiscussedasif they werequitedistinct.
This is duein part to the fact that until recentlycomputationalmethodshave laggedfar behind
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modelbuilding sothatfor yearsthesometimesideosycraticestimationmethodsfirst seenasmak-
ing eachmodeltractiblein applicationshave “stuck” to the model,enhancingthe appearanceof
distinctionamongthemodels;andin partto thehistoricalaccidentthatthesevariousmodelswere
originally proposedto solveratherdifferent-soundingproblems.But asRoudenbush(1999)hand-
ily illustratedin hiswrittenmaterialsfor theCommitteeat its October1999meeting,modelswith
ratherdissimilarnamesandapparentlydifferentdomainsof applicationcananddo amountto the
samemathematicalobjectwhendecontextualizedfrom estimationmethodandoriginaldomainof
application.Rapidprogressover thepasttwo decadesin computationalmethodsfueledby faster
computingmachinery, anda bettersenseof thewide applicabilityof a coremethodologyto prob-
lems from humandemographyto theoreticalphysicsfueled by a revolution in communication
within andbetweenthe disciplines,hasencouragedandconfirmedthe view that moststatistical
modelsarisefrom a singleframework in which the modelis built up from a hierarchyof condi-
tionalprobabilitystatements.

Two quick examplesillustrate the flexibility that this view of modelingprovides.Fienberg,
JohnsonandJunker (1999;seealsoDobra,1999)illustratehow IRT models,well-known in large
scaleeducationalassessments,can be readily applied to solve difficult problemsin multiple-
recapturecensuses,for examplein assessingthe sizeof the World Wide Web by comparingthe
“hits” at varioussearchenginesfor thesamequeries.Patz,Junker andJohnson(1999)adoptthe
entireconditional-probabilitystructureimplicit in generalizabilitytheoryandreplacethattheory’s
traditionalnormal-distributionassumptionswith assumptionsappropriateto fallible scoringof in-
dividual itemsby multiple judgesaccording to discretescoringrubrics. The resultingmodelfor
analyzingmultipleratingsof performanceitemscanbetteraccountfor per-itemuncertaintlyin the
ratingprocess,andcanproducea“consensus”ratingoneachperformance,usingthesamescoring
rubric thatthejudgesthemselvesuse,weightedaccordingto thebiasesandinternalreliabilitiesof
theparticularjudgeswhosaw thatperformance.

Within thehierarchicalmodelbuilding framework justsketched,thisreporttriesto illustratethe
continuumfrom IRT-like statisticalmodels,that focuson a simpletheoryof studentperformance
involving oneor a few continuouslatentvariablescodingfor “generalpropensityto do well” on
theonehand,to statisticalmodelsembodyinga morecomplex theoryof performance,involving
many discretelatentvariablescodingfor differentskills, piecesof knowledge,andotherfeatures
of cognitionunderlyingobservablestudentperformance,ontheother. Someof themostinteresting
work on theselatter typesof modelshasbeendonein thecontext of intelligent tutoringsystems
(ITS’s),andrelateddiagnosticsystemsfor humanteachers,whereafiner-grainedmodelof student
proficiency is oftenneededto guidethetutor’s next steps.However, this extra detail in modeling
canmeanthatnooneinferenceis madeveryreliably. While thismaybeanacceptablepriceto pay
in an ITS wherethe costof underestimatinga student’s skills maybe low (perhapscostingonly
thetime it takesthestudentto successfullycompleteoneor two moretasksaccessinga particular
skill, to raisetheITS’sconfidencethatthatparticularskill hasbeenmastered),low reliability is not
acceptablein high-stakes,limited testing-timeassessments,in which e.g.attendancein summer
school,job or gradepromotions,andentranceinto college or othereducationalprograms,may
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be affectedby inferencesaboutthe presenceor absenceof particularskills andknowledge.We
shallalsoseethatthemoredetailedmodelsoftenincreasethecomputationalburdenof inferences,
whatever their reliability.

This reportdealsmostlywith full specificationsof reasonablycomplex statisticalassessment
models.Takenat facevalue,fitting thesemodelsanddrawing inferencesfrom datawith themre-
quiresat leasta powerful personalcomputerandrathercomplex software;andmayin somecases
requirecomplex codingof students’behavior asthey performassessmenttasks.This would seem
to constrainthepossibleapplicationsof themodels.In-classandotherembeddedassessmentsthat
requireimmediate,teacher-scoredfeedback,for example,might not beableto usethefull power
of suchmodels.And in somesituations,thetechnicalcomplexity of therelationshipbetweentask
performanceandinferencesaboutskills andknowledgepossessedby students,wouldcreatepoten-
tial political andlitigation hurdlesin their implementation.I focuson thesefully-realizedmodels
for two reasons.First, thesemorecomplex modelscomecloserto what we may be aiming for
whenwetry to incorporateamorecomplex theoryof performanceinto themeasurementproblem.
Consideringthemin full detail allows us to askwhat inferencesarepossibleor reliable,taking
sucha theoryseriously. Second,it is certainlytruethatin many situations—especiallytheteacher-
scoredembeddedassessmentsalludedto above—simplersummariesof studentbehavior wouldbe
necessary. Thesesummariesmight bebasedon qualitative scoringrubrics,for example,that are
not directly relatedto themodelsconsideredin this report;or they might bebasedon simplified
versionsof thesecomplex models,that allow us to usethe datain a morestraightforward way
to make lessrefinedinferences.In eithercase,thesesimplersummariesderive validity only to
theextent that they reflectvariationpredictedby theunderlyingtheoryof performance;themore
complex statisticalmodelsconsideredhereprovideavehiclefor formulatingsuchpredictions.

In developingthis reportI have madetwo simplifying assumptionsin thestatisticalmodeling
of studentperformance,to easemy own expositionalburden.First, I have assumedthat all fea-
turesof studentperformancein a (generic)cognitivemodelcanbecodedby binarypresent/absent
variables.Thus,a pieceof knowledgesuchasthenameof thecapitalof Brazil, or a skill suchas
factoringtheexponentof a suminto a productof theexponentiatedsummands,is codedaseither
presentor absent,insteadof presentto somedegree,in the models.Second,andperhapsmore
seriously, I have assumedthat all models—IRT-based,cognitively motivated,or otherwise—are
only sensitive to binary outcomes,that is, whetherthe studentgot eachtaskor subtaskright or
wrong.As I shallargueat somepointsbelow, modelsbuilt on only thesebinarytaskperformance
measuresmaynot alwaysbeableto gatherenoughevidencefrom a typical-lengthstudentexam,
to allow reliableinferencesaboutcomplex underlyingfeaturesof studentperformance,from par-
ticular skills andknowledgeto students’choicesof stragetiesfrom problemto problemor over a
wholesequenceof problems.

Neitherof thesesimplifying assumptions—“binaryskills” and“binary outcomes”—issacro-
sanctandbothmightbesacrificedto meetthefeaturesof thetaskdomainandunderlyingtheoryof
cognition,aswell asthetheinferentialsubstanceandpurposes,of aparticularassessmentsystem.
On the other hand,relaxing theseassumptionsmay lead to a model with more complex com-
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putationalneeds,or onein which inferencesare lessreliable.Balancingthe detail of modeling
suggestedby thepurposesof assessmentandtheoryof studentperformanceon theonehand,with
thecomputationaltractibility andinferentialreliability of theresultingmodelon theother, is one
of theartsof assessmentmodeling.This reportillustratessomeconsiderationsthatinform thatart.

2 On Designingan Assessment

We begin our survey of statisticalmodelsandcomputationalmethodsfor cognitively-relevantas-
sessmentby briefly consideringseveralmajordecisionsin designingtheassessmentto whichthese
modelsandmethodsmaybeapplied.It mayseemstrangeto startasurvey of statisticalmodelsand
computationalmethodswith assessmentdesign,but thisisexactlytherightplaceto start.Statistical
modelsfor assessmentdatavarygreatlyin complexity, andcomputationalmethodsfor thesemod-
elsalsovary in bothcomplexity andrunningtime.Relatively simpleassessmentgoals,evenin the
context of cognitive modeling,requireonly relatively assessmentdesignsandsimplemodelsand
computationalmethods;this oftenmeansthat inferencesareavailablealmostassoonaswe have
thedata—”inreal time”. On theotherhand,complex assessmentgoalsrequiremorecomplex as-
sessmentdesigns,andhencemorecomplex modelsandalgorithms;consequentlyinferenceswill
only be available“offline”—too long after the datahasbeengeneratedandcollectedto provide
immediatefeedbackto studentsandteachers,for example.

Designof anassessmentinvolvesansweringat leastthefollowing questions:Whatis thepur-
poseof the assessment?What kinds of inferencesdo we wish to make aboutthe student?What
datawill we needto seeto make theseinferences,andhow canwe arrangeto getit? How will we
make andreport theseinferences?In the next several subsectionswe will considerbriefly some
aspectsof thesequestions.This discussionwill not becompletebut is intendedto highlight some
importantconnectionsbetweenassessmentdesign,assessmentmodelcomplexity, computationfor
modelfitting, andreliability of inferences.

2.1 Purposeof Assessment

Thetraditionalpurposesassessmentsto whichpsychometricmethodshavebeenappliedhavebeen
for linearrankingandrelatedmasteryandselectiondecisions,usingasinglemeasureof proficiency
likeanumber-correctscoreor alatenttrait estimatefrom anitemresponsemodel.Johnny is “more
proficient” thanSuzy, andSuzyis moreproficientthanBill. Johnny’s proficiency is so high that
hehasachievedmasteryof thesubject;andwhile Suzyhasnot achievedmastery, sheandJohnny
bothmakegoodcandidatesfor trainingprogramX. Bill’ s level of proficiency, however, is too low
for admissionto thisprogram.

Althoughmasteryin thesenseof having a level of proficiency that is above somethreshhold
is certainlypart of the traditionalpsychometrictoolkit, both formal andinformal analysisof the
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attributes
�

neededto achievemasteryshowsconsiderablecomplexity in whatthestudent
�

actually
bringsto theexam.Figure14.5of Tatsuoka(1995),for example,lists frequentknowledgestates
correspondingto

	
andscaledSAT scoresonaform of theScholasticAptitudeTest(SAT) Mathe-

maticsExam.Tatsuoka’swork particularlyshows(seealsoSection2.4below) how datadeviations
from a conventionalpsychometric(IRT) modelcanexhibit considerablestructurewith respectto
putativeskills underlyingtheexamproblemsthemselves.Thissuggestsamorenuancedversionof
mastery, in which we attendto standardsof performanceon particularskills underlyingtheexam
problems,insteadof number-right or patternsof rightsandwrongson the problemsthemselves.
The morenuancedversionof masteryin turn demandsa morenuancedandcomplex modelfor
assessingstudentperformance.

Which of the above “conceptions”of an assessmentmodel—asinglecontinousproficiency
variableor many discretestudentattributesworking in concert—isright?Theanswerto thisques-
tion dependspartly on what is “really going on in our heads”,illuminatedfor exampleby basic
researchon theneuralbasisof cognition.But it alsodependson thepurposeof theassessment.If
our purposeis to producelinearrankingsalongoneor a few scales—forselectionor certification,
for overall programevaluationwith pre-andpost-tests,or moregenerallyto maptheprogressof
studentsthrougha curriculumvia several equatedtestsgivenat variousintervals throughoutthe
curriculum,etc.—thena multitudeof discretestudentattributesprobablygetsin the way of the
story we want to tell; moreover inferencesfor a single latentproficiency variablewill be more
reliable,given the sameamountof datafrom a well-constructedtest,thaninferencesfor a large
collectionof discretestudentattributes.

On the other hand,assessmentcan also be usedto inform instruction,in order to enhance
studentlearning.Indeedthereis substantialargumentandevidence,assummarizedfor example
by Bloom(1984),thatpartof whatdistinguisheshigherstudentachievementin “masterylearning”
andindividualizedtutoringsettingsasopposedto theconventionalclassroom,is theuseof frequent
andrelatively unobtrusive formative testscoupledwith feedbackfor the studentsandcorrective
interventionsfor theinstructor, andfollowupteststo determinehow muchtheinterventionshelped.
This approachcontinuesto beadvocatedaspartof a naturalandeffective apprenticeshipstyleof
humaninstruction(e.g. Gardner, 1992),and it is the basisof many computer-basedintelligent
tutoring systems(ITS’s; e.g.Anderson,1993;andmorebroadlyShuteandPsotka,1996).This
kind of assessmentoftenrequiresthemostcomplex modelsof studentperformance,andmayalso
requirecomplex estimationmethods.

Anotherpurposeof assessmentis to refineour understanding,not of individualdifferencesin

Differentcognitive modelscall theattributesthataffect taskperformancedifferentthings.Somemodelssimply

call themrulesor subgoals,andin somecasessubgoalsarecollectionsof rules.Many, notablythe tutorsdescribed
by Anderson,Corbett,Koedinger, andPelletier(1995),makeaprocedural/declarativedistinction.Others,for example
Gertner, ConatiandvanLehn(1998),make a finer distinction.To minimizeterminologyI will referto all of theseas
simply “studentattributes”or occasonally“skills andknowledge”.�

Not everypersonwho takesanexamis a student,so“examinee”might bea morepreciseword choice.However
in this reportI will usetheterms“student”and“examinee”interchangeably.
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studentperformanceperse,but ratherof how a particularsetof problemsmeasuremasteryof a
particularsetof skills thatweareinterestedin, andhow wemightconstructproblemsthatmeasure
particularskills of interest.That is to say, we may be most interestedin test design(Mislevy,
Sheehan,andWingersky, 1993;Embretson,1994,1995b;BaxterandGlaser, 1998;Nichols and
Sugrue,1999)or in real-timegenerationof novel examproblems(e.g.,Embretson,1998,1999).
To theextentthatourmodelof studentperformanceis complex, statisticalmodelsfor thispurpose
will becomplex also.

Psychometricmethodsfrom truescoretheory(Lord andNovick, 1968)to item responsethe-
ory (IRT; van der Linden andHambleton,1997)have beenhonedto characterizeandminimize
theerrorin linearranking,masteryandselectiondecisions.For thesepurposes,anew approachto
assessmentmodelingis notneeded.For purposesthatrequireamorecomplex modelof individual
studentattributesunderlyingperformance,wemustat leastconsiderthecomputationalburdenand
reliability of inferencesthatsuchmodelsimply, especiallyif realtimefeedbackis intended.Exact
formsof computationalmethodsfor complex modelsmayruntooslowly to beof use(e.g.Hrycek,
1990),evenif thefeedbackdoesnot have to occurin realtime. ITS’s andotherembeddedassess-
mentsystemsoften avoid this difficulty by eitherrunningsimplerapproximationsto the “right”
model,or by precalibratingpartsof themodel(this occursin ComputerizedAdaptive Testingas
well; seefor exampleWaineretal.,1990;andSands,Waters,andMcBride,1997).Thesemethods
canrun therisk of beingmore“sure” of thestudent’s knowledgestatethanis in fact justified,but
areoffsetby eitherthe low costof uncertainty(e.g.in ITS’s) or theavailability of a wide variety
of informalcorroboratingcontextual information(e.g.in classroom-embeddedassessment).

Moredetailedconsiderationof purposesof assessmentthatmightrequirecognitively rich mod-
eling is givenby Lesgold,Lajoie,Loga,andEggan(1990).They list fivespecificpurposesfor test-
ing: to developadescriptionof studentcapabilities;to explainastudent’s level of performance;to
adaptinstructionto astudent’scompetences;to screen,for thepurposesof warningor remediation,
low-achieving students;andto screen,for thepurposesof selection,high achieving students.The
specificdetailsof one’smapof assessmentpurposesarenotasimportantasthatoneconsidersthe
purposeof theassessmentandtriesto determinewhatmodelingcomplexity/effort is usefulfor that
purpose.

2.2 StudentRepresentations

2.2.1 SomeGeneralConsiderations

As Hunt (1995,p. 415)notes,the first stepin developingan assessmentis to decideon a repre-
sentationof theexaminee’sknowledge,capabilities,etc:All inferencesthatwecanmakefrom the
assessmentareultimatelyframedin termof this representation.

Huntandotherauthorsgoingbackto at leastCronbach(1957)distinguishbetweenpsychome-
tric andcognitivesciencerepresentations� . Psychometricrepresentationsareusuallycharacterized

Pellegrino, Baxter and Glaser(1999) review the history of thesetwo approachesto psychology, and various
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by a generaltrait orientationto what testitemstell usaboutunderlyingstudentachievement,re-
flectedby rathercoarse,usuallycontinuous,measuresof studentproficiency; seefor examplethe
editedvolumeon IRT modelingof vanderLindenandHambleton(1997).By contrast,cognitive
sciencerepresentationsareoften characterizedin termsof theory-driven lists of studentbeliefs
and capabilities,and correspondinglyfine-grained,discretemeasuresof studentattributes(e.g.
presenceof absenceof a particularbit of knowledge,successor failure masteringthis or that
skill, etc.);well representeddiscreteskills modelsoften implementedwith Bayesiannetworksof
discretevariables;seefor examplethe editedvolumeon cognitively diagnosticassessementof
Nichols,ChipmanandBrennan(1995).

Thisdichotomybetweencontinuousproficiency approachesassociatedwith traditionalpsycho-
metricsontheonehand,anddiscreteattributesapproachesrecentlyassociatedwith recentattempts
atcognitivelydiagnosticassessmentsontheother, is perhapstoosharplydrawn to capturetheways
in which theserepresentationshave stretchedtowardeachother, but it is usefulbecauseit allows
usto makeseveralimportantobservations.First,statisticalmethodsandprobabilisticreasoningare
usefulregardlessof one’s psychologicalperspective—fromthe trait andbehaviorist perspectives
with which thecontinuousproficiency approachof IRT modelsandtheir relativeshavebeenasso-
ciated,to thecognitivediagnosisperspective for which thediscreteattributesapproachof discrete
Bayesiannetworksseemnatural—becausemuchof educationalandpsychologicalassessmentis
a signal-detectionproblem:we wish to draw inferencesaboutconstructsthatmayor maynot be
directlyobservablefrom behavior thatis directlyobservable,but maynoisyor incomplete,or both,
asanoperationalizationof theconstructwewish to learnabout.

Thesecondimportantobservationto make is onethatwe beganin Section2.1: thechoicebe-
tweencontinuousproficiency anddiscreteattribute representationsis drivenat leastasmuchby
thepurposesof theassessmentasit is by somephysicalor psychologicalreality. Despitetheper-
sistenceof the“latent trait” terminologyin theirwork, few psychometricianstodaybelievebelieve
thatthelatentcontinuousproficiency variablein anIRT modelhasany deeprealityasa“trait”; but
asavehiclefor efficiently summarizing,rankingandselectingbasedonperformancein adomain,
latentproficiency canbequiteuseful.By thesametoken,computer-basedintelligenttutoringsys-
temsoftenimplementakind of ongoingstudentassessmentin termsof discreteattributes,usually
neitherasfine-grainedasa fully-developedtheoryof performancenor asefficient a summaryas
anoverall proficiency measurewould be;yet these“middle-level” modelsmaybewell-tunedfor
makinginferencesaboutwhat the tutor shoulddo next with a particularstudent.Thereis in fact
a wide rangeof optionsbetweenthe continuousproficiency anddiscreteattributesextremesof
assessmentmodeling,providing avarietyof choicesfor avarietyof assessmentpurposes.

Our third observation is that the activity of developing a studentrepresentation,as an in-
formedcollaborationbetweencognitive psychologistand psychometrician/statistician,provides
fertile groundfor cognitive psychologyto provide a strongersubstantive foundationfor psycho-

attemptsto blendthem;seealsoSnow andLohman,1989,p. 264, for a brief discussion.Thesamedistinctionsare
echoedtodayfor exampleby O’Connor(1992,pp.16–21),Embretson(1998),andNicholsandSugrue(1999).
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metrics,andfor psychometricsto provide principlesof efficient summarizationandreliability of
inferencefor cognitively valid assessment.As Snow andLohman(1989,p. 266) outline,cogni-
tive psychologycancontributeto testdevelopmentby providing a morenuancedpictureof what
makesa test item difficult andwhat producesnoticableindividual differencesin studentperfor-
mance;by elaboratingour understandingof target aptitudes,achievementsandcontentdomains
thatmight suggestalternativedatacollectionandmeasurementstrategies;andby developingnew
theory-basedperspectiveson thegoals,requirements,demandsandconditionsof educationalen-
vironments.Conversely, Mislevy (1994)givesmany examplesof thewaysin whichpsychometrics
andthebroaderstatisticalenterpriseon which it is basedcancontributeto thesharpeningof con-
structdevelopment,operationalizationandmeasurementin cognitive psychology. Theseinclude
issuessuchas the decreasingreliability of inferenceswhenthe assessmentmodel fails to track
importantvariationin theunderlyingperformancedata(e.g.Mislevy, 1994,p. 468);tradeoffs be-
tweenincreasingcomplexity of thestudentmodelanddecreasingprecisionof measurement,due
either directly to model complexity (as is clear to anyone who haswatchedthe standarderror
of a regressioncoefficient increaseasadditionalregressorsareaddedto themodel)or indirectly
to the difficulty of preciselymeasuringcovariatesneededin the morecomplex model(Mislevy,
1994,esp.p. 474); andthe tools to identify deviationsfrom a model that accountsof the main
componentsof variationin multi-facetedmeasurement,andto examinedeviationsfrom themodel
for regularitieswhich suggesteitherelaborationof themodelor quality control issuesin thedata
collectionandmeasurementdesign(Mislevy, 1994,pp.476-480).

DespitegreatprogressthathasbeenmadesinceSnow andLohman’s (1989)somewhatspecu-
lativeinvitationto psychometricians,andevenmorerecentlysinceMislevy’s(1994)demonstration
of someof the synergy that is possiblewhena statisticianbecomesdeeplyinvolved in cognitive
measurementproblems,thereis still muchwork to do.Questionsthataresimplein othercontexts,
suchassamplesizeto producesuitablypreciseinferences,beonly approachableby approximate
analysisor lengthysimulation,andmay dependdelicatelyon detailsof the statisticalmodel in-
tendedto morenearlyreflecta complex cognitive theoryof performance.And selectingtheright
“granularity” both in the studentattributesunderlyingperformanceandin the performancedata
itself, is still moreart thanscience.Thusfor thenearfutureat least,we arenot in a positionto be
ableto recommendthatonetakea“standard”model“off theshelf”—thereis nocollectionof stan-
dardmodels,andperhapsnot evena shelfyet.Progressin developingstudentrepresentationsthat
have both sufficient cognitive validity andadequatepsychometricutility will continueto require
thefull intellectualparticipationof boththecognitivespecialistandthestatistician.

