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!

• True posterior covariance vs MFVB covariance 
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• “Linear response” 
!

• The LRVB approximation

V :=
d2

dtT dt
Cq⇤(t)

����
t=0

Linear response

mean =
d

dt
C(t)

����
t=0

⌃ :=
d2

dtT dt
C

p(·|x)(t)

����
t=0

log pt(✓) := log p(✓|x) + t

T
✓ � C(t), MFVB q⇤t

⌃ =
d

dtT
Ept✓

����
t=0

⇡ d

dtT
Eq⇤t ✓

����
t=0

=: ⌃̂

[Bishop 2006]

C(t) := logEet
T ✓

p(✓|x)

q⇤(✓)

5



• Cumulant-generating function 

!

• True posterior covariance vs MFVB covariance 

!

• “Linear response” 
!

• The LRVB approximation

V :=
d2

dtT dt
Cq⇤(t)

����
t=0

Linear response

mean =
d

dt
C(t)

����
t=0

⌃ :=
d2

dtT dt
C

p(·|x)(t)

����
t=0

log pt(✓) := log p(✓|x) + t

T
✓ � C(t), MFVB q⇤t

⌃ =
d

dtT
Ept✓

����
t=0

⇡ d

dtT
Eq⇤t ✓

����
t=0

=: ⌃̂

[Bishop 2006]

C(t) := logEet
T ✓

p(✓|x)

q⇤(✓)

5



• Cumulant-generating function 

!

• True posterior covariance vs MFVB covariance 

!

• “Linear response” 
!

• The LRVB approximation

V :=
d2

dtT dt
Cq⇤(t)

����
t=0

Linear response

mean =
d

dt
C(t)

����
t=0

⌃ :=
d2

dtT dt
C

p(·|x)(t)

����
t=0

log pt(✓) := log p(✓|x) + t

T
✓ � C(t), MFVB q⇤t

⌃ =
d

dtT
Ept✓

����
t=0

⇡ d

dtT
Eq⇤t ✓

����
t=0

=: ⌃̂

[Bishop 2006]

C(t) := logEet
T ✓

p(✓|x)

q⇤(✓)

5



• Cumulant-generating function 

!

• True posterior covariance vs MFVB covariance 

!

• “Linear response” 
!

• The LRVB approximation

V :=
d2

dtT dt
Cq⇤(t)

����
t=0

Linear response

mean =
d

dt
C(t)

����
t=0

⌃ :=
d2

dtT dt
C

p(·|x)(t)

����
t=0

log pt(✓) := log p(✓|x) + t

T
✓ � C(t), MFVB q⇤t

⌃ =
d

dtT
Ept✓

����
t=0

⇡ d

dtT
Eq⇤t ✓

����
t=0

=: ⌃̂

[Bishop 2006]

C(t) := logEet
T ✓

p(✓|x)

q⇤(✓)

5



• Cumulant-generating function 

!

• True posterior covariance vs MFVB covariance 

!

• “Linear response” 
!

• The LRVB approximation

V :=
d2

dtT dt
Cq⇤(t)

����
t=0

Linear response

mean =
d

dt
C(t)

����
t=0

⌃ :=
d2

dtT dt
C

p(·|x)(t)

����
t=0

log pt(✓) := log p(✓|x) + t

T
✓ � C(t), MFVB q⇤t

⌃ =
d

dtT
Ept✓

����
t=0

⇡ d

dtT
Eq⇤t ✓

����
t=0

=: ⌃̂

[Bishop 2006]

C(t) := logEet
T ✓

p(✓|x)

q⇤(✓)

p(✓|x)

[Bishop 2006]5



• Cumulant-generating function 

!

• True posterior covariance vs MFVB covariance 

!

• “Linear response” 
!

