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36-752: Lecture 1

How is this course different from your earlier probability courses? There are some prob-
lems that simply can’t be handled with finite-dimensional sample spaces and random vari-
ables that are either discrete or have densities.

ExaAMPLE 1. Try to express the strong law of large numbers without using an infinite-
dimensional space. Oddly enough, the weak law of large numbers requires only a sequence
of finite-dimensional spaces, but the strong law concerns entire infinite sequences.

ExAMPLE 2. Consider a distribution whose cumulative distribution function (cdf) in-
creases continuously part of the time but has some jumps. Such a distribution is neither
discrete nor continuous. How do you define the mean of such a random variable? Is there
a way to treat such distributions together with discrete and continuous ones in a unified
manner?

General Measures. Both of the above examples are accommodated by a generaliza-
tion of the theories of summation and integration. Indeed, summation becomes a special
case of the more general theory of integration. It all begins with a generalization of the
concept of “size” of a set.

EXAMPLE 3. One way to measure the size of a set is to count its elements. All infinite
sets would have the same size (unless you distinguish different infinite cardinals).

EXAMPLE 4. Special subsets of Euclidean spaces can be measured by length, area, vol-
ume, etc. But what about sets with lots of holes in them? For example, how large is the set
of irrational numbers between 0 and 17

We will use measures to say how large sets are. First, we have to decide which sets we
will measure.

DEFINITION 5. Let Q be a set. A collection F of subsets of ) is called a field if it
satisfies

e Qe F,
e for each A€ F, A° ¢ F,
o forall Aj, Ay e F, Ay UA, € F.
A field F is a o-field if, in addition, it satisfies

e for every sequence {Ag}2°, in F, Upe, A € F.

We will define measures on fields and o-field’s. A set €2 together with a o-field F is called
a measurable space (€, F), and the elements of F are called measurable sets .
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ExXAMPLE 6. Let €2 = IR and define U to be the collection of all unions of finitely many
disjoint intervals of the form (a,b] or (—o0,b] or (a,00) or (—oo, 00), together with @. Then
U is a field.

EXAMPLE 7. (POWER SET) Let € be an arbitrary set. The collection of all subsets of
) is a o-field. It is denoted 2 and is called the power set of €.

EXAMPLE 8. (TRIVIAL o-FIELD) Let © be an arbitrary set. Let F = {Q, @}. This is
the trivial o-field.

DEFINITION 9. The extended reals is the set of all real numbers together with co and
—00. We shall denote this set IR. The positive extended reals, denoted R is (0, 00|, and the

nonnegative extended reals, denoted R™is [0, o0].

DEFINITION 10. Let (€2, F) be a measurable space. Let u: F — R satisfy
° w@) =0,
e for every sequence { A }7°, of mutually disjoint elements of F, pn(Upe; Ax) = D ey 11(Ag).

Then p is called a measure on (2, F) and (£, F, u) is a measure space. If F is merely a field,
then a p that satisfies the above two conditions whenever (J;-, Ay € F is called a measure
on the field F.

ExaMpPLE 11. Let Q be arbitrary with F the trivial o-field. Define pu(@) = 0 and
wu(2) = ¢ for arbitrary ¢ > 0 (with ¢ = oo possible).

EXAMPLE 12. (COUNTING MEASURE) Let  be arbitrary and F = 2%, For each finite
subset A of €2, define p(A) to be the number of elements of A. Let u(A) = oo for all infinite
subsets. This is called counting measure on ().
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36-752: Lecture 2

For every collection C of subsets of €2, there is a smallest field containing C and a smallest
o-field containing C. These are called the field generated by C and the o-fieldgenerated by
C . Just check that the intersection of an arbitrary collection of fields is a field and the
intersection of an arbitrary collection of o-field’s is a o-field. These collections are nonempty
because 29 is always a o-field that contains every collection of subsets of Q. The o-field
generated by C is sometimes denoted o (C).

EXERCISE 13. Let Fi, F», ... be classes of sets in a common space §2 such that 7, C F, 1
for each n. Show that if each F,, is a field, then U2 F,, is also a field.

If each F,, is a o-field, then is U ; F,, also necessarily a o-field? Think about the following
case: () is the set of nonnegative integers and F,, = o({{0}, {1}, ...,{n}}).

ExXAMPLE 14. Let C = {A} for some nonempty A that is not itself Q. Then o(C) =
{@,A, A9, Q}.

ExAMPLE 15. Let Q = IR and let C be the collection of all intervals of the form (a, b].
Then the field generated by C is U from Example 6 while o(C) is larger.

EXAMPLE 16. (BOREL o-FIELD) Let €2 be a topological space and let C be the collection
of open sets. Then o(C) is called the Borel o-field. If Q = IR, the Borel o-field is the same
as o(C) in Example 15. The Borel o-field of subsets of IR* is denoted B.

EXERCISE 17. Give some examples of classes of sets C such that o(C) = B*.
EXERCISE 18. Are there subsets of IR which are not in B'?

DEFINITION 19. Let (Q,F, P) be a measure space. If P(2) = 1, then P is called a
probability, (Q, F, P) is a probability space, and elements of F are called events.

Sometimes, if the name of the probability P is understood or is not even mentioned, we
will denote P(F) by Pr(FE) for events E.

Infinite measures pose a few unique problems. Some infinite measures are just like finite
ones.

DEFINITION 20. Let (2, F, ) be a measure space, and let C C F. Suppose that there
exists a sequence {A,}°°; of elements of C such that p(A,) < oo for all n and Q = J>7 | A,.
Then we say that p is o-finite on C. If u is o-finite on F, we merely say that p is o-finite.

EXAMPLE 21. Let Q = Z with F = 2% and p being counting measure. This measure is
o-finite. Counting measure on an uncountable space is not o-finite.

EXERCISE 22. Prove the claims in Example 21.
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Properties of Measures. There are several useful properties of measures that are
worth knowing.
First, measures are countably subadditive in the sense that

(23) ft (U An) <> (A,

for arbitrary sequences {A,}°°,. The proof of this uses a standard trick for dealing with
countable sequences of sets. Let B; = A; and let B, = A,, \ U?:_ll B; for n > 1. The B,’s
are disjoint and have the same finite and countable unions as the A,,’s. The proof of (23)
relies on the additional fact that pu(B,) < u(A,) for all n.

Next, if p(A,) = 0 for all n, it follows that p(|J;—; A,) = 0. This gets used a lot in
proofs. Similarly, if 4 is a probability and p(A,) = 1 for all n, then p ()2, A,) = 1.

DEFINITION 24. Suppose that some statement about elements of Q holds for all w € A®
where p(A) = 0. Then we say that the statement holds almost everywhere, denoted a.e. [p].
If P is a probability, then almost everywhere is often replaced by almost surely, denoted a.s.

[P].

ExXAMPLE 25. Let (§2, F, P) be a probability space. Let {X,,}>°, be a sequence of func-
tions from 2 to IR. To say that X, converges to X a.s. [P] (denoted X,, 5 X) means that
there is a set A with P(A) =0 and P({w € A% : lim,, o, X, (w) = X(w)}) = 1.

PROPOSITION 26. If puy, o, ... are all measures on (2, F) and if {a,}32, is a sequence
of positive numbers, then Y " | anfiy is a measure on (€2, F).

EXERCISE 27. Prove Proposition 26.

DEFINITION 28. Define the indicator function 14 : @ — {0,1} for the set A C Q as
In(w)=1ifwe Aand I4(w)=0ifw e A°.

DEFINITION 29. Let (€, F, ) be a measure space. A sequence {A4,}2°, of elements
of F is called monotone increasing if A, C A,,1 for each n. It is monotone decreasing if
A, D A, for each n. For a general sequence, we define

limsup 4, = ﬁ G A,,

n—oo . .
i=1n=1

ligiolgf/ln = D ﬁ A,

i=1n=1

If lim sup,,_,, A, = liminf, . A,, the common set is called lim,,_,, A,,. The set limsup,,_, . 4,
is often called A,, infinitely often or A, i.0. because a point w is in that set if and only if w
is in infinitely many of the A,, sets. The set liminf,,_ . A, is often called A, all but finitely
often or A, eventually (A, ev.). This set has all those w such that w is in all of the A, except
possibly finitely many of the A, i.e., eventually.
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EXERCISE 30. What is the relationship between the definition of the lim sup and lim inf
of a sequence of reals {x,,}>°, and this definition of the limsup and liminf of a sequence of
sets?

EXERCISE 31. Define A,, to be the set (—1/n,1] if n is odd, and to be (—1,1/n] if n is
even. What are limsup,,_, . 4, and liminf,, . A,7

It is easy to establish some simple facts about these limiting sets.

PROPOSITION 32. Let {A,}22, be a sequence of sets.

e liminf, . A, =limsup, . A,, if and only if, for each w, lim, ., I4,(w) ezists.
e [f the sequence is monotone increasing, then lim,,_. . A, = Uzozl A,.

e If the sequence is monotone decreasing, then lim, ... A, = () —, An.

EXERCISE 33. Prove Proposition 32.
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36-752: Lecture 3

LEMMA 34. Let (Q,F, ) be a measure space. Let {A,}5°, be a monotone sequence of
elements of F. Then lim, . u(A,) = p(lim, .« A,) if either of the following hold:

e the sequence is increasing,

o the sequence is decreasing and p(Ay) < oo for some k.

