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Overview
Chemical Abundance Ratio Distributions (CARDs) 

• CARD modeling vs IMF-averaged GCE tracing and 
detailed individual stellar abundance measurements 

• Examples of CARD analysis  

• Applications of CARD analysis to astrophysical 
phenomena 

• Add to some important questions posed by 
conference organizers and attendees 
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CARD modeling vs Other Methods 
• CARDs reflect the main contributing factor to essentially all 

stellar progenitors’ yields: their mass! 

• CARDs can be used to probe the nature of processes that span 
the whole IMF or portions thereof 

• CARD-generating models are robust against by peculiar 
abundance outliers 

• CARD-generating models can leverage substantially more 
observational data than old, IMF-averaged GCE tracks 

• You do not have to speculate about individual stellar enrichment 
histories like in e.g. detailed individual stellar abundance analysis 

• You can marginalize over the yields from individual epochs of 
stellar evolution or single them out 
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Examples of CARD Analysis 
• Lee et al. (2013) - Using CARD models to explain the differences 

in observed Halo and UFD star CARDs —> constraining yields & 
sites 

• Cescutti & Chiappini (2013) - Qualitative comparison of CARD 
models to observations to support enrichment from various 
process including spinstars —> identifying sites & processes 

• Schlaufman et al. (2013) - Statistical Chemical Tagging of 
Observed Halo stars to assess a rough estimate of the relative 
contributions from Halo star progenitors —> constraining 
accretion events 

• Lee et al. (2015) - Proof of concept study to recover the 
luminosity function or accretion history profile of simulated MW-
like galaxies —> detailed recovered halo accretion histories
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Constraining Yields & Sites
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Lee et al. (2013) 



Constraining Yields & Sites
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Lee et al. (2013) 
Warning: The 2-D KS was used 
in the making of this paper. 

p-Values were reported!



Identifying Sites & Processes
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• Previous work does not attempt to use CARD densities to work out 
SFHs or derive n-capture yield constraints

Cescutti & Chiappini (2013)Vincenzo et al. (2014)
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Constraining Accretion Events
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• This work stresses need for better CARD dwarf model templates to 
work out SFHs or accretion histories — more accurate yields needed!!!

Schlaufman et al. (2013)
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Recovering Halo Accretion Histories
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Lee et al. (2015) 
green - halo

blue - low mass dSph
yellow - dIrr

red - Sgr
cyan - LMC

(data compilation from 
Geisler et al, 2007)



• Lee et al. (2013) - Using CARD models to explain the differences in 
observed Halo and UFD star CARDs —> constraining yields & sites

Applications of CARD Analysis
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What is needed to fit observations? 
• Stochastic Sampling of IMF 

(Salpeter) 

• Stronger MDYs for n-capture 
elements than for alpha-elements 

• Progenitor enriching stellar 
generations (M_ESG) are more 
massive for VMP MW Halo stars 
than for UFD stars
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Figure 2. Left: log–log plot of element mass yield vs. progenitor stellar mass showing linear fits (black solid lines) with parameters βX and κX for some α-elements,
Ti, and Fe MDYs from Nomoto et al. (2006). Right: linear plot of element mass yield vs. progenitor stellar mass showing the derived power-law fits (black solid lines)
for each element shown in the left plot.

for [X/Fe] (where X represents Ti, Ba, or Sr), which is supposed
to represent a possible enrichment pattern for a subset of the to-
tal population of stars that exist in the observed systems. Thus,
each ESG produces one enrichment pattern from which many
stars can sample. However, the numbers are proportional to how
common that enrichment pattern is (as determined by the dis-
tribution of patterns from the ESGs generated). For a given
set of parameters (MESG, κX) we construct two-dimensional
(2D) “parent distributions” in the [Sr/Fe]–[Ti/Fe] and
[Ba/Fe]–[Ti/Fe] planes from ensembles of enrichment by
1000 ESGs. Each parent represents a model for the intrinsic
stellar distribution from which we can draw random synthetic
samples (“children”) to compare to the MW halo and UFD ob-
served data distributions. Each child contains the same number
of synthetic stars as the number of observed stars and their stel-
lar abundance ratios are scattered by observational errors, which
are taken to be 0.15 dex (as a conservative lower bound).

3. RESULTS I: GENERAL EFFECTS

In this section we develop some intuition by examining the
effect of varying parameters (MESG, κX) on the shape of the
abundance ratio distribution in [X/Fe] in one dimension.

3.1. Phenomenological Expectations

Figure 3 illustrates schematically the trends we expect to see
in our distributions resulting from the combination of the IMF,
the MDY(κX), and the number of enriching stars, n⋆, generated
in an ESG (which is proportional, on average, to MESG).

In panel A, the Salpeter IMF is shown, illustrating that many
more lower mass stars are produced for a given number of
high-mass stars in any ESG. This property is generic to all
proposed IMFs in nearby galactic environments investigated in
the literature (Kroupa 2002; Chabrier 2003; Elmegreen & Scalo
2005; Elmegreen 2006, 2007).