• The LRVB approximation

V :=
d2

dtT dt
Cq⇤(t)

����
t=0

Linear response

mean =
d

dt
C(t)

����
t=0

⌃ :=
d2

dtT dt
C

p(·|x)(t)

����
t=0

log pt(✓) := log p(✓|x) + t

T
✓ � C(t), MFVB q⇤t

⌃ =
d

dtT
Ept✓

����
t=0

⇡ d

dtT
Eq⇤t ✓

����
t=0

=: ⌃̂

[Bishop 2006]

C(t) := logEet
T ✓

p(✓|x)

5



• Cumulant-generating function 

!

• True posterior covariance vs MFVB covariance 

!

• “Linear response” 
!

• The LRVB approximation

V :=
d2

dtT dt
Cq⇤(t)

����
t=0

Linear response

mean =
d

dt
C(t)

����
t=0

⌃ :=
d2

dtT dt
C

p(·|x)(t)

����
t=0

log pt(✓) := log p(✓|x) + t

T
✓ � C(t), MFVB q⇤t

⌃ =
d

dtT
Ept✓

����
t=0

⇡ d

dtT
Eq⇤t ✓

����
t=0

=: ⌃̂

[Bishop 2006]

C(t) := logEet
T ✓

p(✓|x)

q⇤(✓)

[Bishop 2006]

p(✓|x)

q⇤(✓)

5



• Cumulant-generating function 

!

• True posterior covariance vs MFVB covariance 

!

• “Linear response” 
!

• The LRVB approximation

V :=
d2

dtT dt
Cq⇤(t)

����
t=0

Linear response

mean =
d

dt
C(t)

����
t=0

⌃ :=
d2

dtT dt
C

p(·|x)(t)

����
t=0

log pt(✓) := log p(✓|x) + t

T
✓ � C(t), MFVB q⇤t

⌃ =
d

dtT
Ept✓

����
t=0

⇡ d

dtT
Eq⇤t ✓

����
t=0

=: ⌃̂

[Bishop 2006]

C(t) := logEet
T ✓

p(✓|x)

q⇤(✓)

[Bishop 2006]

p(✓|x)

q⇤(✓)

5



• Cumulant-generating function 

!

• True posterior covariance vs MFVB covariance 

!

• “Linear response” 
!

• The LRVB approximation

V :=
d2

dtT dt
Cq⇤(t)

����
t=0

Linear response

mean =
d

dt
C(t)

����
t=0

⌃ :=
d2

dtT dt
C

p(·|x)(t)

����
t=0

log pt(✓) := log p(✓|x) + t

T
✓ � C(t), MFVB q⇤t

⌃ =
d

dtT
Ept✓

����
t=0

⇡ d

dtT
Eq⇤t ✓

����
t=0

=: ⌃̂

[Bishop 2006]

C(t) := logEet
T ✓

p(✓|x)

q⇤(✓)

[Bishop 2006]

p(✓|x)

q⇤(✓)

5



• Cumulant-generating function 

!

• True posterior covariance vs MFVB covariance 

!

• “Linear response” 
!

• The LRVB approximation

V :=
d2

dtT dt
Cq⇤(t)

����
t=0

Linear response

mean =
d

dt
C(t)

����
t=0

⌃ :=
d2

dtT dt
C

p(·|x)(t)

����
t=0

log pt(✓) := log p(✓|x) + t

T
✓ � C(t), MFVB q⇤t

⌃ =
d

dtT
Ept✓

����
t=0

⇡ d

dtT
Eq⇤t ✓

����
t=0

=: ⌃̂

[Bishop 2006]

C(t) := logEet
T ✓

p(✓|x)

q⇤(✓)

[Bishop 2006]

p(✓|x)

q⇤(✓)

5



• Cumulant-generating function 

!

• True posterior covariance vs MFVB covariance 

!

• “Linear response” 
!

• The LRVB approximation

V :=
d2

dtT dt
Cq⇤(t)

����
t=0

Linear response

mean =
d

dt
C(t)

����
t=0

⌃ :=
d2

dtT dt
C

p(·|x)(t)

����
t=0

log pt(✓) := log p(✓|x) + t

T
✓ � C(t), MFVB q⇤t

⌃ =
d

dtT
Ept✓

����
t=0

⇡ d

dtT
Eq⇤t ✓

����
t=0

=: ⌃̂

[Bishop 2006]

C(t) := logEet
T ✓

p(✓|x)

q⇤(✓)

[Bishop 2006]

p(✓|x)

q⇤(✓)

5



• Cumulant-generating function 

!