PROOF. Define A, = lim,,_., A,. In the first case, write By = A; and B, = A, \ 4,1
for n > 1. Then A, = |J;_, By for all n (including n = 00). Then p(A,) = >, _, 1n(By),
and

p(lim A,) = p(As) = D p(Bi) = lim S~ pu(By) = lim pu(A,).
k=1 k=1

In the second case, write B,, = A, \ A, for all n > k. Then, for all n > k,
n—1
A\A, = B
i=k
A\Ax = | JB
i=k

By the first case,

Tim p(Ap\ Ap) = p (U Bi) = p(Ar\ Ax).

i=k
Because A, C A for all n > k and A, C A, it follows that

1A\ An) = p(Ar) — p(An),
AR\ Ase) = p(Ak) — p(Asc)-

It now follows that lim,, ., u(A,) = p(As). O

EXERCISE 35. Construct a simple counterexample to show that the condition u(Ay) <
oo is required in the second claim of Lemma 34.

Uniqueness of Measures. There is a popular method for proving uniqueness theo-
rems about measures. The idea is to define a function p on a convenient class C of sets and
then prove that there can be at most one extension of i to (C).

ExaAMPLE 36. Suppose it is given that for any a € IR,

Pl—a) = [ —=

Does that uniquely define a probability measure on the class of Borel subsets of the line, B'?

exp(—u*/2) du.
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DEFINITION 37. A collection A of subsets of Q is a w-system if, for all A;, Ay € A,
A1NAs € A A class Cis a A-system if

e N e,
e for cach A €C, AY € C,

e for each sequence {A4,}>°; of disjoint elements of C, | J,~, 4, € C.

ExAMPLE 38. The collection of all intervals of the form (—o0, a] is a w-system of subsets
of IR. So too is the collection of all intervals of the form (a,b] (together with @). The
collection of all sets of the form {(z,y) : # < a,y < b} is a 7-system of subsets of IR*>. So
too is the collection of all rectangles with sides parallel to the coordinate axes.

Some simple results about m-systems and A-systems are the following.

PROPOSITION 39. If Q) is a set and C is both a mw-system and a A-system, then C is a
o-field.

PROPOSITION 40. Let 2 be a set and let A be a \-system of subsets. If A € A and
ANB € A then AN B® € A.

EXERCISE 41. Prove Propositions 39 and 40.

LEMMA 42. (7 — XA THEOREM) Let Q be a set and let I be a mw-system and let A be a
A-system that contains II. Then o(I1) C A.

PROOF. Define A\(II) to be the smallest A-system containing II. For each A C ), define
G4 to be the collection of all sets B C 2 such that AN B € A(II).

First, we show that G, is a A-system for each A € A(II). To see this, note that AN €
AMID), s0 Q € Ga. If B € G4, then ANB € A\(II), and Proposition 40 says that ANBC € \(I),
so BY € G4. Finally, {B,}5%, € G4 with the B, disjoint implies that A N B,, € A\(I) with
ANB,, disjoint, so their union is in A(II). But their union is AN(UU,;~, By). So .~ By, € Ga.

Next, we show that A\(II) C G for every C € A(II). Let A, B € II, and notice that
ANB e 1l, so B € G4. Since G4 is a A\-system containing II, it must contain A(II). It follows
that AN C € A(II) for all C' € A(II). If C' € A(II), it then follows that A € G¢. So, II C Go
for all C' € A(II). Since G¢ is a A-system containing II, it must contain A(II).

Finally, if A, B € A(II), we just proved that B € G4, so AN B € A(II) and hence A(II) is
also a m-system. By Proposition 39, A(II) is a o-field containing IT and hence must contain
o(II). Since A(IT) C A, the proof is complete. [

The uniqueness theorem is the following.
THEOREM 43. Suppose that py and po are measures on (Q, F) and F is the smallest

o-field containing the w-system I1. If py and po are both o-finite on 11 and they agree on 11,
then they agree on F.
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PROOF. First, let C' € II be such that pi(C) = us(C) < oo, and define G to be the
collection of all B € F such that u1(BNC) = pu(BNC). It is easy to see that Go is a
A-system that contains II, hence it equals F by Lemma 42. (For example, if B € G¢,

(BN C) = m(C) = m(BNC) = pa(C) = po(BNC) = pa(BE N O),

so B¢ € G¢.)

Since up and pg are o-finite, there exists a sequence {C,}°2, € II such that pu,(C,) =
p2(Cy) < 00, and Q = J)~, C,,. (Since IT is only a 7-system, we cannot assume that the C,,
are disjoint.) For each A € F,

n—00 )
=1

Since p; (Ui, [Ci N A]) can be written as a linear combination of values of y1; at sets of the
form AN C, where C' € II is the intersection of finitely many of C,...,C,, it follows from
A € G that gy (Ui, [Ci N A]) = po (Ui, [Ci N A4]) for all n, hence p1(A) = po(A). O

EXERCISE 44. Return to Example 36. You should now be able to answer the question
posed there.

EXERCISE 45. Suppose that Q = {a,b,¢,d, e} and I tell you the value of P({a,b}) and
P({b,c}). For which subset of 2 do I need to define P(-) in order to have a unique extension
of P to a o-field of subsets of Q7
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36-752: Lecture 4

Measures Based on Increasing Functions. Let F' be a cdf (nondecreasing, right-
continuous, limits equal 0 and 1 at —oo and oo respectively). Let U be the field in Example 6.
Define o : U — [0, 1) by p(A4) = S5, F(by) — Flay) when A = Up_(ay, be] and {(ax. b}
are disjoint. This set-function is well-defined and finitely additive. To see that it is well-
defined, look at an alternative representation as u(A) = 37", F(d;) — F(c;). Consider the
partition of A into the refinement of the two partitions given. The sum over the refinement
is the same as both of the two sums we started with. Is u countably additive as probabilities
are supposed to be? That is, if A = J;°, A; where the A;’s are disjoint, each A; is a union
of finitely many disjoint intervals, and A itself is the union of finitely many disjoint intervals
(a,bg] for k=1,...,n, does p(A) = >"7, u(A;)? First, take the collection of intervals that
go into all of the A;’s and split them, if necessary, so that each is a subset of at most one of
the (ay, by intervals. Then apply the following result to each (ag, by).

LEMMA 46. Let (a,b] = U, (ck, di] with the (¢, dg]’s disjoint. Then F(b) — F(a) =
et F(di) — Fler).-

PROOF. Since (a,b] D |U,_,(ck, di] for all n, it follows that F'(b) — F(a) > > r_, F(dy) —
F(cy), hence F(b) — F(a) > >, F(dy) — F(c). We need to prove the opposite inequality.
Suppose first that both a and b are finite. Let € > 0. For each k, there is e, > dj, such
that .
F(dy) < F(ex) < F(dg) + T

Also, there is f > a such that F(a) > F(f) —e. Now, the interval [f,b] is compact and
[f,b] € U (¢, ex). So there are finitely many (¢, e;)’s (suppose they are the first n) such
that [f,b] C U,_, (ck, ex). Now,

F(b)— F(a) < F(b) = F(f)+e<e+ Y Flex) = Fler) <2+ Y Fdy) — Fle).

It follows that F'(b) — F(a) < 2e+ Y oo, F'(dx) — F(cg). Since this is true for all € > 0, it is
true for e = 0.

If —co =a <b< oo, let g > —o00 be such that F(g) < e. The above argument shows
that

F(b) = Flg) < 3 Fld v g) ~ F(eeV g) < S Flde) — Fle)
k=1 k=1

Since lim,_._, F(g) = 0, it follows that F(b) < > 77, F(dy) — F(cy). Similar arguments

work when a < b =00 and —co =a < b= o0. [J

In Lemma 46 you can replace F' by an arbitrary nondecreasing right-continuous function
with only a bit more effort. (See the supplement following at the end of this lecture.)

The function i defined in terms of a nondecreasing right-continuous function is a measure
on the field . There is an extension theorem that gives conditions under which a measure
on a field can be extended to a measure on the generated o-field. Furthermore, the extension
is unique.
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EXAMPLE 47. (LEBESGUE MEASURE) Start with the function F'(z) = x, form the mea-
sure 1 on the field U and extend it to the Borel o-field. The result is called Lebesgue measure,
and it extends the concept of “length” from intervals to more general sets.

EXAMPLE 48. Every distribution function for a random variable has a corresponding
probability measure on the real line.

Another concept that is occasionally useful is that of a complete measure space.

DEFINITION 49. A measure space (2, F,u) is complete if, for every A € F such that
u(A)=0and every BC A, B€ F.

THEOREM 50. (CARATHEODORY EXTENSION) Let p be a o-finite measure on the field
C of subsets of Q). There exists a o-field A that contains C and a unique extension p* of u
to a measure on (2, A). Furthermore (Q, A, u*) is a complete measure space.

EXERCISE 51. In this exercise, we prove Theorem 50.
First, for each B € 29, define

(52) i (B) = inf 3 (A,

where the inf is taken over all {4;}3°, such that B C [J;°, A; and A; € C for all 7. Since C
is a field, we can assume that the A;’s are mutually disjoint without changing the value of
w*(B). Let

A={Bec2%: " (0)=p(CNB)+ pu(CnN B, forall C € 29}.
Now take the following steps:
1. Show that p* extends p, i.e. that p*(A) = pu(A) for each A € C.
2. Show that p* is monotone and subadditive.
3. Show that C C A.
4. Show that A is a field.
5. Show that p* is finitely additive on A.
6. Show that A is a o-field.
7. Show that p* is countably additive on A.
8. Show that p* is the unique extension of x4 to a measure of (£2,.4).