In panel B, the MDY for various κX are shown: an approxi-
mately constant mass yield across all stellar masses (κX ≃ 0), a
small/weak change in mass yield (low κX values), and a large/
strong change in mass yield (high κX values). It should be noted
that these power-law fits are a rough first-order approximation
to the non-monotonic functions for MDYs anticipated in nu-
cleosynthetic yield models (e.g., Nomoto et al. 2006; Heger &

Figure 3. A schematic displaying the assumptions of our model and the various
effects that arise from convolving the IMF, MDY, and the number of enriching
stars per ESG, n⋆, together. Note that n⋆ is not exactly proportional to the
characteristic ESG mass, MESG, due to stochastic sampling of the IMF. However,
n⋆ does give some indication of the magnitude of MESG. Panel A shows a plot
of the Salpeter IMF used in our models, indicating a large ratio of low-to-high-
mass stars produced in ESGs. Panel B displays three different MDY “strengths”
measured by the slope κX as indicated by approximately zero (dotted), low
(dashed), and high (solid) labeled lines. These MDY strengths result in the
trends we expect to find in abundance ratio distributions for VMP stars (shown in
panel C). Panel C shows the three types of distributions that can arise for different
positive MDYs resulting from the convolution of the IMF and MDYs for four
different characteristic values of n⋆. The shades/outlines of the distributions
represent the “strength” of the MDY (as shown in panel B): κ ∼ 0 (dark gray;
dotted line), κ ∼ low (gray; dashed line), and κ ∼ high (light gray; solid line).

Woosley 2010) for both Ti and nc-elements. The detailed shape
of these functions will be another key factor which contributes
to the range and shape of observed abundance ratios, but is not
considered in this paper to keep our models as simple as possi-
ble (and because the mass-dependence of stellar yields for most
elements is not well understood at present).

In panel C, trends in the distribution of yields from an
ensemble of enriching ESGs as a result of combining the IMF
with MDY (IMF⊗MDY) are shown for different numbers of
enriching stars per ESG, n⋆.

In the limit of n⋆ = ∞ (right-hand plot of panel C)
complete sampling of the IMF is achieved, resulting in a single
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Kx = “strength” of MDYs
KO = 2.997 
KMg = 2.203 
KFe = 0.0716 
KCa = 2.017 
KTi = 0.937

Eqn. for MDYs 
Mx = Bx (m_star)Kx

O 
Mg 
Fe 
Ca 
Ti

Nomoto+ (2006)
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Woosley 2010) for both Ti and nc-elements. The detailed shape
of these functions will be another key factor which contributes
to the range and shape of observed abundance ratios, but is not
considered in this paper to keep our models as simple as possi-
ble (and because the mass-dependence of stellar yields for most
elements is not well understood at present).

In panel C, trends in the distribution of yields from an
ensemble of enriching ESGs as a result of combining the IMF
with MDY (IMF⊗MDY) are shown for different numbers of
enriching stars per ESG, n⋆.
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Eqn. for MDYs 
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Figure 4. Distributions of abundance ratios produced from 1000 realizations of an ESG, with MESG = 102 M⊙ (left panel), 103 M⊙ (middle panel), and 104 M⊙ (right
panel). Color of the distribution refers to the corresponding κX used for the MDY: 3 (red), 6 (green) and 9 (blue). The black vertical dotted line shows the average for
all ESGs with κX = 0. The average number of enriching core-collapse supernovae are represented by ⟨n⋆⟩.
(A color version of this figure is available in the online journal.)

Figure 5. Same as Figure 4 but shows distributions derived from negative MDYs.
(A color version of this figure is available in the online journal.)
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for all realizations.
In the opposite limit of n⋆ = 1 (left-hand plot of panel C),

we expect to directly sample the full range of yields contributed
from individual stars, with frequencies dictated by the IMF.
Hence a strong MDY (high κX; solid line/light-shaded area)
will produce a wide distribution while a weak MDY (low κX;
dotted line/dark-shaded area) will produce a narrow one. For
positive κX, the skew of these distributions will be positive or
right-skewed, meaning that their extended tails are found to
the right of the median and peaks are found to the left. In the
case of negative κX (not shown), the skew of the distributions
will become negative, with the extended tail to the left of the
median. A wide range of distributions can be observed between
these two limits. For an element X with large, positive κX (solid
lines and light-gray areas in Figure 3), various distributions can
be exhibited depending on the value of n⋆.

For example, with n⋆ = “few,” the convolution of yields with
the IMF from a few enrichers can generate negatively skewed
(left-skewed) distributions.7 Although massive enrichers are
found less frequently than their lower mass counterparts, their
individual chemical yields can dwarf those contributed by
lower mass stars. Hence, the orientation of the tail of the
distribution can flip compared to the n⋆ = 1 case due to the
weighted contribution of the “few” high-mass enrichers with
large absolute yields.

