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A CLASS OF MACHINES WHICH DETERMIRE
THE STATISTICAL, STRUCTURE OF A SEQUENCE OF CHARACTERS

J. D. Foulkes
Bell Telephone Laboratories, Incorporated
Murray Hill, New Jersey

The machines described here try to ascertain
the statisticel structure of a sequence of charac-
ters drswn from & finlte and known &lphabet. They

~ assume that any sequence is the output of a sto-
chastic source of & restricted type, and they
attempt to build and improve & model of the source
on that basis.

1. Introduction

The machines deseribed in this paper were
originelly formulated in an attempt to model humen
bebkavior in experimental situations of the type
described by Bush and Mostellarl and Estes2, In
these experiments, a human observer is presented
with a sequence of 1l's end O's and is asked at
each trisl to estimete the probability of occur-
rence of & 1 on the next trial. It should be
emphasized that no claim is being made about how
accurately they reflect humen behavior. In what
follows it will be helpful to think of the machines
&8 replacing a human observer in an cut-guessing
situation of this sort.

2. A Simple Four State Machine

In attempting to guess the next character,
X, of a seqguence, one could assume it depended
solely on the previcus N characters; where N-is a
fixed mumber. A machine which employs this strat-
egy for N = 2 is shown in Fig. 1{b). It has four
"states", laebeled O through 3 in the disgram, and
these are intercomnected by directed branches
which represent transitions between states. EFEach
state is associated with & perticular sequence of
two trlals, and the 1-0 branches connecting the
states are consistent with this hypothesls. Thus
every time the machine is in state 01, the two
previous trials have been 0}, If the next trial
results in a 1 the machine proceeds to state 11,
if it 1s an 0, 1% goes to state 10. Assoclated
with each state are two counters which keep track
of the number of times 0 and 1 have occurred when
the machine was in that state. These counters &are
represented diasgrammatically in Fig. 1{e). In
effact these counters keep a running account of an
estimate of the conditional probabillty of a 1
given the di-gram assoclated with each state.

In & typical out-guessing experiment the
machine would operate as follows. At the start
all counters are set to one, and an arbitrary

Tuecthde of Reedd Figueer (£RE vesten Electraize (Wes €on)
4 [9{;'9) 0., —? L‘) A.A'h"g:sﬁ‘h?, Coutra ’) Electronie Com puter

C.U hv&h"‘\“&'t\ RﬁCDraQ)
thd fnﬁnmq +IDV\

ﬂwr/

sterting stete is selected, state O1 gay, The
counter readings of this state represent ths
machines estimate of the probebility of a ] on
the next trial, 0.5 in this case. The machina
ig then informed of the outcome of the first
trial. If i1t is a ], the one's counter of state’
01 adde one to its count and the machine goes tq
atate 11, 1f 1t ls en O the zero counter stepa
one end the machine proceeds to state 10, At
each trial the machine 1s some state whose coup.”
ters indicate the machines estimate of a1 on the
next trisl. The outcome of that trisl decides
which counter of the state is processed and what
the next state iz, There are varlous methods of .
converting the machines probability estimates
into an output sulteble for a particular experi.
mental situation. This will not concern us here,
the estimetes themselves will be considered the

output.

It ig interesting to see what the machines
performance 1s in a few specificcases. If the
machine is presented with the repetitive sequencs
101010 etc., the counters of states 01 and 10 will
soon set in such a way thet the machine's pre-
dictions will be correct. In & similar way the
machine will catch on to 811 repetitive sequences
of length three and one of length four. If the
machine-is-presented with-a-statistical schedule -
whose structure depends on n-grams of length two -
or less, the probaebility estimates given by the
machines counters will settle down to steady
state values.

Larger machines of this type for N > 2 have
a state associated with each block Sy of the
previous N characters, Fig. 1(a), and are inter-
connected by lines in a consistent way, see
Ref. 3. D. W. Hagelbargers' machine SEERY is a
machine of this type for ¥ = 3.