9. Show that (€, .4, u*) is a complete measure space.
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Supplement: Measures from Increasing Functions

Lemma 46 deals only with functions F' that are cdf’s. Suppose that F' is an unbounded
nondecreasing function that is continuous from the right. If —oo < a < b < 00, then the proof
of Lemma 46 still applies. Suppose that (—oo,b] = Jo—(ck, di] with b < oo nd all (cg, dy]
disjoint. Suppose that lim, ., F(z) = —oo. We want to show that >~ F(dy) — F(cx) =
oo. If one ¢ = —o0, the proof is immediate, so assume that all ¢, > —oo. Then there must
be a subsequence {k;}32, such that lim; .. ¢, = —oo. For each j, let {(c},,,d; ,]}72, be the
subsequence of intervals that cover (c;,b]. For each j, the proof of Lemma 46 applies to
show that

(53) F(b) — F(ex,) = Z F(d,,) — F(c,,).

As j — oo, the left side of (53) goes to oo while the right side eventually includes every
interval in the original collection.

A similar proof works for an interval of the form (a,00) when lim, ., F(z) = co. A
combination of the two works for (—oo, 00).
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36-752: Lecture 5

Measurable Functions. Measurable functions are the types of functions that we can
integrate with respect to measures in much the same way that continuous functions can
be integrated “dz”. Recall that the Riemann integral of a continuous function f over a
bounded interval is defined as a limit of sums of lengths of subintervals times values of f
on the subintervals. The measure of a set generalizes the length while elements of the o-
field generalize the intervals. Recall that a real-valued function is continuous if and only if
the inverse image of every open set is open. This generalizes to the inverse image of every
measurable set being measurable.

DEFINITION 54. Let (Q,F) and (S,.A) be measurable spaces. Let f : 2 — S be a
function that satisfies f~'(A) € F for each A € A. Then we say that f is F/A-measurable.
If the o-field’s are to be understood from context, we simply say that f is measurable.

EXAMPLE 55. Let F = 22. Then every function from 2 to a set S is measurable no
matter what A is.

EXAMPLE 56. Let A = {@,S}. Then every function from a set §2 to S is measurable,
no matter what F is.

Proving that a function is measurable is facilitated by noticing that inverse image com-

mutes with union, complement, and intersection. That is, f=*(AY) = [f~1(A)]¢ for all A,
and for arbitrary collections of sets { Ay }aex,

f (U%) = U,

aeX aeR
f <ﬂ Aa> = [/ '(4a).
aER aeN

EXERCISE 57. Is the inverse image of a o-field is a o-field? That is, if f: Q — S and if
A is a o-field of subsets of S, then f~'(A) is a o-field of subsets of (2.

PROPOSITION 58. If f is a continuous function from one topological space to another
(each with Borel o-field’s) then f is measurable.

The proof of this makes use of Lemma 60.

DEFINITION 59. Let f: Q — S, where (S, .A) is a measurable space. The o-field f~!(A)
is called the o-field generated by f. The o-field f~(A) is sometimes denoted o(f).

It is easy to see that f~1(A) is the smallest o-field C such that f is C/A-measurable. We
can now prove the following helpful result.
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LEMMA 60. Let (Q,F) and (S,.A) be measurable spaces and let f : Q2 — S. Suppose that
C is a collection of sets that generates A. Then f is measurable if f~*(C) C F.

EXERCISE 61. Prove Proposition 60.

DEFINITION 62. If (Q, F, P) is a probability space and X : Q — IR is measurable, then
X is called a random variable. In general, if X : Q — S, where (5, .4) is a measurable space,
we call X a random quantity.

EXERCISE 63. Prove the following. Let S = IR in Lemma 60. Let D be a dense subset
of IR, and let C be the collection of all intervals of the form (—o0,a), for a € D. To prove
that a real-valued function is measurable, one need only show that {w : f(w) < a} € F for
all a € D. Similarly, we can replace < a by > a or < a or > a.

EXERCISE 64. Show that a monotone increasing function is measurable.

EXAMPLE 65. Suppose that f : Q@ — IR takes values in the extended reals. Then
({00, 00}) = [fH((—00,00))]”. Also

“({o0}) = ﬂ{w ) > nl,

and similarly for —oco. In order to check whether f is measurable, we need to see that the
inverse images of all semi-infinite intervals are measurable sets. If we include the infinite
endpoint in these intervals, then we don’t need to check anything else. If we don’t include
the infinite endpoint, and if both infinite values are possible, then we need to check that at
least one of {co} or {—oc} has measurable inverse image.

DEFINITION 66. A measurable function that takes at most finitely many values is called
a simple function.

EXAMPLE 67. Let (£, F) be a measurable space and let Ay, ..., A, be disjoint elements
of F, and let ai,...,a, be real numbers. Then f = Y7  a;l4, defines a simple function
since f7!((—00,a)) is a union of at most finitely many measurable sets.

DEFINITION 68. Let f be a simple function whose distinct values are a4, ..., a,, and let
A ={w: f(w) =a;}. Then f =37, a;la, is called the canonical representation of f.

LEMMA 69. Let f be a nonnegative measurable extended real-valued function from €.

Then there exists a sequence { f,}5°, of nonnegative (finite) simple functions such that f,, < f
for all n and lim,,_., f,(w) = f(w) for all w.

PROOF. For each n, define A, = f~'((k/n,(k+1)/n]) for k=1,...,n* — 1 and A4, =
F71([0,1/n]U (n,00)). Let A = f7({o0}). Define fo(w) = 2307 1 kIA (W) +nAs. The
proof is easy to complete now. [J

Lemma 69 says that each nonnegative measurable function f can be approximated ar-
bitrarily closely from below by simple functions. It is easy to see that if f is bounded the
approximation is uniform once n is greater than the bound.

Many theorems about real-valued functions are easier to prove for nonnegative measurable
functions. This leads to the common device of splitting a measurable function f as follows.
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DEFINITION 70. Let f be a real-valued function. The positive part f+ of f is defined as
[t (w) = max{f(w),0}. The negative part f~ of fis f~(w) = —min{f(w),0}.

Notice that both the positive and negative parts of a function are nonnegative. It follows
easily that f = f* — f~. It is easy to prove that the positive and negative parts of a
measurable function are measurable.

Here are some simple properties of measurable functions.

THEOREM 71. Let (2, F), (S,A), and (T, B) be measurable spaces.

1. If f is an extended real-valued measurable function and a is a constant, then af is
measurable.

2. If f:Q— S and g: S — T are measurable, then g(f): Q — T is measurable.
3. If f and g are measurable real-valued functions, then f + g and fg are measurable.

PROOF. For a = 0, part 1 is trivial. Assume a # 0. Because

_ _J{w: fw) <c¢/a} ifa>0,
{w.af(w)<c}_{ {w: f(w)>c/a} ifa<O,

we see that af is measurable.

For part 2, just notice that [g(f)]"*(B) = f~'(¢7'(B)).

For part 3, let h : IR* — IR be defined by h(z,y) = x + y. This function is continuous,
hence measurable. Then f + g = h(f,g). We now show that (f,g) : Q@ — IR is measurable,
where (f,g9)(w) = (f(w),g(w)). To see that (f,g) is measurable, look at inverse images of
sets that generate B2, namely sets of the form (—o0,a] x (—o0,b], and apply Lemma 60. We
see that

(f,9) " (=00, a] x (—00,b]) = f((—00,a]) N g~ ((—o0,b]),

which is measurable. Hence, (f, g) is measurable and h(f, g) is measurable by part 2. Simi-
larly fg is measurable. [

You can also prove that f/g is measurable when the ratio is defined to be an arbitrary
constant when g = 0. Similarly, part 3 can be extended to extended real-valued functions
so long as care is taken to handle cases of co — oo and oo x 0.
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THEOREM 72. Let f, : €2 — IR be measurable for all n. Then the following are measur-
able:

1. limsup,,_, o fn,
2. liminf, .. fa,
3. {w : lim, . f, exists}.

/. f= lim,, .. f, where the limit exists,
10 elsewhere.

EXERCISE 73. Prove Lemma 72.

Random Variables and Induced Measures.

ExXAMPLE 74. Let Q = (0,1) with the Borel o-field, and let p be Lebesgue measure,
a probability. Let Zy(w) = w. For n > 1, define X, (w) = |2Z,-1(w)| and Z,(w) =
27, 1(w) — Xp(w). All X,,)’s and Z,,’s are random variables. Each X, takes only two values,
0 and 1. It is easy to see that p({w : X,(w) = 1}) = 1/2. It is also easy to see that
p{w: Zp(w) <c})=cfor 0 <e<1.

Each measurable function from a measure space to another measurable space induces a
measure on its range space.

LEMMA 75. Let (2, F, ) be a measure space and let (S, A) be a measurable space. Let
f:Q — S be a measurable function. Then f induces a measure on (S, A) defined by

v(A) = p(f~1(A)) for each A € A.

PRrROOF. Clearly, v > 0 and v(@) = 0. Let {A4,}2, be a sequence of disjoint elements of A.

Then
(29) - (-04)
= p (G f‘l[An]>

= Zﬂ(f_l[An])
= Y v(4,). O

The measure v in Lemma 75 is called the measure induced on (S, A) from p by f. This
measure is only interesting in special cases. First, if u is a probability then so is v.
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DEFINITION 76. Let (€2, F, P) be a probability space and let (S,.4) be a measurable
space. Let X : Q — S be a random quantity. Then the measure induced on (5, .4) from P
by X is called the distribution of X.

We typically denote the distribution of X by px. In this case, ux is a measure on the space

(S, A).

ExaMpPLE 77. Consider the random variables in Example 74. The distribution of each
X,, is the Bernoulli distribution with parameter 1/2. The distribution of each Z,, is the
uniform distribution on the interval (0, 1). These were each computed in Example 74.