7 This tendency is modulated by the specific number of stars, the strength of
the MDY, and the upper limit of the IMF within this range. Therefore,
positively skewed and Gaussian-like distributions are not necessarily excluded.

For n⋆ = “many,” the average number of n⋆ realized in each
ESG is high enough to start altering the distribution from a
Poisson-like distribution to a Gaussian-like distribution via the
law of large numbers. This effect arises from a counter-balance
between the plentiful, although low impact, low-mass enrichers
and the sparse, yet high impact, high-mass enrichers which leads
to an “erosion” of possible abundance ratios at the margins of the
distribution (homogenization), thus narrowing the distribution
in accordance with the central limit theorem.

3.2. Model Distributions

We can assess the validity of our phenomenological expec-
tations, given in Section 3.1, by examining ensembles of many
ESGs realized with identical parameters, to create chemical
abundance ratio probability distributions. The features of in-
terest are systematic changes in the: (1) variance (dispersion),
(2) skewness (lopsidedness), and (3) kurtosis (peakedness) of
the distribution. As noted in Section 2.2, the “means” of our
distributions are set by the observed average abundance ratio
but these higher moments emerge from the parameters specified
for κX and MESG.

Figures 4 and 5 illustrate the general trends found for
various parameters (κX, MESG). Figure 4 shows a number of
features in these distributions that are similar to both our
schematic framework and the observed distributions. Each panel
corresponds to a different decade in MESG (= 102, 103, 104 M⊙
respectively) realized 1000 times to create distributions with
average number of enriching stars given by ⟨n⋆⟩ ≃ 1, ≃7,
and ≃65, analogous to the one, “few,” and “many” enrichers
in the schematic in Figure 3. Comparing the different colored
histograms within each panel, increasing the value of κX =
3 (red), 6 (green) and 9 (blue) leads to a broadening of the
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all ESGs with κX = 0. The average number of enriching core-collapse supernovae are represented by ⟨n⋆⟩.
(A color version of this figure is available in the online journal.)
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respectively) realized 1000 times to create distributions with
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Figure 7. [Sr/Fe] vs. [Ti/Fe] for our compiled observed MW halo/UFD data
set. Symbols are the same as those defined in Figure 6.
(A color version of this figure is available in the online journal.)

Figure 8. [Ba/Fe] vs. [Ti/Fe] for our compiled observed MW halo/UFD data
set. Symbols are the same as those defined in Figure 6.
(A color version of this figure is available in the online journal.)

orderings used to create CDFs in multi-dimensional samples
(Peacock 1983; Fasano & Franceschini 1987) means that the
D-statistic cannot be simply converted to a likelihood in a model-
independent manner. This problem is particularly challenging
given the small number of stars (six) used in the UFD sam-
ples where large differences in D-statistics between parameter
sets may not actually represent significantly different likeli-
hoods. Our paternal-likelihood test addresses this limitation by

Figure 9. Histograms show the distributions of the child–parent D-statistic,
Dcp, for “children” with the same size as the observed Ba data sets (n = 316
for MW, upper panel; n = 6 for UFDs, lower panel) drawn from parents
with model parameters κX = 9.5, MESG

MW = 103.5 M⊙ (top) and MESG
UF =

102.0 M⊙ (bottom). Bin sizes equal |DMax-DMin|/10 in D range. The vertical
line marks the D-statistic for the observed data sets, Ddp.

generating child–parent distances (Dcp) for a large number of
synthetic child samples (with sample sizes equaling the ob-
served data size) drawn (bootstrapped) from the parent. The
distribution of Dcp can then be used to assess the likelihood of
observing the distance Ddp between the collected data samples
and the parent.

Specifically, we generate nchildren = 100 from each parent
(defined by parameters MESG, κX, mupp). Each child is com-
prised of n randomly sampled stellar abundance ratios from the
parent distribution where n equals the number of observed stars
from the observed comparison data sample. Figure 9, for exam-
ple, shows a distribution of D-statistic ranks calculated for the
[Ti/Fe]–[Ba/Fe]-plane using children drawn from one of our
parent distributions to assess parental likelihood for the MW
halo (upper panel) and UFDs (lower panel), respectively.
The spreads in the distributions are influenced by both the
observational/systematic errors and the sample size. As ex-
pected, a larger sample of stellar abundance ratios increases our
certainty about the likely parent of the observed distribution.

We assess the significance of the comparison rankings be-
tween the observational data and the parent, Ddp (indicated by
vertical dashed line in Figure 9) by calculating a p-value—i.e.,
the fraction of children that are ranked as more different from
the parent than the observed data (shown as the fraction of the
histogram that lies to the right of the vertical line in Figure 9):

p−value =
nchildren(Dcp > Ddp)

nchildren
. (4)

The higher the p-value, the more likely the observed abundance
ratios are a potential “offspring” of the parent.

