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Today: excitable media
1 Example of common real-world mechanism for pattern

formation
2 Can be modeled by cellular automata
3 Can understand the CA in some analytical detail

Two truly excellent books to read if this is at all interesting:
Winfree (1980, 1987)
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Excitable Media

Some facts about heart tissue:
Muscle cells work by contraction
Contraction needs electrical/chemical stimulation
Contraction works by pumping some chemical out of the cell and others in
Contraction is followed by “refractory period” (reversing the chemical pump)
Refractory cells cannot be excited into contraction
After refractory period cells can be excited but do not spontaneously contract
Contracting cells produce electrical pulses which stimulate neighbors
The heart is a closed manifold
Pacemaker node
Network of special fibers for conducting stimulation (“anastomosis”)
Wiener and Roseblueth (1946)
regular contractions, spiral waves, scroll waves
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Abstracting the mechanism

Three basic sorts of behavior:
Quiescent Standing around waiting; can be excited

Excited Doing something right now
Refractory Recovering from having been excited, cannot be

excited but does return to quiescence eventually
Assumption: excitation spreads, somehow, locally
What this leaves out: nature of excitation, mechanism of
spread, geometry of heart, change of geometry due to
contraction, nature of quiescence, pacemaker, conducting
fibers
“Excitable medium” is an abstraction and a mechanism
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Abstraction

Selects out certain features, hides others as details
math, software engineering
Promises — if the abstraction is valid — that it somehow
implements those features, that behavior, can count on it to
obey those rules
Requires that you not rely on any of the details of how they are
implemented, or even get to know what they are
(“restricted interface”, “handles” (Krieger, 1992))
Emergent macroscopic variables are abstractions
Finding good abstractions is difficult
In the social world, institutions work hard to make abstractions
valid (Stinchcombe, 2001)
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This is essentially mathematical thinking (Kitcher, 1983)

The first things I found out were that all
mathematical reasoning is diagrammatic and that all
necessary reasoning is mathematical reasoning, no
matter how simple it may be. By diagrammatic
reasoning, I mean reasoning which constructs a
diagram according to a precept expressed in general
terms, performs experiments upon this diagram, notes
their results, assures itself that similar experiments
performed upon any diagram constructed according to
the same precept would have the same results, and
expresses this in general terms.

— C. S. Peirce (quoted in Haaparanta (2001))
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Mechanism

recurring, recognizable causal pattern, sometimes but not
universally valid (Hedström and Swedberg, 1998; Hedström,
2005)
like a “pattern” in software engineering
See Salmon (1984); Giere (1988); Kitcher (1993); DeLanda
(2006) for interesting (and useful!) philosophy on mechanisms,
explanations, abstractions
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Other Exciting Things

Because mechanism is abstract can think about applying it to
other assemblages
need to check that it works!
neural tissue, epilepsy — neurons are also excitable cells;
spreading waves of excitation are Bad Things (seizures)
chemical oscillators
slime molds
Martian ice canyons

36-462 Lecture 11



Excitable Media
CA Models of Excitable Media

Mathematical Analysis of the Models
References

Chemical Oscillators: Belousov-Zhabotinsky Type

A ridiculously crude caricature:

A → B
A + B → 2B
B + C → 2C

C → D

B builds itself up from A autocatalytically
C does the same thing to A
C turns to D
ultimately reaction runs A → D
autocatalytic build-up: excitation
diffusion spreads excitation
quiescence: waiting for substrate chemicals to diffuse back in
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Chemical Oscillators: Turing Type

A different mechanism

A → A + I
I + A → D

A makes more of itself and I
I makes A inert
Assume I diffuses faster than A
local activation, long-range inhibition
proposed by Turing for plants, later proposed for animals
doesn’t seem to work like that
but can be realized chemically
Resulting patterns look very similar to excitable medium but it’s
not
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Dictyostelium discoideum

Cellular slime molds (Bonner, 1967, 1974, 1988)
See Johnson (2001) for nice account of the science and its
history here
Life cycle:

