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Overview

e Introduction
e Modeling overdispersion through mixing

e Score test for detecting overdispersion
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Introduction
McCullagh and Nelder (1989) p.198-200

Overdispersion is present if
Var(Y;) > E(Y;)
Overdispersion can be modeled using a mixing approach:
Y;|Z; ~ Poisson(Z;) Z; >0 ind. rv's
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Distributional assumption for Z;

1) Z; ~ Gamma with mean u; and index ¢pu;

Recall X ~ Gamma(p,v) = fx(x) = F(lz/) (%) exp (_%) !
{4 mean v index

=EX)=p Var(X)=p?/v

L\ P .
Here  f7,(s1) = rday (%) e (—%i
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Negative binomial distribution

X ~ negbin(a,b)

a k
_ _ I'(a+k b _

E(X)=ab Var(X) = ab(1l + b)
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Marginal distribution of Y]
is given by

Y; ~ negbin(a;,b;) with a; =ou; b;=1/¢
= B(Y;) =% =y, und Var(Y;) = 214+ 1/¢) = p,(1 4 1/9)

Remarks:

Var(Y;) > E(Y;) if 1/¢ > 0, i.e. overdispersion

¢ = o0 => no overdispersion

To estimate 3 and ¢ jointly one needs to maximize the negative binomial
likelihood. No standard software available but one can use the Splus library
negbin() from http : //lib.stat.cmu.edu/S/

Var(Y;) = pi(1 4+ 1/¢) is linear in p;
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2) Z; ~ Gamma with mean u; and index v

(exe:rgise) Y; ~ negbin(v, u;/v) such that
E(Y) =v-pi/v =
Var(Y;) = pi + pi /v

= quadratic variance function in /i,
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Multiplicative heterogeneity in Poisson regression

Another approach for modeling overdispersion is to use
Y;|Z; ~ Poisson(; Z;)

with E(Z;) = 1 and Var(Z;) = 0%, i.e. Z; iid., Z;is called multiplicative
random effect

exercise
( S ) E(Y;) = p

Var(V;) = pi + oy
If Z; ~ Gamma with expectation 1 and index v

=Y is negbin(a;,b;) a;=v, b;=—
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Summary
1) Y;|Z; ~ Poisson(Z;) E(Z;) = p;
a)

Z; ~ Gamma( i, ;)
= Y; ~ Negbin(pui, 1/)
EY)=pn; Var(V;) =pi(1+1/¢) linear
b)
Z; ~ Gamma(j;, V)
= Y; ~ Negbin(v, u;/v)
E(Y;)=p; Var(Y;) =i+ p;/v quadratic

2) Y;|Z; ~ Poisson(; Z;) E(Z;) =1
Z; ~ Gamma(1,v)

= Y; ~ Negbin(v, u;/v)
E(Y;)=pu; Var(Y;) = u; +p?/v quadratic
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Test for overdispersion
Dean (1992)

Assume t
Y; ~ Poisson(u;) with p; = eXi¥

= 0; =In(u;) = z;0

To model overdispersion we assume that the canonical parameters 6; are not
fixed but random quantities 0 with

Var(0F) = 1k;(0;) > 0 for >0 and k;(0;) differentiable
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To test for overdispersion, want to test
Hy:7=0 Versus Hi:7>0
Example:
0F = CB',EB + Z; with Z;i4.d. E(Z;)=0 Var(Z;)=7< o

Compare to:

Yi|Z; ~ Pozsson(,uzZ) E(Z) =1
= 0 =In(p;Z;) =In(w;) +In(Z;) E(n(Z;)) =0

A score test will now be developed for Hy : 7 = 0 versus Hy : 7 > 0.

(©(Claudia Czado, TU Munich) ZFS/IMS Gottingen 2004 - 11 —



General score test
Let Y7,...,Y, ind. r.v. with densities f;(y, )
0 c () and H():HEQO H1:9€Ql

Q0—|—91:QCRC]’ Qoﬂﬂlz@

i=1
1(0) = E( 8[(9) mw) ) c R%*4  Fisher information

2
= —F (32533) under regularity conditions
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We are interested in the following composite hypothesis for 6 = (,Bt, )t
Hoy:17m=m19 Versus Hy:7# 7

Consider the score statistic
T. = |—I(0 t 71 9 —(0
° 00 ( )‘9—% ( O) 06 ( )‘e_éo

where 6 is the MLE of 6 in model 8 = (8%, 7))’ i.e.