2.2.2 SomeSpecificTypesof Representation

Wenow turnto abrief menagerieof studentrepresentationsthatcanform touchstonesfor thework
to follow. As indicatedabove,thesedonotrepresentany sortof “shelf” of “standard”models,they
aresimplysomeextremes,andvariationson theextremes,thatsuggestboththevarietyof models
availableandthepointsof commonalityamongthem.
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Figure1:Typicaldiscrete-attributesassessmentmodel;boxesindicateobservablestudentvariables,
ovalsindicatelatentstudentvariables.Qualityof studentresponsesprovidesevidencefor thepre-
sence/absence,or degreeof presence,of eachof variousstudentattributes.The  -matrixdescribed
in equation(1) indicatespresence( !#"%$'&)( ) or absence( !*"+$,&.- ) of anedgeconnectingattribute /
to response0 .

Our first representation,illustratedby Figure1, is what I considerto be the basic“discrete
attributes”representationsuggestedby any theoryof performancethathypothesizesa discreteset
of studentattributesunderlyinga student’s responsesin a seriesof assessmenttasks.If the at-
tributesarecodedin binaryfashion(present/absent),therepresentationdepictedin Figure1 allows
for 1324&6571 studentknowledgestates,correspondingto eachpossiblecombinationof presentor
absentattributes.Arrows indicatedependency of responseson studentattribute: response1 for
exampledependson thefirst threeattributes.Theresponsesthemselvesmaybein one-to-onecor-
respondencewith distinct assessmenttasks,they may be nestedwithin tasksso that Response1
andResponse2 relateto thesametaskbut Response3 relatesto adifferenttask,etc.

How theattributescombineto producea responseis left unclear. Two simplepossibilitiesare
pureconjunctionsin whichall antecedentattributeshaveto bepresenttogetherin orderto produce
a correctresponse;or pure disjunctionsin which any oneor moreattributesis sufficient to pro-
duceacorrectresponse.For easeof exposition,many of theexamplespresentedin this reportwill
involve conjunctive modelsrelating binarily-codedattributes(present/absent)to binarily-coded
responses(right/wrong),but thereis nocompellingtheoreticalreason—thoughtheremaybeprac-
tical implementationissues—restrictingmodelsto conjunctive form or binarycoding.

Figure1, interpretedasa conjunctive modelwith binary codingof attributesandresponses,
alreadyillustratesthreeimportantpointsaboutmeasurementin this framework. First,whenmore
thanoneattribute is involvedin a response,thereis an inherent“credit/blame”problem:For ex-
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ample,supposethat we observe only Response3 for a particularstudent,and that responseis
incorrect.Wedonotknow whetherto blameAttribute3, Attribute5, or both(similarly, in apurely
disjunctive modelwe would not know whetherto credit Attribute 3 or Attribute 5 for a correct
Response3). A relatedproblemis the“hiding” of oneattributebehindanother. Supposewe know
thestudentdoesnot possessAttribute5. A wrongResponse3 tells usnothingaboutAttribute3,
theotherattributerequiredfor this task.Both problemsmaybealleviatedby observinga correct
Response2. This tells us that Attributes3 and4 arepresent,so that Response3 is beingdriven
completelyby Attribute5. However, anincorrectResponse2 doesnot help,regardlessof whether
wehavealsoobservedResponse1 or not.Thissuggestsboththatcarefuldesignof theassessment
maybeableto alleviatesomeof theseproblems,andthatsuchcarefuldesignmaybedifficult.

Second,therelationshipsbetweenresponsesandattributesdisplayedin thefigurecanbecom-
pactlydescribedin matrix form, by a matrix  with elements!*"+$8&9( if attribute / is neededfor
response0 , and !*"+$'&:- if not.For example,the  matrix for Figure1 wouldbe

 ;& <=> ( ( ( - -- - ( ( -- - ( - (
?A@BDC (1)

indicatingdirectededges(arrows) connectingattributenodes(columnsof the  -matrix) with re-
sponsenodes(rows of the  -matrix).The !#"%$ ’s might be0’s and1’s asshown here,or they might
be givendifferentvaluesindicatingthe strengthof associationbetweenthe attribute andthe re-
sponse.The  -matrix is thusessentiallyan accountingdevice that describesthe “experimental
design”of thetasksor responsesin termsof underlyingattributesthat theresponsesareintended
to besensitive to. Althoughit hasgainedprominencein recentyearsasa tool for taskanalysisin
thework of Tatsuoka(e.g.Tatsuoka,1990,1995),it or somethinglike it, would bepresentin any
well specifiedmodelof taskperformancein termsof underylingstudentattributesor taskfeatures.

Third, thearrows in Figure1 mayrepresentdeterministicconnectionsbetweenattributesand
responsevariables,or probabilisticones.The directionof the arrows in thesemodelsindicates
the flow of informationwhenwe usethe model to predict responsedata.Thus,undera purely
conjunctive versionof Figure1 we might predict from the knowledgethat a particularstudent
possessedAttributes1, 2, and3, but not Attributes4 and5, that only Responses1 and2 would
be correct(or would be correctwith high probability), and Response3 would be incorrect(or
correctwith low probability).In applyingthemodelto assessmentdata,the informationflows in
theotherdirection.This is especiallyevidentwhenthearrowsrepresentdeterministicconnections:
if Response1 is correctand the model is purely conjunctive we may be surethat the student
hasAttributes1, 2 and3. It alsoworks whenthe connectionsareprobabilistic,andthe graphis
interpretedasa Bayesiannetwork2 (which in this casemeansthatall responsesareconditionally
independentgiven all attributesand all attributesare marginally independent);in that caseweE

eachvariableis conditionallyindependentof all of its non-descendants,givenits parents(Pearl,1988,Corollary
4, p. 120).
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Figure2: Multi-layereddiscrete-attributesassessmentmodel;boxes indicateobservablestudent
variables,ovals indicatelatentstudentvariables.Presence/absence(or degreeof presence)of at-
tributesgivesevidenceabouthigher-orderclustersor meta-attributeswithin eachstudent.The  -
matrix andhierarchicalmodelingframeworksdescribedin the text canaccomodatethis structure
aswell.

startwith baseratesor prior probabilitiesfor possessionof eachattribute,andapply the rulesof
probability, andespeciallyBayes’rule (seeAppendixB for details),to adjusteachattribute’sbase
ratesupward (e.g. in the caseof correctresponses)or downward (e.g. in the caseof incorrect
responses),to obtainposteriorprobabilitiesthateachparticularstudentpossesestheattribute.

Whenthe arrows representprobabilisticconnections,the relevant probabilitiesmight be as-
signedon the basisof prior theoryor experience,or estimateddirectly from pilot studydata,or
evenfrom thesameassessmentdatausedto evaluatestudentperformances.Theprobabilitiesmight
befurtherstructuredby amodelof how attributescombineto produceresponses(notonly thecon-
junctive/disjunctive distinctionmadeabove but alsowhetherfor exampleAttribute5 is easierto
acquireif Attribute3 is alreadyin place).

Figure2 displaysanaturalvariationon thediscretestudentattributesrepresentation.Let usin-
terprettheedgesof thegraphprobabilistically;againweassumethatall responsesareindependent
givenall attributes,andin this casealsoall attributesareindependentgivenall clustervariables.
The ideaof the clustervariablesis to tie togetherattributesthat tendto be learnedtogether, for



AssessmentModelsandMethods,draftof November30,1999 15

exampleCluster1 in the figuremight represent“mixednumberskills”, Attribute1 might be the
skill “separatewholenumberfrom fraction” andAttribute2 mightbetheskill “simplify improper
fractionto mixednumberform” U . We might speculatethatAttribute2 is presentwithin a student,
thenthereis a greaterlikelihoodthatAttribute1 is presentaswell, andconversely—perhapsbe-
causethesetwo skills aretaughtin the sameunit in mostmathematicscurricula.If we observe
that Response3 is correctfor a particularstudent,successive applicationsof the rulesof condi-
tionalprobabilitywouldincreasetheprobabilitythatthatAttribute2 is present,andhencealsothat
theprobabilitythat the“mixednumbersskills” clusteris present—perhapsthestudenthasseena
mixednumbersunit in school—whichin turn increasesthe likelihoodthatAttribute1 is present,
beforeeverseeingResponses1 or 2. More directrelationshipsbetweenattributescanbeobtained
by connectingskills directly in the graph—say, placingan arrow from Attribute2 to Attribute1
and(perhaps)removing Cluster1 from thegraph(thus,knowledgeaboutAttribute2 directly in-
fluencesour inferencesaboutAttribute 1 [and vice-versa]without going througha higher-order
clustervariable).An exampleof amodelincorporatingbothkindsof dependencebetweenskills is
givenin Figures9 and10of Mislevy (1994,pp.464–465).

As alludedto above, a commoninterpretationof graphssuchas Figure 1 and Figure 2 is
as a Bayesiannetwork. A Bayesiannetwork is a directedgraphrepresentationof a probability
distribution in which eachvariable(eachnodein the graph)is conditionally independentof all
of its non-descendants,given its parents;seePearl,1988,Corollary 4, p. 120. In Figure1 this
meantthattheresponsesareconditionallyindependentof oneanothergiventheattributes,andthe
attributeswereindependentof oneanother. In Figure2 not only arethe responsesconditionally
independentof eachothergiventheattributes,but alsotheattributesareindependentof eachother
giventheclusters,andtheclustersareindependentof oneanother. Of course,Bayesiannetworks
arein widespreadusein expertsystemsandasstudentandusermodelsin ITS’s (seefor example
Jameson,1995).Thereis nolossin having morelayersin thenetwork thanthetwo in Figure2,and
in fact ITS studentmodelsmayemploy fairly complex multi-layeredBayesiannetworks;seefor
exampleGertner, ConatiandVanLehn(1998).Thehierarchicalmodelingintroducedin Section1
and consideredin somewhat more detail in Section3.3 below, on the one hand,and Bayesian
networksontheother, areessentiallyjusttwo namesfor thesamemodelingframework. In artificial
intelligenceandITS applicationsBayesiannetworksoftenconsistof all discretenodes,but there
is no reasonthat they must.All hierarchicalmodels(in thesenseif Section3.3,andall Bayesian
networks, have the useful property that information from observingone outcomeor subsetof
outcomescanpropagatethroughoutthenetwork, via therulesof conditionalprobability, to modify
ourpredictionsaboutoutcomesnot yetobserved.

Figure3 depictsthestudentrepresentationof atypicalunidimensionalIRT model.Thediscrete
attributesof Figures1 and2 have beenreplacedby a singlecontinuousproficiency variable.IRT
modelshavetypically beenemployedin sitationsin whichtheobservableresponsescorrespondtoV

Clearly, therearemorethanthesetwo skills involvedin arithmeticoperationswith mixednumbers,but thesewill
suffice for illustration.
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Figure3: Unidimensionalitem responsetheory(IRT) assessmentmodel;boxesindicateobserv-
ablestudentvariables,oval indicateslatentstudentvariable.Discretestudentattributeshave been
replacedwith a singlecontinuous“proficiency” variable(proficiency is alsoastudentattribute).

separateassessmenttasksor testitems,but theobservableresponsescouldalsobenestedwithin
tasks,so that Responses1 and2 arerelatedto one task,Responses3, 4, and5 to another, etc.
StandardIRT modelsareBayesiannetworks,thatis, responsesareconditionallyindependentgiven
theproficiency variable.A standardmonotonicityassumption—thatanincreasein thevalueof the
proficiency variableincreasesthe probability of correctly respondingto any item—meansthat
proficiency will becloselyrelatedY to a number-of-responses-correctscore.

Figure4 depictsthestudentrepresentationof amultidimensionalIRT model.Themodeldiffers
from theIRT modelof Figure3 in thatnow therearetwo or morecontinuousproficiency variables,
thatmaybeconnectedto observableresponsevariablesin fairly arbitraryways.Qualitatively there
is little differencebetweenFigure4 andFigure1; theunderlyingreasonfor this is thatbothrepre-
sentone-layerBayesiannetworks.Thedifferencesarein thedetails:(a)whetherthelatentvariables
arediscreteattributesor continuousproficiency variables;(b) thenumberof latentvariables,which
is traditionallylessin IRT modelsthanin Bayesiannetwork basedstudentmodelsin ITS’s for ex-
ample;and(c) the natureof the connectionsbetweenlatentvariablesandobservableresponses.
IRT modelstendto exhibit more“simple structure”,that is, theretendto beclustersof itemsthat
dependon only oneproficiency variableper cluster(thoughthis would alsoprovide a way out
of the credit/blameproblemdiscussedin connectionwith Figure1 above), andthe predominant
multidimensionalmodel is disjunctive—calledcompensatoryin the IRT literature—ratherthanZ

In the caseof binary responsesthe relationshipis a strongprobabilisticrelationshipcalledstochasticordering
(Grayson,1988;Huynh,1994);in thecaseof polytomously-codedresponsestherelationshipappearsto beconsider-
ablymorecomplex (Hemker, Sijtsma,Molenaar, andJunker, 1997).
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Figure4: Multidimensionalitem responsetheory(IRT) model;boxesindicateobservablestudent
variables,ovalsindicatelatentstudentvariables.Discretestudentattributeshavebeenreplacedwith
two or morecontinuous“proficiency” variables.Qualitatively thereis little differencebetweenthis
figureandFigure1; this is why a statisticianmayseelittle differencebetweenIRT anddiscrete-
attributesmodels.The primarydifferencesarein the details:(a) whetherthe latentvariablesare
continuousor discrete;(b) the numberof latentvariables;and(c) the natureof the connections
betweenlatentvariablesand(coded)observableresponses.
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conjunctive—callednoncompensatoryin theIRT literature(e.g.Reckase,1985;Wilson,Woodand
Gibbons,1983;FraserandMacDonald,1988;Muraki andCarlson,1995).A typical trait interpre-
tationof Figure4 might take Proficiency 1 asproficiency in a partof mathematics,Proficiency 2
asproficiency in verbaltasks,items1 and2 as“pure math”, items5 and6 as“pure verbal” and
items3 and4 as“word problems”.In thecompensatoryframework, a greatdealof mathematical
proficiency mightovercomeverbaldeficiencies,or vice-versa,on the“wordproblems”.

Embretson(e.g.Embretson,1985)hasexploredthe conjunctive versionof this modelexten-
sively, whichshecallsthe“multicomponentlatenttrait model”(MLTM). In thesemodels,taskper-
formancerepresentedby response4 for examplemight involveexecutionof two differentactions[ .
Theproficiency variablesindex theproficiency with whicheachactionis expectedto beexecuted;
theseproficienciesare translatedinto probabilitieswhich are thenmultiplied togetherto obtain
theprobabilitythatresponse4 is correct.Thus,modelingstudentperformanceona wordproblem
mightrequiresufficient levelsof bothmathematicalandverbalproficiency, ratherthanjustenough
of oneto offseta lackof theother.

Finally, Figure5 illustratesonevariationon a classof modelsthat is extremelyimportantfor
thinking abouthow to extendthe studentrepresentationsof Figures1 through4 to accountfor
situationsin which thereis substantialqualitative heterogeneityamongstudentsperformingthe
assessmenttasks.Thefigure is labelledto suggesta progressionof competenciesinto which we
might dividea studentpopulation,or throughwhich a singlestudentmight passover time. In this
modelastudentcanbein only oneof threestatesof competance.Within astateof competance,the
studentonly hasaccessto thestudentattributesassociatedto thatstate;andcanonly apply those
attributesto eachtaskresponsevariable.Thusastudentin the“low competance”statewouldonly
have the tools to respondcorrectlyto the third task;a studentin the“mediumcompetance”state
could respondcorrectlyto all threetasksbut would requirea differentattribute for eachtask;a
studentin the“high competance”statecoulduseasingleattributeto doall threetasks,but thefirst
taskhasa twist thatrequiresanextra attribute.Somestatesof competancemight shareattributes,
but this would unneccessarilycomplicatethe figure.The restrictedlatentclassmodelof Haertel
(1989)andHaertelandWiley (1995)is similar in structureto this.Clearly, the low/medium/high
competancelabelson the threeknowledgestatesin Figure5 could be replacedwith lessjudge-
mentallabels,andthesamefigurewould illustratethemodelingof multiple strategiesor statesof
knowledgethatareof roughlyequalworth for performingtasksin aparticulardomain.

The“f acets”modelsof physicsperformanceof Minstrell andHunt(Levidow, HuntandMcKee,
1991;Minstrell, 1998)aresimilar to Figure5, positingup to ten generallevels of competance
within eachof severalareasof high schoolphysics;within eachcompetancelevel Minstrell and
colleagueshave catalogued\ “f acets”,which arespecificskills or bits of knowledgethat may or
may not be sufficiently generalto explain a particularphysicalphenomenon.The large number]

Or the presenceof two differentstudentattributes,in which casethe proficiency variablescodethe strengthof
eachattributewithin thestudent,for example.^

Thisuseof theword “f acets”is completelyunrelatedto thelateruseof theword in structuringIRT models.
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Figure5: An exampleof a “multiple-strategies” assessmentmodel.In this modela studentcan
be in only oneof threestatesof competance.Within a stateof competance,thestudentonly has
accessto thestudentattributesassociatedto thatstate;andcanonly applythoseattributesto each
taskresponsevariable.Thusa studentin the “low competance”statewould only have the tools
to respondcorrectlyto the third task;a studentin the“mediumcompetance”statecouldrespond
correctlyto all threetasksbut would requirea differentattribute for eachtask;a studentin the
“high competance”statecould usea singleattribute to do all threetasks,but the first taskhasa
twist that requiresan extra attribute.Somestatesof competancemight shareattributes,but this
wouldunnecessarilycomplicatethefigure.
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of levelsof competanceandof studentattributeswithin levelswould make this modelunwieldy,
except that datacollection throughtheir computerprogramDIAGNOSERprovidesvery direct
evidencefor eachattributeandside-stepshiding andcredit/blameproblems,a point to which we
shallreturnbelow.

Also notethat within eachknowledgestatein Figure5 is a versionof the discreteattributes
model of Figure 1. Eachof thesediscreteattributesmodelscould be replacedwith any of the
othermodelsof Figures2 (themulti-layereddiscreteattributesmodel),3 (theunidimensionalIRT
model)or 4 (themultidimensionalIRT model).Thisallowsusto considerradicallydifferentways
of approachingproblems.For example,aversionof Yamamoto’sHYBRID model(e.g.Yamamoto
andGitomer, 1993)mightadda fourthknowledgestatein which thestudentreprestentationwasa
unidimensionalIRT model.Thus,studentswhodonotfit thelow/medium/highmixtureof discrete
attributesmodels,mightstill follow anIRT modelin which increasinggeneralproficiency leadsto
moreitemsright. TheIRT modelthusprovidesan interpretation(albeita cruderone)for at least
someof thestudentswhodon’t fit thecompetancy progressionof Figure5.

A potentialdrawbackof thestructurein Figure5 is thatit doesnotefficientlyallow for changing
strategy from onetaskto thenext; ratherit postulatesthatstudents“cometo theexam” with afixed
strategy thatwill beappliedto all tasks.A differentstructureis requiredfor strategyswitchingfrom
taskto task;essentiallythestrategy selectionprocesscodedby low, mediumandhighcompetance
on the left in Figure5 would bereplicatedwithin eachtaskor taskresponse,possiblydepending
on somefeaturesof the taskitself (so that a studentmight selecta strategy basedon which one
lookseasierfor thatparticularproblem.Themainchallengehereis not in constructingthemodel,
which locally hasthe samefeatures—maybe built out of the samebuilding blocks—asmodels
herefor example.Rather, the challengeis to collect datathat would be sufficiently informative
aboutstudentstrategy to makeper-taskestimationof strategy realizable.

Fromastatisticalmodeling-building pointof view thereis little differencebetweencontinuous
proficiency anddiscreteattributesrepresentationsrepresentedby Figures1 through5 (seeSec-
tion 3.3 andequations(11), andespeciallyFigure8, below; seealsoMislevy, 1994),andindeed
therearemany assessmentmodelswhich representgradationsbetweentheseextremes(seeSec-
tions3 and4; aswell asRoussos,1994).Thedifferencesarisefrom detailsaboutthegranularity
of the latentvariablerepresentation—forexample,a few continouslatentvariablesrepresenting
studentproficiency in IRT, vs. many discretelatentvariablesrepresentingspecificskills or other
studentattributesin discreteBayesiannetworks—andtheconsequentassumptionsaboutthecon-
ditionaldistributionsthatmakeupthemodels.A goodstatisticianwouldnotchooseeitherof these
extremes—nor, necessarily, any oneof themodelssurveyedbelow in Sections3 and4, nor neces-
sarilyany particularoneof themodelssurveyedby Roussos(1994).All of thesemodelsgivesharp
examplesof building blocksthatonemight combinein variouswaysto accomodatethespecifics
of astudentmodel,assessmentpurpose,dataavailability, etc.in astatisticalmodelof assessment.
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2.2.3 Validity , Reliability , Granularity

Two touchstonesof traditionalpsychometricsarevalidity, the extent to which we aremeasuring
what we intend to measure,and reliability, the extent to which observable responsesare well-
determinedby underlyingstudentvariables(attributesor proficiencies),andconverselytheextent
to which inferencesabouttheselatentstudentvariableswould be stableif the assessmentwere
repeated.Theseconsiderationsdo not disappearwhenwe move to oneof the non-IRT models
listedin Section2.2.2,but how wemeasureandmanipulatethemwill change,justasthereliability
coefficientof classicaltesttheoryhasgivenway to itemdiscriminationin someIRT models.

DiBello, StoutandRoussos(1995)list four reasonsthatanassessmentmodelbasedon anal-
ysisof tasksinto componentattributesof studentperformance(skills, bits of knowledge,beliefs,
etc.)maynotadequatelypredictstudents’taskperformance.Thefirst two maybeat leastpartially
interpretedin termsof validity issues:Studentsmaychoosea differentstrategy for peformancein
thetaskdomainthanthestrategy presumedby thetaskanalysis;or thetaskanalysismaybeincom-
plete in that not all attributesrequiredfor taskperformancewereuncoveredin the taskanalysis
or incorporatedinto themodel.Thesearethreatsto a kind of constructvalidity, to theextent that
they indicateareaswherethestatisticalassessmentmodelmaynot mapwell onto theunderlying
cognitiveconstructs.

The secondtwo reasonsmay be interpretedat leastpartially in termsof reliability. DiBello,
StoutandRoussos(1995)saythata taskhaslow positivityfor astudentattribute,if thereis either
a high probability that a studentwho possessesthe attribute canfail to performcorrectlywhen
theattribute is calledfor (in this reportwe will call this probabilitya slip probability), or a high
probability that a studentwho lacksthe attributecanstill performcorrectlywhenit is calledfor
(we will call this probabilitya guessing

�on
probability). Otherunmodeleddeviationsfrom the task

analysismodel(conceivedof asleadingto incorrecttaskperformance,suchastranscriptionerrors,
lapsesin studentattention,etc.) arecollectedtogetherundera separatecategory of slips. Note
that both the phenomenonof low positivity and the separateslip category suggesthiding and
credit/blameproblems:for example,if theguessingprobabilityis highandastudentactscorrectly
whenthecorrespondingattributeis calledfor, we donot know if it wasdueto a “guess”or dueto
correctapplicationof theattribute.