If 11 is infinite and f is not one-to-one, then the induced measure may be of no interest
at all.

EXERCISE 78. Either prove or create a counterexample to the following conjecture: If y
is a o-finite on some measurable space ({2, F), then for any measurable function f from
to S, the induced measure is also o-finite.

EXAMPLE 79. (JAcoBIaNS) If Q = S = IR* and f is one-to-one with a differentiable
inverse, then v is the measure you get from the usual change-of-variables formula using
Jacobians.

We have just seen how to construct the distribution from a random variable. Oddly
enough, the opposite construction is also available. First notice that every probability v on
(IR, B') has a distribution function F defined by F(z) = v((—o0, z]). Now, we can construct
a probability space (Q,F, P) and a random variable X : Q — IR such that v = P(X~!).!
Indeed, just let Q@ =R, F =B, P=v, and X(w) = w.

Integration. Let (Q,F, ) be a measure space. The definition of integral is done in
three stages. We start with simple functions.

DEFINITION 80. Let f : Q — R™ be a simple function with canonical representation
f(w) =30 aila,(w) The integral of f with respect to p is defined to be > | a;u(A;). The
integral is denoted variously as [ fdu, [ f(w)u(dw), or [ f(w)dp(w).

The values +o00o are allowed for an integral.
We use the following convention whenever necessary in defining an integral: 400 x 0 = 0.

This applies to both the case when the function is 0 on a set of infinite measure and when
the function is infinite on a set of 0 measure.

PROPOSITION 81. If f < g and both are nonegative and simple, then [ fdu < [ gdpu.
DEFINITION 82. We say that [ is integrable with respect to p if [ fdu is finite.

ExAMPLE 83. A real-valued simple function is always integrable with respect to a finite
measure.

!'Notation: When X is a random quantity and B is a set in the space where X takes its values, we use
the following two symbols interchangeably: X ~1(B) and X € B. Both of these stand for {w : X (w) € B}.
Finally, for all B,

jx(B) = Pr(X € B) = P(X™Y(B)).
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36-752: Lecture 7

The second step in the definition of integral is to consider nonnegative measurable func-
tions.

DEFINITION 84. For nonnegative measurable f, define the integral of f with respect to

v by
/ fdu = sup / gdp.
nonnegative finite simple g < f

That is, if f is nonnegative and measurable, [ fdu is the least upper bound (possibly infinite)
of the integrals of nonnegative finite simple functions g < f. Proposition 81 helps to show
that Definition 80 is a special case of Definition 84, so the two definitions do not conflict
when they both apply.

Finally, for arbitrary measurable f, we first split f into its positive and negative parts,

f=r=r.
DEFINITION 85. Let f be measurable. If either f* or f~ is integrable with respect to u,

we define the integral of f with respect to p to be [ ftdu — [ f~du, otherwise the integral
does not exist.

It is easy to see that Definition 84 is a special case of Definition 85, so the two definitions
do not conflict when they both apply. The reason for splitting things up this way is to avoid
ever having to deal with oo — oo.

One unfortunate consequence of this three-part definition is that many theorems about
integrals must be proven in three steps. One fortunate consequence is that, for most of these
theorems, at least some of the three steps are relatively straightforward.

DEFINITION 86. If A € F, we define [, fdu by [ Iafdpu.
PROPOSITION 87. If f < g and both integrals are defined, then [ fdu < [ gdpu.

EXAMPLE 88. Let 1 be counting measure on a set €. (This measure is not o-finite
unless € is countable.) If A C €2, then u(A) = #(A), the number of elements in A. If f is a
nonnegative simple function, f = >"""  a;l4,, then

/fd,u = Z%#(Ai) = Z f(w).

All w

It is not difficult to see that the equality of the first and last terms above continues to hold
for all nonnegative functions, and hence for all integrable functions.

Before we study integration in detail, we should note that integration with respect to
Lebesgue measure is the same as the Riemann integral in many cases.

THEOREM 89. Let f be a continuous function on a closed bounded interval [a,b]. Let p
be Lebesque measure. Then the Riemann integral fabf(x)dx equals f[a o fn
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EXERCISE 90. Prove Theorem &9.

EXAMPLE 91. A case in which the Riemann integral differs from the Lebesgue integral
is that of “improper” Riemann integrals. These are defined as limits of Riemann integrals
that are each defined in the usual way. For example, integrals of unbounded functions and
integrals over unbounded regions cannot be defined in the usual way because the Riemann
sums would always be oo or undefined. Consider the function f(z) = sin(z)/x over the
interval [1,00). It is not difficult to see that neither f* nor f~ is integrable with respect to
Lebesgue measure. Hence, the integral that we have defined here does not exist. However,
the improper Riemann integral is defined as limp_, flT f(x)dx, if the limit exists. In this
case, the limit exists.

Some simple properties of integrals include the following:

e For c a constant, [ cfdu = c [ fdu if the latter exists.
o If f >0, then [ fdu> 0.
o If f is extended real-valued, then }f fdu} < oo only if u(f~1({£o0})) = 0.

o if f =g ae. [p] and if either [ fdu or [ gdu exists, then so does the other, and they
are equal. Similarly, if one of the integrals doesn’t exist, then neither does the other.

DEFINITION 92. If P is a probability and X is a random variable, then [ XdP is called
the mean of X, expected value of X, or expectation of X and denoted E(X). If E(X) = u is
finite, then the variance of X is Var(X) = E[(X — u)?].

The mean and variance of a random variable have an interesting relation to the tail of
the distribution.

PROPOSITION 93. (MARKOV INEQUALITY) Let X be a nonnegative random variable.
Then Pr(X > ¢) < E(X)/c.

There is also a famous corollary.

COROLLARY 94. (TCHEBYCHEV INEQUALITY) Let X have finite mean pu. Then Pr(| X —
p| > ¢) < Var(X)/c2

EXERCISE 95. Show that there is some random variable X for which Pr(|X — p| >
¢) = Var(X)/c®. Thus, without additional assumptions, Tchebychev’s inequality cannot be
improved.

We would like to be able to prove that [(f + g)du = [ fdu+ [ gdu whenever at least
two of them are finite. We could prove this for nonnegative simple functions now, but not
in general.

PROPOSITION 96. Let f and g be nonnegative simple functions defined on a measure
space (0, F, ). Then [(f + g)dp = [ fdu+ [ gdpu.

The proof for general functions requires some limit theorems first.
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One of the famous limit theorems is the following.

THEOREM 97. (FATOU’S LEMMA) Let {f,}°2, be a sequence of nonnegative measurable
functions. Then

/lim inf f,dp < lim inf/fnd,u.

The proof of Theorem 97 is given in a separate document. Here is an outline of the proof.
Let f =liminf, f,, and let ¢ be an arbitrary nonnegative simple function such that ¢ < f.

We need to show that [ ¢dp < liminf, [ f,du. The set {w : ¢(w) > 0} can be written as
the union of the sets

A, =A{w: fr(w) > (1 — €)p(w), for all k > n}.

For each n, [ fodp > (1 —¢) [, ¢dp. The liminf of the right sides can be shown to equal
(1 —¢€) [ ¢du. Since liminf, [ f,du > (1 —¢€) [ ¢du for all € > 0, we have what we need.
The first of the two most useful limit theorems is the following.

THEOREM 98. (MONOTONE CONVERGENCE THEOREM) Let {f,}5°, be a sequence of
measurable nonnegative functions, and let f be a measurable function such that f, < f a.e.
(1] and lim, . fr = f(2) a.e. [u]. Then,

lim fnd,u:/fd,u.

PROOF. Since f, < f for all n, [ fodu < [ fdu for all n. Hence

liminf/fnd,u < limsup/fnd,ug /fd,u.

n—oo n— oo

By Fatou’s lemma, [ fdu <liminf, .. [ fodp. O
EXERCISE 99. Why is it called the “monotone” convergence theorem?

We are now in a position to prove that the integral of the sum is the sum of the integrals.

THEOREM 100. If [ fdu and [ gdu are defined and they are not both infinite and of
opposite signs, then [[f + gldu = [ fdu+ [ gdpu.

Proor. If f,g > 0, then by Lemma 69, there exist sequences of nonnegative simple

functions {f,}°2, and {g,}5>, such that f, T f and g, T ¢g. Then (f, +¢9,) T (f + g) and
[1fa+gnldi = [ fadpu+ [ gndp by Proposition 96. The result now follows from the monotone
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convergence theorem. For integrable f and g, note that (f+¢)"+f"+g~ = (f+g) +fT+g*.
What we just proved for nonnegative functions implies that

/(f+g)+du+/f‘du+/g‘du

= /[(f +9) 4+ [T+ g ldp
= /[(f +9)"+ [T+ g ]dp

= /(f+g)‘du+/f+du+/g+du-

Rearranging the terms in the first and last expressions gives the desired result. If both f
and ¢ have infinite integral of the same sign, then it follows easily that f + ¢ has infinite
integral of the same sign. Finally, if only one of f and ¢ has infinite integral, it also follows
easily that f + ¢ has infinite integral of the same sign. [

For proving theorems about integrals, there is a common sequence of steps that is often
called the standard machinery or standard machine. It is illustrated in the next result, the
measure-theoretic version of the change-of-variables formula.

LEMMA 101. Let (2, F, 1) be a measure space and let (S,.A) be a measurable space. Let

f:Q — S be a measurable function. Let v be the measure induced on (S, A) by f from u.
(See Definition 76.) Let g : S — IR be A/B* measurable. Then

(102) /gdv: /g(f)du,

if either integral exists.