• True posterior covariance vs MFVB covariance 

!

• “Linear response” 
!

• The LRVB approximation

V :=
d2

dtT dt
Cq⇤(t)

����
t=0

Linear response

mean =
d

dt
C(t)

����
t=0

⌃ :=
d2

dtT dt
C

p(·|x)(t)

����
t=0

log pt(✓) := log p(✓|x) + t

T
✓ � C(t), MFVB q⇤t

⌃ =
d

dtT
Ept✓

����
t=0

⇡ d

dtT
Eq⇤t ✓

����
t=0

=: ⌃̂

[Bishop 2006]

C(t) := logEet
T ✓

p(✓|x)

q⇤(✓)

[Bishop 2006]

p(✓|x)

q⇤(✓)

5



• Cumulant-generating function 

!

• True posterior covariance vs MFVB covariance 

!

• “Linear response” 
!

• The LRVB approximation

V :=
d2

dtT dt
Cq⇤(t)

����
t=0

Linear response

mean =
d

dt
C(t)

����
t=0

⌃ :=
d2

dtT dt
C

p(·|x)(t)

����
t=0

log pt(✓) := log p(✓|x) + t

T
✓ � C(t), MFVB q⇤t

⌃ =
d

dtT
Ept✓

����
t=0

⇡ d

dtT
Eq⇤t ✓

����
t=0

=: ⌃̂

[Bishop 2006]

C(t) := logEet
T ✓

p(✓|x)

q⇤(✓)

[Bishop 2006]

p(✓|x)

q⇤(✓)

5



• Cumulant-generating function 

!

• True posterior covariance vs MFVB covariance 

!

• “Linear response” 
!

• The LRVB approximation

V :=
d2

dtT dt
Cq⇤(t)

����
t=0

Linear response

mean =
d

dt
C(t)

����
t=0

⌃ :=
d2

dtT dt
C

p(·|x)(t)

����
t=0

log pt(✓) := log p(✓|x) + t

T
✓ � C(t), MFVB q⇤t

⌃ =
d

dtT
Ept✓

����
t=0

⇡ d

dtT
Eq⇤t ✓

����
t=0

=: ⌃̂

[Bishop 2006]

C(t) := logEet
T ✓

p(✓|x)

q⇤(✓)

[Bishop 2006]

p(✓|x)

q⇤(✓)

5



• Cumulant-generating function 

!

• True posterior covariance vs MFVB covariance 

!

• “Linear response” 
!

• The LRVB approximation

V :=
d2

dtT dt
Cq⇤(t)

����
t=0

Linear response

mean =
d

dt
C(t)

����
t=0

⌃ :=
d2

dtT dt
C

p(·|x)(t)

����
t=0

log pt(✓) := log p(✓|x) + t

T
✓ � C(t), MFVB q⇤t

⌃ =
d

dtT
Ept✓

����
t=0

⇡ d

dtT
Eq⇤t ✓

����
t=0

=: ⌃̂

[Bishop 2006]

C(t) := logEet
T ✓

p(✓|x)

q⇤(✓)

[Bishop 2006]

p(✓|x)

q⇤(✓)

5



• Cumulant-generating function 

!

• True posterior covariance vs MFVB covariance 

!

• “Linear response” 
!

• The LRVB approximation

V :=
d2

dtT dt
Cq⇤(t)

����
t=0

Linear response

mean =
d

dt
C(t)

����
t=0

⌃ :=
d2

dtT dt
C

p(·|x)(t)

����
t=0

log pt(✓) := log p(✓|x) + t

T
✓ � C(t), MFVB q⇤t

[Bishop 2006]

C(t) := logEet
T ✓

p(✓|x)

q⇤(✓)

[Bishop 2006]

p(✓|x)

q⇤(✓)

⌃ =
d

dtT


d

dt
C

p(·|x)(t)

�����
t=05



⌃ =
d

dtT
Ept✓

����
t=0

⇡ d

dtT
Eq⇤t ✓

����
t=0

=: ⌃̂

• Cumulant-generating function 

!