A standardproblemin cognitive modelingis thegranularity of themodel.Discussionsfrom
two differentbut complementaryperspectivescanbefoundin DiBello etal. (1995)andMartin and
VanLehn(1995).Bothsetsof authorsemphasizethat,ultimately, grainsizeis or shouldbea func-
tion of thepurposeof theassessment;a crudeillustrationof this principle is givenin Section2.4
below. DiBello etal. (1995)pointout thatfiner levelsof granularitycanmakethemodelunwieldy�qp

DiBello andStoutwould probablyobjectto this terminology;correctperformanceby a studentwho lacksfull
masteryof a modeledstudentattribute may not be a guessat all: it may eitherbe the applicationof an alternate
strategy, or theapplicationof a lessgeneralversionof theattribute,thatworksin thepresentcase.Similarly, incorrect
performancewhena studentpossessesthe skill may not be dueto a “slip” or transientstudenterror relatedto the
attribute,but ratherto poorquestionwording,transcriptionerrors,etc.
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for inference;Martin andVanLehn(1995)developa Bayesiannetwork-basedassessmentsystem
ata maximumlevel of granularityandthenprovidea reportinginterfacethatallowsahumanuser
to coarsenthegranularityof theassessmentreportin fairly arbitraryways.Anotherproblemnot
explicitly addressedby theseauthorsis the limit of informationavailableto estimatemodelpa-
rametersas the granularitybecomesfiner. Thereareself-correctingmechanismsin ITS’s—and
perhapsin many formative assessments—thatmake the low reliability of inferencesthatoneob-
tainsin finely-grainedmodelsmoretolerable:for exampleif astudentis giventoohighor too low
a scoreon a particularskill, the studentis sentto an inappropriatemodulethat he or shemight
quickly exit by performingthe skill at his/hertrue level. Similar low reliability is not tolerable
in higher-stakesassessments.We shall returnto theproblemof weakinferencesin finely grained
modelsbriefly in Section2.3.

DiBello andStoutview positivity and(in-)completenessasvaluablewaysto think aboutma-
nipulatingthegranularityof thestudentrepresentations.To increasethegrainsizeof amodelbased
ona carefultaskanalysis,therearetwo obviouschoices.On theonehand,we candropsomestu-
dentattributesfrom themodel;this leadsto incompleteness.Whetherthisturnsoutto beimportant
dependson how the purposeof assessmentis relatedto the attributesthatweredropped.On the
otherhand,wecanmergetogethersomeattributesinto asinglecoarserattribute.Thiscandegrade
positivity: if thecomponentattributesof thecoarserattributescanstill beacquiredseparatelyfor
example,thenfor tasksthatonly requireoneot two of thesecomponents,the“guessing”probabil-
ity will behigher. Whetherthisturnsoutto beimportant,for examplein estimationandprediction,
dependson how largethe“guessing”parameterturnsout to be,andon detailsfo thetopologyof
thestudentrepresentation.Thesemanipulationsareillustratedin the“unified model”of

DiBello, StoutandRoussos(1995)andDiBello, JiangandStout(1999),which incorporates
mostof themodelsreviewedin Section2.2.2asspecialcases,aswell asall of thenotionswehave
discussedhere,asspecialcases.

Asdiscrete-attributesandrelatedmodelsbecomemorecommon,it will benecessarytobroaden
ournotionsof reliability andvalidity. Thediscussionheresuggeststhatsomeaspectsof reliability
andvalidity maybetiedupwith modelgrainsize—atleastin discreteattributesmodelsthatallow
usto radicallymanipulategrainsize—inwaysthathavenotbeenobviousin thecontext of simpler
truescoreandlow-dimensionalIRT models.

2.3 The Data

In theprocessof selectinga studentrepresentationfor anassessmentsystem,onemustalsocon-
siderwhatdataoneneedsto seein orderto makereliableinferencesin theframework of thestudent
representation,andhow onearrangesto getthisdata.

We begin with an illustrationof a point thatwe have touchedon before,relatingsamplesize
to modelcomplexity: themoreheavily parametrizedthemodel,theheavier thedatarequirements.
We contrasttwo cases:standardunidimensionalIRT modelsas illustratedby Figure3 anddis-
creteattributesmodelsasillustratedby Figure1. Notethatthesamplesizethatmattershereis the
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numberof responsesperstudent,whichaffectsprecisionof inferencesaboutstudentattributesand
proficiencies,not thenumberof students,whichaffectsprecisionof estimatesof conditionalprob-
abilitiesfor theedgesconnectingattributesandproficienciesto data;in boththeIRT anddiscrete
attributescasesit is assumedthatall of these“edgeparameters”areknown with certainty

�R�
.

Ontheonehand,awell-designedtestof 25binary(right/wrong)items,basedonanIRT model
like that depictedin Figure3, may be expectedto estimatea unidimensionallatentproficiency
variableto within rs-��t171 populationstandarddeviations

�o�
nearthemiddleof theproficiency distri-

bution,andto within aboutru-v�t5�( standarddeviationsneartheuppertail (Hambleton,1989,Figure
4.18,p. 192).At ws1v�x-7- standarddeviationsthis representsa variationof about ry(7�t17z examinee
populationpercentagepointsabove andbelow thetrueproficiency value;lesswell-designedtests
might accomplishthis with roughlytwice asmany items(e.g.Lord, 1980,pp. 86–88).Hencethe
estimatedposteriordistributionfor aproficiency parameterwill bebothmuchtighterthanthepop-
ulation (prior) proficiency distribution, andits meancanbequite far from the population(prior)
mean.This is dueto theconcentrationof all of thestudent’s responsedataon a singleproficiency
parameter. On theotherhand,a very plausibleBayesiannetwork similar to thatdepictedin Fig-
ure 1, developedby VanLehn,Niu, Siler and Gertner(1998), relating 34 binary (right/wrong)
physicsitemsto 66binary(present/absent)attribute(skill) variables,wasableto produceonly the
weakestinferencesfor 46of the66attributes;in particulartherewasvery little differencebetween
prior andposteriordistributionsfor these46attributes.

This exampledoesnot meanthattheBayesiannetwork approachis hopeless,but it doesdraw
attentionto theseverelackof informationavailableto estimateparametersin thesemodelsfrom a
sequenceof moreor lessnaturally-occuringitemsscoredwrong/right.Thereareessentiallythree
approachesto improving theinformationthatcanbeobtainedaboutindividualskills in thediscrete
skills models.

First,wecantry to increasetherichnessof theitemscoresweassign.Evenwhenthescoringis
binary, caremustbetakenthatthe“right” distinctionbetweenrightandwronganswersis made;for
exampleSijtsma(1997)showsthatwhenitemsonadevelopmentalmeasureof transitivereasoning
arescoredassimply aswrong/right,they have very low reliability

�o�
within a unidimensionalIRT

modelingframework. Whenthesameitemsarerescoredsuchthat the item is wrongunlessboth
thecorrectanswerandacorrectjustificationof theansweris provided,theitemsform averystrong
IRT scalethatreflectsa naturalincreasein complexity of thetransitivereasoningtasks.

A moretransparentway to enrichitem scoresis to scoreitemsinto morethantwo categories.
This nearlyalwaysimprovesproficiency estimatesin IRT models(Hambleton,1989,p. 158);an
earlydemonstrationof this phenomenonis givenby Thissen(1976).Todaya varietyof item re-�{�

In practice,they neverare.SeeSection3.3andalsoAppendixB for somenotionsof how to incorporateuncertainty
aboutedgeparametersinto measuresof uncertaintyaboutstudentvariables(attributesandproficiencies).�|


Thesearecrude95% intervals for proficiency, basedon the informationfunction plot on p. 192 of Hambleton
(1989).�|�

Suggestinga problemwith multidimensionalityor at leastheterogeneityof responseprocessacrossstudents,not
unlike thatalludedto by Mislevy, 1994,p. 468
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sponsemodelsfor partial creditandunorderedcategoriesof responseexist (seeChapters2–9of
van der Linden andHambleton,1997)andarein use,especiallyfor morecomplex constructed-
responseitems.Huguenard,Lerch, Junker, Patz, and Kass(1997;seealso Patz, Junker, Lerch,
andHuguenard,1996)apply an unordered,polytomousresponse

� � IRT modelto an experiment
relatinghumanworkingmemory(WM) andotherfactorsto performancenavigatingahierarchical
audiomenusystem.They usetheunidimensionalIRT proficiency variableto “f actorout” general
aptitudedifferencesamongexperimentalsubjects,in orderto focusinferencesonhow WM loads,
andotherexperimentalconditions,affect the variousways in which subjectscould fail to navi-
gateahierarchicalaudiomenusystem,from only 27 itemsadministeredto lessthan100subjects.
Similargainsmightbeexpectedin well-designeddiscreteattributesmodelsthattakeadvantageof
morethanwrong/rightscores.

A secondapproachto improving the informationavailable to estimateparametersin an as-
sessmentmodelis to make useof auxiliary information,i.e. informationoutsidethe(partial)cor-
rectnessor natureof error in a students’taskresponses.Mislevy andSheehan(1989)discussthe
prospectsfor incorporatingauxiliary information into estimatesof the conditionalprobabilities
thatrelatedproficienciesto responsesin IRT models;andaveryextensiveconditioningmodelhad
beenbuilt for the NationalAssessmentof EducationalProgress(NAEP) (e.g.Johnson,Mislevy
andThomas,1994)exists becausethe auxiliary informationin the conditioningmodeldoesim-
prove ability distribution estimates.Somewhatmoredirectly, thereis ongoingresearchis focused
on usingresponselatency to improve estimatesof proficiency in computerizedadaptive tests,at
leastin domainsfor whichspeedof responseis important,basedon themodelof Roskam(1997).
Finally, it maybepossibleto querystudentsdirectly, or examinetheir taskperformances,for infor-
mationthatmakesinferencesaboutstudentattributesor proficiencieslessuncertain.Oneexample
of this occursin ITS’s (e.g.Anderson,Corbett,KoedingerandPelletier, 1995;Hill andJohnson,
1995)thateitherdirectlyaskstudentswhatstrategy they arepursuing,or keeptrackof otherenvi-
ronmentalvariables,to helpdisambiguatestrategy choicewithin aparticulartaskperformance.

Anotherexampleis suggestedby cognitive constructvalidity studiessuchasthat of Baxter,
Elder andGlaser(1996).Theseauthorsestablishthe validity of a number-correctscoreon the
ElectricMysteriesfifth-gradescienceperformanceassessment,by askingstudentsauxiliaryques-
tionsto elicit explanationsof how anelectriccircuit works,andplansfor distinguishingamongsix
“black box” circuitsby experimentation;andby observingstudentstrategiesandself-monitoring
behavior astheassessmentprogressed.They show that low-performingandhigh-performingstu-
dentspossessqualitatively quite different attributesrelating to conceptualunderstandingabout
circuits,organizationanddetail of anexperimentalplan,effectivenessof strategy, andquality of
self-monitoringbehavior; andthey establishthatmiddle-performingstudentseachhaveindividual
mixturesof the low- andhigh-performanceattributes.This is a verbaldescriptionof a modelnot
unlike thatof Figure5. Thevariouscompetancelevelsprobablycouldnotbeestimatedaccurately
on the basisof total score(numberof circuits correctlyidentified),or evenpatternof rights and� 

Thatis, itemsscoredin severalcategories,not justwrong/right.
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wrongs,alone,but Baxteret al.’s work directly suggestswhich additionalresponsevariablesto
collect—explanation,plan,strategy andself-monitoring—todecreasetheuncertaintywith which
wemightassignstudentsto eachof thethreeperformanceor competancestates.

A third approachto improving estimationof studentattributesis by careful“experimentalde-
sign” appliedto theassessmentdatacollectionprocess.We considertwo clearpossibilities.First,
carefularrangementof tasksin a discrete-attributesmodellike thatof Figure1 maymake it pos-
sibleto gatherenoughredundantinformationaboutall theattributesthatwe canmake inferences
aboutthe presenceor absenceof particularattributesdespitelocal hiding and credit/blameas-
signmentproblems;indeed,VanLehnet al. (1998)attribute strongandweakinferencesin their
experimentwith a discrete-attributesproblemto exactly suchdesignissues.The algebraof task
andattribute dependenciesdevelopedby Tatsuoka(1990,1995),HaertelandWiley (1993)and
othersmaybehelpful in this regard,at leastin simplecases.In addition,in somedomains,it may
evenbepossibleto generatetasks“on thefly” to reduceouruncertaintyaboutwhetheraparticular
studentpossessedthisor thatattribute.

Alternatively, if the assessmentis embeddedwithin a curriculum it may be possibleto ar-
rangeobservationssothatonly asmallportionof theassessmentmodelneedbeconsideredatany
onetime, andso that thedatacollectedis directly andindependentlyrelevant to eachof the few
studentattributesoperatingin thatportionof theassessmentmodel.Boththedetailedinformation-
processing-basedITS’s of Andersonet al. (e.g. Corbett,AndersonandO’Brien, 1995)and the
elaboratemodel for facetsof students’understandingaboutphysicsof Minstrell (1998) involve
hundredsof studentattributes.Andersoniantutors managethe complexity by constrainingstu-
dentsto follow afairly narrow solutionpathoneverytask;andcollectingresponsesfor observable
subtasksof eachtaskthatarein one-to-onecorrespondencewith theunderlyingstudentattributes.
Similarly Minstrell’s DIAGNOSER(Minstrell, 1998)asksstudentsapparentlythin questionsthat
are linked in a clever way to underlyingstudentattributes(“f acets”of understanding):DIAG-
NOSERasksonly multiple choicequestions,but eachoption

� 2 is tied to a particularstudentat-
tribute:now not justsubtasksbut eachpossibleresponseto asubtask(multiple-choicequestion)is
tied to thepresence/absenceof a studentattribute.Both approachesprovide very directevidence
for eachstudentattribute,thatsidestephidingandcredit/blameattributionproblems,assumingthe
modelis correct

� U .�|E
Minstrell alsoincludesa “write-in” optionthat is not tied to any attributes,sothathecancollectdatarelevantto

expandinghismodelof studentperformance.�|V
TheMinstrell modelis essentiallyadeterministicversionof Figure5 within eachproblem;theknowledgetracing

modeldescribedby Corbettet al. (1995)is essentiallya versionof Figure1 in which guessingandslip parameters
moderateotherwisedeterministiclinks beteweenattributesandresponseswith guessingandslip probabilities;see
Section5.1 below. They alsosimplify themodelin anapparentlyharmlessway: it is assumedthatstudentattributes
arepresentor absenta priori independently. Thismeansthatevenif thepresenceof oneattributemakesanothermore
likely, themodelsdonottakethis into account;thisresultsin somewhatlowercertaintyaboutthepresenceof attributes
thanwould bepresentin the “complete”model,but it alsoresultsin greatlysimplifiedcomputation.In additionthe
Corbettet al. (1995)modelsacquiringa skill over timeusinga latentMarkov learningmodel;seeSection5.1.
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2.4 Making and Reporting Infer encesAbout Students

It shouldbeclearby now thatthepointof view of thisreportleansheavily ontraditionalprobability
modeling.Thereareessentiallytwo reasonsfor this: first, mostof themodelsthatarerelevantfor
assessmentarealreadyexpressedin theunifying languageof traditionalprobabilitymodeling;and
second,rulesfor updatingour inferencesandassessinguncertaintyaboutinferences—especially
via Bayes’rule—enjoy relatively widespreadconcensusabouttheir appropriateness,andareme-
chanicallywell-understood.Jameson(1995)surveysBayesiannetworksandtwo othermethodsof
updatingstudentvariablesgivendata:Dempster-SchaferTheory(DST),andFuzzyLogic. These
lattertwo, especiallyDST, areintriguingpotentialalternativesto traditionalprobabilitymodeling,
but they provide neitherthe unifying framework within which to discussthe assessmentmodels
consideredin this report,nor theconsensuson methodologythatwould beimportantin any high-
stakesassessment.

A moreimportantissueto raiseis the fundamentalgranularityproblemimplicit in choosing
betweenan IRT style anda discrete-attributesstyle studentrepresentation.We have seenabove
in the samplesize illustration in Section2.3 that increasingthe complexity of the model in the
interestof cognitive validity canseriouslyreducethe power of the datato influenceinferences
aboutstudentvariables.This might suggestthata betterapproachto assessmentwould beto use
a coarserstudentmodel—perhapsanIRT model—forformal inferenceaboutstudentproficiency,
andtheninformally mapthis proficiency onto a cognitive theoryof performancein the domain.
This canbedone—Baxter, ElderandGlaser(1996)did somethinglike this,andwe will seemore
examplesbelow—but it alsohasadrawback,namelythattheinformalnatureof theassociationof
studentattributeswith levelsof proficiency makesit difficult to saywith certaintythatastudentat
aparticularproficiency level doesor doesnotpossessparticularstudentattributes.

Supposewe havea reasonablystrongtheoryof performancein thedomainof fractionsin ele-
mentaryschoolmathematics,thatcanbeencodedby adiscreteattributesBayesiannetwork model
like thatin Figure1. Threeof theattributesare,in increasingdegreeof sophistication

� Y , theskills
“Informal useof the term ‘half ’ ”, “Comparefractions”,and“Percentage”.Let us identify these
with Attributes1, 4 and5 in Figure1; Attributes2 and3 will simply representother“fractions”
skills thatdonotconcernourexample.Sincethemodelhasanexplicit parameterfor whethereach
studentpossessesthe“Comparefractions”skill (Attribute4), wecanreportfrom themodelaspe-
cific posteriorprobability, for eachstudent,thatheor shepossessesthis skill; or, if theposterior
probabilityrisesabove someagreed-uponthreshhold,simply reportthat thestudentdoespossess
the skill. Additional evidencecanbe obtainedaboutAttribute 4 by askingmorequestionsthat
dependon it, but evidencefrom questionsthatdo not dependon this attributedoesnot affect our
inferencesaboutAttribute4 (Attribute4 is independentof all otherattributesandresponsesin this
Bayesiannetwork, exceptfor responsesthatareits descendants;seePearl,1988,p. 120).� Z

Theorderof theseby sophisticationprobablydependson themathematicscurriculumto which studentsareex-
posed;I canimagine“Percentage”beingaless-sophisticatedskill, with theaidof ahandheldcalculator, than“Compare
fractions”,for example.
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Figure6: Scalingitemsandstudentattributeson a unidimensionalIRT scale,asin Mastersand
Forster(1999)andDraney, Pirolli andWilson (1995);this diagramis a greatlysimplifiedversion
of Figure2 of MastersandEvans(1986,p. 262).Theverticalaxis representsbothstudentprofi-
ciency anditem difficulty (moreproficientstudentsandmoredifficult itemsarelocatedhigheron
thescale).Whentheitem setis carefullyconstructedthis canrevealan increasingprogressionof
sophisticationof domainunderstandingor increasingaccumulationof attributesrequiredto solve
the items,at leastfor populationsof studentssharinga commoncurriculum.The studentprofi-
ciency distributioncanbeplottedon thesamescaleto indicatewhereapopulationof studentslies
with respectto theitems;or asinglestudent’sproficiency canbeplotted,alongwith anindication
of which itemsthestudentgot wrongor right, asakind of diagnosticscreen.
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Comparethis with fitting a unidimensionalIRT model to the samedata,anddisplayingthe
itemsandtheprimarystudentattributesuponwhich they depend,on a linearscaleasin Figure6;
sucha displayhasbeenadvocatedby Mastersandhis colleaguesfor sometime (e.g.Mastersand
Evans,1986;Draney, Pirolli andWilson, 1995;andMastersandForster, 1999).Whenthe item
setis carefullyconstructed,this canrevealan increasingprogressionof sophisticationof domain
understandingor increasingaccumulationof attributesrequiredto solve the items,at leastfor
populationsof studentssharingacommoncurriculum.Thus,in general,studentswhoseproficiency
isnear300for example,haveabouta12%chanceof gettingitem3 correct,a50%chanceof getting
item 2 correct,anda 98%chanceof gettingitem 1 correct.This is a statementaboutpopulations
of studentsthough,not any particularstudent.We couldbeascertainaswe like thatthestudent’s
proficiency scorewas300

� [ —andwe will not know whetherthat studentactuallypossessesthe
“Comparefractions”skill; we have to go outsidethe IRT modelto assessthis, for any particular
student.

This is not to saythat the graphicaldisplayof Figure6 is useless;indeedit may work quite
well ona numberof levels,asbotha communicationdeviceandasa kind of diagnosticscreen.In
many assessmentsettingsit mayonly befeasableto reportnumber-right or asimilargrossmeasure
of proficiency to a particularaudience;a displaylike Figure6 allows us to communicatewhata
studentwith eachpossiblenumber-right scorecanbeexpectedto do,muchasNAEP achievment
levelstry to accomplishthis interepretationof NAEPscores.As a guideto instruction,Figure6 is
usefulalso:a teachermight askto plot theproficiency distribition of his or herstudents(e.g.asa
rotatedhistogram)onthesamescaleto getanideaof whatskills havebeenlearnedandwhichones
bearfurtherteaching.A singlestudent’sproficiency scorecanbeplotted,alongwith anindication
of which itemsthestudentgotwrongor right, asakind of diagnostictool: If thestudent’sscoreis
340andhe/shegot item2 wrong,theteachermightprobethestudentdirectlyabouthis/herfacility
with comparingfractions(i.e. go outsidetheIRT modelassuggestedabove,which is not difficult
in theclassroom!).Or, severalsuchplotsmight becomparedside-by-side,to maptheprogressof
studentsthrougha curriculumvia several equatedtestsgivenat variousintervals throughoutthe
curriculum.Thecentralpoint,however, is thatdespiteits usefulcommunicationvalue,plotssuch
asFigure6 arenot directly usefulfor assessingthe presenceor absenceof discreteattributesin
specificstudents.

Anotherexampleof thesamekind of communicationanddiagnosticscreeningdisplayis the�|]
Mischieviously, wecouldaccomplishthisby addingmany moreitemsof lessersophisticationanddifficulty than

Item 2—say, itemsnearItem 1 for example.The unidimensionalIRT proficiency/difficulty scalelinks performance
on theseitemsunrelatedto the attribute “Comparefractions” to a proficiency estimtate“near” that attribute. Such
mischief is impossiblein the discrete-attributesBayesnetwork modelof Figure1, sinceasnotedabove “Compare
fractions”(Attribute4 in thefigure) is stochasticallyindependentof everythingin Figure1 exceptfor responsesthat
areits descendantsin the graph.The fundamentalproblemthat the mappingmappingof discretestudentattributes
ontotheIRT proficiency/difficulty scaleis anexampleof thewell-known problemin IRT of mappinga multidimen-
sionallatentspaceontoaunidimensionalone:many combinationsof valuesin themultidimensionalspacecorrespond
to the sameunidimensionalproficiency/difficulty value;no uniqueinferencefrom the unidimensionalspaceto the
multidimensionalspaceis possible.
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Figure7: Clusteringof examineesin Tatsuoka’s (1990,1995)rule space.
	

is a unidimensional
IRT-basedstudentproficiency variable.