4.3. Results from the [Ti/Fe]–[Sr/Fe] Plane

Figure 10 summarizes the results of our paternal-likelihood
test applied to the MW halo (upper panel) and UFD (lower
panel) samples in the [Ti/Fe]–[Sr/Fe] plane. The color of the
plot indicates the likelihood (i.e., the p-value) of the observations

7
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Culled sample distributions from Halo and UFD stars to compare to 
“one-shot” distribution models (all stars with [Fe/H] < -2.5)
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Figure 8. [Ba/Fe] vs. [Ti/Fe] for our compiled observed MW halo/UFD data
set. Symbols are the same as those defined in Figure 6.
(A color version of this figure is available in the online journal.)

orderings used to create CDFs in multi-dimensional samples
(Peacock 1983; Fasano & Franceschini 1987) means that the
D-statistic cannot be simply converted to a likelihood in a model-
independent manner. This problem is particularly challenging
given the small number of stars (six) used in the UFD sam-
ples where large differences in D-statistics between parameter
sets may not actually represent significantly different likeli-
hoods. Our paternal-likelihood test addresses this limitation by

Figure 9. Histograms show the distributions of the child–parent D-statistic,
Dcp, for “children” with the same size as the observed Ba data sets (n = 316
for MW, upper panel; n = 6 for UFDs, lower panel) drawn from parents
with model parameters κX = 9.5, MESG

MW = 103.5 M⊙ (top) and MESG
UF =

102.0 M⊙ (bottom). Bin sizes equal |DMax-DMin|/10 in D range. The vertical
line marks the D-statistic for the observed data sets, Ddp.

generating child–parent distances (Dcp) for a large number of
synthetic child samples (with sample sizes equaling the ob-
served data size) drawn (bootstrapped) from the parent. The
distribution of Dcp can then be used to assess the likelihood of
observing the distance Ddp between the collected data samples
and the parent.

Specifically, we generate nchildren = 100 from each parent
(defined by parameters MESG, κX, mupp). Each child is com-
prised of n randomly sampled stellar abundance ratios from the
parent distribution where n equals the number of observed stars
from the observed comparison data sample. Figure 9, for exam-
ple, shows a distribution of D-statistic ranks calculated for the
[Ti/Fe]–[Ba/Fe]-plane using children drawn from one of our
parent distributions to assess parental likelihood for the MW
halo (upper panel) and UFDs (lower panel), respectively.
The spreads in the distributions are influenced by both the
observational/systematic errors and the sample size. As ex-
pected, a larger sample of stellar abundance ratios increases our
certainty about the likely parent of the observed distribution.

We assess the significance of the comparison rankings be-
tween the observational data and the parent, Ddp (indicated by
vertical dashed line in Figure 9) by calculating a p-value—i.e.,
the fraction of children that are ranked as more different from
the parent than the observed data (shown as the fraction of the
histogram that lies to the right of the vertical line in Figure 9):

p−value =
nchildren(Dcp > Ddp)

nchildren
. (4)

The higher the p-value, the more likely the observed abundance
ratios are a potential “offspring” of the parent.

4.3. Results from the [Ti/Fe]–[Sr/Fe] Plane

Figure 10 summarizes the results of our paternal-likelihood
test applied to the MW halo (upper panel) and UFD (lower
panel) samples in the [Ti/Fe]–[Sr/Fe] plane. The color of the
plot indicates the likelihood (i.e., the p-value) of the observations
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Figure 10. Likelihood (p-value) distribution for the MW halo (upper panel)
and UFDs (lower panel) derived from different models with Mupp = 40 M⊙
(reflecting the [Ti/Fe]–[Sr/Fe] plane) as a function of MESG and κX for Sr
yields. See text for explanation of features.
(A color version of this figure is available in the online journal.)

being drawn from a parent of particular MESG and κX, and for a
fixed Mupp = 40 M⊙.8

From the upper panel it is immediately apparent that models
with MESG ! 103 M⊙ are preferred in generating MW halo-like
distributions. Furthermore, these models are consistent with a
wide range of |κX| ! 2 values due to the degeneracy between
stochastic sampling of the IMF (governed by MESG) and the
effect of varying the strength of the MDY: the IMF is more
completely sampled as MESG gets larger, which will tend to
homogenize the stellar abundance ratios, but this effect can
be compensated for with a higher MDY strength in order to
maintain a sufficient width to match the MW halo distribution.

Differences between the location and width of the trends
apparent in the upper panel for ±κSr can be attributed to the
relative weighting of low-/high-mass enrichers in each case.
Since there are significantly more low-mass enrichers than high-
mass enrichers generated for MESG ! a few hundred solar
masses, homogenization is reached sooner for negative κX (i.e.,
at a lower ESG mass) than for ESGs with a positive κX. Also, the
smaller width of the probability distribution for κX < 0 reflects
the diminished contributions of high-mass stars because they are
(in this scenario) both rare and have yields that are small relative
to their less massive counterparts, thus shrinking the range of
MESG capable of producing the observed MW halo distribution.