• True posterior covariance vs MFVB covariance 

!

• “Linear response” 
!

• The LRVB approximation

V :=
d2

dtT dt
Cq⇤(t)

����
t=0

Linear response

mean =
d

dt
C(t)

����
t=0

⌃ :=
d2

dtT dt
C

p(·|x)(t)

����
t=0

log pt(✓) := log p(✓|x) + t

T
✓ � C(t), MFVB q⇤t

[Bishop 2006]

C(t) := logEet
T ✓

p(✓|x)

q⇤(✓)

[Bishop 2006]

p(✓|x)

q⇤(✓)

5



⌃ =
d

dtT
Ept✓

����
t=0

⇡ d

dtT
Eq⇤t ✓

����
t=0

=: ⌃̂

• Cumulant-generating function 

!

• True posterior covariance vs MFVB covariance 

!

• “Linear response” 
!

• The LRVB approximation

V :=
d2

dtT dt
Cq⇤(t)

����
t=0

Linear response

mean =
d

dt
C(t)

����
t=0

⌃ :=
d2

dtT dt
C

p(·|x)(t)

����
t=0

log pt(✓) := log p(✓|x) + t

T
✓ � C(t), MFVB q⇤t

[Bishop 2006]

C(t) := logEet
T ✓

p(✓|x)

q⇤(✓)

[Bishop 2006]

p(✓|x)

q⇤(✓)

5



⌃ =
d

dtT
Ept✓

����
t=0

⇡ d

dtT
Eq⇤t ✓

����
t=0

=: ⌃̂

• Cumulant-generating function 

!

• True posterior covariance vs MFVB covariance 

!

• “Linear response” 
!

• The LRVB approximation

V :=
d2

dtT dt
Cq⇤(t)

����
t=0

Linear response

mean =
d

dt
C(t)

����
t=0

⌃ :=
d2

dtT dt
C

p(·|x)(t)

����
t=0

log pt(✓) := log p(✓|x) + t

T
✓ � C(t), MFVB q⇤t

[Bishop 2006]

C(t) := logEet
T ✓

p(✓|x)

q⇤(✓)

[Bishop 2006]

p(✓|x)

q⇤(✓)

5



⌃ =
d

dtT
Ept✓

����
t=0

⇡ d

dtT
Eq⇤t ✓

����
t=0

=: ⌃̂

• Cumulant-generating function 

!

• True posterior covariance vs MFVB covariance 

!

• “Linear response” 
!

• The LRVB approximation

V :=
d2

dtT dt
Cq⇤(t)

����
t=0

Linear response

mean =
d

dt
C(t)

����
t=0

⌃ :=
d2

dtT dt
C

p(·|x)(t)

����
t=0

log pt(✓) := log p(✓|x) + t

T
✓ � C(t), MFVB q⇤t

[Bishop 2006]

C(t) := logEet
T ✓

p(✓|x)

q⇤(✓)

[Bishop 2006]

p(✓|x)

q⇤(✓)

5



• Cumulant-generating function 

!

• True posterior covariance vs MFVB covariance 

!

• “Linear response” 
!

• The LRVB approximation

V :=
d2

dtT dt
Cq⇤(t)

����
t=0

Linear response

mean =
d

dt
C(t)

����
t=0

⌃ :=
d2

dtT dt
C

p(·|x)(t)

����
t=0

log pt(✓) := log p(✓|x) + t

T
✓ � C(t), MFVB q⇤t

⌃ =
d

dtT
Ept✓

����
t=0

⇡ d

dtT
Eq⇤t ✓

����
t=0

=: ⌃̂

[Bishop 2006]

C(t) := logEet
T ✓

p(✓|x)

q⇤(✓)