�
measuresmisfit of eachstudent’s patternof rights and

wrongsto the IRT model;
�

is sometimescalleda “caution index”. On the basisof a carefula
priori analysisof studentattributesneededto producevariousanswerson test itemswe canfor
exampledistinguishgroup

�
from group

�
(which areindistinguishableon thebasisof

	
alone)

onthebasisof differingcorrectandbuggyrulespossessedby studentsin eachof thesegroups.See
Tatsuoka(1995,Figure14.5,p. 350) for a detaileddescriptionof variousexaminees’knowledge
statesbasedon this typeof analysisappliedto SAT-M items.
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rule-spacerepresentationof Tatsuoka(1990,1995).Thefirst ingredientof this representationis a
carefulandcompleteanalysisof correctandbuggyrules,or attributes,underlyingstudentperfor-
manceon a setof itemsthatareintendedto befitted with a unidimensionalIRT model,including
ananalysisof dependenciesbetweentherules.Thesecondingredientis ameasureof thefit of each
student’sanswerpatternof wrongsandrightsto theIRT model,sometimescalleda cautionindex
in this literature;the closerto zerothe cautionindex, the betterthe fit of the student’s response
patternto the IRT model.Eachstudentis thusassignedan estimatedproficiency value

	
anda

cautionindex value
�
. All students’� 	 C ��� pairsareplotted,asin theschematicFigure7; the

	�� �
plot is calleda rule-spaceplot; clearlyit is akind of residualplot for theIRT model.

Usually thestudentsclusterin someway in rule space;in thefigurewe canseethat thereare
five clusters.Roughlyspeaking,we now examinethe responsepatternsfor the studentsin each
cluster, to seewhat combinationof learnedandunlearnedcorrectandbuggy rules accountfor
mostof theanswerpatternsin eachcluster. In Figure7 all the clustersarealreadydistinguished
by their

	
(proficiency) values,exceptfor theclusterslabelledA andB; the IRT modelassignsa

subsetof theclusterB proficienciesto clusterA; the two clustersareinitially only distinguished
by their cautionindices.It is alsolikely that a differentcombinationof correctandbuggy rules
explain the responsepatternsof studentsin the two clusters;thusthe rule-spaceplot shows how
answerpatternresidualsfrom a conventionalunidimensionalIRT modelcanexhibit considerable
structurewith respectto putativeskills underlyingtheexamproblemsthemselves.

The rule spaceplot can be convertedinto a linear display analogousto to figure Figure 6,
exceptthat only groupsof studentattributesandnot tasks/items,arerepresented.Figure14.5of
Tatsuoka(1995),for example,shows frequentknowledgestates(groupsof learnedandunlearned
attributes)correspondingto proficiency scoreson a form of the ScholasticAptitude Test (SAT)
MathematicsExam.As with Figure6, boththerule spaceplot andthereducedplot showing only
knowledgestatescorrespondingto variousproficiency levelsaremappingsof a high-dimensional
space—thespaceof learnedandunlearneddiscreteattributes—ontoa one-or two-dimensional
space.Many combinationsof valuesin the high-dimensionalspacecorrespondto the sameone-
or two-dimensionalspacelocations;henceno uniqueinferencefrom the unidimensionalspace
to the multidimensionalspaceis possible.For this reason,neitherMaster’s methodof scaling
attributesontoa unidimensionalIRT scale,norTatsuoka’s rule spacemethod,allow directmodel-
basedassessmentof presence/absenceof attributeswithin students.Suchdirectassessmentsagain
requireusto gooutsidetheunidimensionalIRT framework.

The fundamentalproblemwe have illustratedin this subsectionis that thereis a tradeoff to
bemadebetweenfitting a modelwith too fine a granularity, degradingthequality of inferences;
vs. startingwith a modelthat is too coarseto allow formal inferencesaboutstudentattributesof
interest.Thecoarsermodelsdoallow a kind of informal,associationalinferencesto bemade,and
dependingon the purposesof assessmentthis may be exactly what is requiredfor reporting,or
entirelyinadequate.
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3 SomeBasicStatistical AssessmentModels

In this sectionwe provide a brief overview of the kinds of technicalspecificationsthat might
underliethe modelssurveyed in Section2. The modelsaretreatedin roughly the sameorderas
Figures1 through4: In Section3.1wetreatsomesimpledeterministicandstochasticBayesiannet-
worksfor discretevariables;thenin Section3.2wedevelopsomebasicitemresponsetheory(IRT)
models.Finally in Section3.3 we indicatehow thesemodelsarereally “the same”,asalternate
specificationsof a two-way hierarchicalmodelingframework. Unlessotherwiseindicated,both
taskresponsevariablesandstudentattributevariablesarebinary (wrong/righttaskresponse;ab-
sent/presentattribute).Thissimplifiestheexposition;it doesn’t representa fundamentallimitation
of themodelsandmethodsdescribedhere.

It is convenientto think of theraw responsedataasan � ���
matrix

� & ���y��"���& <====>
� �R� � �o� ����� � ���� �*� � �R� ����� � �%�

...
...

...
...� � � ��� � ����� ��� �

? @@@@B
In practicesomeof the responses����" may be missing,in all the usualwaysthat item response
datacanbemissingin assessmentproblems;for easeof expositionwe treatsuchmissingnessas
irrelevantto ourpurpose;factorsin modelscorrespondingto missingdatawouldsimplybeomitted
from therelevantequations.

3.1 Two SimpleDiscrete-AttributesModels

A reasonableplaceto starttheassessmentmodelingproblemis with a list of
�

items,anda list of¡
studentattributes,to which we attributemostof thevariability in students’taskperformance.

Dependingonthenatureof theassessment,theitemsmaybewholetasks,or they maybesubgoals
nestedwithin a collectionof ¢ £ �

tasks.For simplicity of discussionhowever I will refer to
themastasks(so ¢ & �

).

3.1.1 A Deterministic AssessmentModel

Many modelsthat relatetask performanceto presenceor absenceof studentattributesfeature
somethinglike the  -matrix (e.g.Tatsuoka,1990,1995),which we will write asa

��� ¡
matrix ;&¤��!#"%$�� of 0’sand1’swith entries

!*"+$'&¦¥ ( C if attribute / is requiredby task 0- C if not
(2)
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(this is actuallythetransposeof thematrix  thatTatsuokauses,but it is moreconvenientfor our
expositionto write it likethis).Recallfrom equation(1) in Section2.2.2thatthe  matrixencodes
thedependenciesin abipartitedirectedacyclic graphsuchasFigure1.

While the  -matrix doesnot captureall of the structurewe may be interestedin—  treats
the studentattributesin a flat, non-time-orderedmanner, andtheremaybebothhierarchicaland
time-orderstructurein theattributesasthey areappliedto,or becomerelevantfor theperformance
of, a task—it is a usefulbookkeepingdevice. Thebasic  -matrix idea—theincidencematrix of
a directedacyclic graph—canbe extendedto accomodatelayeredmodelsasin Figure2, multi-
strategy modelsasin Figure5 andothercomplexities.

It is worth noting that the expressionof the  matrix is in termsof attributesrelevant to the
tasks,but for thepurposesof assessmentmostof theattributeswould bethoughtof asresidingin
thestudent,e.g.skills, beliefsandbitsof knowledgeacquirableby thestudent,andthepurposeof
theassessmentis in factto figureout whichof thesethestudenthasacquired.Oneway to express
this is to defineanother, possiblytime-dependentmatrix

� �|§ � & ��¨©�ª$7�|§ � � of dimension� � ¡
(where� is thenumberof students),with elements

¨«�ª$c�q§ � & ¥ ( C if attribute / is presentfor student¬ at time §- C if not
(3)

Note that !#"®°¯²±& ��!#" � C ����� C !*"*³´� lists all the attributesthat are requiredfor task 0 and ¨«�°�|§ � °¯²±&��¨©� � �q§ � C ����� C ¨«�µ³¶�|§ � � lists all the attributesthat student ¬ posesses.If we now denotesuccessor
failureof taskperformanceat time § as

����"3�q§ � & ¥ ( C if student¬ performstask 0 successfullyat time §- C if not

asimpledeterminsiticmodelof taskperformancewouldposit

�y��"·�|§ � & ¥ ( C if !*"+$¹¸º¨«�ª$~�|§ �¼» /- C if not
(4)

thatis, �y��"·�|§ � &½( whenall theattributesneededfor task0 arepresentfor student¬ at time § .
Most of the assessmentmodelsthat we will discussareone-timeassessmentsandhencethe

time dependencewill oftenbesuppressedin what follows; it will really only arisein discussing
theknowledge-tracingmodelof Corbett,AndersonandO’Brien (1995),in Section5.1.

3.1.2 A SimpleStochasticAssessmentModel

The modelwe presenthereis essentiallyidentical to the conjunctive Bayesiannetwork (“noisy
AND-gate”model)investigatedby VanLehn,Niu, Siler, andGertner(1998),anddiscussedabove
in Section2.3;it canalsobeconsideredasaone-timeversionof theCorbett,AndersonandO’Brien
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(1995)model.Thismodelcanalsobeconnectedto multidimensionalnoncompensatoryIRT mod-
els, sinceit is interpetableasa simplified versionof Embretson’s (1985)multicomponentlatent
trait (MLTM) model,which we alludedto in conjunctionwith Figure 4, p. 17, and which we
discussagainbelow in Section4.2.Define,exactlyasin Section3.1.1,�y��" & ( or - indicatingwhetheror notstudent¬ performedtask 0 correctly!#"+$ & ( or - indicatingwhetheror not task 0 requiresattribute /¨©�¾$ & ( or - indicatingwhetheror notstudent¬ posessesattribute /¿ ��"À& Á $�ÂÄÃÆÅ�Ç+È � ¨©�ª$ indicatingwhetheror notstudent¬ hastheattributesneededfor task 0É " & Ê � �y��"Ë&:-ÍÌ ¿ ��"Ë&)(�� C aper-problemslip parameterÎ "À& Ê � �y��"Ë&)(vÌ ¿ ��"Ë&:-3� C aper-problemguessingparameter

ThebasicresponsemodelisÊ�� ����"Ï&)(�Ì Ð¿ C Ð Ñ C Ð ÒÓ�Ô& ¿ ��"·�%(ÖÕ É " � w:�°('Õ ¿ ��" � Î "& �%(ÖÕ É " �R×oØ Å Î �RÙ ×oØ Å" (5)

andsofor theentireexamineesby tasksmatrix
� &)��ÚÛ��"Ä� of taskresponses,wehave

� \Ê�� � Ì Ð ¿ C Ð Ñ C Ð ÒÜ�9& Ý � Ý "ßÞ �%(ÖÕ É " �°×oØ Å Î �RÙ ×oØ Å" à�á Ø Å Þ (ÖÕº�°(ÖÕ É " �R×{Ø Å Î �RÙ ×oØ Å" à �RÙ á Ø Å& Ý � Ý " Þ �%(ÖÕ É " � á Ø Å É �RÙ á Ø Å" à ×oØ Å Þ Î á Ø Å" �%(ÖÕ Î " � �RÙ á Ø Å à �RÙ ×oØ Å (6)

Notethatthe
¿ ��" in this modelis definedin termsof the !���" ’s and ¨«�ª$ ’s exactly as �y��" wasdefined

in the deterministicmodel(4) above, only now
¿ ��" is a “latent response”(Maris, 1995):it is the

functionthatcombinesattributesconjunctively for eachobservableresponsevariable����" . Thegoal
is to try to estimatethe ¨«�ª$ ’s, or morepreciselyÊ��A¨«�ª$â&ã(�� , from the taskperformancedata.A
conceptuallyeasyestimationmethod,andsomenoteson the sensitivity of estimatedparameters
to variationin thedata,arerecordedin AppendixB.6.Readersfamiliarwith itemresponsetheory
will alsonoteaformalsimilarity betwenthelikelihood(6) andthebasicjoint likelihoodof anitem
responsetheorymodel,whichwediscussnext.

3.2 Item ResponseTheory

Item responsetheory (IRT; e.g.van der Linden andHambleton,1997) is not a “theory” in any
scientificor mathematicalsense,but rathera psychometricmodelingtradition,muchasdiscrete-
nodeBayesnetworksareamodelingtraditionin AI; indeed,bothIRT anddiscreteBayesnetworks�|^

This formulation assumesthat tasksare conditionally independent,as in Figure 1. More generaldependence
structuresmight replaceEquation(6) aBayesiannetwork model,for example.
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canbeviewedasspecialcasesof thehierarchicalmodelingframework describedin Section1. IRT
typically employsa logistic responsefunction

�Rn
Ê��|�ä&)(�Ì § � & ((åwçæÄèvéê�%ÕÖ§ �

to relatetaskperformance�ä&:- or 1 asin Section3 with acountinuouspredictor§ . Thepredictor§ is usuallydecomposedinto (at least)afixedeffect ëO" for task0 andarandomeffect
	 � for student¬ : §´& 	 �ìÕíëO" . Thusastudent’s“ability”

	 � competeswith the“dif ficulty” of thetask ëO" to biasthe
probabilitythatthetaskwill beperformedcorrectly. Theseareall fairly standardbuilding blocks:
a statisticianlooking at IRT will seemixed-effectslogistic regression;a computerscientistmight
seeaneuralnetwork with asigmoidalresponseandaparticularlysimpletopology.

TheIRT modeljustdescribed,Ê����y��"Ë&½(�Ì 	 � C ëO"#�Ó& ((åwçæÄèvéê�%Õî� 	 �ÍÕïëO"#� � (7)

is calledtheRasch(1960)modelor theone-parameterlogistic (1PL) model.Thereis alsoa 2PL
model Ê�� ����"Ï&)(�Ì 	 � C ¨Í" C ëO"#�Ó& ((ðwçæÄè�éñ�°Õ¶¨Í"~� 	 �ÜÕïëO"�� � (8)

reflectingdifferential sensitivity of task performanceto student“ability” throughthe so-called
“discrimination”parameter̈Ó" , anda3PLmodelÊ�� ����"Ï&)(�Ì 	 � C Î " C ¨Ó" C ëO"#�Ó& Î "òw.�%(ÖÕ Î " � ((ðwçæÄè�éñ�°Õ¶¨Í"·� 	 �ÍÕïëO"�� � (9)

incorporatingaparameterfor guessingbehavior similar to thatof ourstochastic model,equation
(5). Thesemodelsalsomakeaconditionalindependenceassumptionlikeequation(6):Ê�� Ðó Ì Ð 	 C ����� C Ðë«�Í& �Ý�µÈ � �Ý"*È � Ê����y��"Ï&ôÚÛ��"cÌ 	 � C ����� C ëO"Ä� (10)

Many moredetailsandvariationscanbefoundin therecenteditedvolumesby FischerandMole-
naar(1995)andvanderLindenandHambleton(1997).

ParametricIRT, assurveyedfor examplein theeditedvolumesof FischerandMolenaar(1995)
andvanderLindenandHambleton(1997),is awell-established,wildly successfulstatisticalmod-
eling enterprise.IRT modelshave greatlyextendedthe dataanalyticreachof psychometricians,
socialscientists,andeducationalmeasurementspecialists.ParametricIRT models,extendedby
hierarchicalmodelingandestimationstrategies,make it possiblein principleandin practiceto in-
corporateauxiliaryinformationin theform of covariatesandotherstructure,to improveinferences
aboutbothitemsandstudents.Many violationsof thebasiclocal independenceassumptionof IRT
modelsarein factdueto unmodeledheterogeneityof subjectsanditems,thatcannow beexplicitly
modeledusingthesemethods.
op

Thoughothersigmoidalfunctionsarealsoused,thelogistic is mostcommon.
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3.3 Two-Way Hierarchical Structure

As wesaw in Section2, IRT modelsanddiscreteattributesmodelsarebothinstancesof Bayesian
networks.We shall seebelow that they arealsoboth instanceof the samehierarchicalmodeling
framework; this commonframework letsus think aboutmodelingandestimationissuesfor both
kindsof model;in factit alsoletsusthink aboutmixing andmatchingvariousmodelcomponents
to developmodelsthatarewell-tailoredto aspecificassessmentsituation(seee.g.PatzandJunker,
1999b,for anexampleof this).

Becauseof thetwo-waylayoutof thedatain theraw responsedatamatrix
� &¤� �y��"�� —students¬ by assessmenttasks0 —thehierarchicalframework for thesemodelsalsohasatwo-waystructure.

This two-way structurewas suppressedin the examplesin Section2.2.2 to focus attentionon
accumulatingdatafor inferencesaboutstudentsbasedon assessmenttaskperformance,but it is
alreadyevidentin thedouble-productsin equations(6) and(10).

Thegeneralframework for statisticalassessmentmodelsis a three-level, two-wayhierarchical
structurefor � individualsand

�
responsevariables,whichwedepictinitially in termsof notation

thatis similarto theIRT modelnotation;seeFigure8.Thefigureemphasizesthatthemodelis built
outof conditionalprobabilities(or conditionaldistributions),representedby edgesin thegraph,at
threeor more“levels”,successively fartherfartherfrom theraw taskperformancedata,represented
by labellednodesin thegraph:

First Level: At level one, observable task responsevariables �y��" summarizingstudent ¬ ’s re-
sponseto task (or subtask)0 follow distributions õê�q�y��"7Ì Ð 	 � C Ðë " � determinedby studentat-
tribute parametersÐ 	 � andtaskfeatureparametersëO" , for all students¬u&ã( C ����� C � andall
tasks04&½( C ����� C � .

SecondLevel: At level two, studentattribute parametersÐ 	 � follow distributions ö÷�°� Ð 	 �+Ì�ø ± � ; task
featureparametersÐë " follow distributions Î "·�°Ðë " Ì�øìù � .

Thesefirst two levelsrepresenttheformulationof abasicBayesianmodelfor thetaskperformance
data,with a likelihood �Ý�µÈ � �Ý"*È � õê�q�y��"OÌ Ð 	 � C Ðë " �
for thedatafrom level one

�*�
, andprior distributions�Ý�ªÈ � ö��°� Ð 	 �*Ì�ø ± � and

�Ý"+È � Î ù3� Ðë " Ì�øÛù �
from level two, to representouruncertaintyaboutthethelikelihoodparameters.

The“twoway” structureof themodelcanbeseenbeginningatlevel two (andcontinuesthrough
level threeandhigher):thereis aseparatesetof parametersÐ 	 � for studentattributesand Ðë " for task
features.
²�

Notethesimilarity to bothof equations(6) and(10).
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Figure8: A three-level hierarchicalBayesview of many of themodelsin this report,describedin
equations(11).Both traditionalIRT modelsand“discreteattributes”modelsof Figures1 through
4 arerepresented;multiple strategy modelssuchasFigure5 canbe accomodatedaswell. A  
matrixrelatingstudentattributesto tasksdetermineshow coordinatesof Ð 	 � arerelatedto tasks�y��" .
A possiblydifferent  -matrix relatingtaskfeaturesto tasksdetermineshow coordinatesof ëO" are
relatedto eachtask ����" . Seetext in Section3.3 for details.This figure is essentiallyidenticalto
thatof Mislevy (1994,p. 462).
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Third Level (and higher): At level three(and possiblyhigher levels), alternatestudentstrate-
gies,differentialperformanceamongvariousgroupsof students,etc.,aremodeledwith the
parametersø ± and øÛù which themselvesfollow distributions üÓ± ��ø � , ü ù·��ø � .

Thusthehierarchicalmodelis akind of Bayesiannetwork.Theexpressionof themodelin termsof
conditionalprobabilitydistributionsis awayof expressingthefactthatpredictionof � from Ð 	 andë is uncertain,andalsopredictionof Ð 	 and ë from the ø ’s is uncertain.Inferencefrom observed
datato likely valuesof Ð 	 ’s ë ’s, etc. is via Bayes’rule. For easeof referencelater, we recordthe
hierarchicalmodelingstructurecompactlyasfollows:

First level: �y��" ú õê�q�y��"OÌ Ð 	 � C�Ðë " � C¬ñ&)( C ����� C ���¼0 &½( C ����� C �
Secondlevel: Ð 	 � ú ö��°� Ð 	 Ì�ø ± � C each¬Ðë " ú Î "·� ÐëÏÌ�øìù � C each0
Third level: ø ± ú üÍ± ��ø ± �øìù ú ü ù3��øìù �...

 ������������������������������
(11)

Distributionalassumptionsat thefirst level, õê�q����"cÌ Ð 	 � C Ðë " � , determinewhetherthemodelis anIRT
model,a “discreteattributes”model,or somethingelse.For example,� In atraditionalIRT model,theonly studentattribute Ð 	 � is acontinuous“generalproficiency”

variable,or possiblyasmallcollectionof continuousproficiency variablesasin multidimen-
sionalIRT models,andtaskparametersÐë " typically codefeaturessuchastaskdifficulty and
discrimination(sensitivity to changesin Ð 	 ); seefor exampleequation(8). As a description
of IRT models,thisdiagramis equivalentto Figure8 of Mislevy (1994,p. 462).� In a “discreteattributes”modelemphasizingthe individual acquisitionof many distinctat-
tributesandpiecesof knowledge, Ð 	 � is replacedwith the vectorof binary (say)variables�o¨©� � C ����� C ¨©�ª³ � indicatingthepresenceor absenceof eachof thesedistinctattributesin stu-
dent ¬ . Ðë " mightcodetaskfeaturessuchasguessingandslip parametersfor the 0 ��� item;see
for exampleequation(5).

We seeagain,aspointedout in Section2.2.2,that the principal differencesbetweenBayesnet-
worksandgeneralIRT modelsis in granularityof representationandparticulardistributionalas-
sumptions,nothingmore.

The secondandthird (andhigher)levels canbe usedto imposeconstraintson the first level
parametersand latent variable,incoroporateother covariatesinto the model,etc. For example,
in the “discreteattributes” model—andin the multidimensionalIRT modelsdiscussedbelow—
relationshipsbetweenstudentattributes/proficiencies,whicharecoordinatesof Ð 	 " , andtasksmight
becodedby a  matrix.
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Displayingassessmentmodelsasin Figure8 makestherole,anddemands,of thetaskparame-
ters Ðë " asvisibleasthestudentattributeparametersÐ 	 � . Weseeimmediatelythatvaluesarerequired
for the Ðë " in orderfor themodelto work. Estimationmethodsthatsimulataneouslyobtain Ðë " andÐë " arebriefly describedin AppendixB. It is immediatelyobviousthatinformationobtainedfrom
the �y��" mustalwayspropagateup thebranchesof bothtrees;spreadingdataout like this leadsto
greateruncertaintyin studentatttributeestimationfor example(sincesomeinformationhadto be
“spent”on taskparameterestimation).In many situationswe “plug in” valuesfor thetaskparam-
eters Ðë , basedon guesswork or previousassessmentdata.This canartificially reduceuncertainty
aboutproficiency estimates,sinceall the informationfrom observing�y��" will thenpropogateup
theattributessubtree.