A A t t
0y = (Bt,%o)t satisfies %l(@) = (8l(§,ﬁ¢) ,81(867’7)) ‘92% =0

Under regularity conditions we have T under H.

2
~ Xdima—dima,
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Remark:

There are regularity condition under which the standard asymptotic remains
valid if 7y is at the boundary of (), as for example at Hy : 7 = 0 versus

H1 7 > 0.
Here:

0 = (B",7)! For 7 = 0 we have a Poisson GLM and one can show that

@O — (BOt, 0)" where BO is the MLE of the Poisson GLM.
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Score test for overdispersion in count regression

Y;|0% ~ Poisson(e?)
with E(0f) = x!3

and VCL?“(@;) = Tkz<91)

Let f(y;,07) be the conditional density of ¥; given 67, then with Taylor we have

2
+ 5202 (Y0, 00)]or—=0,(0; — 0:)* + R
R = remainder term
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= fu(Y;,0;) = marginal likelihood of Y;
= [ f(Y3,07)f(07)do;
= Eox(f(Y3,07))

= [(Y20) + 0+ 52 [ (Vi 07)log=o, EL(O7 — 007 +R
Var(@*) Tk;(0;)

= [V 00)[ 1+ S0 f (V5,00 a (Vi 07)lz—o, + RS (Y:,00)]

(©(Claudia Czado, TU Munich) ZFS/IMS Gottingen 2004 - 16 —



Marginal log likelihood

[(0) =
1=1 =1
— [lnf(}/wgz)
1=1
_|_
ol(6)
~ o0 ‘9=<80t,0>t -

07; = JZ:,B = é,? = Xitﬁ
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orT
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B=p0,7=0

2
ln{l + 57ki(0;) (Y5, 0:) %f(%@;")leﬁei + Rf—l(Y;,Hz-)}]
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We assume

E(6r —0;)") = d, with d.=o(r)forr >3
N 8l(ﬁ,’7') ) - i 1k (Q)f 1(5/%79) 50 *Qf( 1 z)l@*-@
or  |B=p"7=0 14 S k(0 Li00) 8*2f<1@,0*>|9*_9
B=p30,7=0
= s L@ e L e,
— ZZlg ) 1y Yy (9(9*2 1y V4 9;:98

=1T¢(9?)

(denominator = 1, since 7=0)

(©(Claudia Czado, TU Munich) ZFS/IMS Gottingen 2004 - 18 —



Additionally

](éo) _ (ij ZBZ) éOZ(BOt,O)t
o= [ ma] 0 [0 )
(262, s0,0)’ (1@ 0) = [Sman]| (6 0)

since components corresponding to 3 are zero.

Further
.0
"B ,0) = (Ir7 = I}, I5515:)""  (partioned matrixes)
N BEE
S Ta= [ST@)| V2 V= (- 11
i=1
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Overdispersion test

Reject Hop:7=0 wversus Hp:7>0 atlevel«a
< Ts> X%,l—a
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Ex.: Poisson model with random effects
0 = xiB + Z; E(Z;)=0 Var(Z;)) =1
Y;|0F ~ Poisson(e’) 0; =Inu;, = 20
= E(Y;) = Ep(E(Y;]6})) = Eg:(e%) m Ege(1+6;) = 1+ 6;
= l+hnpy~1+pu—1=pu

Var(Y;) = Eg;; iVaT(Yin)l + VC”“G;‘ &E(Yzw;k)z
E(Y,]0%) Rz

= B(Y) +(e")? Var(e%)

~Var(1+Z;)=Var(Z;)=r

pi 4T
= can model overdispersion

Q
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Overdispersion test in Poisson model with
random effect

Model: Y;|0F ~ Poisson(e’’) 0 = xi3+ 27, E(Z)=0 Var(Z;)=o0"

Score test: Reject Hy:7=0 versus Hi:7>0 <

n R n
> T 5 [(Vi—ad)?—id)]
vV — ” 5 1—a/2
3> Ay
=1
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