PROOF. First, assume that g = I4 for some A € A. Then (102) becomes v(A) =
wu(f~1(A)), which is the definition of v. Next, if g is a nonnegative simple function, then
(102) holds by linearity of integrals. If ¢ is a nonnegative function, then use the monotone
convergence theorem and a sequence of nonnegative simple functions converging to g from
below to see that (102) holds. Finally, for general g, (102) holds if either g™ or ¢~ is
integrable. [

EXERCISE 103. Suppose that f,, is integrable for each n and sup,, [ fndu < oo. Show
that, if f,, T f, then f is integrable and [ f,du — [ fdpu.

EXERCISE 104. Show that if f and ¢ are integrable, then

'/fd“‘/gdﬂ‘é/v—gm.

EXERCISE 105. Assume the sequence of functions f,, is defined on a measure space
(Q, F, ) such that p(Q) < oo. Further, suppose that the f, are uniformly bounded and
that f,, — f uniformly. Show that [ f,du — [ fdpu.
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THEOREM 97. (FATOU’S LEMMA) Let {f,}32, be a sequence of nonnegative measurable

functions. Then
/lim inf f,dp < lim inf/fnd,u.

PROOF. Let f(w) = liminf, . f,(w). Because

[tin=_sw [ on
finite simple ¢ < f

we need only prove that, for every finite simple ¢ < f,

/qﬁd,u < liminf/fnd,u.

Let ¢ < f be finite and simple, and let ¢ > 0. For each n, define
A, ={w e A: fr(w) > (1 —€)p(w), for all k > n}.

Since (1 — €)o(w) <
U, A4, =Qand A, C A, for all n. Let B, = An AY.

(106) /nwzéﬁmeu—aﬂﬁw

Let the canonical representation of ¢ be Y ", ¢;lc,. Then, for all n.

/ odp = Z cu(CiNA,)
An i=1

Because the A,’s form an increasing sequence whose union is €, lim,, ., u(C; N A,,)
for all i. Taking the liminf,, of both sides of (106) yields

lim nf / Fudi > (1= )3 (€)= (1— ) / bdp.
i=1

Since this is true for every € > 0,

hmmf/fnd,u>/¢du U

f(w) for all w with strict inequality wherever either side is positive,

= u(Cy)
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36-752: Lecture 9

Lemma 101 has a widely-used corollary.

COROLLARY 107. (LAW OF THE UNCONSCIOUS STATISTICIAN) If X : Q@ — S is a
random quantity with distribution pux and if f S — IR is measurable, then E[f(X)] =

ffdMX-

Another useful application of monotone convergence is the following.

THEOREM 108. Let (Q,F,u) be a measure space, and let f : Q — R™ be measurable.
Then v(A) = [, fdu is a measure on (Q, F).

EXERCISE 109. Prove Theorem 108.

If p is o-finite and if f is finite a.e. [p], then v in Theorem 108 is o-finite.

What goes wrong with the conclusion to Theorem 108 if f is integrable but not necessarily
nonnegative? If f can take negative values then v(A) = [ 4 fdp might be negative. Let
A={w: f(w) < 0}. Suppose that p(A) > 0. Write A = J~ | A,,, where 4, = {w: f(w) <
—1/n}. If u(A) > 0, then there exists n such that u(A,) > 0. (This argument is used often
in proving probability results.) Then

_(A) = / Ta(—f)dp > / Lo, (=P > Lu(4,) > 0.

Here is another application of the standard machinery.

THEOREM 110. Assume the same conditions as Theorem 108. Integrals with respect to
v can be computed as [ gdv = [ gfdp, if either exists.

ProoOF. We prove the result in four stages. First, assume that ¢ is a indicator I4 of some
set A € F. Then the definition of v says that [ gdv = v(A) = [ I4fdu. Second, assume that
g is a nonnegative simple function. The result holds for g by linearity of integrals. Third,
assume that ¢ is nonnegative. Approximate g from below by nonnegative simple functions
{gn}22,. Then [ g,dv = [ g,fdu for each n and the monotone convergence theorem says
that the left side converges to [ gdv and the right side converges to [ ¢fdu. Finally, if g is
measurable, write g = g* — g~ (the positive and negative parts). Then [gtdv = [ g* fdu
and [¢g~dv = [ g~ fdu. We see that [ gdv exists if and only if [ gfdu exists, and if either
exists they are equal. [

The standard machinery corresponds to the three stages in defining integrals. The first
stage is split into indicators and nonnegative simple functions to make four steps in the
standard machinery.

DEFINITION 111. The function f in Theorem 108 is called the density of v with respect
to p.
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1 EXAMPLE 112. (PROBABILITY DENSITY FUNCTIONS) Consider a continuous random
» variable X having a density f. That is,

3

Pr(X <a)= / f(z)dz.
+ Then the distribution of X, defined by ux(B) = Pr(X € B) for B € B!, satisfies

5 ux(B) = [ far

s where \ is Lebesgue measure. That is, the probability density functions of the usual contin-
7 uous distributions that you learned about in earlier courses are also densities with respect
s to Lebesgue measure in the sense defined above.

o EXAMPLE 113. (PROBABILITY MASS FUNCTIONS) Consider a typical discrete random
10 variable X with mass function f, i.e., f(x) = Pr(X = x) for all . There are at most
1 countably many z such that f(x) > 0. Let ux be the distribution of X. For each set B, we
1 know that

-

px(B) = Pr(X € B) = 3" f(x).

13 zeB

1 The rightmost term in this equation is [ fdu, where u is counting measure on the range
15 space of X. So, f is the density of ux with respect to pu.

16 The other major limit theorem is the following.

17 THEOREM 114. (DOMINATED CONVERGENCE THEOREM) Let {f,}°° | be a sequence of
18 measurable functions, and let f and g be measurable functions such that f, — f a.e. [u],
o |ful <g ae [y, and [ gdp < oo. Then,

-

0 dim - fudp = / fdp.

21 PrROOF. We have —g < f,, < g a.e. [u], hence

2 g+ fn > 0, ae [y,

23 g — fn > O, a.e. [,u],

2 limfg+fu] = g+f ae [u],

2 limfg—fu] = g—f ae [y

% It follows from Fatou’s lemma and Theorem 100 that

. o+ flau < timint [lg-+ fild

2 = / gdp + lim inf / fndp,

2 /fdu < liminf/fndu.

n—oo
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Similarly, it follows that

n—oo

= / gdp — lim sup / Judp,

/fd,u > limsup/fnd,u.

n—oo

Jla—fdu < timint [y~ fula

Together, these imply the conclusion of the theorem. [J

ExaAMPLE 115. Let u be a finite measure. Then limits and integrals can be interchanged
whenever the functions in the sequence are uniformly bounded.

An alternate version of the dominated convergence theorem is the following.

PROPOSITION 116. Let {f.}22,, {g.}52, be sequences of measurable functions such that
|ful < gn, a.e. [u]. Let f and g be measurable functions such that lim, . f, = f and
limy, oo gn = ¢, a.e. [p]. Suppose that lim,_.o [ gndp = [ gdp < 0o. Then, lim,, o [ fudp =
[ fdp.

The proof is the same as the proof of Theorem 114, except that g, replaces ¢ in the first
three lines and wherever g appears with f,, and a limit is being taken.

For finite measure spaces (i.e. (€, F,pu) with p(2) < oo), the minimal condition that
guarantees convergence of integrals is uniform integrability .

DEFINITION 117. A sequence of integrable functions {f,}>, is wuniformly integrable
(with respect to p) if Hime—.oo SUP, [1, 1 )5y | fuldi = 0.

THEOREM 118. Let p be a finite measure. Let {f,}°2, be a sequence of integrable func-
tions such that im, . f, = f a.e. [u]. Suppose that {f,}o>, is uniformly integrable. Then

If the f,,’s in Theorem 118 are nonnegative and integrable and f, — f, then lim,, ., [ fndu =

[ fdp implies that {f,}52, are uniformly integrable. We will not use this result, however.
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2 Here are some more useful properties of integrals.
3 THEOREM 119. Let (2, F, ) be a measure space. Let f and g be measurable extended

+  real-valued functions.
5 1. If f is nonnegative and p({w : f(w) > 0}) > 0, then [ fdu > 0.
6 2. If f and g are integrable and if fA fdp = fA gdp for all A € F, then f =g a.e. [u].

7 8. If p is o-finite and if [, fdu = [, gdp for all A€ F, then f = g a.e. [u].

8 4. Let 11 be a m-system that generates F. Suppose that 2 is a finite or countable union
0 of elements of IL. If f and g are integrable and if [, fdu = [, gdup for all A € 11, then
10 f:g a.e. [,u]

1 PROOF.

12 1. Let Ac = {w : f(w) > ¢} for each ¢ > 0. Because p1(A4p) > 0 and Ay = |, Ai/n, it

13 follows from Lemma 34 that there exists n such that u(Aiy,) > 0. Since f > fla,, ,
1 we have [ fdu > fA1/ fdu. But (1/n)la,,, is a simple function that is < fI4,, and
15 J(1/n)a,,, dp = p(Ayym) > 0. It follows that [ fdu > 0.
16 2. This will appear on a homework assignment.
17 3. First, assume that f and g are real-valued. Let {A,}°°, be disjoint elements of F such
18 that p(A,) < oo and |~ A, = Q. Let By, = {w : |f(w)] < m,|g(w)] < m} for each
19 integer m. For each pair (n,m), fla,np, and gla,np, satisfy the conditions of the
20 previous part, so fla,np,, = 9la,np,, a.e. [p]. Let C ={w: f(w) # g(w)}. Since

C= CNB,NA,
21 nL:J1 mLle | |
2 and each u(C'N B, N A,) =0, it follows that u(C) = 0.
2 Next, suppose that f and/or g is extended real-valued. Let £ = {f = oo} A{g = o0},
2 the set where one function is co but the other is not. If pu(E) > 0, then there is a
2 subset A of E such that 0 < pu(A) < oo and one of the functions is bounded above on
2 A while the other is infinite. This contradicts [, fdu = [, gdu. A similar result holds
27 for —oo.
x 4. Define v (A) = [, frdu, vy (A) = [, 97dp, vy (A) = [, f~dp, and v; (A) = [, g~ dp.
29 These are all finite measures according to Theorem 108. The additional condition
30 implies that they are all o-finite on II. The equality of the integrals implies that
31 vim + vy =v; + vy for all sets in II. Theorem 43 implies that v;” + vy = vy + 5 for

32 all sets in F. Hence, the condition of part 2 hold and the result is proven. [
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The condition about unions in part 4 of the above theorem holds for the 7-systems in
Example 38.