4 Extensionsof the BasicModels

In this sectionwe survey a few waysin which thebasicmodelsdescribedin Section3 have been
extendedfor usein cognitively richer assessmentsettings,both to give a feeling for the variety
of modelchoicesthatexist andto suggestmany areasof commongroundbetweenthemodels.A
morecompletesurvey of suchmodelsis providedby Roussos(1994).

4.1 The Linear Logistic TestModel

The Linear Logistic TestModel (LLTM; Scheiblechner, 1972;Fischer, 1973)placeslinear con-
straintson thetaskdifficulty parametersëO" in theRaschmodel:Ê����y��"Ë&½(îÌ 	 � C ëO"#�Ó& ((åwçæÄèvéê�%Õî� 	 �ÍÕïëO"#� �
wherethevector Ðë is linearlyconstrainedbyÐë ����� &. ��� ³ Ð� ³ ��� (12)

andtheentries!#"%$ of the“bookkeeping”matrix  are

!*"+$'& ¥ ( C if attribute / is requiredby task 0- C if not
(13)

Theattributecanbeacognitiveskill, asurfacefeatureof theitem,etc.(e.g.FischerandMolenaar,
1995;Draney et al., 1995;Huguenardet al., 1997;Embretson,1995a;1995b;1999).Thustask
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difficulty parametersëO" have thelinearstructure<=======>
ë �ë �
...ë �·ÙÛ�ë �

?A@@@@@@@B &: <====>
� �� �
...� ³
? @@@@B (14)

where is anappropriatedesignmatrixof full columnrank,to reflectdependenciesbetweenitems
dueto commonitemfeatures.Notethatthisuseof the  matrix is equivalentto specifying(linear)
constraintson Ðë " throughits prior distribution Î "·� � .

This model and its variousgeneralizations(e.g. Glas and Verhelst,1989; Patz and Junker,
1999b)continuestobeusedfor psychologicalexperimentswith multipleoutcomespersubject(e.g.
FischerandMolenaar, 1995andthereferencestherein)andfor researchin cognitively-motivated
testdesign(Embretson,1995a,b;1999).Recently, Embretson(1999)hasalsobeenapplyingan
LLTM-lik e decompositionto item discriminationsin a 2PL model,to explore variation in item
discriminationwith increasingcognitiveload,againwith aneyetowardtestdesign.A conceptually
straightforwardmethodof estimationfor theLLTM model(aswell asfor thebasic2PLIRT model)
is consideredbriefly in AppendixB.4.

By itself, the LLTM cannotdirectly provide a vehiclefor cognitive diagnosisor assessment,
sincethe studentparameter

	 � is unidimensional;andcognitive descriptionsof performanceare
invariablymultidimensional.Keepingthis in mind, we now turn to somebasicmultidimensional
IRT models.

4.2 Modeling Multidimensional Proficiencies

Researchin multidimensionalIRT modelshasconcentratedon two extremes:“compensatory”
modelsin which differentproficienciescombinelinearly, so that a lack in oneproficiency may
bemadeup with anexcessin anotherproficiency, and“noncompensatory”modelsin which each
observableresponserepresentsthe conjunctionof several subprocessesthat individually follow
unidimensionalIRT models.

4.2.1 Multidimensional, CompensatoryIRT Models

Compensatorymodelsareobtainedby replacingtheproficiency variable
	

in aunidimensionalIRT
modelwith anitem-specific,known (e.g.Embretson,1991;Stegelman,1983;andAdams,Wilson
andWang,1997)or unknown (e.g.Reckase,1985;Wilson,WoodandGibbons,1983;Fraserand
MacDonald,1988;MurakiandCarlson,1995)linearcombinationof components�÷" � 	 � w ����� w��÷"  	 of a � -dimensionallatenttrait vector. For examplein thedichotomousresponsecaseÊ�� �î"Ë&½(�Ì 	 � C ����� C 	  �Ó&:Ê����÷" � 	 � w ����� w��÷"  	  ÕïëO" � C
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where Ê��|§ � might be the logistic function from Section3.2, or a probit responsefunction, etc.
BéguinandGlas(1998)survey theareawell andgive anMCMC algorithmfor estimatingthese
models;GibbonsandHedeker(1997)pursuerelateddevelopmentsin biostatisticalandpsychiatric
applications;seealsoAckerman(1992,1994).Whenthe �÷"+$ areknown, this is a kind of additive
or disjunctive  -matrixdecompositionof examineeproficiencies.

Estimatingthismodelwithoutfirm constraintson theparametervectorsÐ¨Ó"Ö& ���÷" � C ����� C �÷"  � is
tantamountto performinganexploratoryfactoranalysison the logits of thesuccessprobabilities
of the0/1 data �y��" ; exploratoryfactoranalysisis alreadya difficult andunstableproblemwhich
is only exacerbatedby the indirect connectionbetweenthe dataandthe parametersthroughthe
logistic function Ê��|§ � . Whenthe Ð¨Í" aresuitablyconstrainedthe modelseemsto be morestable
to estimate,andseveral articleson estimatingthe moreconstrainedversionof this modelusing
MCMC methodssimilar to thoseoutlined in Appendix B.4 are making their way throughthe
journalreview processpresently.

Anothergeneralizationthathassomeutility wouldbeto addto themodelin whichthe �÷"+$ were
known,a(perhapsdifferent)  -matrixdecomposiionof thedifficulty parametersëO" alongthelines
theLLTM, thus: §´& 	 �ÍÕïëO"Ï& Ð � " � Ð 	�� Õ®!#" � Ð�
wherenow Ð 	 � is a � -dimemsionalvector of (say) attribute-specificcontinuousabilities, and Ð� "
is a � -dimensionalvectorof known constants(usually0’s and1’s, analogouslyto the  matrix)
indicatingwhich coordinatesof Ð 	 � areinvolved in performingtask 0 . Adams,Wilson andWang
(1997)refer to this generalmodel(or actuallya polytomousgeneralizationof it) asthe multidi-
mensionalrandomcoefficientsmultinomial logit model(MRCMLM), provide anE-M algorithm
for estimatingthemodel,illustratesomeusefulspecialcasesof themodel,anddemonstrateseveral
dataanalyseswith it. A specialcaseof this model,thataddsdimensionsto Ð 	�� to accountfor pre-
test/post-testperformancedifferences,hasbeenproposedandusedby Embretson(1991).A further
elaborationof theMRCMLM model,calledM

�
RCMLM, allowsfor mixing overbothLLTM-lik e

item difficulty decompositionsand over variouscompensatorycompbinationsof studentprofi-
ciency variables;it is beingdevelopedby Pirolli andWilson (1999)asa generalstochasticmodel
for cognitiveassessment.

All threetypesof multidimensionalIRT modelsrepresentreal computationaladvances,and
have applicationsin more traditionaleducationalassessmentandeducationalsurvey settingsas
outlinedby Ackerman(1992,1994)andAdamset al. (1997).As modelsfor cognitively-relevant
assessment,they assertaratherdifferentrelationshipthantheconjunctivediscreteattributesmodel
of Section3.1.2 or the noncompensatoryIRT modelsto be discussednext. The “cognitive at-
tributes”parametersÐ 	 � enterthe modelcompensatorily:that is, a low valuein onecoordinateofÐ 	 � canbe compensatedfor by a high value in another, perhapsyielding a fairly high probabil-
ity of successfultaskperformanceeven thoughoneattributecomponentwasquite low. Whether
thiscompensatoryrelationshipis “right” for a givenassessmentdependsis of courseanempirical
modelfit issue.
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The compensatoryrelationshipjust describedhassomeof the flavor of “multiple strategies”
where,if onestrategy is absent(low valuefor that coordinateof Ð 	 � ) anothermorefully-learned
strategy (highervaluefor that coordinateof Ð 	 � ) cancompensatefor it. But thereis no attributes
modelunderlyingthese“strategies”—justorderedvaluesfor coordinatesof Ð 	 � . A moregeneral
approachto multiplestrategieswill beconsideredbelow.

4.2.2 Multidimensional, Non-CompensatoryIRT Models

An alternative to thecompensatorymodelsof theprevioussectionis suggestedby inspectingthe
definitionof

¿ ��" in Section3.1.2above. Givenan analysisof tasksinto attributeswhich mustbe
presentin conjunctionin orderfor thetaskto becorrectlyperformed,wemightpositvariables� ��"+$'& ¥ ( C if student¬ executesacorrectbehavior whenattribute / is calledfor on item 0 ;- C if not

which themselvesfollow a logistic IRT modelwith respectto a attributespecifictrait
	 �¾$ ,Ê � � ��"+$Ö&½(8Ì 	 �¾$ C ëO"%$ �Ó& (( w æ èvéê�ªÕ4� 	 �ª$ÖÕïëO"+$ � � C

say(of courseothermodelsbesidestheRaschmodelarepossiblehere).If the
�

’sareconditionally
independentgiventheparameters,asis ourusualassumption,thenÊ����y��" &)(îÌ Ð 	 � C Ðë! R�Ó& Ý$�Â�Ã Å{Ç*È � Ê � � ��"+$Ï&½(îÌ 	 �¾$ C ëO"%$ �

Embretson(1985)hasproposedamulticomponentlatenttrait model(MLTM) thataddsto this
basicnoncompensatorymodel slip and guessingparameterssimilar to thosediscussedin Sec-
tion 3.1.2.In theMLTM,

Ê����y��"Ï&;(8Ì Ð 	 � C Ðë! R�Ó& �°( Õ É � Ý$ ÂÄÃ Å{Ç*È � Ê � � ��"+$Ö&;(8Ì 	 �ª$ C ëO"+$Ä�cw Î#"$ (ÖÕ Ý$�ÂÄÃÆÅ�Ç+È � Ê�� � ��"%$Ï&)(8Ì 	 �ª$ C ëO"+$Ä�&%'
where É and Î are(universal)slip andguessingparameterssatisfying�°(ÖÕ É � & Ê � �y��"Ï&½(vÌ Ý$�ÂÄÃÆÅ�Ç*È � � ��"+$'&;(��Î & Ê � �y��"Ï&½(vÌ Ý$�ÂÄÃ Å�Ç È � � ��"+$'& -3�
If we also linearly decomposethe difficulty parametersëì�ª$ in the MLTM as in the LLTM, we
obtainEmbretson’s generalcomponentlatenttrait model(GLTM). TheMLTM hasbeenapplied
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for exampleto synonym tasksby JanssenandDeBoeck(1997),whoalsodevelopsomeheuristics
for determiningwhethertheMLTM is anappropriatemodelfor thedataathand.

A fundamentalissuewith theMLTM is whetherthe
� ��"+$ needto bedirectlyobservableor not.

In Embretson’s early work on the modelsheassumedthat the
� ��"+$ would be observable.As in

thediscussionof waysto improve theinformationfor estimatingstudentattributesin Section2.3,
this would be expectedto lead to betterparameterestimateson relatively little data.Later the
requirementthat

� ��"+$ beobservablewasrelaxed.While it is computationallyfeasablefor the
� ��"+$

to remainunobserved(a straightforwardalgorithmto estimatethemodelin this casewould look
somewhat like the algorithm for the discrete-attributesmodel describedin Appendix B.6), this
situationimmediatelyleadsusto thecredit/blameandhiding issuesoutlinedin our discussionof
Figure1 in Section2.2.2.

4.3 Other Discrete-Attribute Approaches

4.3.1 Latent ClassModels

Supposestudentscanbeclassifiedinto ( latent(unobservable)classes)+* , , & ( C ����� C ( , and
let ø-* & Ê�� student¬ is in class)+*Í�õ-*7"À& Ê����y��"Ï&;(�Ì student¬ is in class)+*Ó�
As usual�y��"Ï&;( or 0 indicatingcorrectperformanceof task0 by student¬ . Sincewedonotknow
student¬ ’s latentclass,themodelfor onestudentisÊ�� Ð. � & Ðó � Ì Ð /åC Ðøì�Ó& 01*ìÈ � ø2* �Ý"*È � õ á Ø Å*c" �ª(ÖÕ õ-*c"#� �RÙ á Ø Å
andfor an � ���

matrixof responsedata
�

, weobtain

Ê�� � Ì�Ð /ðC ÐøÛ�Ü& �Ý�µÈ � 34 5 01*ÛÈ � ø-* �Ý"*È � õ á Ø Å*7" �µ(ÖÕ õ-*7"#� �RÙ á Ø Å 
�� (15)

This latentclassmodelis somewhatdifferentin form from the discreteattributesmodel(6) and
thebasicIRT model(10): thelikelihoodis not in doubleproductform; thereis asummationin the
way. Mostestimationmethodsbecomeunwieldywith thismodel,as � ,

�
and ( grow large.

Thereis,however, awayto “decouple”thismodelandput it backin productform.Themethod
goesby thenamedataaugmentationin thestatisticalworld (Tanner, 1996);it is alsorelatedto the
latentresponseapproachof Maris (1995).Let6 �7* & ¥ ( C if student¬ is in latentclass,- C if not
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Then to eachstudentsactualobserved data �|ÚÛ� � C ����� C ÚÛ� � � we will add the “data augmentation”
variablesÐ 8 � & � 6 � � C ����� C 6 � 0 � & �{- C - C ����� C ( C - C - C �����*- � with a 1 only in position , , student¬ ’s
assignedlatentclass.

If we pretendthatboth Ú ’s and 6 ’s areobserved,themodelfor the ¬ ��� studentsimplifies;it is
now just Ê � Ðó � C Ð8 �*Ì Ð /åC ÐøÛ�Ô& Ê�� Ð8 �*Ì Ðø�� � Ê�� Ðó �*Ì Ð8 � C Ð /ðC Ðøì�& ¥ Ý * ø29 Ø;:*=< � Ý * 34 5 Ý " õ á Ø Å*c" �ª(ÖÕ õ-*c"#� �RÙ á Ø Å 

�� 9 Ø;: (16)

Thejoint probabilitymodelfor
� � �c� , >'� � 0 , andtheparameters,alsosimplifies;at leastit is

in productform again:Ê�� � C > Ì Ð /´C ÐøÛ�&?ð� Ð / � ?ð� Ðø �& Ý � Ý * 34 5 ø-* � Ý " õ á Ø Å*7" �µ(ÖÕ õ-*7"#� �RÙ á Ø Å 
�� 9 Ø;: ?ð� Ðø � Ý " ?A@��ªõ-*c" �& ¥ Ý * ø �B:*C< ?´� Ðø � 34 5 Ý " õ-D : Å*c" �ª('Õ õE*c"#� �B: Ù D : Å ?A@��ªõ-*c" � 

��
 ������������������ (17)

where FG*.&IH � 6 �J* , and KL*c" &IH � 6 �J*ÍÚÛ��" (and ?ð� Ðø � and ?A@��ªõ-*c" � arepriors).The price we pay
for this productstructureis now every estimationalgorithmwill have to iteratebetweenimputing
valuesfor > andworking with this new simpler joint likelihood.Alternationbetweenimputing
valuesfor > andmaximizingthejoint probabilitymodelaboveis at theheartof theE-M algorithm
for example(seeAppendixA). A sketchof aconceptuallysimpleestimationmethodfor thismodel
basedonMarkov ChainMonteCarlotechniquesinsteadis givenin AppendixB.5.

Latentclassmodelshavebeenaroundfor almostaslong aspsychometricsitself. For a history
of their moremoderntreatement,seefor exampleBartholomew (1987).We have presentedthem
herefor two reasons:first, they will be helpful in describingHaerteland Wiley’s approachto
discreteattributesmodeling,to which we turn next. Second,they provide a canonicalexampleof
the modelstructureneededto dealwith multiple studentstrategies,to which we shall return in
Section6.

4.3.2 The Haertel/Wiley RestrictedLatent ClassModel

Haertel(1989)andHaertelandWiley (1995)discussa latentclassmodelwhich representsa dif-
ferentway to try to stochasticizethedeterministicmodelof Section3.1.1.We begin againwith a -matrixwhoseentries!#"%$Ï& 1 whenattribute / is neededfor response0 , and & 0 whennot.

We supposethatstudentscanbeclassifiedinto ( latentclasses,andstudentswithin thesame
latentclasssharethesameknowledgestate:they possessandlackexactlythesamearrayof student
attributes.Thustheattributevariables̈«�ª$ andthelatentresponsevariables

¿ ��" usedto conjunctively
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combineattributesin the stochasticversionof this model in Section3.1.2,are assumedto be
constantwithin eachlatentclass:¨M*ì$'& ¥ ( C if studentsin )+* possessskill /- C if not/�&½( C ����� C ¡ ; andfor eachtask 0 wesummarizethe ¨ ’sby¿ *7"Ë& ¥ ( C if ¨N*�$¹£ô!#"%$ for all /�&½( C ����� C ¡- C if not

i.e.
¿ *c"Ï& ( indicatesthatall skills neededfor problem0 arepresentfor studentsfrom latentclass, . In thelatentclassmodelweset õ-*c"Ï&)�%(ÖÕ É " � ×O: Å Î �RÙ ×O: Å"

whereÉ " and Î " areper-taskslip andguessingprobabilities;theremainderof themodelis identical
to the latentclassmodelaspresentedin equation(15) or (17). A discussionof a straightforward
estimationmethodfor thismodelis providedin AppendixB.5.

If thenumberof latentclasses,( , is muchsmallerthenumberof rules
¡

, theHaertel-Wiley
modelrepresentsagreatreductionin parametrizationfrom thestochasticdiscreteattributesmodel
of Section3.1.2andFigure1; it isnotneccessarytoestimatethe

¡
parametersÊ���¨©�ª$'&;(,Ì data� for

eachattributeandstudent;ratherwe justestimatethe ( parametersÊ��Examineein class¬´Ì data� .
A seriouschallengein actuallyusingthemodelis figuringoutwhatconfigurationsof skills present
andabsentarereally therein thestudentpopulation.

A relatedassessmentmodelis Polk,VanLehnandKalp’s (1995)ASPM2,which basicallyfits
a very large versionof the deterministic -model (4) by minimizing the Hamingdistance,that
is, the numberof mismatches,betweenthe model’s predictedperformanceon a setof tasksand
a student’s actualperformance.Typically thefitting algorithmreturnsseveraldifferent Ð¨©� vectors
thatpredictthestudent’sperformanceequallywell.

Anotherwayof “stochasticising”thedeterministicmodelwasdevelopedindependently, in an-
othercontext, by Leenen,VanMechelen,andGelman(1999).Expressedin theassessmentcontext,
theseauthorsbasicallytreattheprobabilitythata conjunctive deterministicmodelwill matchob-
servedstudentperformanceon eachtaskasindependentBernoulli eventswith a commonmatch
probability ? , anddevelopa clever MCMC algorithmfor selectingwhich setsof skills aremost
predictiveof studentperformancein agiventaskdomain.

Finally we notethat theHaertel/Wiley modelprovidesa way to operationalizeFigure5 on p.
19 of this report.Indeed,eachconfigurationof skills in a latentclassmight beconcievedof asa
strategy, or level of competance,asin thefigure.ThentheHaertel-Wiley modelmight beableto
directlyestimateprobabilitiesof membershipin eachstrategy class.
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4.3.3 The HYBRID Model

Yamamotoproposedamodel(GitomerandYamamoto,1991;,YamamotoandGitomer, 1993)that
tries to integratetraditionalIRT modelswith the Haertel-stylecognitively-motivatedlatentclass
model,by usingthecoarserIRT modelingframework to accountfor lack-of-fit to thefiner latent
classassessmentmodel.

A descriptionof theirHYBRID modelcanbegin with astudentvariableP � & ¥ ( if student¬ follows thelatentclassmodel- if not

so that
P � codeswhetheror not student¬ “fits” the latentclassmodels.Studentsthat do fit are

modeledasin theHaertel/Wiley framework, andstudentsthatdon’t aremodeledusinga coarser,
unidimensionalIRT model:Ê�� ����"Ï&)(�Ì P � C ¿ ��" C Ð? CBQ IRT parametersR��Í& ¥ ? �RÙ ×oØ Ån " ? ×oØ Å� " if

P �¼&;(Ê "3� 	 � � if
P �¼& -

wherethe probability model ? �RÙ ×{Ø Ån " ? ×oØ Å� " for
P �8& ( is essentiallythe sameas the Haertel/Wiley

latentclassmodel,andthemodel ÊÓ"~� 	 � � for
P �¼&D- is a standardIRT modelsuchasthe1PL,2PL

or 3PL,dependingon therelevantIRT parameters.GitomerandYamamoto(1991)provide anE-
M algorithmfor estimatingaslightly differentformulationof thismodel.An estimationalgorithm
similar to theHaertel/Wiley algorithmin AppendixB.5 couldalsobeconstructed.

Following thediscussionof Figure5 in Section2.2.2,thepoint of includingtheIRT modelis
thehopethatsomestudentswhodon’t fit theHaertel/Wiley modelmightstill follow anIRT model
in which increasinggeneralproficiency leadsto moreitemsright. TheIRT modelthusprovidesan
interpretation(albeita cruderone)for at leastsomeof thestudentswho don’t well-fit any of the
structuredlatentclasses.

4.3.4 DiBello and Stout’s “Unified Model”

As notedin Section2.2.3 above, DiBello, Stout and colleagues(DiBello, Stout,and Roussos,
1995;DiBello, Jiang,andStout,1999)havedevelopedamulti-strategy model,which they call the
“unified model” (UM), thatgeneralizesseveralof themodelswehaveconsideredhere,andwithin
whichonecan“play” with positivity, completness,multiplestrategiesandslips,by turningonand
shuttingoff variouspartsof themodel.Our descriptionin termsof thestochastic -matrix model
in Section3.1.1is mostlybasedonRoussos’s (1994)account.

We begin with a modelthat is almosttheUM; for easyreferencewe repeatthedefinitionsof¿TSVU�W��" , and ü ��" from Section3.1.2.If thereareseveralstrategieswe will let  S;U�W bethe  matrix for
the X ��� strategy, andlet ¨«�ª$ indicate(0 or 1) whetherskill / is presentfor student¬ . Then¿TSVU�W��" & ¥ ( C if ! SVU�W"%$ ¸º¨«�ª$ » /- C if not
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indicateswhetherall theskills arein placefor student¬ for performingtask 0 usingstrategy X , i.e.¿TSVU�W��" indicateswhetherstrategy X wouldbepredictedto besuccessfulif chosen.Let
P ��" take valuesXu& ( C ����� C X indicatingwhich strategy student¬ choosesfor task 0 ; thenprobabilitythata student

choosesasuccessfulstrategy is givenby

ü ��"Ï& Y Å1U È � ¿ZS;U�W��" Ê�� P ��"Ï&[X �
Thenamodelsimilar to theUM canthenbewrittenasfollows:Ê����y��"·�q§ � &;(�Ì�¨«�ª$~�|§ � C X,&:/ C ����� C ¡ �Ó&¤�°('Õ É " � ü ��"3�|§ � & �°('Õ É " �]\ Y Å1U È � ¿TSVU�W��" Ê � P ��"Ï&^X��&_
To make this into the UM, we replacethe

¿ SVU�W��" termswith a stochasticequivalent (seealso the
predictiveequations(19)and(18) in theCorbettetal. model):¿ SVU�W��" & Ý$ Â Ãa` bdcÅ{Ç-eZf Ø Ç ? n �ª$ U � Ý$�Â Ãg` bdcÅ�ÇEhZf Ø Ç ? � �ª$ U � ÊÓ" U � Ð 	 � U �
where,analogouslyto theHaertelmodel,? n �¾$ U & Ê � student¬ performsconsistentlywith skill / understrategy XuÌ skill / is missing�? � �¾$ U & Ê � student¬ performsconsistentlywith skill / understrategy XuÌ skill / is present�
and ÊÓ" U � Ð 	 � U � is acompensatoryIRT responsefunction.