Free-living amoebae, crawl around eating bacteria, fission
Aggregation response to stress
Slug, “grex” Forms single mass, differentiated, responsive,

crawls uphill
Fruiting body Differentiates into stalk/spores, latter disperse
Mathematical modeling of aggregation goes back to Keller and
Segel (1970)
Marée and Hogeweg (2001) is first model (CA-based) for full
cycle
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From Wikipedia, s.v. “Dictyostelid”
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Development stages; copyright, M. J. Grimson & R.L. Blanton, Biological Sciences

Electron Microscopy Laboratory, Texas Tech University; via dictybase.org
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Aggregation: the amoeba
1 senses messenger chemical (cAMP) by receptor protein at

cell wall (stimulation)
2 extends pseudopod in direction of chemical, crawls

(excitation)
3 emits its own pulse of cAMP (spreading)
4 de-activates receptor (refractory)

messenger identified as cAMP in Konijn et al. (1967), just after
Bonner (1967)
Someone has to start it; generally response to hunger
Mutations in the genes for these proteins reliably affect pattern
formation (Sawai et al., 2005)
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www.uni-magdeburg.de/abp/picturegallery.htm

36-462 Lecture 11

www.uni-magdeburg.de/ abp/picturegallery.htm


Excitable Media
CA Models of Excitable Media

Mathematical Analysis of the Models
References

www.uni-magdeburg.de/abp/picturegallery.htm
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Mutants (top 2 rows), wild type (bottom row) Sawai et al. (2005)
36-462 Lecture 11



Excitable Media
CA Models of Excitable Media

Mathematical Analysis of the Models
References

Mars: Polar Ice Canyons (Pelletier, 2004)
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closeup (Pelletier, 2004)
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How do spiral troughs form on Mars?
Jon D. Pelletier Geosciences Department, University of Arizona, 1040 East Fourth Street, Tucson, Arizona 85721, USA

ABSTRACT

A three-dimensional model for the coupled evolution of ice-surface temperature and

elevation in the Martian polar ice caps is presented. The model includes (1) enhanced heat

absorption on steep, dust-exposed scarps, (2) accumulation and ablation, and (3) lateral

conduction of heat within the ice cap. The model equations are similar to classic equations

for excitable media, including nerve fibers and chemical oscillators. In two dimensions, a

small zone of initial melting in the model develops into a train of poleward-migrating

troughs with widths similar to those observed on Mars. Starting from random initial

conditions, the three-dimensional model reproduces spiral waves very similar to those in

the north polar ice cap, including secondary features such as gull-wing–shaped troughs,

bifurcations, and terminations. These results suggest that eolian processes and ice flow

may not control trough morphology.

Keywords: Mars, polar, ice cap, ablation, spiral trough.

Figure 1. Diagram of trough evolution and solution to equations (see text) in two
dimensions. A: Trough initiation involves rapid increase in ice-surface temperature
to its maximum value as scarp is steepened and dust layers are exposed. During
trough deepening, value of h steadily increases to its maximum value over time scale
!f ! 5 m.y., while temperature decreases in deeper parts of trough due to topographic
shielding. Note that "h is plotted instead of h in order to show actual topographic
shape (h refers to trough depth, "h refers to elevation). B: Solution to equations (see
text), using Runga-Kutta integration, with # $ 175 km2, !i $ 0.05, !f $ 1, and T0 $ 0.2.
Initial condition is small pulse with T > T0 at left side of domain. Solution at t1 $ 8 is
shown with three well-defined troughs.

INTRODUCTION

Howard (1978) proposed that the spiral

troughs of Mars form with an instability in

which the ice-surface temperatures of steep,

equator-facing slopes exceed 0 !C during

the summer, melting the ice locally to form

steeper, lower-albedo scarps (through expo-

sure of subsurface dust-rich layers) in a self-

enhancing feedback. In this model, some of

the water vapor released from the equator-

facing scarp may accumulate on the pole-

facing slope to form a self-sustaining,

poleward-migrating topographic wave. The re-

lationship between this model and the spiral

morphology of troughs has not been fully es-

tablished, but Fisher (1993) introduced an

asymmetric ice-velocity field into Howard’s

model and obtained spiral forms. Recent ob-

servations from the Mars Global Surveyor,

however, suggest that ice flow near the

troughs is not significant (Howard, 2000; Kolb

and Tanaka, 2001), and it remains unclear pre-

cisely how the spirals form and what controls

their spacing, orientation, and curvature.