5



• LRVB covariance estimate  

• Suppose     exponential family with mean parametrization 

LRVB estimator
⌃̂ :=

d

dtT
Eq⇤t ✓

����
t=0

qt mt

6



• LRVB covariance estimate  

• Suppose     exponential family with mean parametrization 

LRVB estimator
⌃̂ :=

d

dtT
Eq⇤t ✓

����
t=0

qt mt

6



• LRVB covariance estimate  

• Suppose     exponential family with mean parametrization 

LRVB estimator
⌃̂ :=

d

dtT
Eq⇤t ✓

����
t=0

qt mt

= (I � V H)�1V

6



• LRVB covariance estimate  

• Suppose     exponential family with mean parametrization 

LRVB estimator

⌃̂ =

✓
@2KL

@m@mT

����
m=m⇤

◆�1

⌃̂ :=
d

dtT
Eq⇤t ✓

����
t=0

qt mt

= (I � V H)�1V

6



• LRVB covariance estimate  

• Suppose     exponential family with mean parametrization 

LRVB estimator

⌃̂ =

✓
@2KL

@m@mT

����
m=m⇤

◆�1

⌃̂ :=
d

dtT
Eq⇤t ✓

����
t=0

qt mt

= (I � V H)�1V

6



• LRVB covariance estimate  

• Suppose     exponential family with mean parametrization 

LRVB estimator

⌃̂ =

✓
@2KL

@m@mT

����
m=m⇤

◆�1

⌃̂ :=
d

dtT
Eq⇤t ✓

����
t=0

qt mt

= (I � V H)�1V

6



• LRVB covariance estimate  

• Suppose     exponential family with mean parametrization 

• Symmetric and positive definite at local min of KL 

• The LRVB assumption:

LRVB estimator

⌃̂ =

✓
@2KL

@m@mT

����
m=m⇤

◆�1

⌃̂ :=
d

dtT
Eq⇤t ✓

����
t=0

qt mt

= (I � V H)�1V

6



• LRVB covariance estimate  

• Suppose     exponential family with mean parametrization 

• Symmetric and positive definite at local min of KL 

• The LRVB assumption: Ept✓ ⇡ Eq⇤t ✓

LRVB estimator

⌃̂ =

✓
@2KL

@m@mT

����
m=m⇤

◆�1

⌃̂ :=
d

dtT
Eq⇤t ✓

����
t=0

qt mt

= (I � V H)�1V

6



• LRVB covariance estimate  

• Suppose     exponential family with mean parametrization 

• Symmetric and positive definite at local min of KL 

• The LRVB assumption: Ept✓ ⇡ Eq⇤t ✓
p(✓|x)

q⇤(✓)

[Bishop 2006]

LRVB estimator

⌃̂ =

✓
@2KL

@m@mT

����
m=m⇤

◆�1

⌃̂ :=
d

dtT
Eq⇤t ✓

����
t=0

qt mt

= (I � V H)�1V

6



• LRVB covariance estimate  

• Suppose     exponential family with mean parametrization 

• Symmetric and positive definite at local min of KL 

• The LRVB assumption: Ept✓ ⇡ Eq⇤t ✓
p(✓|x)

q⇤(✓)

• LRVB estimate is exact when MFVB gives 
exact mean (e.g. multivariate normal)

[Bishop 2006]

LRVB estimator

⌃̂ =

✓
@2KL

@m@mT

����
m=m⇤

◆�1

⌃̂ :=
d

dtT
Eq⇤t ✓

����
t=0

qt mt

= (I � V H)�1V

6



Microcredit Experiment
• Simplified from Meager (2015) 
• K microcredit trials (Mexico, Mongolia, Bosnia, India, 

Morocco, Philippines, Ethiopia) 
• Nk businesses in kth site (~900 to ~17K) 
• Profit of nth business at kth site: 

!

!
• Priors and hyperpriors:

7



Microcredit Experiment
• Simplified from Meager (2015) 
• K microcredit trials (Mexico, Mongolia, Bosnia, India, 

Morocco, Philippines, Ethiopia) 
• Nk businesses in kth site (~900 to ~17K) 
• Profit of nth business at kth site: 

!