The UM illustratesall four of the featuresthat DiBello, StoutandRoussos(1995)discuss:
strategycanbemodeleditemby item,usingthe ü ��" ’s,completenessis indirectlyrepresentedin the
modelthroughthe  U matricesandtheirrelationshipto theunderlyingcognitivemodel;postivityis
representedin themodelparameters? n �ª$ U and? n �ª$ U ; andglobalslipsarehandledwith theparameterÉ " . Themodelcanbeadjustedto includea catchallstrategy that is basicallyanIRT model,asin
theHYBRID modeldiscussedabove,or to suppressIRT completelyfrom themodel.

As suchthe UM is rathercomplex and surely overparametrized.DiBello, Stout and Rous-
sos(1995)discussreasonablesimplifying assumptionsintendedto make the model identifiable.
Dibello, Jiangand Stout (1999) develop the model in detail, giving dataanalysisexamplesin
which themodelis fittedusinganE-M algorithmin which theM-step,which involvesoptimizing
over presence/absenceof skills in the ¨ vector, is accomplishedusinga geneticalgorithm(e.g.
Michalewicz etal.,1999).

5 CaseStudy: Two Approachesto CognitiveAssessment

To illustrate the differencesbetweentraditional IRT approachesand cognitively-motivatedap-
proachesto assessment,I briefly comparetwo publishedmodelsintendedto dealwith essentially



AssessmentModelsandMethods,draftof November30,1999 47

thesamedata:taskperformanceby studentslearningtheLISP programminglanguageusingone
of the computerbasedintelligent tutoring systemsdevelopedby JohnR. Andersonandhis col-
leaguesat Carnegie Mellon University (e.g.Anderson,Corbett,KoedingerandPelletier, 1995).
Thefirst modelis theassessmentmodelactuallyembeddedin thetutoringsoftware,asdescribed
by Corbett,AndersonandO’Brien (1995);the secondis an IRT-basedmodelfor essentiallythe
samedata,aspresentedby Draney, Pirolli andWilson (1995).

5.1 The Corbett/Anderson/O’Brien Model

Thefirst assessmentmodelwe will considerfor this datais the “knowledgetracingmodel” em-
beddedin theLISPtutorsoftware,anddescribedby Corbett,AndersonandO’Brien (1995).Using
anotationsimilar to thatof Section3.1.2,webegin by defining����"3��F � & ( or - indicatingwhetheror not student¬ performedtask 0 correctlyat

time F!*"+$ & ( or - indicatingwhetheror not task 0 requiresskill /¨«�ª$c��F � & ( or - indicatingwhetheror notstudent¬ posessesskill / at time F¿ ��"3��F � & Áji $�Â Ã Å{Ç*È �lk ¨«�ª$c��F � indicatingwhetheror not student¬ hastheskills neededfor task0 at time FÉ & Ê����y��"·��F � &.-ÓÌ ¿ ��"·��F � &½(�� C auniversalslip parameterÎ & Ê����y��"·��F � &½(�Ì ¿ ��"·��F � &.-3� C auniversalguessingparameter

Themodelof taskperformanceembodiedby Corbettet al.’s (1995)knowledgetracingmodelis
essentially Ê����y��"·�OF � &½(�Ì ¨©�ª$~�OF � C X'&:/ C ����� C ¡ �Ó& ¿ ��"3�OF � �°('Õ É � w.�%(ÖÕ ¿ ��"3��F �+� Î
This modelis essentiallyidenticalto themodelin equation(5), exceptthathere É and Î areuni-
versalratherthanper-problemprobabilitiesof slippinggiventhatthestrategy shouldbesuccessful
(
¿ ��"4& ( ), andof guessingcorrectly, giventhat thestrategy would not besuccessful(

¿ ��"4& - ). If
we know theprobabilitiesÊ ��¨«�ª$c��F � £;!#"+$Ä� thatstudent¬ hasskill / requiredfor task 0 at time F ,
we cancomputetheprobability Ê�� ¿ ��"·�OF � &¦(�� thatall theskills arein placefor performingtask 0
correctlyat time F usingthemodeledstrategyÊ����y��"·��F � &½(��Ó& Ê � ¿ ��"3��F � &½(��R�°('Õ É � w.�%(ÏÕ Ê�� ¿ ��"·�OF � &;(�� � Î (18)

where
�R� Ê�� ¿ ��"·�OF � &)(�� followsasimpleconjunctivemodel,Ê � ¿ ��"÷�OF � &)(��Í& ³Ý$�È � Ê��A¨«�ª$~�OF � £ô!*"+$Ä� (19)
{


Theproductformulain equation(19) assumesthattheskills arepresentor absentindependentlyof oneanother.
Dependency amongskills would berepresentedby replacing(19) with a morecomplex expression,perhapscoming
from a simpleBayesianinferencenetwork (e.g.Mislevy, 1994)for the m ’s, for example.
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It is worthnotingthatthe
¿ ��"3��F � ’s [or the ¨«�ª$7��F � ’s] canbeinterpretedasplayingtheroleof Maris’s

(1995)latentresponses.
It is the probabilities Ê��A¨«�ª$c��F � £ã!*"+$Ä� , treating ¨«�ª$c��F � as the unknown or randomquantity,

thatareactuallyof primaryinterestin assessmentbasedon thismodelof taskperformance.Given
currentestimatesof Ê���¨©�ª$~�OF � £ !*"+$Ä� , the tutor can both identify which skills needadditional
practice,andselectitemsof suitabledifficulty that exercisethoseskills, to assignto the student
next.

Corbett,AndersonandO’Brien (1995)wereparticularlyinterestedin how to gatherevidence
about Ê���¨©�ª$~�OF � £9!*"+$Ä� asthe numberof opportunitiesF to apply rule / increases—i.e.they are
interestedin modelinglearning.They areableto observe responses(studentperformancesof sub-
tasks)involving eachstudentattribute(productionrule)separatelywithin theITS. Althoughthere
couldin principlebedependency relationsamongtheattributes,theirmodeldoesnotassumethis;
thustheir modelfor collectingevidenceaboutstudentattributeslookslike Figure9. In thefigure,
andin the text below, Attribute / is codedaspresentor not in student¬ at time F , accordingas¨«�ª$c��F � &Ô( ; otherwisë«�ª$u&½- , The ¨ ’s cannotdecreaseas F increases.Similarly we will denote
thatstudent¬ performedanactioncorrectlyat time F whenAttribute / wascalledfor, by writing�7�ª$c��F � &¦( ; otherwise�7�ª$7�OF � &½- . Becauseof guessingandslips, �7�ª$c��F � canincreaseor decrease
as F increases.Also notethat time F denotesthe numberof opportunitiesonehashadto apply
an attribute; thusasin the figure, F may have differentvaluesfor differentattributes(this is not
reflectedin thenotation,sincewewill work with justoneattributeata time).

To accountfor the orderin which correctandincorrectactionsareobserved whenskill / is
calledfor, they suggesttreating̈©�ª$~�OF � asahiddenMarkov learningmodelwith anabsorbingstate
at “attributelearned”.Thetransitionmatrix for theMarkov chainis givenbelow,Ê���¨©�ª$~�OF � Ì ¨©�ª$7�OF Õô( � �Ô& no�Ê���¨©�ª$7�OF � Ì�¨©�ª$7�OF Õô( � �Ô& (p�Ê � ¨©�¾$c�OF � Ì ¨©�ª$7�OF Õô( � �Ô& (ÏÕqno�Ê�� ¨©�ª$7�OF � Ì�¨©�ª$7�OF Õô( � �Ô& -E� (20)

where“ ¨©�ª$7�OF � ” standsfor “ ¨«�ª$c��F � &)( ” and“ ¨«�ª$c��F � ” standsfor “ ¨«�ª$c��F � &:- ”.
The tutoringsystemis arrangedto directly observe evidence�7�ª$7�OF � & - or 1 that thecorrect

actionwasperformedwhenskill / wascalledfor, greatlysimplifying theinferentialtask.Corbett,
et al. (1995)posit the following relationshipsbetweenthe hiddenstate ¨«�ª$c��F � & - or 1 andthe
observableevidence�7�ª$c��F � &:- or 1:Ê ��¨©�¾$7��F � Ìr�7�ª$c��F � �Ô& Ê ��¨©�¾$7��F Õô( � ÌB�7�ª$c��F � �vw.�%(ÏÕ Ê��A¨«�ª$~�OFâÕ ( � Ìr�7�ª$7�OF � � � � nÊ ��¨©�¾$7��F � Ì �7�ª$c��F � �Ô& Ê ��¨©�¾$7��F Õô( � Ì �O�¾$7��F � �vw.�%(ÏÕ Ê��A¨«�ª$~�OFâÕ ( � Ì �c�ª$~�OF � � � � nÊ ��¨©�¾$7��F Õô( � Ìr�7�ª$c��F � �Ô& Q �%(ÖÕ É � Ê��A¨«�ª$~�OFâÕ ( � ��Rts Q �%(ÖÕ É � Ê��A¨«�ª$~�OF Õô( � ��w Î Ê�� ¨¼�ª$7�OF Õô( � ��RÊ ��¨©�¾$7��F Õô( � Ì �7�ª$c��F � �Ô& Q É Ê���¨©�ª$~�OF Õô( � �ORus Q É Ê ��¨«�ª$7��F Õô( � �Ow:�%(ÖÕ Î � Ê � ¨©�¾$c�OF Õô( � �OR

(21)
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Opportunity4 ...
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� � �

Figure9: Arrangementof datacollectionfor theCorbett,AndersonandO’Brien (1995)assessment
model.Evidencefor eachattribute is collectedasif independentof all othertasksandattributes,
andis accumulatedthroughseparatehiddenMarkov learningmodelsfor eachattribute, relating
thatattributeto repeatedopportunitiesto performthe“skill” thattheattributenames.
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Givena-priori fixed valuesof n , É , Î , anda probability õ n that eachskill is in the learnedstate
beforethetutoringbegins,wemaysubstituteõ n for Ê���¨©�ª$~�OF�Õ ( � � when F &;( , andtheabove for-
mulasgiveanalgorithmfor recursively updatingÊ��A¨«�ª$~�OF � � on thebasisof theobservedsequence
of correctandincorrectactionsin the first F opportunitiesto apply rule / . This is a particularly
simpleandfastcomputationalmethod,capableof updatingthetutor’smodelof thestudent’sskills
in realtimeasthestudentworkswith thetutor.

It is interestingto notethat in orderto producea well-fitting model,Corbett,Andersonand
O’Brien (1995)hadto allow the probabilitiesn , É , Î , andthe probability õ n that eachskill was
alreadyin the learnedstatebeforethe tutoring began, to be perturbeddifferently from overall
populationvalues

�R�
for eachstudent( ¬ ); in statisticalparlancewe would saythey allowed these

parametersto becomerandomeffects. Thus,in additionto the individual differencesin skills ac-
quisitionthatthemodelhadbeendesignedto detect,thereweresubstantialindividualdifferences
in startingknowledgeof thestudents,in tendency to slip or guess,andin therateof learning,under
thismodel.

5.2 The Draney/Pirolli/W ilson Model

Draney, Pirolli andWilson (1995)developanLLTM-style modelto analyzeessentiallythesame
data.Themodelthey considerbeginswith anindicator �7��"%$7��F � &)( if student¬ performscorrectly
whenthe F ��� opportunityto useskill / occurs,undercondition0 ; and �7��"%$7��F � &.- otherwise.These�7��"+$~�OF � differ from Corbettet al.’s (1995) �c�¾$c�OF � only in that the taskthat providesa context for
performingtheskill is allowedto affect thedifficulty of correctskill performance.In theDraney
etal. (1995)model,the“skill responsefunctions”aregivenbyÊ��V�c��"+$~�OF � &;(îÌ 	 � Cwv " CLx $ Cwy �Ó& (( w æ èvéê�%Õ 	 �ìw v " w x $ÏÕ y{z}|p~ �OF �*�
wherethelogarithmicdependenceon F is intendedto follow thedevelopmentof Anderson(1993,
Appendixto Chapter3). This modelessentiallydecomposesthe ë parameterin theRaschmodel
accordingto a  matrix, asin equations(14) and(2). For example,if therewereeightobserved
behaviors, respondingto theneedfor two differentskills at two differenttimes,performedwithin
{�

Exceptfor computationaldetails,Corbettet al. verynearlyre-inventedfrom scratchthehierarchicalBayesmod-
eling framework (e.g.Gelmanetal., 1995)to solve theirmodelfitting problemhere!
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two differenttasks,wemightendupwith thefollowing decomposition:<=============>

ë �ë �ë �ë �ë 2ë Uë Yë [

?A@@@@@@@@@@@@@B
&
<=============>

- ( - Õ zd|!~ �%( �- ( - Õ zd|!~ ��1 �- - ( Õ zd|!~ �%( �- - ( Õ zd|!~ ��1 �( ( - Õ zd|!~ �%( �( ( - Õ zd|!~ ��1 �( - ( Õ zd|!~ �%( �( - ( Õ zd|!~ ��1 �

?A@@@@@@@@@@@@@B
� <===> vx �x �y

?A@@@B
so that v is a contrastfor the tasks,x � and x � codethedifficultiesof theskills, and y is theslope
of the learningcurve. If thedecompositionof tasksinto skills is complete,andtheskills areof a
suitablegranularity, Anderson’s (1993)ACT-R theorypredictsthat skill “performances”will be
approximatelyindependent

� � of oneanother, giventherelevantdifficulty andstudentparameters.
This is essentiallya statementof local independence,sothat the“skill responsefunctions”above
maybemultiplied togetherin theusualway to form anIRT likelihood.

It is interestingto comparetheCorbettet al. andDraney et al. modelingapproaches.For ex-
ample,for a datasetsimilar to thatanalyzedby Draney et al., the assessmentmodelof Corbett,
AndersonandO’Brien (1995,p. 32; seealsoDraney, Pirolli andWilson,1995,p. 115)wouldem-
ploy essentiallyfour continuouslatentvariables,and33 dichotomouslatentattribute indicators,
per studenttested—in additionto 132 parametersto characterizefeaturesof the skills beingas-
sessed.UsingtheirvariationonstandardIRT models,Draney etal. providedequivalentor betterfit
to learningcurvesemploying onecontinuouslatentvariableperstudenttested(Draney, Pirolli and
Wilson, 1995,p. 109),and36 parametersfor theskills beingtested(Draney, Pirolli andWilson,
1995,p. 115).Thus,if thegoal is to modellearningcurves,clearly themorecomplex Corbettet
al. modelis notneeded.

However, theusesto which the two modelscanbeput, andthesubstantive interpretationsof
estimatedparametersin thetwo models,areverydifferent.TheCorbettetal.modelis immediately
useful for diagnosingindividual differencesin studenttaskperformancebehavior by relating it
directly to specificskills in the taskdecompositionof their taskdomain,but canonly indirectly
assessthevalidity andreliability of thetasksin theassessment,throughfit to learningcurvesdata.

TheDraney et al. modelis not immediatelyusefulfor studentdiagnosis,sinceits studentpa-
rameteris one-dimensional.After fitting themodel,Draney etal. gobackandrankstudentsbased
on (empiricalBayes)estimated

	
’s
� 2 , andcompareestimatedskill performancedifficultiesto the
 

Thereis animportantissueof granularityherethatpotentiallyaffectsboththeCorbettandPirolli models.While
ACT-R predictsindependentperformanceat a very small grain size, this grain size is probablysmaller than any
studentattribute(productionrule) in theLISP tutor (or any otherAndersoniantutor).At largergrainsizesit maystill
bepossibleto obtainapproximateindependenceamongstudentattributes,but this is notguaranteedby thetheory, and
mightnotevenbetruefor somestudents,dependingon theirprior experiencesandexpertise.
{E

In thecontext of learningcurvesanalysis,the � ’sessentiallycodestudents’initial facility in thetaskdomainprior
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students’aggregate
	

distributon; indeedtheir Figure5.1, p. 112, is very similar to our illustra-
tion in Figure6 above.As wesaidbefore,suchdisplaysallow usto predictwhichskills a“typical”
studentwith somefixedvalueof

	
mightbeexpectedtoperformcorrectly, andareveryusefulcom-

municationdevices.However, detailedcognitive diagnosisof individual studentson the basisof
the

	
’s is notpossible,withoutapost-hocanalysisof somesort.Indeed,for assessingwhetherindi-

vidualstudentshave learnedparticularskills, Draney etal. replacetheIRT modelwith aBayesian
inferencenetwork thatis focusedon inferring theprobabilitythatanindividualhaslearnedoneor
moreskills, usingpriorsconstructedfrom thefittedIRT modelandnew datafrom furtherattempts
to performtheskill(s).

The utility of the Draney et al. model for identifying important task performancefeatures
shouldnot beminimizedhowever. For example,Koedinger, Lovett,Trottini, Junker, andKass(in
progress)areusingessentiallythe samemodelingframework to develop a semi-automaticstep-
wisevariableconstruction/modelselectionprocedure,with thegoalof identifyingskills thatwere
eithertoo narrowly or too broadlydefinedin a cognitive tutor (theseresultin stylizeddeviations,
or “blips” from thetheoreticallypredictedlearningcurvesfor theskills). In asimilarvein,Hugue-
nard,et al. (1997;seealsoPatzet al., 1996)applieda polytomousversionof theLLTM to study
therelationshipbetweentaskfeaturesandworkingmemoryload,usingIRT

	
parameterto soakup

residualbetween-subjectsvariationnotmodeledby theexperimentalandworkingmemoryfactors.

6 Mixtur esof Strategies

At several points in our discussion—Figure5 of Section2.2.2,datacollection in Section2.3,
the latentclassandrelatedmodelsof Section4.3—wehave encounteredtheproblemof multiple
strategies,andstumbledacrosssomepotentialmodelingsolutions.We now wish to backup and
considertheproblemof accountingfor multiple strategiesin somedetail.This sectionowesa lot
in organizationandpointof view to thediscussionof strategiesin Mislevy, Steinberg andAlmond
(1997).

It is not difficult to believe thatdifferentstudentsbring differentproblem-solvingstrategiesto
anassessmentsetting;sufficientlydifferentcurricularbackgroundsprovideaprimafacieargument
that this musthappen;moreover comparative studiesof expertsandnovices(e.g.Chi, Glaserand
Farr, 1988)andtheoriesof expertise(e.g.Glaser, 1991)suggestthat,asin Figure5, thestrategies
oneusesto solveproblemschangeasone’s expertisegrows.Kyllonen,LohmanandSnow (1984)
show thatstrategy changeswithin a personbetweentasksalsooccur, andtheevidencefrom ITS
researchis that it is not unusualfor studentsto chancestrategy within a task as well. We can
distinguishthenbetweenat leastfour casesfor modelingdifferentialstrategy use,in increasing
orderof difficulty for statisticalmodelingandanalysis:

Case0: No modelingof strategies.

to tutoring,muchastherandomeffectversionof � p doesin theCorbettet al. model.
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Case1: Modelstrategy changesbetweenpersons.

Case2: Modelstrategy changesbetweentasks,within persons.

Case3: Modelstrategy changeswithin task,within persons.

Whichcasewe takeasourmodelingtaskdepends,aswith all assessmentmodelingdecisions,
on tradeoffs betweenwhat studentsareactuallydoing andwhat the purposeof the assessment
is. Returningto the scienceassessmentof Baxter, Elder andGlaser(1996):we might decideto
give the assessmentspecificallyto identify which attributesof a high competancea particular
studenthas,andthenremediatepositively towardthemissingattributeswithoutregardto whatlow
competanceattributesthechild possesses;thiscouldbeaninstanceof Case0.Ontheotherhandif
thegoalwasto identify thecompetancy level of thestudent—low, mediumor high—andremediate
accordingly, thenamorecompletebetween-personsmodel,asin Case1, is calledfor. In addition,
if thedifficulty of thetaskdependsstronglyon thestrategy used,we might beforcedin to Case1
or oneof theothercases,to getanassessmentmodelthatfits thedatawell, eventhoughtheonly
valuabletargetof inferenceis thehigh-competancestate.

Mostmodelsfor Case1—modelingstrategy changesbetweenstudents,but assumingthatstrat-
egy is constantacrossassessmenttasks—arevariationson thelatentclassmodelof equation(15).
As we have indicatedearlier, the Haertel/Wiley latent classmodel,and Yamamoto’s HYBRID
modelmapwell ontoFigure5; both includelatentclassesconsistingof setsof attributesthatare
assumedto bepresentin all classmembers(andtheYamamotomodelalsocontainsanIRT model
to helpstructurestudentswhodon’t fit thelatentclass/discreteattributespartof themodel.

If we replacethediscrete-attributesmodelsembeddedwithin eachstrategy classin theHaer-
tel/Wiley modelwith LLTM models,weobtainMislevy andVerhelst’s (1990)modelfor account-
ing for strategy effectson item difficulty in IRT: Let  * , ,6& ( C ����� C ( be the  matricesthat
relatestudentattributesto itemdifficulty undereachof ( differentstrategies;theirbasicapproach
is to postulatedifferentRaschmodelsÊ����y��"Ï&;(�Ì , C Ð 	 C·Ð� �Ü& ((åwçæ èvéê� 	 �J* Õïë-*7"��
where Ðë * &. * Ð� *
for eachlatentstrategy class.Note that the proficiency variable

	
alsodependson strategy. Mis-

levy andVerhelst(1990)provideanE-M algorithmfor estimatingthismodel(anMCMC algorithm
alongthelinesof AppendixB.5 is alsoconceivable)andgiveanexamplefrom aspatialvisualiza-
tion task.

This approachbasicallyexploitscollateralinformationaboutthedifficultiesof thetasksunder
differentstrategies,to make inferencesaboutwhatstrategy is beingused.Wilson’s Saltusmodel
(Wilson,1989;Mislevy andWilson,1996)is quitesimilar, positingspecificinteractionson the
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scalebetweenitemsof a certaintypeanddevelopmentalstagesof examineees.Eitherapproachis
likely to besuccesfulif thetheoryfor positingdifferencesbetweentaskdifficultiesundedifferent
strategiesproducessomefairly large taskdifficulty differencesacrossstrategies;a similar point
wasmadefor theHaertel/Wiley modelearlier.

