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Overview

e Introduction to GLM's
e Goodness of fit in GLM's
e Testing in GLM's

e Estimation in GLM'’'s
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Introduction to GLM'’s

In generalized linear models (GLM) we also have independent response variables
with covariates.

While in linear models a good scale of the response variables has to combine
additivity of the covariate effects with the normality of the errors, including
variance homogeneity, GLM's don't need to satisfy these scale requirements.

GLM'’s allow also to include nonnormal errors such as binomial, Poisson and
Gamma errors.

Regression parameters are estimated using maximum likelihood.

The standard reference on GLM's is McCullagh and Nelder (1989).
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Components of a GLM:

Response Y; and independent variables X; = (z;1,---x;,) fori =1,--- n.

1. Random Component:
Y;,1 <1 < n independent with density from the exponential family, i.e.

— b(6)
a(Q)

Here ¢ is a dispersion parameter and functions b(),a() and ¢(, ) are known.

+c(y,9)}

0
f(y;0, ) = exp{—

2. Systematic Component:
n:(B) = xtB = Bo + Prxi1 + - - + Bpxip linear predictor,
B = (Bo,- - ,Bp) regression parameters

3. Parametric Link Component:
The link function g(p;) = n; = ®%B combines linear predictor with mean p;
of y;. Canonical link function if 8 = n.
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LM as GLM

Yi=ziB+e=pi+e, € ~ N(0,0%) #id, i=1,.,n,

The density of Y, has exponential family form since

f i pis o) = ;m exp {—%‘Q(yi - Ui)Z}
= exp yi'u;; %ZQ — % [ln(27m2) + z—z]
This implies for 0; = 11; and ¢ = o2
00) = 2 = %, 0(6) = o, et 0) = 3 [1n(2mg) + L]

Further we have the identity as link function, i.e. g(u;) = ;.
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Expectation and variance in GLM'’s

When integration and differentiation can be exchanged, mean and variance in
a GLM can be represented as

pi = E(Y;) =106
Var(Y;) = a(¢)-b"(6:).

V(0) :=1"(0) is called the variance function of the GLM.
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GLM’s implemented in Splus

Distribution Family Link Variance
Normal/Gaussian gaussian v 1
Binomial binomial In(15; w
Poisson poisson In( ) L4
Gamma gamma - 1>
Inverse Normal /  inverse.gaussian ﬁ w?
Gaussian

Quasi quasi g() Vi)

For the binomial family the distribution of

defined GLM's.
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Link functions:

ni=xtB n=g(u;) E(Y;)=u;, g— monotone |

Normal: u; € R, n; € R.
Often g(u) = p or for 4 > 0

“aa_l a#0
log() a=0

Jalp) = galp) — log(p), a — 0

Box-Cox - transformation

Poisson: 1> 0, g : Rt — R monotone |

g(u) = log(u)
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Link functions:

Binomial: 1 € [0, 1], need g : [0,1] — R monotone 7
All cdf's F: R — [0, 1] monotone T = g(u) := F~1(p)

z

a) F(z)=+1- Logit link (symmetric, heavy-tailed)
= g(p) == F~1(u) = log (ﬁ) Logistic regression

b) F(z)=®(z), (2) = cdf of N(0,1) Probit Link (symmetric)
= g(p) = Hp) Probit regression

c) F(z)=1-—exp{—exp{z}} complementary Log-log distribution
= g(pn) = In(In(1 — p)) (nonsymmetric)
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Canonical link functions

If 6; = n,; Vi holds, we call the corresponding link function canonical.
Examples:
Linear model: 6, = u; = n; = identity link canonical.

Binomial model: 6; = log (%) — 1n; = logistic link canonical

n mn
In GLM with canonical link (> ®i¥iy -, xipys) is sufficient for
i=1 i=1

(B1s -, Bp)".
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Goodness of fit in GLM: Deviance

Want to estimate Y, by /i;.
For n data points we can estimate n parameters.

Null model:

,&i = ? \V/’L,

=l
|
S|
(]
=<

one parameter — too simple.

Saturated model:

no error, n parameters used, no explanation of data possible.
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Loglikelihood in GLM with
77@ZQ(M¢)> HZ:h(:uZ) (i:L...,n)

n

(B, y) = 3 (MU0 c(y,, )]

i=1 L
3 [yih(pg) —b(h(p,;

_ ) _y (p L(qb)( (i) _ c(yz,gb)}

= l(p,¢,y) “mean parametrization”

[(fr,¢,y) := log likelihood maximized over p (¢ known) fi; := g~ (z;'@3)
I(y,®,y) := log likelihood attainable in saturated model i.e. fi; =Y; Vi

= [(ﬁuqx y) =y, o,y)]
_ 9 Z yi(0:—0;)— i’b()@ D) +b(0; ), where 0, := h(ji;), 0; = h(Y;)

( N0 )] — 20 i yi(éi—éi)_qf(éi)-Fb(éi) _. % deviance

1=1
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Ex: Deviance in Linear and Binomial Models