!
• Priors and hyperpriors:

7



Microcredit Experiment
• Simplified from Meager (2015) 
• K microcredit trials (Mexico, Mongolia, Bosnia, India, 

Morocco, Philippines, Ethiopia) 
• Nk businesses in kth site (~900 to ~17K) 
• Profit of nth business at kth site: 

!

!
• Priors and hyperpriors:

7



Microcredit Experiment
• Simplified from Meager (2015) 
• K microcredit trials (Mexico, Mongolia, Bosnia, India, 

Morocco, Philippines, Ethiopia) 
• Nk businesses in kth site (~900 to ~17K) 
• Profit of nth business at kth site: 

!

!
• Priors and hyperpriors:

7



Microcredit Experiment
• Simplified from Meager (2015) 
• K microcredit trials (Mexico, Mongolia, Bosnia, India, 

Morocco, Philippines, Ethiopia) 
• Nk businesses in kth site (~900 to ~17K) 
• Profit of nth business at kth site: 

!

!
• Priors and hyperpriors:

7



Microcredit Experiment
• Simplified from Meager (2015) 
• K microcredit trials (Mexico, Mongolia, Bosnia, India, 

Morocco, Philippines, Ethiopia) 
• Nk businesses in kth site (~900 to ~17K) 
• Profit of nth business at kth site: 

!

!
• Priors and hyperpriors:

ykn
indep⇠ N (µk + Tkn⌧k,�

2
k)

profit

7



Microcredit Experiment
• Simplified from Meager (2015) 
• K microcredit trials (Mexico, Mongolia, Bosnia, India, 

Morocco, Philippines, Ethiopia) 
• Nk businesses in kth site (~900 to ~17K) 
• Profit of nth business at kth site: 

!

!
• Priors and hyperpriors:

ykn
indep⇠ N (µk + Tkn⌧k,�

2
k)

profit

7



Microcredit Experiment
• Simplified from Meager (2015) 
• K microcredit trials (Mexico, Mongolia, Bosnia, India, 

Morocco, Philippines, Ethiopia) 
• Nk businesses in kth site (~900 to ~17K) 
• Profit of nth business at kth site: 

!

!
• Priors and hyperpriors:

ykn
indep⇠ N (µk + Tkn⌧k,�

2
k)

profit

7



Microcredit Experiment
• Simplified from Meager (2015) 
• K microcredit trials (Mexico, Mongolia, Bosnia, India, 

Morocco, Philippines, Ethiopia) 
• Nk businesses in kth site (~900 to ~17K) 
• Profit of nth business at kth site: 

!

!
• Priors and hyperpriors:

ykn
indep⇠ N (µk + Tkn⌧k,�

2
k)

profit

7



Microcredit Experiment
• Simplified from Meager (2015) 
• K microcredit trials (Mexico, Mongolia, Bosnia, India, 

Morocco, Philippines, Ethiopia) 
• Nk businesses in kth site (~900 to ~17K) 
• Profit of nth business at kth site: 

!

!
• Priors and hyperpriors:

ykn
indep⇠ N (µk + Tkn⌧k,�

2
k)

profit
1 if microcredit

7



Microcredit Experiment
• Simplified from Meager (2015) 
• K microcredit trials (Mexico, Mongolia, Bosnia, India, 

Morocco, Philippines, Ethiopia) 
• Nk businesses in kth site (~900 to ~17K) 
• Profit of nth business at kth site: 

!

!
• Priors and hyperpriors:

ykn
indep⇠ N (µk + Tkn⌧k,�

2
k)

profit
1 if microcredit

7



Microcredit Experiment
• Simplified from Meager (2015) 
• K microcredit trials (Mexico, Mongolia, Bosnia, India, 

Morocco, Philippines, Ethiopia) 
• Nk businesses in kth site (~900 to ~17K) 
• Profit of nth business at kth site: 

!