The lower panel displays the results of the same analysis
for the six stars in the UFD sample. The two regions of
significant likelihood are analogs to the negative and positive

8 We find that some spurious likelihoods can arise from models that have
sample dispersions of ∼0.3 dex or less (i.e., on par with the observational or
systematic errors). These artifacts are caused by a limitation in the way the
2dKS test handles models with a relative dearth of data sampled in the wings
of its distribution (see Babu & Feigelson 2006; Babu & Rao 2004; Stephens
1974 for an explanation). Models with intrinsic dispersions of ≃0 are
emblematic of this limitation. Fortunately, such models can be trivially
identified (by their aforementioned dispersions) to be incompatible with the
observed data and are therefore recorded with likelihoods of less than 5%.

Figure 11. Same as Figure 10 for Ba yields.
(A color version of this figure is available in the online journal.)

κX trends found for the MW halo, but the paucity of observed
stars in the UFD sample means that a much broader set of
models are compatible with the observed chemical distributions.
Therefore, we see models with substantial likelihoods (p-values)
across more than two decades in MESG for a variety of κX
values. Despite the breadth of possible solutions found in
each panel, they demonstrate (as a whole) that our simple
model of stochastic enrichment is sufficient to explain the
Ti and Sr abundance ratio distributions in the MW halo and
UFDs simultaneously, provided that (1) the UFD systems were
enriched by a lower ESG mass than the progenitors to the
MW halo stars; and (2) Sr yields can be characterized by a
power law with a relatively larger |κX| when compared to Ti
yields.

4.4. Results from the [Ti/Fe]–[Ba/Fe] Plane

Figure 11 summarizes our analysis of model comparisons
to samples observed in the [Ti/Fe]–[Ba/Fe] plane. This fig-
ure offers additional confirmation of the results from the
[Ti/Fe]–[Sr/Fe] plane: that the same simple model of stochas-
tic enrichment with the same masses for MW halo and UFD
enrichers preferred can also explain the distributions in this
plane. The UFD results here suggest a slightly lower κX for the
MDY of Ba compared to Sr. Also, in the case of Ba, a nega-
tive MDY seems highly unlikely from our analysis. This result
can be explained by comparing the UFD distributions from
Figures 7 and 8 to the MESG = 102 M⊙ models from Figure 5.
It is apparent that a smaller negative offset along with a high
concentration of abundances is favored in the models (Figure 5).
A comparison of the observed distributions (Figures 7 and 8)
reveals that [Sr/Fe] values are significantly more similar to the
negative κX for MESG = 102 M⊙ models than the [Ba/Fe] val-
ues. However, it should be noted that we rule out the existence
of a negative κBa based on the MW halo data as the current
UFD data are inconclusive on their own. In the next section,
our results for “allowed” MDY strengths are compared with the
most recent yields found the literature.
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Table 1
Strength of Mass-dependent Yields

Element Metallicity κ
8–10 M⊙
empirical (r)a κ

15–40 M⊙
ab initio (s)b κ

15–40 M⊙
inferred (s)c This work

(neutron-capture) (log Z) (nr/rs) (rs/ss)

−5 ∼3.3/5.8 ∼6.5/6.7
Strontium (Sr) ∼−15 or −18 (!−10), ("7)

−3 ∼4.5/6.6 ∼7.4/· · ·
−5 · · · ∼3.6/3.6

Barium (Ba) ∼−15 ∼(6–12)
−3 · · · ∼3.9/· · ·

Notes.
Chieffi & Limongi (2004) and Limongi & Chieffi (2012) provide another set of theoretical MDYs for Sr. From Chieffi &
Limongi (2004) we find that the estimated MDYs for Sr given for progenitors with z > 0 to z ≃ z⊙ results in strengths
that are 1 ! κSr ! 4. The MDY for Sr for zero metallicity stars is κSr ≃ 8—compatible with our work. However, more
recent work by the same authors (Limongi & Chieffi 2012) produces a κSr ! 5 for zero metallicity stars. This result is
only marginally compatible with our findings.
a Derived from empirical yields given in Cescutti (2012).
b Derived from Figure 4.14 of Frischknecht (2012) for non-rotating (nr)/rotating stars (rs). Yields for Ba were not given.
c Derived from Cescutti & Chiappini (2013) for rotating stars (rs) [their as-models]/spinstars (ss) [their fs-models].

5. DISCUSSION

In this section, we evaluate how our model-derived MDY
strengths compare to others found in the literature. We also
examine how our selection of data affects our reported results.