Linear model:

1B, 6, y) é;%: )2 — 2n(2m0?), = xlB, ¢ = o
= —20l(@, 6. y) — Uy, nzﬁéa%wm

iDWﬁ%ZéO%wa

Binomial model:
Y; ~ binomial(n;, p;) independent ji; := n;p; p; = MLE of p;

- - Yi Ny — Yi
H):2§ {yi1n<7>+<ni_yi)ln(n__A.)}
i—1 27 1 127

In binomial regression models is not {Y;.2 = 1,...,n} a GLM, but {%,z —
.,n}is a GLM.
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Generalized Pearson Statistic

2 L (Yi—fi;)2 V(f1;) = estimated variance function
X = Z V(i) Zb//(éi)

|éi:h(ﬂz’)

Examples:
Normal: Y; ~ N(u;, 0?) ind.
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Logistic Regression: Y; ~ bin(n;, p;) ind.

697; 607;

Pi = 108 = Mi = MiPi = NiTog;

. et
b(6:) = niIn(1 + €%) = b"(0;) = ni o

= b"(p) = nipi(1 — p;) = ps(1 — £4)

A~

= V(j1;) = (1 — £4) = n;p; (1 — py)

02 f: (yi—nips)°
X ; 17%13@'(1—13@')'
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Asymptotic distribution of Deviance and Pearson

statistic
1) Normal: Y = X3 + € X € R™*p € ~ N,(0,I,0%)

n

= D(y, 1) = x° = Zl(Yz — f;)? ~ oo,

2) For all other GLM's we have

D(y, 1) L dXs_p, M — 00 p = F of unknown parameters

2 L 2
X —  OXp—py T OO

Proof: deviance is equivalent to a likelihood ratio statistic and bx? to the Wald
statistic for which general asymptotic results are available (see e.g: Rao (1973))

3) For finite n one has no theoretical results whether D or x? is performing
better.
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Nested linear models

Model SSE
M1 . Y = ]-nﬂO + € (nuII model) SSEO
M2 . Y:X1,81—|—€ SSE(Xl)

M3 . Y = X1/61 + XQ,BQ + € (fU” model) SSE(Xl, XQ)

X eR"P X e R"P1 Xy € R" P2 pi4+py=p

n

Recall: SSE;= Y (V; —Y)>?
=1
SSE(X,) = [[Y - X:53.|] 3, = MLE in M,

~3 ~3 ~3 ~3 :
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Analysis of deviance
Let My C My C ... C M, a sequence of nested models with M = null model

and M, = saturated model. That means that all covariates of M; are contained
in M, fors>1+1 V.

Model Deviance
M (null model) Devy
> Devy — Devy
Mo Devs
M, _4 Dev,_4

> Dev,_1 — Deuv,
M, (saturated model) Deuv,

-Difference Dev; — Dev; 11 is considered as the variation explained by M,
minus the variation explained by M;,..., M;. The variations explained by
M;yo,..., M, are disregarded.

-Analysis of deviance depends on the order of covariates added to the models
-Since there is no exact distribution theory, it is used as a screening method to
identify important covariates
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Statistical hypothesis tests

Residual deviance test
H() Ny = g(,LLZ) \4) H1 : hot HO

Reject Hy < Dev > X%—q, Is an asymptotic a—level test

l—«o

Problem: Often one is interested to use this as a goodness-of-fit test, i.e.
one wants to accept Hy. However the power function is unknown.

Partial deviance test

n= X108, + X208, Model F with deviance D 3, € RP, 3, € RP?
n=Xi6, Model R with deviance Dy, PL+pe=0p

HO:/BQZO H12627£0

Reject Hy & Dr — Dp > X}%—pzzpl,

l—«
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Residuals

Pearson residuals: 7! :=

(

Deviance residuals: 77 :=
Dev =) d; d; = deviance contribution of 4,5 obs.
i=1
: 1 >0
sign(z) = 1 s<0

=2 0FP Dev=30P

7
1=1

i |
sign(y; — f1;)Vd;

- For nonnormal GLM Pearson residuals are skewed. Better to use Anscombe

residuals.
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Maximum Likelihood Estimation (MLE) in GLM'’s

Loglikelihood for obs. i:

lyi0; — b(0;)]

Li(Yis iy @) = a(0) + c(yi, @)
where g(p;) =n; i = EY;) =h(0;) ni=z;8 BeR?
Since

55 = b dyop-  We need
gg; = T4 X; = (Ti1, -« Tip)*

; ; - ,uz:b/(ez) i_b/ 0, i— i .
g;ljz — géi- glgf =" 2 a(¢() )/b”(ei) = 7 VZ.“ , since V; = Var(Y;) = a(o) - 0"(0;)

— Ol _ Ol dpi Omi _ yi—pi dii
9B, Ou; dn; 0B; Vi dn;

LUij
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For n independent observations:

n

l(y,B) = Z i(Yis i, @)

’L:

ol _ Ol (Yis ki @) i— Wi A . - .
~ 98]~ ; o, Z Sy T Vi=Var(y)
pi = E(Y;)
2
Let W, := W = (Z—%‘;) /V; since dm l/fl’;;zf
Vi)

dl(y, . P .
sj(B) = gfgjﬁ):ZWi(y uz)ﬁfﬂxij—O g=1....p

score equations
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Newton Raphson Method

Want to solve f(x) =

f1(£131, . .
fn<£€1, .. .