3. Varisble N-gram Machines

An interesting verient of the mechines de-
scribed in the previous section are machines for
which N varies. Fig. 2 for example shows a basic
diagram machine which has been extended in such &
way that for strings of 1's and O's the machine- -
can count up to four. For human observers, there
ig a small smount of evidence to suggest that the
mmber of previous inputs which affect a judgment
copcerning the next input varies and depends on




the getailed pature of the previous inputs. To
11ustrate the implications of this fact, notlce
ihat the machine in Fig. 2 will "ecatch on" to

re lengthy repetltive patterns of the type

18 followed by k 0's, but it fails to catch
Eimple patterns which involve more than one change
grom 1 to O in a sequence e.g. 10110,

y, Japel, & State Splitting Machine
One severe limitation of the sbove machines
s thet they are incepable of improving thelr
performance. E.G. if the machine of Fig. 1{b)
™ presen'bed with the repetitive sequence 0010 it
yill prescribe & figure of 8 path through the
states 10, 00 and 01, see Fig. 3(a). The counters
of states Ol and 10 will correctly predict the
pext charscter, but the counter of state 00 will
escillate about & 50-50 prediction. The mechines
ctions can be represented 072007200 etc. and
1t is incepsble of improving this performance.
Suppose however, that the mechine could spiit
state 00 into two states, 100 apd 000 as in
Fg. 3(b). The figure of 8 15 opened into a loop
and the resulting machine will catch the pattern.

A mechine capable of splitting states would
operate in the following way. Each state 1s
associsted with an N-grem of characters and it
gncorporates three counters, see Fig. k. Ome
counter keeps track of the conditional probabil-
ity of the next character X given the n-gram of
the state Sy , i.e. this counter carries an
estimate of P(X/Sy). The other two counters per-
form a similsr fumetion for two embryo, {n+l)-
gram states which the state embodies, i.e. these
couniters keep running estimates of P(X/OSy) and
P(X/15y). A statistical likelihood test can be
used to decide whether these estimates of condi-
tional probebilities agree or not. If they
#éspgree the state splits. The parent state 1s
destroyed and the embryos become parent states
embodying embryos. One further feature needs to
be bullt intc the machine. It should be &ble to
melgamate states. If the counters of two states
{vhose n-grams are ldentical except in the last
place), indicate sigrificantly similar condition-
al probsbilities, they should be =mmalgamated,
1.e. they become embryos' in a single parent
State, In this way the machine can correct mis-
takes due to chance splittings.

A machine of this type is cellular in
:ﬂtttre and capable of growing in amceba-like
ashion. It starts with a single state which
Sounte the letter frequencies of the sequence and
ﬁits & watch dog account of the diagram probab-
1es, If the diagrams indicate statistically
erent behavior, a split occurs and the
Machine grows., At eny stage of growth the
3 e 15 counting those n-grems which its
$xperience has shown to be significant, and it
Nn“ (n-i-mlns & watch dog interest in the next level
et ~grems, For convenience a machine of
cmg_l’e ¥111 be called a Janet machine.’ Janet
t:e is not limited to an alphabet of two
. 5. In principle & Janet machine to
: fny sized alphsbet can be designed.

5, Limitations

It is naturel to ask what s machine of this
type 18 good for. TIn general if it is exposed to
a source which emits characters from a finite
elphebet, known to the machine, it will split
states and expend indefinitely. Only for a very
limited class of sources will the machine stabl-
lize its form and size.

The concept of structure for a sequence of
characters is difficult to define in a sufflei-

ently genersl way to cover all caeses. Consider
the seguencies:
01000110000101 (1)
10101116110016001 ) (2)
0110100110010110 (3)

The first i & sample of the output of the
stochastic source shown in Fig. 5{a). In the
second every fourth syrbol is & 1 and the other
gymbols are 1 and O with 0.5 probability.

The third is generated by the following
rule: write a symbol and then write 1ts compli-
ment; write the compliments of this pair and the
compliments of these four etc. It is difficult
10 cover cases such as these in a general defini-
tion of structure and perhsps it is rather point-
less from a practical standpoint. Janet was
designed with atochastic sources in mind, i.e.
the mathematical mgels of language employed ln
Information Theory.©® In general these models
consist of graphs with directed branches and
assoclated with the branches are transitional
probabilities and output symbols, Fig. 5{a). A
process defined in this way is essentially
stochastic on the nodes or states of the graph,
and the output symbols are almost artifsets. In
order for the process to be stochastic on the
output symbols the graph must have the property
that 1f we know the present state and the next
output symbol, the next state is always known.