5.1. Comparison to Other MDY Estimates

In Table 1 we compare our derived MDY strengths to the latest
predictions given in the literature. In particular, we compare our
values to those extracted from ab initio yields (i.e., yields derived
from simulations) for Sr given in Frischknecht (2012) and from
inferred values from the ab initio and empirically derived yields
(i.e., chosen to match observations) for Sr and Ba applied in
Cescutti & Chiappini (2013).

• Empirical yields for Sr and Ba (8–10 M⊙ production
site). In Cescutti & Chiappini’s work, their homogenous
stochastic models are chosen to fit the general distribution of
halo stars without binary enrichment. These models, which
they refer to as empirical models, are employed by the
authors to examine the distributions produced by applying
both their empirically determined MDYs for the standard
r- (and extended r-)process sites and the newly derived ab
initio yields from Frischknecht’s thesis work. To generate
MDY strengths for their empirical yields, we consult the
figures of Sr and Ba yields given in Cescutti (2012) which
are reported to be similar to the yields used in Cescutti &
Chiappini (2013).

• Ab initio yields for Sr (15–40 M⊙ production site). In
Frischknecht’s work, he conducts a suite of simulations
that produce various chemical yields from massive stars
as a function of the stars’ metallicity and rotation. From
his work, we approximate ab initio strengths (κab initio) for
88Sr9 by examining Figure 4.14 of Frischknecht (2012).
Unfortunately, we are unable to make a direct comparison
to MDYs strengths for Ba (which are also evaluated
by Frischknecht) because they are not available in his
published work.

• Inferred yields for Sr and Ba (15–40 M⊙ production
site). We also generate an estimate of the MDYs for Sr, and

9 In Frischknecht (2012), MDYs for Sr isotopes are said to show similar
trends.

more importantly, for Ba (unreported) from Frischknecht’s
unpublished results. To do this, we input the various inferred
∆[X/Fe], displayed in Figure 1 of Cescutti & Chiappini
(2013), along with their progenitor stellar mass range into
the difference between logarithmic values of Equation (2).
If we assume that Fe yields for these stars are weakly mass
dependent, we obtain

∆
[

X
Fe

]
∼ log

(
mX1

mX2

)
= κX · log

(
m1

m2

)
. (5)

The estimates for the inferred MDYs strengths derived from
Equation (5) are also listed in Table 1.

The final column of Table 1 gives our preferred MDY
strengths, which are chosen by identifying ranges of κX that
could be simultaneously compatible for both the MW and
UFDs (i.e., looking at both upper and lower panels). As seen
in Figure 10, both positive and negative MDY strengths for
Sr are allowed. In particular, both a κSr ! 7, consistent
with Frischknecht’s 15–40 M⊙ ab initio yields and a κSr "
−14, consistent with Cescutti’s 8–10 M⊙ empirically derived
(standard r) yields, are favored for Sr. Additionally, the inferred
κSr from a combination of such yields should, in fact, be intrinsic
to our analysis—however, inferences about combined yields are
beyond the scope of this investigation and shall be addressed in
future work.

Figure 11 shows us results for Ba yields. Positive MDYs with
κBa ∼ 6–12 are preferred and may be related to Frischknecht’s
spinstar yields. However, the extremely low likelihoods for
negative κBa when compared to positive κBa, supports the notion
that such yields are improbable. This strongly suggests a lack
of Ba production from an ∼8–10 M⊙ production site, which
is consistent with more recent hydrodynamic simulations (e.g.,
Fischer et al. 2010; Wanajo et al. 2011) but contrary to other
expectations for nc-yields found in the literature (see, e.g.,
Cescutti & Chiappini 2013; Cescutti 2012; Qian & Wasserburg
2008; Wanajo et al. 2003; Ishimaru & Wanajo 1999; Wheeler
et al. 1998; Mathews et al. 1992).

These preliminary results illustrate the advantage of using
statistical techniques that address the full density of the observed
distributions and not only the average of their spreads as
implemented in Cescutti & Chiappini (2013) and other previous
studies. Further development of this technique may provide the
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Figure 10. Likelihood (p-value) distribution for the MW halo (upper panel)
and UFDs (lower panel) derived from different models with Mupp = 40 M⊙
(reflecting the [Ti/Fe]–[Sr/Fe] plane) as a function of MESG and κX for Sr
yields. See text for explanation of features.
(A color version of this figure is available in the online journal.)

being drawn from a parent of particular MESG and κX, and for a
fixed Mupp = 40 M⊙.8

From the upper panel it is immediately apparent that models
with MESG ! 103 M⊙ are preferred in generating MW halo-like
distributions. Furthermore, these models are consistent with a
wide range of |κX| ! 2 values due to the degeneracy between
stochastic sampling of the IMF (governed by MESG) and the
effect of varying the strength of the MDY: the IMF is more
completely sampled as MESG gets larger, which will tend to
homogenize the stellar abundance ratios, but this effect can
be compensated for with a higher MDY strength in order to
maintain a sufficient width to match the MW halo distribution.