!
• Priors and hyperpriors:

ykn
indep⇠ N (µk + Tkn⌧k,�

2
k)

profit
1 if microcredit

7



Microcredit Experiment
• Simplified from Meager (2015) 
• K microcredit trials (Mexico, Mongolia, Bosnia, India, 

Morocco, Philippines, Ethiopia) 
• Nk businesses in kth site (~900 to ~17K) 
• Profit of nth business at kth site: 

!

!
• Priors and hyperpriors:

ykn
indep⇠ N (µk + Tkn⌧k,�

2
k)

profit
1 if microcredit

7



Microcredit Experiment
• Simplified from Meager (2015) 
• K microcredit trials (Mexico, Mongolia, Bosnia, India, 

Morocco, Philippines, Ethiopia) 
• Nk businesses in kth site (~900 to ~17K) 
• Profit of nth business at kth site: 

!

!
• Priors and hyperpriors:

ykn
indep⇠ N (µk + Tkn⌧k,�

2
k)

profit
1 if microcredit

7



Microcredit Experiment
• Simplified from Meager (2015) 
• K microcredit trials (Mexico, Mongolia, Bosnia, India, 

Morocco, Philippines, Ethiopia) 
• Nk businesses in kth site (~900 to ~17K) 
• Profit of nth business at kth site: 

!

!
• Priors and hyperpriors:

ykn
indep⇠ N (µk + Tkn⌧k,�

2
k)

✓
µk

⌧k

◆
iid⇠ N

✓✓
µ
⌧

◆
, C

◆

profit
1 if microcredit

7



Microcredit Experiment
• Simplified from Meager (2015) 
• K microcredit trials (Mexico, Mongolia, Bosnia, India, 

Morocco, Philippines, Ethiopia) 
• Nk businesses in kth site (~900 to ~17K) 
• Profit of nth business at kth site: 

!

!
• Priors and hyperpriors:

ykn
indep⇠ N (µk + Tkn⌧k,�

2
k)

✓
µk

⌧k

◆
iid⇠ N

✓✓
µ
⌧

◆
, C

◆

��2
k

iid⇠ �(a, b)

profit
1 if microcredit

7



Microcredit Experiment
• Simplified from Meager (2015) 
• K microcredit trials (Mexico, Mongolia, Bosnia, India, 

Morocco, Philippines, Ethiopia) 
• Nk businesses in kth site (~900 to ~17K) 
• Profit of nth business at kth site: 

!

!
• Priors and hyperpriors:

ykn
indep⇠ N (µk + Tkn⌧k,�

2
k)

✓
µk

⌧k

◆
iid⇠ N

✓✓
µ
⌧

◆
, C

◆ ✓
µ
⌧

◆
iid⇠ N

✓✓
µ0

⌧0

◆
,⇤�1

◆

��2
k

iid⇠ �(a, b)

profit
1 if microcredit

7
C ⇠ Sep&LKJ(⌘, c, d)



Microcredit Experiment

8



Microcredit Experiment

M
FV

B

8



Microcredit Experiment

M
FV

B

8



Microcredit Experiment
• One set of 2500 

MCMC draws: 45 
minutes 

• All of MFVB 
optimization, LRVB 
uncertainties, all 
sensitivity 
measures: 58 
seconds!

• Many other models 
and data sets: 
Mixture models, 
generalized linear 
mixed models, etc

M
FV

B

8



Microcredit Experiment
• One set of 2500 

MCMC draws: 45 
minutes 

• All of MFVB 
optimization, LRVB 
uncertainties, all 
sensitivity 
measures: 58 
seconds!

• Many other models 
and data sets: 
Mixture models, 
generalized linear 
mixed models, etc

M
FV

B

8



Microcredit Experiment
• One set of 2500 

MCMC draws: 45 
minutes 

• All of MFVB 
optimization, LRVB 
uncertainties, all 
sensitivity 
measures: 58 
seconds!

• Many other models 
and data sets: 
Mixture models, 
generalized linear 
mixed models, etc

M
FV

B

LRVB,!
MFVB

8



Microcredit Experiment
• One set of 2500 

MCMC draws: 45 
minutes 

• All of MFVB 
optimization, LRVB 
uncertainties, all 
sensitivity 
measures: 58 
seconds!