COROLLARY 120. If p is o-finite and v is related to p as in Theorem 108, then the
density of v with respect to p is unique, a.e. [p].

There is an interesting characterization of o-finite measures in terms of integrals.

THEOREM 121. Let (2, F, u) be a measure space. Then u is o-finite if and only if there
exists a strictly positive integrable function.

EXERCISE 122. Prove Theorem 121.

Absolute Continuity. There is a special relationship between measures on the same
space that is very useful in Probability theory.

DEFINITION 123. Let v and pu be measures on the space (2, F). We say that v < p
(read v is absolutely continuous with respect to p) if for every A € F, u(A) = 0 implies

v(A) = 0.
That is, v < pu if and only if every measure 0 set under p is also a measure 0 set under v.

ExAaMPLE 124. Let (2, F, 1) be a measure space. Let f be a nonnegative function, and
define v(A) = [, fdu. Then v is a measure and v < p. If f < oo a.e. [u] and if i is o-finite,
then v is o-finite as well.

EXAMPLE 125. Let puy and py be measures on the same space. Let u = py + po. Then
i < pfori=1,2.
Absolute continuity has a connection with continuity of functions.

PROPOSITION 126. Let v and p be measures on the space (§2, F). Suppose that, for every
€ > 0, there exists 6 such that for every A € F, n(A) < 6 implies v(A) < €. Then v < pu.

A concept related to absolute continuity is singularity.

DEFINITION 127. Two measures p and v on the same space (2, F) are (mutually) sin-
gular (denoted p L v) if there exist disjoint sets S, and S, such that u(SS) = v(S5) = 0.

EXAMPLE 128. Let f and g be nonnegative functions such that fg = 0 a.e. [u]. Define
v(A) = [, fdp and v5(A) = [, gdp. Then vy L vy,

The main theoretical result on absolute continuity is the Radon-Nikodym theorem which
says that, in the o-finite case, all absolute continuity is of the type in Example 124.

THEOREM 129. (RADON-NIKODYM) Let p and v be o-finite measures on the space

(QF). Then v < p if and only if there exists a nonnegative measurable f such that
v(A) = [, fdu for all A€ F. The function f is unique a.e. [].

One proof of this result is given in a separate course document. Another proof is given
later after we introduce conditional expectation.

DEFINITION 130. The function f in Theorem 129 is called a Radon-Nikodym derivative
of v with respect to p. It is denoted dv/du. Fach such function is called a version of dv/dpu.
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36-752: Lecture 11

The uniqueness of Radon-Nikodym derivatives is only a.e. [u]. If f = dv/du, then every
measurable function that equals f a.e. [u] could also be called dv/du. All of these functions
are called versions of the Radon-Nikodym derivative.

DEFINITION 131. If 4 < v and v < p, we say that p and v are equivalent.

If 1 and v are equivalent, then

du 1
dv ~ dv’
du
If v < pp < n, then the chain rule for R-N derivatives says
dv  dvdp
dy  dudy’

Absolute continuity plays an important role in statistical inference. Parametric families are
collections of probability measures that are all absolutely continuous with respect to a single
measure.

THEOREM 132. Let (Q, F, ) be a o-finite measure space. Let {pp : 0 € O} be a collec-
tion of measures on (2, F) such that pug < p for all @ € ©. Then there exists a sequence of
nonnegative numbers {c,}5%, and a sequence of elements {0,}7°, of © such that >~ ¢,
and ptg <K 07 Caftg, for all 6 € O.

We will not prove this theorem here. (See Theorem A.78 in Schervish 1995.)

Random Vectors. In Definition 62 we defined random variables and random quanti-
ties. A special case of the latter and generalization of the former is a random vector.

DEFINITION 133. Let (€, F, P) be a probability space. Let X : Q — IR* be a measurable
function. Then X is called a random vector .

There arises, in this definition, the question of what o-field of subsets of IR* should be used.
When left unstated, we always assume that the o-field of subsets of a multidimensional real
space is the Borel o-field, namely the smallest o-field containing the open sets. However,
because IR* is also a product set of k sets, each of which already has a natural o-field
associated with it, we might try to use a o-field that corresponds to that product in some
way.

Product Spaces. The set IR* has a topology in its own right, but it also happens to
be a product set. Each of the factors in the product comes with its own o-field. There is
a way of constructing o-field’s of subsets of product sets directly without appealing to any
additional structure that they might have.
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DEFINITION 134. Let (€21, F;) and (€9, F2) be measurable spaces. Let F; ® Fy be the
smallest o-field of subsets of €21 x {25 containing all sets of the form A; x Ay where A; € F;
for i = 1,2. Then F; ® F; is the product o-field.

LEMMA 135. Let (21, F1) and (g, F2) be measurable spaces. Suppose that C; is a m-
system that generates F; for i = 1,2. Let C = {C} x Cy : C1 € C1,Cy € Co}. Then
o(C) =F, ® F, and C is a m-system.

PROOF. Because o(C) is a o-field, it contains all sets of the form C x Ay where Ay € Fo.
For the same reason, it must contain all sets of the form A; x Ay for A; € F; (i = 1,2).
Because

(Cl X 02) N (Dl X Dg) = (Cl N Dl) X (02 X Dg),

we see that C is a m-system. [J

EXAMPLE 136. Let ©Q;, = IR for ¢ = 1,2, and let F; and F, both be B!. Let C; be
the collection of all intervals centered at rational numbers with rational lengths. Then C;
generates F; for ¢ = 1,2 and the product topology is the smallest topology containing C as
defined in Lemma 135. It follows that F; ® F5 is the smallest o-field containing the product
topology. We call this o-field B2.

EXAMPLE 137. This time, let Q; = IR? and €, = IR. The product set is IR* and the
product o-field is called B%. It is also the smallest o-field containing all open sets in IR®.

The same idea extends to each finite-dimensional Euclidean space, with Borel o-field’s B¥,
for k=1,2,....

LEMMA 138. Let (;, F;) and (S;, A;) be measurable spaces fori =1,2. Let f; : Q; — S;
be a function for i = 1,2. Define g(wi,ws) = (fi(w1), fa(wa)), which is a function from
Q1 xQy to S1xSy. Then f; is F;/ Ai-measurable fori = 1,2 if and only if g is F1QF2/ A1 RAs-
measurable.

Proor. For the “only if” direction, assume that each f; is measurable. It suffices to
show that for each product set A; x Ay (with A; € A; for i = 1,2) g7 (A; x Ay) € F1 @ F.
But, it is easy to see that ¢g7'(A4; x Ay) = fi (A1) x f5 H(Ag) € F1 @ F.

For the “if” direction, suppose that g is measurable. Then for every A; € A;, g7 (A; x
Sy) € F1 @ Fy. But g 1 (A x S9) = fi (A1) x Qy. The fact that f;'(A;) € F; will now
follow from the first claim in Proposition 140. (Sorry for the forward reference.) So f; is
measurable. Similarly, fy is measurable. [J

PROPOSITION 139. Let (2, F), (S1, A1), and (S2, A2) be measurable spaces. Let X; :
Q — S; fori=1,2. Define X = (X1, Xs) a function from Q to Sy x So. Then X; is F/A;
measurable for i = 1,2 if and only if X is F /A1 ® Ay measurable.

Lemma 138 and Proposition 139 extend to higher-dimensional products as well.
The product o-field is also the smallest o-field such that the coordinate projection func-

tions are measurable. The coordinate projection functions for a product set S; x Sy are the
functions f; : S; x Sy — S; (for i = 1,2) defined by fi(s1,s2) = s; (for i =1,2).
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Infinite-dimensional product spaces pose added complications that we will not consider
until later in the course.
There are a number of facts about product spaces that we might take for granted.

PROPOSITION 140. Let (21, F1) and (€9, F3) be measurable spaces.

e Foreach B € F1®F, and each wy € €, the wy-section of B, B, = {ws : (w1,ws2) € B}
18 1N fg.

o [f 1y is a o-finite measure on (Qg, Fa), then pus(By,) is a measurable function from 4
to IR.

o If f: 8 xQy — S is measurable, then for every wy € Q, the function f,, : 2y — S
defined by f,,(w2) = f(wi,ws) is measurable.

o [f us is a o-finite measure on (Qa, F3) and if f : Q1 X Qo — IR is nonnegative, then
[ f(wi,wa)pa(dws) defines a measurable (possibly infinite valued) function of wy.