Differences between the location and width of the trends
apparent in the upper panel for ±κSr can be attributed to the
relative weighting of low-/high-mass enrichers in each case.
Since there are significantly more low-mass enrichers than high-
mass enrichers generated for MESG ! a few hundred solar
masses, homogenization is reached sooner for negative κX (i.e.,
at a lower ESG mass) than for ESGs with a positive κX. Also, the
smaller width of the probability distribution for κX < 0 reflects
the diminished contributions of high-mass stars because they are
(in this scenario) both rare and have yields that are small relative
to their less massive counterparts, thus shrinking the range of
MESG capable of producing the observed MW halo distribution.

The lower panel displays the results of the same analysis
for the six stars in the UFD sample. The two regions of
significant likelihood are analogs to the negative and positive

8 We find that some spurious likelihoods can arise from models that have
sample dispersions of ∼0.3 dex or less (i.e., on par with the observational or
systematic errors). These artifacts are caused by a limitation in the way the
2dKS test handles models with a relative dearth of data sampled in the wings
of its distribution (see Babu & Feigelson 2006; Babu & Rao 2004; Stephens
1974 for an explanation). Models with intrinsic dispersions of ≃0 are
emblematic of this limitation. Fortunately, such models can be trivially
identified (by their aforementioned dispersions) to be incompatible with the
observed data and are therefore recorded with likelihoods of less than 5%.

Figure 11. Same as Figure 10 for Ba yields.
(A color version of this figure is available in the online journal.)

κX trends found for the MW halo, but the paucity of observed
stars in the UFD sample means that a much broader set of
models are compatible with the observed chemical distributions.
Therefore, we see models with substantial likelihoods (p-values)
across more than two decades in MESG for a variety of κX
values. Despite the breadth of possible solutions found in
each panel, they demonstrate (as a whole) that our simple
model of stochastic enrichment is sufficient to explain the
Ti and Sr abundance ratio distributions in the MW halo and
UFDs simultaneously, provided that (1) the UFD systems were
enriched by a lower ESG mass than the progenitors to the
MW halo stars; and (2) Sr yields can be characterized by a
power law with a relatively larger |κX| when compared to Ti
yields.

4.4. Results from the [Ti/Fe]–[Ba/Fe] Plane

Figure 11 summarizes our analysis of model comparisons
to samples observed in the [Ti/Fe]–[Ba/Fe] plane. This fig-
ure offers additional confirmation of the results from the
[Ti/Fe]–[Sr/Fe] plane: that the same simple model of stochas-
tic enrichment with the same masses for MW halo and UFD
enrichers preferred can also explain the distributions in this
plane. The UFD results here suggest a slightly lower κX for the
MDY of Ba compared to Sr. Also, in the case of Ba, a nega-
tive MDY seems highly unlikely from our analysis. This result
can be explained by comparing the UFD distributions from
Figures 7 and 8 to the MESG = 102 M⊙ models from Figure 5.
It is apparent that a smaller negative offset along with a high
concentration of abundances is favored in the models (Figure 5).
A comparison of the observed distributions (Figures 7 and 8)
reveals that [Sr/Fe] values are significantly more similar to the
negative κX for MESG = 102 M⊙ models than the [Ba/Fe] val-
ues. However, it should be noted that we rule out the existence
of a negative κBa based on the MW halo data as the current
UFD data are inconclusive on their own. In the next section,
our results for “allowed” MDY strengths are compared with the
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Figure 2: Chemical abundances of stars in Reticulum II. 
Panels a-b: Abundances of neutron-capture elements Ba and Eu for stars in Ret II (large red 
points) compared to halo stars23 (small gray points) and UFD stars in Segue 1, Hercules, Leo IV, 
Segue 2, Canes Venatici II, Bootes I, Bootes II, Ursa Major II, and Coma Berenices (medium 
colored points, see references in refs. [11,14,15]). Arrows denote upper limits. The notation 
[A/B] = log10(NA /NB) – log10(NA/NB)sun quantifies the logarithmic number ratio between two 
elements relative to the solar ratio. The [Eu/Fe] ratios of the Ret II stars are comparable to the 
most r-process enhanced halo stars known. All other UFDs have very low neutron-capture 
abundances.  
Panel c: Neutron-capture abundance patterns of elements in the main r-process for the four 
brightest Eu-enhanced stars in Ret II compared to the scaled solar r and s process patterns9 
(purple and yellow lines, respectively). Solar abundance patterns are scaled to Ba. Each star’s 
abundances are offset by multiples of 5. All four stars clearly match the universal r-process 
pattern. The [Eu/Ba] ratios for the three fainter stars are also consistent with the universal r-
process pattern. We used spectrum synthesis to derive abundances of Ba, La, Pr, and Eu. Other 
neutron-capture element abundances were determined using equivalent widths of unblended 
lines. Error bars indicate the larger of 1) the standard deviation of abundances derived from 
individual lines accounting for small-number statistics; and 2) the total [Fe/H] error (including 
stellar parameter uncertainties). Stellar parameter uncertainties for Teff, log g, and 
microturbulence were 150K, 0.3 dex, and 0.15 km s-1 respectively. For the 7th and 9th stars in 
Table 1, the temperature errors were 200K due to low signal-to-noise and few iron lines. !