., Tp)

., Tn)

= 0. Let x = £ the solution and xg

a value close to &. Then we have with first order Taylor expansion around Xg:

0= f(§) ~ f(xo0) + Df(x0)(§ —x0) where

Df(x0) :=

= & =x0— [Df(x0)] " f(x0)

of1
ox1

Ofn
0x1

"~

GRan

ofr

Oxn

0t

Oxn

cRn

Newton Raphson method is an iterative algorithm with x¢ a starting value and

Xip1 = Xi — [Df(x5)] 7 f(x1)

There are general convergence results available.
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To solve s(B) = (s1(08), ..., $,(B))" = 0 we need

- 9sy . 9s1 ] 91 9%l
851 85}9 aﬁlaﬁl aﬁlaﬁp
H(B) = : : — : :
Osyp Osp 921 91
L 9B 9Bp | 089/ 0BpdBp
— Hessian matrix = — observed information matrix
821 8 | = yi—pwi dug
o808, . 0Bs 21 v, dn; Tir
1=
mn mn
d —1d
= > (i — 1) a5 {V} td 332'7“} + YV B 2 (s — )
i—1 i=1
dpui On; . dpy
Further %(yZ — i) = _d—l;z 8—25 = _d/;;?; T;is. Since aﬁsam depends on Y
in general we use E(aﬁs(‘?ﬁr) instead. Note that for canonical link we have
82
ap.08, — L (aﬁsaﬁﬂ
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Expected information matrix

A(B) = [—E(#zlﬁr)} 1 is called the expected information matrix
s,r=1,...,p

One can show that

9%l ol ol
_Eaﬁsaﬁr R Eaﬁs OB

Es(3)=0

= A(B) = covs(B)

The both expressions are used as definition for the expected information matrix
in the literature.
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Fisher scoring method

2
2 n _ d,LL'L
:O 1= \ ~ L4 _/

W;

mn
== Wizis i
-

1

= A(B) = [—E(ﬁzﬁr)]s oy = TXWX RV,

where W = diag(W1,...,W,) € R®*™ and X € R"*P.

Fisher scoring method: let 8" the current estimation to the solution of
s(B) = 0, the new estimation value is given by

B =8"+ATHB)s(8)
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Fisher scoring as iterative weighted least squares

Since A(BT)B"" = A(B")B" + 5(8")
= (A(ﬁ?ipi’““)g = 82: Ajs(B7)BE + 55(87) o) = nf = 2t
- sé é Wiiishs + Zl W (ys — i) s,
- i: Tij be yi — 1) ]

Define the adjusted dependent variable

T . T d 2
Zi =i + (Y — uz)er

(A(B")B7Y); = ; T 2
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On the other side we have

(ABNBY; = 3 Au(BNE = 3 ZW%J%SWH

p

Z

s=—1 s=1:=
n

Z ’l] Z xZSbT+1

1
et

Therefore we have
> Wiy Z] = Z Wizt Vi=1,...,p

or in matrix form: X‘W"Z" = XtWrXp3"

These equations correspond to the normal equations of a weighted least
squares estimation with response Z7, covariates Xy, . .., Xp and weights (W)~
Therefore we speak of the IWLS (iterated weighted least square).
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IWLS algorithm

Step 1: Let 3" the current estimate of B determine

-0l =x'8" i=1,...,n (current linear predictors)
fr =g HNT) (current fitted means)

) = h=t (i)

Vi i=a(¢)- b,/(ei)lei:ég

Z7 =0+ (ya — ) (zzlmm:ﬁ;;) (adjusted dependent variable)

57 —1
/A r [ dn;
Wi = [Vz d,,ui|777;=7777;

Step 2: Regress Z! on x;1,...,x;, with weights (VV,L-T)_1 to obtain new estimate

B"! and continue with step 1 until ||3" — 8" || sufficiently small.
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Remarks

1) Z7 is the linearized form of the link function at y;, since

9(yi) ~ glui) +(vi — wi) g (wi)

d,u;."

= ZT ~ g(y;) up to the first order

1

N 2
2) Var(Z!) =~ Ya'r(Y?; — ,LLQ <ZZ?> = (W[)_l
?/F. (]

if 0!l are considered fixed and known.

3) Often one can use the data as starting values, i.e.

=y = 0 =9()

If Y; = 0 in the binomial case one needs to change the start values to avoid
log(0).
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