To prove results like these, start with product sets or indicators of product sets and then
show that the collection of sets that satisfy the results is a o-field. Then, if necessary, proceed
with the standard machinery. For example, consider the second claim. For the case of finite
o2, the claim is true if B is a product set. It is easy to show that the collection C of all sets
B for which us(B,,) is measurable is a A-system. Then use Lemma 42. Here is the proof
that the second claim holds for o-finite measures once it is proven that it holds for finite
measures. Let {A,}7°, be elements of F, that cover {2 and have finite p measure. Define
Fon ={CNA,:CeF}and p,(C) = (A, NC) for all C € Fy. Then (A, Fon, fion)
is a finite measure space for each n and psg,(B,,) is measurable for all n and all B in the
product o-field. Finally, notice that

IuQ(Bwl) = Z/"L2(BUJ1 N An) = Z,Uln(Bwl)a
n=1

n=1

a sum of nonnegative measurable functions, hence measurable. The standard machinery can
be used to prove the third and fourth claims. (Even though the third claim does not involve
integrals, the steps in the proof are similar to those of the standard machinery.)
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Radon-Nikodym Theorem

THEOREM 129. (RADON-NIKODYM) Let p1 and v be o-finite measures on the space
(Q,F). Then v < u if and only if there exists a nonnegative measurable f such that v(A) =
[ fdu for all A € F. The function f is unique a.e. [p].

The proof of this result relies upon the theory of signed measures.

DEFINITION 141. Let (2, F) be a measurable space. Let n : F — IR. We call 5 a signed
measure if

e (@) =0,
e for every sequence { Ax }72; of mutually disjoint elements of F, n(Up—; Ak) = >_pey 1(Ax).

e 1) takes at most one of the two values +oo.

ExXAMPLE 142. Let uq and ps be measures on the same space such that at most one of
them is infinite. Then pu; — s is a signed measure.

EXAMPLE 143. Let f be integrable with respect to x, and define n(A) = [, fdu. Then
[ is a finite signed measure. If the integral of f is merely defined, but not finite, then [ 4 fdu
is a signed measure.

The nice thing about o-finite signed measures is that they divide up nicely into positive and
negative parts just like measurable functions.

THEOREM 144. (HAHN AND JORDAN DECOMPOSITIONS) Let 1 be a finite signed mea-
sure on (2, F). Then there exists a set AT such that every subset A of AT has n(A) > 0 and
every subset B of ATC has n(B) < 0. Also, there exist finite mutually singular measures 1.
and n_ such thatn =ny —n_.

PROOF. Let o = supycrn(A). Let lim, .n(A,) = a. Although the sequence
{U-, Ai}:’:l is monotone increasing and signed measures do satisfy Lemma 1 of the course
notes, 7 (U;_, A;) is not necessarily as large as 7(4,). However, the following trick replaces
Ui—, A; by a sequence of sets whose signed measures do increase. For each n, partition €
using the sets Aq,..., A, and their complements. Let C), be the union of all of the compo-
nent sets that have positive signed measure. Since the n + 1st partition is a refinement of
the nth partition, we see that C, 11 NCS is a union of sets with positive signed measure and

n(An) <0(C) <0 (Cal J ).

By induction, we then show that At = (" *_ (J* C, has n(A") = a. The conclusions now
follow easily. [J
Theorem 144 has an interesting consequence.

LEMMA 145. Suppose that p and v are finite and not mutually singular. Then there
exists € > 0 and a set A with p(A) >0 and eu(E) < v(E) for every E C A.
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PROOF. For each n, let n, = v — (1/n)u. Let 5 = v(Q2). Let A and be the set called
A%t in Theorem 144 when 7 is n,. Let M = N, At¢. Since n,(E) < 0 for every subset
of AFC we have n,(M) < 0 for all n and v(M) < (1/n)u(M). Tt follows that v(M) = 0

and v(M®) = 3. Since p and v are not mutually singular, (M%) > 0 and at least one
u(Ar) >0. Let A=Al and e=1/n. O

PROOF.Theorem 129 The o-finite case follows easily from the finite case, so assume that
w and v are finite with v < p. Let G be the set of all nonnegative measurable functions g such
that fE gdu < v(E) for all E € F. Because 0 € G, we know that G is nonempty. If g; and go
are in G, we know that {g; < g»} is measurable, hence it is easy to see that max{gi, g2} € G.
Also, if g, € G for all n and g, T ¢, then the monotone convergence theorem implies that
g €G. So, let a = sup,eg [ gdp and let lim, . [ gndp = . Let f, = max{gi,...,gn} so
that there is f such that f, T f, f, € G for all n, and lim,_. [ fodu = . It follows that
[ fdp = o and f € G. Define 1 (E) = fE fdp and v = v — 1y, which is a measure since
v < v. If p and p were not mutually singular, there would exist ¢ > 0 and a set A with
u(A) > 0 and eu(E) < 1y(FE) for all E C A. For each E € F,

[E(ereIA)du - [EfdquEu(EﬁA)
S Vl(E) + Vg(E N A) S Vl(E) + VQ(E) = V(E)

Hence h = f+ely € G, but [ hdp = o+ eu(A) > «, a contradiction. It follows that v, and
p are mutually singular. Hence, there exists S such that 15(S) = u(S¢) = 0. Since v < p,
we have v(SY) = 0. Because v, < v, we have 15(SY) = 0 and 1,(Q2) = 0. It follows that
v = v; and the proof of existence is complete. Uniqueness follows from Theorem 119 in the
class notes. [

Notice that absolute continuity was not used in the proof until the final steps.

DEFINITION 146. The decomposition of v into 1y < p and v L p in the proof of
Theorem 129 is called the Lebesgue decomposition of v into an absolutely continuous part
and a singular part relative to pu.
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36-752: Lecture 12

THEOREM 147. Let (Q;, F;) for i = 1,2,3 be measurable spaces. Let f : Q3 — Qo be
a measurable onto function. Suppose that F3 contains all singletons. Let Ay = o(f). Let

g:Q — Qy be Fy/Fs-measurable. Then g is Ay /Fs-measurable if and only if there exists a
Fs/ Fs-measurable h : Qo — Q3 such that g = h(f).

PROOF. For the “if” part, assume that there is a measurable A : 0y — 3 such that
g(w) = h(f(w)) for all w € Q. Let B € F5. We need to show that ¢g7'(B) € A;. Since h is
measurable, h~1(B) € F;, so h™}(B) = A for some A € F,. Since g~1(B) = f~1(h"1(B)), it
follows that g~'(B) = f~1(A) € A;.

For the “only if” part, assume that g is A; measurable. For each t € Q3, let C; = g1 ({t}).
Since g is measurable with respect to A; = f~1(Fy), every element of g~ (F3) is in f~1(Fp).
So let A; € Fy be such that C; = f7'(A;). Define h(w) = t for all w € A;. (Note that
if ¢, # to, then Ay N Ay, = &, so h is well defined.) To see that g(w) = h(f(w)), let
g(w) = t, so that w € C; = f~'(A;). This means that f(w) € A;, which in turn implies
h(f(w)) =t = g(w).

To see that h is measurable, let A € F3. We must show that h=*(A) € F,. Since g is A,
measurable, g 71 (A4) € Aj, so there is some B € F5 such that g'(A) = f~(B). We will show
that h™'(A) = B € F; to complete the proof. If w € h™'(A), let t = h(w) € A and w = f(x)
(because f is onto). Hence, z € C; C g7'(A) = f~Y(B), so f(z) € B. Hence, w € B. This
implies that h™'(A) C B. Lastly, if w € B, w = f(z) for some z € f~}(B) = g~ '(A) and
h(w) = h(f(z)) = g(x) € A. So, h(w) € A and w € h~1(A). This implies B C h™1(A). O
The condition that f be onto can be relaxed at the expense of changing the domain of h to
be the image of f, i.e. h: f(2;) — Q3, with a different o-field. The proof is slightly more
complicated due to having to keep track of the image of f, which might not be a measureable
set in Fs.

The following is an example to show why the condition that F3 contains all singletons is
included in Theorem 147.

EXAMPLE 148. Let Q; = IR for all 4 and let F;, = F, = B!, while 73 = {IR, @}. Then
every function g : ; — Qg is o(f)/Fs-measurable, no matter what f : Q; — Qy is. For
example, let f(z) = 2? and g(z) = x for all z. Then g~'(F3) C o(f) but g is not a function

of f.

The reason that we need the condition about singletons is the following. Suppose that
there are two points t1,t5 € 3 such that ¢; € A implies £ € A and vice versa for every
A € F3. Then there can be a set A € F3 that contains both ¢; and ¢5, and g can take both
of the values t; and t,, but f is constant on g71(A) and all the measurability conditions still
hold. In this case, ¢g is not a function of f.

Product Measures. Product measures are measures on product spaces that arise
from individual measures on the component spaces. Product measures are just like joint
distributions of independent random variables, as we shall see after we define both concepts.
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THEOREM 149. Let (2, Fi, i) for i = 1,2 be o-finite measure spaces. There ezists a
unique measure p defined on (y X Qo, F1 @ Fa) that satisfies pu(A; X Ag) = pi(Aq)pa(As)
for all Ay € Fy and Ay € F.

PROOF. The uniqueness will follow from Theorem 43 since any two such measures will
agree on the m-system of product sets. For the existence, consider the measurable function
ta(B,,) defined in Proposition 140. For B € F; ® F5, define

u(B) = / 42 (B Ypn ().

Because pa(B,,) > 0, p is a o-finite measure. (See Example 124.) If B is a product set
Ay x Ag, then B,,, = A, for all wq, and

H(B) = [ a2 L, (wr) pn(dn) = pr (Al ).
It follows that p is the desired measure. [

DEFINITION 150. The measure g in Theorem 149 is called the product measure of py
and po and is sometimes denoted 1 X ps.

How to integrate with respect to a product measure is an interesting question. For
nonnegative functions, there is a simple answer.