Applications of CARD Analysis



P. François et al.: Abundances in UfDSph red giants

Abundance ratios 

−4 −3 −2 −1 0
[Fe/H]

−1.0

−0.5

0.0

0.5

1.0

[M
g
/F

e
]

Abundance ratios 

−4 −3 −2 −1 0
[Fe/H]

−1.0

−0.5

0.0

0.5

1.0

[C
a
/F

e
]

Fig. 1. Alpha elements : Grey circles represent literature data for field stars gathered in Frebel

(2010) . Blue triangles are literature data for dwarf spheroidal galaxies. Red circles represent the

results for our sample of UfDSph stars.

Table 7. BooII-15 abundance comparison

Ion This paper Koch & Rich (2014)

[Fe/H] -3.08 -2.93

[C/Fe] -0.10 0.03

[Mg/Fe] 0.44 0.58

[Ca/Fe] 0.58 0.35

[Ba/Fe] < -0.28 < -0.62

we put the results from both studies in table 7. The results are in general good agreement. The

Carbon abundance has been computed by fitting a synthetic spectrum for the CH G band The [↵/

Fe] overabundance and the low [Ba/Fe] are characteristic of the galactic halo population. We found

a very low upper limit for strontium with a value of [Sr/Fe]  �2.22 dex. We also obtained a

comparable low value of strontium for the star Boo-7 with [Sr/Fe]  �1.32 dex. This low value

of strontium with respect to what is found in the halo stars of the same metallicity is generally

observed in UfDSph galaxies as shown in Fig 3.

5.2. Canes Venatici I

Abundances of Fe, Mg and Ca of a sample of stars belonging to CVnI have been reported by Kirby

et al. (2010) using low resolution spectra. Using the same Keck/DEIMOS medium resolution

11

• Lee et al. (2013) - Using CARD models to explain the differences in 
observed Halo and UFD star CARDs —> constraining yields & sites

Applications of CARD Analysis
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What are some observable predictions? How many stars must you 
observe in UFDs to find at least ONE superabundant stars in Ba or Sr?
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Fig. 3. Neutron capture elements : Grey circles represent literature data for field stars gathered in

Frebel (2010). Blue triangles are literature data for dwarf spheroidal galaxies. Red circles represent

the results for our sample of UfDSph stars. Red triangles represent upper limits for stars of our

sample.

the production of light neutron capture elements versus heavier neutron capture elements. At low

metallicity, strontium may be formed by the weak r-process (Wanajo , 2013). The large di↵erence

between the two mostly s-process element strontium and barium may come from a peculiar pol-

lution of the cloud which formed the star, the source being possibly a core-collapse supernova as

proposed by Wanajo (2013). More recently, Cescutti et al. (2015) have computed detailed models

of galactic chemical evolution of our Galaxy. Their computations have shown that the combination

of r-process production by neutron star mergers and s-process by spinstars (Pignatari et al. , 2008;

Frischknecht et al. , 2012) is able to reproduce the large range of [Sr/Ba] ratios at low metallicity.

It would be particularly interesting to obtain a high resolution high S/N spectrum of this star in

order to detect and measure the abundances of other n-capture elements and compare it with high

Sr low metallicity field halo stars.

5.4. Hercules

Koch et al. (2013) studied a sample of 11 red giant stars. They could detect the barium line at

6141.713 Å for three of them. Our results for Hercules are presented as red circles in Fig 8. We

have added the results from Koch et al. (2008, 2013) and Adèn et al. (2009).

Our sample has metallicities ranging from �2.28 dex to �2.83 dex. Our results show clearly an

increase of the [↵/Fe] ratios as the metallicity decreases. It is important to note that this e↵ect has
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Future Endeavors

Duane M. Lee, Ph.D. (Vanderbilt U.)  
Fisk-Vanderbilt Bridge Post-doctoral Fellow Image Credit: Nick Risinger

Clear Skies and Bug-less Codes! 
Thank You! Questions?

• Answer questions involving the r-process: what are all the significant sources 
for r-process elements? what is the dominant channel/source for the r-
process? Is [Ba/Fe] sufficient enough to distinguish between different r-
process channels or nucleosynthetic sites? What elements in general are good 
for disentangling nucleosynthetic enrichment sites from one another in GCE 
models? in observations 

• Refine my statistical methods approach to maximize the return on data 
inference as I expand my analysis into three or more CARD dimensions 

• Constrain the occurrence rate of neutron star mergers (+exotic SN) in UFDs 

• Derive general analytic solutions or approximations to the PDFs for MDY 
functions to increase the speed of analysis