• Many other models 
and data sets: 
Mixture models, 
generalized linear 
mixed models, etc

M
FV

B

LRVB,!
MFVB

8



Robustness quantification

• Variational Bayes as an alternative to MCMC 
• Challenges of VB 
• Accurate uncertainties from VB 
• Accurate robustness quantification from VB 
• Big idea: derivatives/perturbations are easy in VB

9



Robustness quantification

• Variational Bayes as an alternative to MCMC 
• Challenges of VB 
• Accurate uncertainties from VB 
• Accurate robustness quantification from VB 
• Big idea: derivatives/perturbations are easy in VB

9



Robustness quantification
• Bayes Theorem

p(✓|x)
/✓ p(x|✓)p(✓)

10



Robustness quantification
• Bayes Theorem
p↵(✓) := p(✓|x,↵)

/✓ p(x|✓)p(✓|↵)

10



Robustness quantification
• Bayes Theorem
p↵(✓) := p(✓|x,↵)

/✓ p(x|✓)p(✓|↵)

10



Robustness quantification
• Bayes Theorem
p↵(✓) := p(✓|x,↵)

/✓ p(x|✓)p(✓|↵)

• Sensitivity

10



Bayes Theorem

Robustness quantification
• Bayes Theorem
p↵(✓) := p(✓|x,↵)

/✓ p(x|✓)p(✓|↵)

• Sensitivity

10



Bayes Theorem

Robustness quantification
• Bayes Theorem
p↵(✓) := p(✓|x,↵)

/✓ p(x|✓)p(✓|↵)

• Sensitivity

S :=
dEp↵ [g(✓)]

d↵

����
↵

�↵

10



Bayes Theorem

Robustness quantification
• Bayes Theorem
p↵(✓) := p(✓|x,↵)

/✓ p(x|✓)p(✓|↵)

• Sensitivity

S :=
dEp↵ [g(✓)]

d↵

����
↵

�↵

10



Bayes Theorem

Robustness quantification
• Bayes Theorem
p↵(✓) := p(✓|x,↵)

/✓ p(x|✓)p(✓|↵)

• Sensitivity

S :=
dEp↵ [g(✓)]

d↵

����
↵

�↵

10



Bayes Theorem

Robustness quantification
• Bayes Theorem
p↵(✓) := p(✓|x,↵)

/✓ p(x|✓)p(✓|↵)

• Sensitivity

S :=
dEp↵ [g(✓)]

d↵

����
↵

�↵

10



Bayes Theorem

Robustness quantification
• Bayes Theorem
p↵(✓) := p(✓|x,↵)

/✓ p(x|✓)p(✓|↵)

• Sensitivity

S :=
dEp↵ [g(✓)]

d↵

����
↵

�↵

⇡
dEq⇤↵ [g(✓)]

d↵

����
↵

�↵ =: Ŝ
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C ⇠ Sep&LKJ(⌘, c, d)

Microcredit Experiment
• Simplified from Meager (2015) 
• K microcredit trials (Mexico, Mongolia, Bosnia, India, 

Morocco, Philippines, Ethiopia) 
• Nk businesses in kth site (~900 to ~17K) 
• Profit of nth business at kth site: 

!

!
• Priors and hyperpriors:

ykn
indep⇠ N (µk + Tkn⌧k,�

2
k)

✓
µk

⌧k

◆
iid⇠ N

✓✓
µ
⌧

◆
, C

◆ ✓
µ
⌧

◆
iid⇠ N

✓✓
µ0

⌧0

◆
,⇤�1

◆

��2
k

iid⇠ �(a, b)

profit
1 if microcredit
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• Sensitivity of 
the expected 
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effect (τ) 
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standard 
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Conclusion
• We provide linear response variational Bayes: 

supplements MFVB for fast & accurate covariance 
estimate 

• More from LRVB: fast & accurate robustness 
quantification 

• Interested in your data and models: 
• Sensitivity to prior perturbations 
• Sensitivity to data perturbations
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