The M
�
RCML model of Pirolli and Wilson (1999) allows not only for mixing of strategy-

or developmental-stage-based -matricesthatdrive item difficulty asin theMislevy/Verhelstand
Saltusmodelsbut alsofor mixing over variouslinear/compensatorycombinationsof studentpro-
ficiency variables.Henceit too shouldbeusefulfor Case1 modelingof strategies.

Case2, in which studentschangestrategy from taskto task,is moredifficult. Oneexample
of a modelintendedto accomodatethis is the“unified model” of StoutandDiBello. In fact,one
canbuild aversionof theMislevy/Verhelstmodelthatdoesmuchthesamething;wesimplybuild
thelatentclassmodelwithin taskinsteadof betweentasks.Let  *7" bethe  -matrix (row-vector,
really) for strategy , executedon item 0 , thenÊ � �y��"Ë&)(vÌ , C Ð 	 C Ð� " �Ó& ((åwçæÄèvéê� 	 �J*âÕ�ë-*c"#�
wherenow ë-*c"Ï&. *7" Ð� *c"
Thefull modelis notdifficult to setupandit is notdifficult to write down estimatingequationsfor
it. However it is verydifficult to fit, becausewrong/right,or evenpolytomouslyscored,responses,
donotcontainmuchinformationaboutthechoiceof strategy.

To makeprogresswith Case2, wemustcollectmoredata,asoutlinedin Section2.3.Response
latency in computerizedtests;informationabouttheperformanceof subtaskswithin a task;if that
is informativeaboutthestrategy; askingstudentsto answerstrategy-relatedauxiliaryquestions,as
did Baxter, ElderandGlaser(1996);askingstudentsto explainthereasoningbehindtheiranswers;
or even askingthemdirectly what strategy they are using,canall be helpful. In the bestcase,
this information-gatheringreducesour assessmentmodelingproblemto the casein which each
student’sstrategy is known with certainty.

Onemight alsomake moreprogresswith a strongertheoryof taskselectionaswell, but even
heresomeadditionalinformationseemsto beneeded.For exampleif a developmentaltheoryof
progressfrom onestageto anotherexists for thedomain,and if at leastsometasksareknown to
besensitiveto boundariesbetweenstages,thenwecanusethesetasksto triangulateonastudent’s
strategy.

Case3, in which thestudentchangesstrategy within task,is impossibleto modelsuccessfully
without rich within-taskdata.SomeITS’s systemstry to do this, underthe banner“model trac-
ing” or “plan recognition.JohnAnderson’s tutorsgenerallydo this by keepingstudentscloseto a
modalsolutionpath,but they have alsoexperimentedwith directly askingstudentswhatstrategy
they arepursuingin casesof ambiguity(e.g.Anderson,Corbett,KoedingerandPelletier, 1995).
Otherskeeptrackof otherenvironmentalvariables,to helpdisambiguatestrategy choicewithin a
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particulartaskperformance(e.g.Hill andJohnson,1995).Bayesiannetworksarecommonlyused
for thispurpose.TheAndestutorof mechanicsproblemsin physics(e.g.Gertner, ConatiandVan-
Lehn,1998)employs a Bayesiannetwork to do modeltracing.Thestudentattributesareproduc-
tion rules;theobservedresponsesareproblem-solvingactions;andstrategy-usevariablesmediate
therelationshipsbetweenattributesandresponses(invertingtherelationshipbetween“cluster” and
“attribute” in Figure2 for example).Variousstrategieshavebeenproposedfor controllingthecom-
binatorialcomplexity asthe numberof possiblestrategiesgrows. CharniakandGoldman(1993)
for examplebuild a network sequentially, addingnotesfor new evidencewith respectto plausible
plansalongtheway.

7 SomeConcluding Remarks

In recentyears,ascognitive theoriesof learningand instructionhave becomericher, andcom-
putationalmethodsto supportassessmenthave becomemorepowerful, therehasbeenincreasing
pressureto make assessmentstruly criterion referenced,that is, to “report” on studentachieve-
mentrelative to theory-drivenlists of examineeskills, beliefsandothercognitive featuresneeded
to performtasksin a particularassessmentdomain.For exampleBaxterandGlaser(1998)and
NicholsandSugrue(1999)presentcompellingcasesthatassessingexaminees’cognitive charac-
teristicscanandshouldbethefocusof assessmentdesign.In a similarvein,ResnickandResnick
(1992)advocatestandards-referencedassessmentcloselytied to curriculum,asa way to inform
instructionandenhancestudentlearning.

Appropriatecriterion-referencedtestingcanalsobeaneffective teachingtool whenembedded
directly in teachingpractice.Indeedthereis substantialargumentandevidence,assummarizedfor
exampleby Bloom (1984),that part of what distinguisheshigherstudentachievementin “mas-
tery learning” and individualizedtutoring settingsasopposedto the conventionalclassroom,is
the useof frequentandrelatively unobtrusive formative testscoupledwith feedbackfor the stu-
dentsandcorrective interventionsby the instructor, and followup teststo determinehow much
the interventionshelped.This approachcontinuesto beadvocatedaspartof a naturalandeffec-
tive apprenticeshipstyle of humaninstruction(e.g.Gardner, 1992),and it is the basisof many
computer-basedintelligenttutoringsystems(ITS’s,e.g.Anderson,1993;andmorebroadlyShute
andPsotka,1996).Heretoo, a decompositionof assessmentitemsinto appropriatecognitive at-
tributesis important:feedbackand/orcorrective actionin a masteryclassor from anITS depends
onknowing whichcognitiveattributestheexamineehasmasteredandwhichheor shehasnot.

Cognitive assessmentmodelsfocusedon theseteachingand learningissuesmust generally
dealwith a morecomplex goal thanlinearly orderingexaminees,or partially orderingthemin a
low-dimensionalEuclideanspace,which is whatIRT hasbeendesignedandoptimizedto do.The
goal of suchassessmentscanbe thoughtof producing,for eachexaminee,a sensiblyorganized
checklistof skills or othercognitiveattributesthattheexamineemayor maynotpossess,basedon
theevidenceof tasksperformedby theexaminee.
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Almostany assessmentphenomenon—frombetween-examineedependencedueto institutional
or sociologicalfactors,to behavioral aspectsof raters,to theanalysisof item responsesinto req-
uisiteexamineeattributesor item features—canbeexpressedin thehierarchicalmodelingframe-
work, or thecloselyrelatedBayesiannetwork framework, becauseof theirgreatexpressivepower
andconceptualsimplicity. Thefirst two sectionsof this reportsurveyedsomeimportantissuesin
developingacognitiveassessmentsystem.Thelattersectionssurveyedawidevarietyof statistical
modelsthatmightbeusedto make inferencesaboutindividualstudentattributesandproficiencies
basedon theassessment;evenmoremodelsareout there(e.g.assurveyedby Roussos,1994).

Recentadvancesin computation,andMarkov chainMonte Carlo (MCMC) methodsin par-
ticular, have madeit possibleto estimatea vastlywider varietyof thesemodelsthatwould have
beenimaginableeventenyearsago.However, thecomplexity of thesemodelsstill putsusat the
limits of our computingabilities.Speedingup the computationswith approximations(including
formal andinformal applicationsof Laplace’s methodsuchasRigdonandTsutakawa, 1983and
Kass,Tierney andKadane,1990;blendsof MonteCarloandE-M approachesassurveyedin Tan-
ner, 1996;andvariationalmethods,e.g.Jaakkola andJordan,1999)continuesto be an essential
andfruitful avenueof research.On-the-flyassessmentwith thesemodelsis only possibleif some
parameters—theconditionalprobabilitiesin a Bayesianinferencenetwork, thedifficulty anddis-
criminationparametersof eachitem in an IRT-basedcomputerizedadaptive test—canbe fixed
in advance,eitherbecausethey aresowell estimatedfrom pastdatathat they canbeconsidered
known, or becausetheassessmentoutcomesarenot particularlysensitive to their valueswithin a
certainrange(VanLehnandNui, 1999,illustratesucha sensitivity analysisappliedto a complex
assessmentmodelembeddedin anITS).

Mostof theillustrationsin this reporthavebeenmotivatedby theinformation-processingstyle
of cognitive psychology, andthe relatedstyleof ITS’s. Thesuccessof probabilisticreasoningin
thesedomainsis gratifying to measanobserver with an interestin statistics,but it is evenmore
importantasanillustrationof thegeneralway thatthetoolsof probability-basedreasoningcanbe
appliedto issuesof uncertaintyin any rationaldomain.Thesamekind of efforts that led to these
advancesin cognitivediagnosiscanbebroughtto bearonassessmentfrom any otherpsychological
perspectiveaswell. Thenatureof thestudentrepresentation,thekindsof evidence,andthedetails
statisticalmodelsandmethodsmaybeverydifferentin theirparticulars.Guidedby thesubstance
andpurposeof assessmentin a new area,we frameour questionsin termsof thetheprobability-
basedmodelingframework presentedhere:whataretheimportantfeatures,whataretheexpected
patterns,whatsourcesof uncertaintiesmightweexpect,in whatwaysarethesesituationslikethese
but unlike those?Fitting initial modelsbasedontheseideasto initial datawill undoubtedlyleadto
improvementsin themodels,but it mayalsohelprefineour thinkingaboutthesubstantive theory,
think of betterwaysto makeobservations,andimprovedmodels.
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A SomeEstimation Methodsfor the LLTM and other IRT-lik e
Models

In thisappendixwe will illustratethreecurrentlypopularwaysof estimatingmodernIRT models,
using the linear logistic testmodel (LLTM). The samegeneralmethodsmay be appliedto any
hierarchicalBayesmodel.

For the LLTM (andany otherIRT model)thesethreeapproachesall begin with the product
likelihood �t�p��=� � 	Z� ��+�����w��� ����� � � ��� � 	 � � �� ���

(22)

where
�� �

is thesubvectorof parametersin
��

relatingto task � .

A.1 Conditional Maximum Lik elihood

An approachcalledconditionalmaximumlikelihoodcanbeused;in thisapproachwecalculatethe
conditionallikelihood �u�A��=� � 	T� ���� ����� � �¡ ¢� �r£r£B£ �
giventhestatistics

� � �¤�¦¥ � � � �
which aresufficient statisticsfor

	 �
whenthe

�
’s areknown.

It turnsout that this causesthe parameters
	 �

to drop out of the problem,andthe remainingop-
timizationover

��
canbecarriedout usinga combinatorialalgorithmto computethe conditional

likelihoodin closedform andapplyinga variantof theNewton-Raphsonor relatedmethods(see
e.g.Thisted,1988,Chapter4). Seevander LindenandHambleton(1997,Chapter1), andespe-
cially thetext by FischerandMolenaar(1995)andthereferencestherein,for details.This makes
it possiblefor exampleto usethe model to assesshow good the taskanalysiswas—arethe

�
coefficientsbeingestimatedto besignificantlydifferentfrom zero,for example?

A.2 Mar ginal Maximum Lik elihoodand the E-M Algorithm

A secondapproach,calledmarginalmaximumlikelihood(MML)
 �§

, hasasits goalto producemax-
imumlikelihood(or posteriormode)estimatesof theparameters

��
, in theintegrated,or marginal,

likelihood, ¨ �t�p��©� � 	Z� ��+�wª �«� 	 �a¬ � 	
Up until recentlythecomputationalmethodof choicefor MML wasanexpectation-maximization
(E-M) algorithm(Dempster, Laird andRubin,1977;Tanner, 1996).In the mostgeneralsetting,
E-M consistsof iteratingthetwo steps
�

Someauthorshave advocatedthemoreaccuratetermmaximummarginal likelihood, but putting“marginal” first
is habitualin theliterature,andtheMML abbreviation is thesame.
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E-step Compute ® � �� � ��]¯ �±° ��� ¨³²}´pµ � �t�p��=� � ¶ � ��+� �;· �«� ¶ � ��]¯ �¸° � �� �a¹ � ¶
M-step Maximize

® � �� � ��º¯ �¸° �
in
��

to obtain
��º¯ � �G� °

for » �C� �½¼T�L¾E£B£r£r£
timesuntil ¿ �� ¯ � �G� °ÁÀ �� ¯ �¸° ¿ or

® � �� ¯ � �G� ° � �� ¯ �¸° �
becomessufficiently small.(See

Tanner, 1996,pp. 70ff. for a straightforward demonstrationthat eachiterationof E-M increases
themarginal likelihood,andfor somespecialsimplificationsof thealgorithmxin theexponential
family of probabilitymodels.)Becauseof thesimpleproductform of

�u�A��I� � ¶ � ��Â�
, andbecauseÃ

is usuallya fairly sparsematrix, the M-stepusuallybreaksdown into a several uncoupled,low-
dimensionalmaximizations.Theintegral in theE-stepmustusuallybedonenumerically;this can
bebothadelicateandaslow featureof thealgorithm.

TheE-M methodwasusedto estimatethemodelin Draney, Pirolli andWilson (1995),andto
estimatea modelappliedto a designedexperimenton working memorycapacityby Huguenard,
Lerch,Junker, Patz,andKass,(1997;seealsoPatz,Junker, LerchandHuguenard,1996).Variants
of E-M exist for all the standardIRT models(e.g. Bartholomew, 1987;Baker, 1992),and it is
currentlytheestimationmethodof choicefor almostall smallandlargescaleapplicationsof IRT in
educationandpsychology, largelydueto theexistenceof computerprogramslikeBILOG (Mislevy
andBock,1997),MULTILOG (Thissen,1997)andConQuest(Wu, Adams,andWilson,1997).

RecentlyEmbretson(1999)hasstartedexperimentingwith a Ã -matrix decompositionof the
discriminationparametersin the 2PL model,in parallelwith the Ã matrix decompositionof the
difficulty parameters

�AÄ
. In keepingwith theinterpretationof

¶
in thesemodelsas“nuisance”pa-

rametersthatsoakupvariabilitynotaccountedfor by the Ã -matrixdecompositionof taskdifficulty
parameters,it is plausiblefor examplethattasksfor which the Ã -matrix decompositionis incom-
pletewill bemoresensitive to variationin

¶
, andtasksfor which the Ã -matrix decompositionis

morecompletewill be lesssensitive to variationin
¶
. Theredoesnot exist a generalCML algo-

rithm for the2PLmodel(nor indeedfor mostmodelsoutsidetheRaschframework), soestimation
mustproceedvia MML usingE-M or someothermethod.

Holland (1990) surveys the literaturecomparingCML, MML and a lessfrequentlyrecom-
mendedmaximumlikelihoodapproachcalled“joint maximumlikelihood” (JML), which maxi-
mizesthe likelihood (22) simultaneouslyin all

¶
and

�
parameters.This literatureshows that,

asymptoticallyasthenumberof studentsassessedgrows,theCML andMML estimatesof the
�AÄ

’s
will beindistinguishable.However, asAndersen(1972)andHaberman(1977)show, JML canand
doesleadto inconsistentparameterestimationunlessthenumberof tasksandsubjectsbothgo to
infinity at verycarefullycontrolledrates(seealsoDouglas,1997),soCML or MML aregenerally
thepreferredmaximumlikelihoodapproaches.
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A.3 Mark ov Chain Monte Carlo

A third approachto estimatingamodelsuchastheLLTM is basedonaverygeneralcomputational
methodcalledMarkov ChainMonteCarlo (MCMC, e.g.Gelman,Carlin,Stern,andRubin,1995).
In our context, MCMC is tailored to computeapproximationsto the posteriordistributions of
modelparameters,so insteadof working with the likelihood(22) we work with a completejoint
probabilityspecificationof themodel�u�A��=� � ¶ � ��Â�ÆÅ � �¡Ç ��¶ � ��Å ��È Ç � � È �

(23)

wherethe
Ç � �

’s denotepossiblydifferent,but independent,prior densitiesfor eachunknown pa-
rameter. It is well known for examplethatthisexpressionis proportionalto thejoint posteriordis-
tribution of theunknown parameters.For thepurposesof describingthealgorithm,let us rewrite
theparametervectoras �É �¢ÊlË� �«� ¶ � ��Â�
For any fixedpartition

� �É � �r£r£r£±� �ÉEÌ �
of thesetof elementsof theparametervector

�É
, MCMC pro-

ceedsby successively simulatingrandomdraws from the completeconditionaldistributions for
each

�É � : Thusafteriteration » of thealgorithmwemightgeneraterandomdraws

1.
�É � �G�� Í · � �É � � �� � �É ¯ �¸°  �B£r£r£B� �É ¯ �¸°Ì �

;

2.
�É ¯ � �G� °  Í · � �É   � �� � �É ¯ � �G� °� � �É ¯ �¸°Î �B£r£r£B� �É ¯ �¸°Ì �

;

3.
�É ¯ � �G� °Î Í · � �É Î � �� � �É ¯ � �G� °� � �É ¯ � �G� °  � �É ¯ �¸°Î �r£B£r£B� �É ¯ �¸°Ì �

;

...

R.
�É ¯ � �G� °Ì Í · � �É � � �� � �É ¯ � �G� °� �B£r£r£B� �É ¯ � �G� °Ì2Ï � �

.

(Otherorders,includingrandomlyselectingstepsfrom this list, arepossibleandcanleadto more
efficientsimulations).Theresultingpartition

� �É ¯ � �G� °� �r£r£B£B� �É ¯ � �G� °Ì �
is onestepin asimulatedMarkov

Chainwhosestationarydistributionis preciselythejoint posteriordistributionof
�É
. Thusif werun

thechainto stationarity, thesuccedingdraws canbetreatedas(dependent)draws from this joint
posterior, which is theobjectof our inference.

Standardnamesfor commonimplementationsof MCMC have comeinto usein the statisti-
cal community:If we implementan MCMC algorithmby simulatingdirecly from the complete
conditionaldistributions

· � �É � � �� � coordinatesof
�É

not including
�É � � , theresultingMarkov chain

is calleda GibbsSampler, following GemanandGeman(1984).If thecompleteconditionalsare
intractablefor directsimulation,aclevermodificationof theclassicMonteCarlosamplingscheme
called“rejection sampling”canbe used,leadingto a Markov chainthat is calleda Metropolis-
HastingsSampler(Metropoliset al., 1953;Hastings,1970).SeeChib andGreenberg (1995)for a
clearexpositionof themethodology, with referencesfor theunderlyingtheory.
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For eachdisjoint setof parameters
�É � in the partition

� �É � �r£r£r£¸� �ÉTÌ �
, it is not difficult to see

that the correspondingcompleteconditionaldistribution is proportionalto the productof factors
containingelementsof

�É � in the joint probability model (23). For the samereasonthat the M-
stepin the E-M algorithm for IRT modelsusually breaksdown into a set of low-dimensional
maximizations—thelikelihoodis in productform andthe Ã matrix is usuallysparse—itis usu-
ally possibleto choosea partitionof

�É
leadingto low-dimensionalcompleteconditionals,which

usuallyeasestheprogrammingburdenfor simulation.For IRT models,thepartitionofteninvolves
singletonsetscontainingeach

¶ �
andlow-dimensionalsetsof

�
’s or the underlying

�
’s if the

�
havea Ã -matrixdecomposition.

For alargeclassof statisticalmodelsin andoutof psychometricsandassessment,theprocessof
selectingapartitionandsettingupaGibbssampleris sostraightforwardthata computerprogram
(Spiegelhalteret al., 1996)endowedwith someintelligent rulescansetup andrun a reasonable
Gibbssamplerbydirectlyinspectingadescriptionof thejoint probabilitymodel(23).A description
of MCMC in generalandMetropolis-Hastingsin particularfor IRT modelsis given in Patz and
Junker (1999a);otherapplicationsof themethodsto IRT-like dataanalysisproblemsaregivenin
PatzandJunker(1999b),Patz,JunkerandJohnson(1999)andJohnson,CohenandJunker(1999).
Patz andJunker (1999a)alsobriefly discussthe relationshipbetweenMCMC methodsandthe
MML andJML formulationsof theIRT estimationproblem.

GenerallyspeakingMCMC is moreflexible than,but slower than,E-M, in IRT-like models.
Thegreaterflexibility comesfrom two places:(1) unlike E-M, neitherdifferentiationnor explicit
numericalintegrationarerequiredto setupthealgorithm;and(2) settingupthesamplingfrom the
completeconditionalsis substantiallymorestraightforward,andlessdependentonregularityof the
likelihood,thanis maximizationin E-M. For example,themanipulationsinvolvedin settingupan
E-M algorithmaregenerallymucheasierif thefactorsin theproductlikelihood(22) areall from
the sameparametricfamily of functions.This is generallynot a problemwith MCMC, asillus-
tratedby PatzandJunker (1999b).Thelowerspeedcomesprimarily from thefact thatMCMC is
effectively estimatingtheentireposteriordistributionby samplingfrom it (whenthechainreaches
stationarity),whereasE-M andothermaximationmethodsareyieldingonly a posteriormodeand
perhapsa measureof posteriorstandarderror. A variety of methodsintermediate—intechnique
andin speed—betweenE-M andMCMC aresurveyed in Tanner(1996;seealsothe variantsof
E-M surveyed by Liu and Rubin, 1997;and by Meng and van Dyk, 1997) as well. In models
thatlook ratherdifferentfrom IRT models—forexampleBayesNetworkswhoseexactevaluation
canbeNP-hard—MCMCmethodscanbefasterthandeterministicmethodsfor a givendegreeof
accuracy of estimation(e.g.VanLehnandNiu, 1999).

B Talk given to the Committee,1 October 1999

Somestatistical modelsand computational methodsthat may beuseful for
cognitively-relevant assessment
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B.1 Preface� I wantto do two thingsin thispaper/presentation:

1. Show a varietyof statisticalassessmentmodels,especiallyarisingout of the psycho-
metric/statisticaltradition.

2. Indicatetheflexibility of somecurrentcomputationaltools for estimatingparameters
andmakinginferencesin theseassessmentmodels.� Therearea dizzyingvarietyof models,andof computationalburdensthemodelsplaceon

users.

Attendto thepurposesof assessment.If your
purposedoesn’t require the additional com-
plexity, don’t build it into the assessment
model.

B.2 Outline of talk

1. “Clif f ’s Notes”onMarkov ChainMonteCarlo (MCMC)� Theonly methodI will discuss.

2. Itemresponsemodels� SchematicMCMC for the2-parameterlogistic(2PL)modelfrom itemresponsetheory
(IRT).� Extensionto thelinearlogistic testmodel(LLTM).

3. LatentClassmodelsÑ�Ò
OnleaveatLearningResearchandDevelopmentCenter, 3939O’HaraStreet,Universityof Pittsburgh,Pittsburgh

PA 15260.



AssessmentModelsandMethods,draftof November30,1999 72� SchematicMCMC for latentclassmodels� Extensionto theHaertel-Wiley restrictedlatentclassmodel.