In order to establish a clear link between

process and form for the spiral troughs, I have

constructed a three-dimensional model for

trough initiation and evolution. The model is

based on the processes in Howard’s migrating-

scarp model and includes the simplest math-

ematical descriptions of these processes in or-

der to determine the necessary conditions for

realistic spiral troughs. Lateral heat conduc-

tion is also included in the model, and this

element is crucial for obtaining realistic

troughs. The model does not include wind ero-

sion or ice flow. The equations are similar to

those from the field of excitable media, in

which solitary and spiral waves resulting from

the dynamics of two interacting variables have

been studied in detail.

MODEL DESCRIPTION

The model equations consist of two cou-

pled, scaled equations for the deviation of lo-

cal ice-surface temperature, T, from its equi-

librium value (the temperature at which no

accumulation or ablation takes place), and the

depth of local ice-surface topography, h, be-

low its equilibrium value (i.e., troughs have

positive h). The model includes three process-

es: lateral heat conduction,

"T
2# $% T; (1)

"T

accumulation and ablation,

"h 1
# T; (2)

"t &f

and heat absorption on sun-facing, dust-

exposed scarps,

"T
# f (T, h), (3)

"t

where

h = depth, T = temperature (Pelletier, 2004)

ice melts on sunny side, condenses on shady side, hole gets deeper and steeper
36-462 Lecture 11



Excitable Media
CA Models of Excitable Media

Mathematical Analysis of the Models
References

City Formation

Where to put your shop/factory/house?
after Krugman (1996); Fujita et al. (1999)
but see also Page (1998); Henderson et al. (2001)
Near others (positive feedbacks): share
supplies/infrastructure/resources, customers, short travel times
Away from others (negative feedbacks): avoid competition,
“nobody goes there any more, it’s too crowded” (land prices)
Local activation (positive feedback), long-range inhibition
(negative feedback)
Chance concentrations will grow, but also inhibit growth of close
competitors
principles also apply within cities
see Rietkerk et al. (2004) for ecological cases
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Tysons Corner, VA, circa 1962: One corner, gas station
Lots of cross-roads like this in northern VA near DC
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Tysons Corner, VA, circa 2006
2nd largest single retail center on east coast (after NYC)
http://www.washingtonairports.com/service/Healthy%20Economy.pdf
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Greenberg-Hastings CA

Greenberg and Hastings (1978)
κ ≥ 3 states, radius of rule ρ
state 0: resting/quiescent
state 1: excited
state 2–κ− 1: refractory
0 → 1 if ≥ θ neighbors are 1
k → k + 1 mod κ, automatically, if 1 ≤ k ≤ κ− 1
κ− 2 = length of refractory period
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Cyclic CA

Fisch et al. (1991a,b)
Get rid of absolute refractory period, make model more
symmetric
κ ≥ 3 states, radius of rule ρ
k → k + 1 mod κ if ≥ θ neighbors are k + 1 mod κ
each color “eats” the one before it in the cycle
think of a closed cycle of autocatalytic reactions
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The Basic CCA Story

Debris regions where nothing will change (immediately)
Droplets region with active dynamics
Defects points where phase is discontinuous, organizing

centers of spirals
Demons minimum-period spirals

Debris shrinks at the expense of droplets, droplets are
organized by defects, demons extend their tentacles and cover
everything
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Winding Number

Suppose we have a 2D curve around the origin `
winding number w(`): how many times it goes around origin
counter-clockwise (net)
in calculus:

w(`) ≡
∫

`
dθ (polar) =

1
2π

∫
`

x
x2 + y2 dx − y

x2 + y2 dy (Cartesian)

=
1

2πi

∫
`

dz
z

(complex)

CCA: we can’t draw continuous curves so add up discrete
phase changes around loop
Winding number is conserved by the CCA rule (inside droplets)
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The Forms of Limiting Behavior

Extinction All cells quiescent. In GH if too few excitations; not
possible for CCA

Fixation Configuration at fixed point; for CCA by “bootstrap
percolation”

Periodicity: incoherent little spatial order
Periodicity: spirals
Turbulence

[simulation]
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From Fisch et al. (1991b)
phase diagrams — qualitative behavior as a function of control
settings (ρ, θ, κ)
Sharp transitions between different phases in infinite size limit,
metastability at finite sizes
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