A process of this type will be called a Shannon
type source, see Ref. 7. Figs. 5(a) and (b)

show non-Shannon and Shannon type sources
respectively. An n-gram Shannon source will be
defined es one in which a unique n-gram of output
symbols 15 associated with every node of the
graph. Every time the process enters a partlcular
node, the n symbols associated with that node have
Just been emitted. Fig. 5(c) shows a simple n-
gram source. One further restriction needs to be
imposed on the source if the machines deseribed
here are to converge. Let P{X/Sy) stand for the
conditional probability of the next output symbol
X glven a block of length N of the previous out-
puts, vhere N is not necessarily equal to n.
Similarly let P(X/Y5Sy) stand for the conditional

probability of X given the block Sy preceded by
the symbol Y. Consider the comdition:
If, for some Sy end a1l X and ¥
P(X/¥Sy) = P(X/SN)

Then P(X/SySy) = P(X/Sg) {1)
for all Sk




Tot &ll Shannon type n-gram sources satisfy
condition (1), e.g. consider a source which
repetitively emits the pattern 00011011. {This is
the pequence of mumbers 0123 expressed in pinary
form.) The letter frequencies, P(X/Sqg), are one
Belf and the probebilities P(X/S;) are also a
half. The conditional probsbilities P(X/Sp) are
not gll the seme, however, 010 for exsmple never
occurs. When presented with this source Janet
would pever split its initial letter frequency
state and yet the pattern clearly comes from an
n-grem Shannon Source.

For simplicity let us call an n-gram source
satisfying condition {1) and H-source. Provided
reasonsble care 1s exercised in the cholce of the
statlstical criterion used to split and amalgam-
ate stetes, Janet will converge on a true estim-
ate of the source 1f 1t is a finite H-source. Ie
the source is not an H-type, the machine of
course will assume that it is end it will attempt
to build a model on this basis. This will pro-
bebly cause it to expand indefinitely, but at
each stage the machine will have, within the
1imitations of its H-type sssumption, and approd-
mation of the source. The wtility of this esti-
mate will very but for the practical cages of
language and music it is plausible that an H-type
spproximation would be very good.

6. Experiments

In sn effort to study some of the implica-
tions of these remarks a simalation routine for
the IBM 704 was written by Mre. C. Lockbaum. The
routine employs an X2 test to declde when to
split or emalgemete states. Two of the experl-
ments performed will be described. In both of
them Janet was presented with 1's and O's emana-
ting from the source shown in Fig. 6. The ringed
mmbers in the dlagram indicate the transitional
probabilities in sixteenths. In the firat ex-
periment a confidence level of 10% was set for
splitting a state, and 5% for smalgamating two
states. Fig. 7 shows the successive developments
in Janets growth. It cen be seen from this table
that Janet grew with slow deliberation imte ‘the
form of the source and solidly steyed there. The
same type of behavior was observed for confidence
levels of 20%-10%, 20%-15%, and 20%-18%. In the
gecond experiment a level of was set for
splitting and 20% for smalgemating. Fig. 8 shows
the results. It can be seen that Janet over-

ghoots the correct form of the source twice be-
Pore settling down. A future paper will describg
other experiments.

7. Conclusions

Modern computers probsbly have sufficient o
capacity to simulate a Janet machine which
handles a large vocebulary end lengthy n-grems, .
A rough estimete for example shows that the 7ok -
could probably simulete a Janet capable of ang.
lyzing the Bach Chorals oub to n-grams of length
10. ‘The adventage of using Jenet rather than g :
stralght n-gram count is that for a computer with
fixed cepacity Janet will probably obtein a
better n-gram epproximation of the source. 3
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NUMBER STATES
QF TRIALS PRESENT
Up to 300 Letter Frequency State
300 to o, 1
hoo
k30 to o, 0, 11
800
&00 to co, 10, 01, 11
100G
100G to Qoc, 10, 10, 01, 11
150¢
1500 to 0G0, 100, i¢, o©o1, 101, 11
1700
1700 to The form of the source.
3000
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NUMBER STATES
QF TRIALS PRESENT
Up to 100 Letter Frequency State
100 to o, 1L
200
200 to o, 01, 1
oo :
400 to go, o©1, o, 11
500G
500 to coo, 1oo, o1, 1o, 11
600
600 to 000, 1loo, ool, 101, 10, 13
QG0
900 to 000, 100, 00O, 1001, 101, 10, 11 %
2500
2500 to 0000, 1000, 100, ©OCL, 1001, 101, 10, 11
2600
2600 to oo0, 100, ©ool, looi, 10, 10, 11
3000
3000 to 0co, 100, 0001, 1001, 101, 100, 10, 11
4800
4800 000, 100, ©Ocol, 1ool, 101, 10, 11 ¥

*Tndicates correct form of source.

Fig. 8
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