4. Variant of theCorbett/Anderson/O’Brienmodel� Simplificationof theCorbettetal. model� SchematicMCMC algorithm

5. ClosingThoughts:Decoupling,credit/blame,complexity.

B.3 Bayesand MCMC: The Cliff ’sNotes

B.3.1 Data

: Ó tasksand Ô studentsgeneratean Ô Õ[Ó matrix Ö of 0’s and1’s,
� � Ä �

1 or 0 indicating
correctnessof response.

B.3.2 Parameters

: × � � � ¶ � ���� �ØG�
, e.g.students,tasks,higher-orderpar’s.. .

Basicidentities:Ù ÚÜÛdÝßÞ¢àZáIâ ÚÜÛdÝäã àZáæåçÚÜÛèàZáÙ ÚÜÛèàÁã Ý�áIâ ÚÜÛdÝéã àZáMåçÚÜÛèàZá¨ ÚÜÛdÝéã ê¢áæåçÚæÛdê�áìëíêïî ÚÜÛdÝéã àZáMåçÚÜÛèàZáðâ ÚæÛdÝ¡Þ¢àZá
Wealwayswantto know somethingabout

· � × � �ñ� :Ù EAP: òíóBôíõöòø÷Zù ÚÜÛèàÁã Ý�áÙ MAP: újû àÁã Ý¡ü2âþýÂàÜÚÜÛèàÁã Ý�á!ëíàÙ CI: Findaset ÿ suchthat ÚÜÛèà�� ÿ ã Ý áNâ������	�Ù Graphor “shape”of ÚÜÛèàÁã Ý�á
Theproblem:� Learn about

Ç � × �ä� · �«� ¶ � ���� �Ø � Ö � , where × � �«� ¶ � ���� �ØG�
is somehigh-dimensionalset of

variables(parameters).

Theessentialidea:� Definea (stationary)Markov chain 
�� � 
 � � 
   �r£r£B£
with states
 � � �«� ¶ � � �� � � �Ø � �

; under
regularity conditions(e.g.,Tierney, 1994), 
 � will convergein distribution to a stationary
distribution,

Ç �«� ¶ � ���� �ØÁ�
.
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 � ’s; samplestatisticsof thesewill approachsamplestatisticsof
Ç �è� ¶ � ���� �ØG�

.� ForBayes,designchainsothat
Ç �«� ¶ � ���� �ØÁ�

turnsouttobetheposteriordistribution
· �«� ¶ � ���� �Ø � Ö � .

Themagic:� Let
� × � � ×   �r£r£r£±� ×� � bea fixed,disjointpartitionof

�«� ¶ � ���� �ØÁ�
.� GeneralMCMC theory(e.g.,Tierney, 1994;ChibandGreenberg, 1995):constructstate
 �� � × ¯ �¸°� �r£r£r£±� × ¯ �¸° �

, by samplingeach× � from its “completeconditional”distribution:

To stepfrom � � Ï � â[Ûèà ¯ � Ï � °� Þ������±Þ¢à ¯ � Ï � ° á to � � â[Ûèà ¯ �¸°� Þ������±Þ¢à ¯ �¸° á :
1. à ¯ �¸°� � ÚæÛèà � ã à ¯ � Ï � °  Þ������½Þ¢à ¯ � Ï � ° Þ�Ý á ;
2. à ¯ �¸°  � ÚæÛèà   ã à ¯ �¸°� Þ¢à ¯ � Ï � °Î Þ������¸Þ¢à ¯ � Ï � ° Þ�Ý á ;
3. à ¯ �¸°Î � ÚæÛèà Î ã à ¯ �¸°� Þ¢à ¯ �¸°  Þ¢à ¯ � Ï � °� Þ������¸Þ¢à ¯ � Ï � ° Þ�Ý á ;

...
...

...
...

M. à ¯ �¸° � ÚæÛèà  ã à ¯ �¸°� Þ¢à ¯ �¸°  Þ¢à ¯ �¸°Î Þ������½Þ¢à ¯ �¸° Ï � Þ�Ý¡Þaá ;� Gibbs,Metropolis-Hastings.. .

Supposethe
¶
’s,
�

’sand
Ø
’shaveprior distributions

· ��¶ � ØG�
,
· � � �

and
· � ØÁ�

. Thenthe“complete
conditional”for

¶
, for example,is· ��¶ �

rest
�ñ� · �O¶ � � � ��� ØÁ� � · � � � ¶ � ��� ØÁ�ý · � � ���½� ��� ØG�-¹ �� · � � � ¶ � � � · ��¶ � ØÁ� · � � � · � ØG�ý · � � � �½� � � · � � � ØG� · � � � · � ØÁ�-¹ �� · � � � ¶ � � � · �O¶ � ØG�

Theshapeof
· ��¶ � � �w��� ØG�

is determinedbyjustthepartsof thelikelihoodthatdependexplicitly
on

¶
.

B.4 Item ResponseModels� Not by themselvescognitively useful;but simpleenoughto giveflavor of MCMC quickly.� A basicmodelis thetwo-parameterlogistic (2PL):� Ä �O¶ � ��� Ä�� �AÄ ��� �ß� � � Ä �C� � ¶ � � � Ä � �AÄ � � ��������! � À � Ä � ¶ � À �AÄ � �



AssessmentModelsandMethods,draftof November30,1999 74� Letting
Ç#" � �

,
Ç#$ � �

,
Ç&% � �

denoteprior densitiesof parameters,thecompletejoint probability
modelis ' û)( ã � * Þ �+ÆÞ �, üâ -�� . � /�Ä . � ' Ä Û * � 0 + Ä Þ , Ä á21�3 4 û6587 ' Ä Û * � 0 + Ä Þ , Ä áOü � Ï 1�3 4�å -�� . �:9 " Û * � á /�Ä . �;9 $ Û<+ Ä á 9 % Û , Ä áâ -�� . � => ? /�Ä . � ' Ä Û * � 0 + Ä Þ , Ä á21�3 4 û65@7 ' Ä Û * � 0 + Ä Þ , Ä áOü � Ï 1�3 4�å 9 $ Û<+ Ä á 9 % Û , Ä áBA CD 9 " Û * � á

Thecompleteconditionaldistributionsfrom which we would constructanMCMC algorithm
are: ÚÜÛ<+ Ä ã restá î -�� . � ' Ä Û * � 0 + Ä Þ , Ä á 1�3 4 û65@7 ' Ä Û * � 0 + Ä Þ , Ä áOü � Ï 1�3 4 å 9 $ Û<+ Ä á (24)ÚÜÛ , Ä ã restá î -�� . � ' Ä Û * � 0 + Ä Þ , Ä á21�3 4 û65@7 ' Ä Û * � 0 + Ä Þ , Ä áOü � Ï 1�3 4�å 9 % Û , Ä á (25)ÚæÛ * � ã restá î => ? /�Ä . � ' Ä Û * � 0 + Ä Þ , Ä á 1�3 4 û65E7 ' Ä Û * � 0 + Ä Þ , Ä áOü � Ï 1�3 4 A CD 9 " Û * � á

(26)� Requiresastandardrejectionsampling“trick” calledMetropolis-Hastingswithin Gibbs.� Examplesandillustrationsin PatzandJunker (1999a,b).

(Dataextractfrom NAEP1992Trial StateReadingAssessment)

theta
FP

(c
or

re
ct

|th
et

a)

-4 -2 0 2

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

-3.6
G -3.4G -3.2G -3
G -2.8H -2.6H

beta_11I2.4
J2.6
J2.8
J3K
beta_21

L 0
0.

5
1

1.
5

2
2.

5
3

de
ns

ity

beta_11

be
ta

_2
1

-3.6 -3.4 -3.2 -3.0 -2.8 -2.6

2.
2M 2.42.62.8

3.
0

0.5 0.5

1

1.5

2
N2.5

B.4.1 Item ResponseModels: LLTM

TheLinearLogisticTestModel (LLTM; Scheiblechner, 1972;Fischer, 1973):�ß� � � Ä �C� � ¶ � � �AÄ � � ��������O � À � ¶ � À �AÄ � �
wherethevector

��
is linearlyconstrained,�� /QP � �SR /QP�T �� TUP � (27)
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andtheentries
R Ä È

of the“bookkeeping”matrix Ã areR Ä È �WV � �
if attribute X is requiredby task YZ �
if not

(28)

wherethe attribute canbe a cognitive skill, a surfacefeatureof the item, etc. (e.g.Fischerand
Molenaar, 1995;Draney etal., 1995;Huguenardetal.,1997;Embretson,1995b;1999).

TheLLTM modifiesthesimplerIRT structurein two ways:

1. The � Ä aretakento beidenticallyequalto 1
2. The

�AÄ
havea linearstructure,

�� � Ã ��
Modification#1 [ completeconditionalsfor � Ä in equation(24)notneeded;� Ä � �

.
Modification#2 [ replacecompleteconditionalsfor

�AÄ
is equation(25)with completecondi-

tionalsfor
� È

:
Let \ È �^]

j:
�AÄ

dependson
� È:_

. ThenÚÜÛa` È ã restá î -�� . � �Ä�bBc�d ' Ä Û * � 0 , ¯6e�f È °Ä Ûa` È á�á 1�3 4 û6587 ' Ä Û * � 0 , ¯ge�f È °Ä Ûa` È á�áOü � Ï 1�3 4å 9ih Ûa` È á (29)

where
� ¯ge�f È °Ä � � È �

is the Y�jlk elementof thevector

�� ¯ge�f È ° � � È ��� Ã Å
mnnnnnnnnnnnno
� e�

...� eÈ Ï �� È� eÈ �G�

...� eT

p�qqqqqqqqqqqqr
£

wherethe starred
� e

’s emphasizethat all the
�

’s except
� È

arefixed. After all
� È

’s have been
sampled,wecompute

�� � Ã �� for usein theothersteps.

B.4.2 Item ResponseModels: Simple IRT vs.LLTM

Therearethreethingsto noteabouttheMCMC schematicfor simpleIRT modelsandits modifi-
cationfor LLTM:

1. ThesimpleIRT schematicis straightforwardbecausefactorsin thelikelihoodarerelatively
“decoupled”: parametersaffect only one“dimension” (studentsor tasks)of the likelihood
ata time.
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2. Theextensionto LLTM is conceptuallystraightforward,andnotmuchworsein practice.See
for examplethe applicationof a similar modelto multiple ratingsof performancetasksin
PatzandJunker (1999b).

3. The introductionof commonparameters
� È

that underlieseveral tasks“r ecouples”some
factorsin thelikelihood:thetermsin thecompleteconditionals(29) for

� È
extendoverboth

“dimensions”(studentsandtasks).OK if Ã is fairly sparse.

B.5 Latent ClassModelss LLTM allows skills decompositionof tasks, latentclass(LC) approachallows us to start
assessing

�ß�
studenthasskill

�
, not justgeneral

¶
.s SchematicMCMC algorithmfor LC illustratesageneraltechniquefor “decoupling” factors

in a likelihoodwhenthey arecoupledin a certaincommonway.s Adaptationto the constrainedlatentclassmodelsof Haertel(1989) andHaerteland Wi-
ley (1995)illustratesagainhow underlyingskill parameterscan“r ecouple” the likelihood
factors.

B.5.1 Latent ClassModels

Supposestudentscanbeclassifiedinto t latentclassesuwv , x ��� �r£B£r£B� t , letØ v � �ß�
studenty is in classuwv �· v Ä � �ß� � � Ä �ð� �

studenty is in classuwv �
andasusual

� � Ä � �
or 0 indicatingcorrectperformanceof task Y by studenty . Sincewe do not

know studenty ’s latentclass,themodelfor onestudentis�ß� �� � � �z � � � { � �Ø � � |}v . � Ø v /�Ä . � · 1�3 4v Ä � � À · v Ä � � Ï 1�3 4
andfor an ÔIÕïÓ matrixof responsedataÖ , weobtain�ß� Ö � � { � �Ø � � -�� . � => ? |}v . � Ø v /�Ä . � · 1�3 4v Ä ��� À · v Ä � � Ï 1�3 4 A CD (30)s Not aproductform for thelikelihoods Nousefuldecouplingat all!s EvenconventionalmaximumlikelihoodandE-M methodsbecomeunwieldyas Ô , Ó andt grow large.
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Decouplingtechnique:dataaugmentation.
Let ~ � v �WV � �

if studenty is in latentclassxZ �
if not� � � � � ~ � � �r£r£r£±� ~ � | �æ� � Z � Z �r£r£B£±� � � Z � Z �B£r£r£ Z �

with a1 only in positionx , studenty ’sassignedlatent
class.

Sothemodelfor the � jlk studentis now' û �� � Þ � � � ã � � Þ � � ü â ' û � � � ã � � üAå ' û �� � ã � � � Þ � � Þ �� üâ V � v �i� 3��v�� å � v => ? � Ä Ú 1�3 4v Ä û6587 Ú v Ä ü � Ï 1�3 4 A CD � 3��
soa joint probabilitymodelfor ( -�PQ/ , � -�P | , andtheparameters,is' û)( Þ � ã � � Þ �� ü 9 Û � � á 9 Û � � áâ �w��� v => ? � v å � Ä Ú 1�3 4v Ä û65E7 Ú v Ä ü � Ï 1�3 4iA CD � 3�� 9 Û � � á � Ä 9;� Û Ú v Ä áâ V � v �Q� �v�� 9 Û � � á => ? � Ä ÚO� ��4v Ä û65@7 Ú v Ä ü � � Ï � ��4 9 � Û Ú v Ä á A CD
where� v â ¥ ��� � v , and � v Ä â ¥ �B� � v ÷ � Ä (and 9 Û � � á and 9 � Û Ú v Ä á arepriors). Wehaveproductstructure
anddecouplingback!

An MCMC algorithm(evenGibbs!)canbebasedonthefollowing completeconditionaldistri-
butions:s Fromthesecondline of thecompleteprobabilitymodel· � · v Ä � rest

� � · � ��4v Ä � � À · v Ä � � � Ï � ��4 Ç � � · v Ä �s Fromthesecondline againwecanseethat· � Øæ� �r£r£r£±� Ø | � rest
� � � v Ø � �v Ç �l�ØG�s Fromthefirst line of thecompleteprobabilitymodel· � ~ � � �r£B£r£B� ~ � | � rest
� � � v � Ø e� v � � 3��

where Ø e� v � Ø v � Ä · 1�3 4v Ä � � À · v Ä � � Ï 1�3 4
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B.5.2 Latent ClassModels: Haertel and Wiley

Haertel(1989)andHaertelandWiley (1995)discussalatentclassmodelin whichthelatentclasses
arecharacterizedby skill variables� v È ��V � �

if studentsin uwv possessskill XZ �
if notX �C� �r£B£r£B���

; andfor eachtask Y wesummarizethe � ’sby� v Ä �WV � �
if � v È�� R Ä È

for all X �C� �r£B£r£B���Z �
if not

i.e.
� v Ä � �

indicatesthatall skills neededfor problemY arepresentfor studentsfrom latentclassx . In thelatentclassmodelweset · v Ä � � � À�� Ä ��� ��4�� � Ï � ��4Ä
where

� Ä
and � Ä areper-taskslip andguessingprobabilities.

To estimatethe Haertel-Wiley model we replacethe completeconditionalsfor
· v Ä in the

MCMC schematicfor LC withÚÜÛ ô Ä ã restá î �v�� � ��4 . ��� ô � ��4Ä Û 587�ô Ä á � � Ï � ��4¡  9i¢ Û ô Ä á
and ÚÜÛ¤£ Ä ã restá î �v¥� � ��4 . � � Û 587 £ Ä á � ��4 £ � � Ï � ��4Ä   9!¦ Û¤£ Ä á

where
Ç ¦ � � Ä � and

Ç ¢ � � Ä � arepriorsasusual.s Introducing“skill structure”re-coupledfactorsof theLC likelihood.s uwv � � � v � �B£r£r£B� � v T � arefixedin advance,sotheusefuldiagnosticparameteris
�ß�

studenty in classuwv � Ö �Ø e� v ,
from thecompleteconditionalsfor

~ � v (seeabove).

B.6 Corbett/Anderson/O’Brien

To show how to applywhatwehave learnedto amodelthats Is motivatedentirelyfrom acognitivediagnosispointof view;s Allows usto learnaboutindividual skills thatstudentsmayor maynot have,asopposedto
latentclass“skill ensembles”
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we considera simplifiedversionof the “knowledgetracing” assessmentmodelin the LISP tutor
describedby Corbett,Anderson,andO’Brien (1995).

Thesimplificationsares No hidden-Markov learningmodel;justaone-shotassessment;s Behavior observedat thelevel of task,not skill, performance;s Someprobabilisticstructuresreplacedwith equivalentdeterministicones.

Thebasicmodelparametersareexactly thesameasthosein theHaertel-Wiley model:� � Ä � �
or
Z

for performanceof task Y by studentyR Ä È � �
or
Z

for dependenceof taskY onskill X� � È � �
or
Z

for possessionof skill X by studenty� � Ä � § È ��¨ 4 d . � � � È �
1, if studenty hasskills for taskY� Ä � �ß� � � Ä � Z � � � Ä ��� � �

per-taskslip parameter� Ä � �ß� � � Ä ��� � � � Ä � Z � �
per-taskguessingparameter

alongwith prior distributions
� Ä Í Ç ¦ � � Ä � , � Ä Í Ç ¢ � � Ä � , � � È Í Ç $ 3 dÈ � � À Ç È � � Ï $ 3 d , andperhapsÇ È Í Ç � Ç È �

.
Thegoalis to infer valuesfor each � � È , or moreaccurately, to estimate

��� � � È ��� �
thedata

�
.

Justasin theHaertel-Wiley model��� � � Ä ��� � � � � � © � � ª � � � � À�� Ä � � 3 4 � � Ï � 3 4Ä
andso �ß� Ö � � � � � © � � ª �� � � � Ä¬« � � À� Ä ��� 3 4�� � Ï � 3 4Ä ® 1�3 4 « � À � � À�� Ä �¯� 3 4�� � Ï � 3 4Ä ® � Ï 1�3 4� � � � Ä¬« � � À� Ä � 1�3 4 � � Ï 1�3 4Ä ® � 3 4 « � 1�3 4Ä � � À � Ä � � Ï 1�3 4 ® � Ï � 3 4
For aschematicMCMC algorithm,thecompleteconditionalsfor theslip andguessingparam-

eterslook verymuchlike thosein theHaertel-Wiley model:s For each
� Ä

we obtain· � � Ä �
rest

� � � � À� Ä � ¥ 3 1�3 4 � 3 4 � ¥ 3 ¯ � Ï 1�3 4 ° � 3 4Ä Ç ¦ � � Ä � �
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� � � ¥ 3 1�3 4 ¯ � Ï � 3 4 °Ä � � À � Ä � ¥ 3 ¯ � Ï 1�3 4 ° ¯ � Ï � 3 4 ° Ç ¢ � � Ä � �s If wewere interestedin estimating

� � Ä
directlywe’d alsosee· � � � Ä �

rest
� � « � � À�� Ä � 1�3 4 � � Ï 1�3 4Ä ® � 3 4 « � 1�3 4Ä � � À � Ä � � Ï 1�3 4 ® � Ï � 3 4 Ç � � � Ä �

Now we would like to replacethecompleteconditonalsfor
� � Ä

with completeconditionalsfor� � È , where � � Ä � �È ��¨ 4 d . � � � È
Let

� ¯ Ï È °� Ä �°§²±´³. È � ¨ 4¶µ . � � � ± , whichindicatespresenceof all skillsneededfor taskY , exceptfor skill X .
Thenthecompleteconditionaldistributionsfor � � È areof theform:· � � � È � rest

�� �Ä ��¨ 4 d¸·Q¹ « � � À� Ä � 1�3 4 � � Ï 1�3 4Ä ® $ 3 d �´º6» d¸¼3 4 « � 1�3 4Ä � � À � Ä � � Ï 1�3 4 ® � Ï $ 3 d �´º6» d¸¼3 4
Õ Ç $ 3 dÈ � � À Ç È � � Ï $ 3 d

Comparingwith thecompleteconditionalsfor
� � Ä

we canseethatagainthereis a kind of “recou-
pling” of thelikelihoodfactors.

NotethatÙ When ½ ¯ Ï È °� Ä â 5 , thesuggestedmodelfor + � Ä is somesortof Bernoulli,whichmakessense.Ù Whenthereareno taskssuchthat both ¾ Ä È â 5 and ½ ¯ Ï È °� Ä â 5 , then + � È is drawn from the prior
distribution 9 $ 3 dÈ Û 587 9 È á � Ï $ 3 d : no learningfrom dataoccurs.Ù This is reallyaversionof thecredit/blameproblem:wecan’t infer whether+ � È waslearned,if weare
hypothesizingthatanotherneededskill is still unlearned.

Finally if we want to estimatetheskill baserates
Ç È

we mayincludea fourth setof complete
conditionals · � Ç È �

rest
� � Ç � dÈ � � À Ç È � - Ï � d Ç � Ç È �

where¿ È � ¥ � � � È is thenumberof studentswhoarepresentlyestimatedto haveskill X .

B.7 ClosingThoughtss Decoupling. As I’ve informally usedit here,“decoupling”involvestwo features:

– Thelikelihoodfor thedatais in productform
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– Eachparameteraffectsa relatively smallsubsetof likelihoodfactors.

Decouplingfacilitiates

– Writing completeconditionaldistributionsfor implementingMCMC algorithms;
– Reducingthedimensionalityof maximizationandintegrationproblemsin marginal/conditional/joint

maximum-likelihoodestimation.

Localizeddependence/ sparseparametrization(Hrycek,1990);dataaugmentation(Tanner,
1996);variationalbounds(JaakkolaandJordan,1999).s Validity, Reliability, Credit/Blame. DiBello, StoutandRousos(1995)discusssomevalidity
andreliability considerationsin constructingcognitively diagnosticassessmentmodels.

– Validity: IncompleteÀ matrix;multiplestrategies.Á Assessingthecompletenessof À mayrequiremodelinglearningaswell asinventoryingskills
thatarein place.Á LC modelsprovide a generalapproachto multiple strategy whenthe strategy is constant
acrossproblemswithin person. If thestrategy canchangefrom problemto problemI think data
augmentationwill producedecoupledmodels,but unlessyou asktheright questionstherewill
bevery little dataonwhich to basestrategy estimates.

– Reliability: positivity (slips/guessing)for specificskills or for thetaskasawhole.Á £ Ä and ô Ä begin to getat taskpositivity at least;Á maybediagnosticof certaindefectsin À .
– Credit/Blameproblemsthat arosein the simplified Corbettet al. modelsuggestthat

eitheronehasto designtheassessmentsothatindividualskills areobserved,or at least
designthe tasks,taskscoring,and skill set,so that thereareno “effectively hidden
skills”.s Complexity. Evenin this abbreviatedsurvey therearemany levelsof complexity; andeven

onecomputationalmethodvariesgreatlyin its complexity in applicationsto models.