THEOREM 151. (FUBINI/TONELLI THEOREM) Let (Q1, Fi, 1) and (g, Fa, f12) be o-
finite measure spaces. Let f : Qy x Qo — IR be a nonnegative Fy @ Fy/B'-measurable
function. Then

(152]f fdpn x po = / [/f W1>W2)N1(dwl)} pr2(dws) = /l/f (w1, wa)pa(dws) | pa (dewn).

Proor. We will use the standard machinery. If f is the indicator of a set B, then all
three integrals in (152) equal p; X po(B), as in the poof of Theorem 149. By linearity of
integrals, the three integrals are the same for all nonnegative simple functions. Next, let
{fn}22, be a sequence of nonnegative simple functions all < f such that lim, ., f, = f. We
have just shown that, for each n,

/fnd:ul X pio :/ {/ fn(wljwz)ul(dwl)} pi2(dws).

For each ws, the monotone convergence theorem says

lim Jn(wi, wa) 1 (dwy) /f w1, wa) pi1 (dwy).

n—oo

Again, the monotone convergence theorem says that

i [ | [ Aunonhinon)| (o) = [ | i [ fGon )] (.

n—oo n—oo

Combining these last three equations proves that the first two integrals in (152) are equal.
A similar argument shows that the first and third are equal. [J
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36-752: Lecture 13

Theorem 151 says that nonnegative product-measurable functions can be integrated in
either order to get the integral with respect to product measure. A similar result holds for
integrable product-measurable functions.

COROLLARY 153. Let (1, F1, 1) and (Qq, Fa, p2) be o-finite measure spaces. Let f :
Q1 X Qy — IR be a function that is integrable with respect to py X po. Then (152) holds.

The only sticky point in the proof of Corollary 153 is making sure that co — oo occurs
with measure zero in the iterated integrals. But if co(—o0) occurs with positive measure for
f1(f7) in either of the iterated integrals, that iterated integral would be infinite and f*(f)
would not be integrable.

EXERCISE 154. Let X be a nonnegative random variable defined on a probability space
(Q, F, P) having distribution function F. Show that E(X) = [[°[1 — F(z)]dx.

ExaMpPLE 155. This example satisfies neither the conditions of Theorem 151 nor those
of Corollary 153. Let

[ zexp(—[1+2%y/2) ify >0,
fly) = { 0 otherwise.

Then

[ Hade = e-y/2) [wexp(-aty2
= 0,
/f(x,y)dy = x/O exp(—[1 + 2%y /2)dy

2
1422

The iterated integral in one direction is 0 and is undefined in the other direction.

These results extend to arbitrary finite products.

EXAMPLE 156. The product of k copies of Lebesgue measure on IR' is Lebesgue mea-
sure on IR®. Theorem 151 and Corollary 153 give conditions under which integrals can be
performed in any desired order.

Independence. We shall define what it means for collections of events and random
quantities to be independent.

DEFINITION 157. Let (€2, F, P) be a probability space. Let C; and Cy be subsets of F.
We say that C; and Cy are independent if P(A; N Ay) = P(A;)P(A3) for all A; € C; and
Ay € Co.
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ExAMPLE 158. If each of C; and Cy contains only one event, then C; being independent
of C; is the same as those events being independent.

DEFINITION 159. Let (£2,F, P) be a probability space. Let (S;, A;) for i = 1,2 be
measurable spaces. Let X; : Q@ — S; be F/A; measurable for i = 1,2. We say that X; and
X, are independent if the o-field’s o(X;) and o(Xs) (see Definition 59) are independent.

PROPOSITION 160. If C; and Cy are independent m-systems then o(Cy) and o(Cy) are
independent.

ExaMPLE 161. Let fl and f2 be densities with respect to Lebesgue measure. Let P be
defined on (IR?, B?) by P = |, | fi(@) f2(y)dzdy. Then the following two o-field’s are
independent :

¢, = {AxR:AecBY,
Cy, = {IRXAZAGBl}.

Also, the following two random variables are independent: Xi(x,y) = x and Xy (z,y) = vy,
the coordinate projection functions. Indeed, C; = o(X;) for i = 1,2.

ExAMPLE 162. Let X; and X5 be two random variables defined on the same probability
space (2, F, P). Suppose that the joint distribution of (X7, X3) has a density f(z,y) that
factors into f(x,y) = fi(x)f2(y), the two marginal densities. Then, for each product set
A x B with A, B € B,

Pl"(Xl c A, X5 € B) = Xl,Xg) € Ax B)

://f1 ) fo(y)dydx
:/fl d$/f2

= PereA PI"XQEB)

So, X; and X, are independent. The same reasoning would apply if the two random variables
were discrete. It would also apply if one were discrete and the other continuous.

These definitions extend to more than two collections of events and more than two random
variables.

DEFINITION 163. Let (2, F, P) be a probability space. Let {C, : @ € R} be a collection
of subsets of F. We say that the C,’s are (mutually) independent if, for every finite integer
n > 2 and no more than the cardinality of N, and for all distinct aq,...,qa, € N, and

Ay, €Cy, fori=1,...,n,
P (ﬂ A%) = [ P(A.).
i=1 =1
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DEFINITION 164. Let (£2, F, P) be a probability space. Let {(S.,As) : @ € N} be
measurable spaces. Let X, : Q@ — S, be F/A, measurable for each & € N. We say that
{X., : a € X} are (mutually) independent if the o-field’s {o(X,) : @ € N} are mutually
independent.

THEOREM 165. Let (2, F, P) be a probability space. Let (S;, A;) for i =1,2 be measur-
able spaces. Let X1 : Q2 — Sy and X5 :  — Sy be random quantities. Define X = (X1, X5).
The distribution of X : Q@ — Sy X Sa, ux, is the product measure px, X px, if and only if
X1 and X5 are independent.

ProoFr. For the “if” direction, suppose that X; and X, are independent. Then for every
product set A; x A,,

,uX(A1 X Ag) = Pl"(Xl € Al,Xg c Ag) = Pl"(Xl c Al) PI(XQ S Ag)
= px, (A1)px, (A2).
It follows from the uniqueness of product measure that px is the product measure.

For the “only if” direction, suppose that ux = px, X px,. Then, for every A; € A; and
Ay € Ag,

Pl"(Xl € Al,Xg - Ag) = /J/X(Al X Ag) = /J,Xl(Al)/J,XQ(Ag)
= PI‘(Xl S Al)PI'(XQ S Ag) ]

THEOREM 166. (FIRST BOREL-CANTELLI LEMMA) Let (2, F, 1) be a measure space.
If 50 1(Ay,) < oo then p(limsup, . A,) = 0.

PROOF. Let B; = J ., A,. Then {B;}32, is a decreasing sequence of sets, each of which
has finite measure, so the second part of Lemma 34 says that

Zlgglo p(Bi) = p (Zlgglo Bi) =K <ﬁ Bi) =K (lim sup An) .
i=1

n—oo

Since Y >° | u(Ay) < oo, it follows that lim; e > . u(A,) = 0. Since p(B;) < > 07 1u(A,),
lim; o p(B;) = 0, and the result follows. [J

THEOREM 167. (SECOND BOREL-CANTELLI LEMMA) Let (2, F,P) be a probability
space. If> > P(A,) = oo and if {A,}52, are mutually independent, then P (limsup,,_, . A,) =
1.

PROOF. Let B = limsup,_,., A,. We shall prove that P(BY) = 0. Let C; = (2, AS.
Then B¢ = J;2, Ci. So, we shall prove that P(C;) = 0 for all i. Now, for each i and k > i,

k

P(C;) =P (ﬁ AS) <P (ﬁ AS) =[] - Pa,).

n=1t
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Use the fact that log(1 —x) < —z for all 0 < x <1 to see that, for every k > i,

k

log[P(Cy)] < Z log[l — P(A,)] < =) P(A,).

n=t

Since this is true for all k& > i, it follows that log[P(C;)] < — > 2. P(A,) = —oo. Hence,
P(C;) =0 for all i. O

THEOREM 168. (KOLMOGOROV 0-1 LAW) Let {X,}>°, be a sequence of independent
random quantities. Define T, = o({X; :i >n}) and T = (), T,,. Then every event in T
has probability either 0 or 1.

PROOF. Let U, = o({X; : i <n}), and let U = J,;_Uy,. Let A € U and B € T. There
exists n such that A € U,,. Because B € 7,4, it follows that A and B are independent. So
U and T are independent. It follows from Proposition 160 that o(U) = c({ X, }72,) and T
are independent. Since 7 C o(U), it follows that 7 is independent of itself, hence for all
B e T, Pr(B) € {0,1} by a homework problem. O]

DEFINITION 169. The o-field 7 in Theorem 168 is called the tail o-field of the sequence
{Xnints-

EXERCISE 170. Let X;, X, ... be independent, real-valued random variables defined on
a probability space. Let S, = X1 + X5 4+ --- + X,,. Which of the following is in 77

1. {lim,,_ S, exists}
2. {limsup,,_,, S, > 0}

3. {limsup,,_. . Sn/c, > x} where ¢, — o0
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36-752: Lecture 13b

Stochastic Processes. A stochastic process is an indexed collection of random quan-
tities.

DEFINITION 171. Let (€2, F, P) be a probability space. Let X be a set. Suppose that,
for each o € N, there is a measurable space (X,,.A,) and a random quantity X, : Q — A,.
The collection {X, : @ € N} is called a stochastic process , and X is called the index set.

The most popular stochastic processes are those for which X, = IR for all . Among
those, there are two very commonly used index sets, namely X = Z* (sequences of random
variables) and X = IR (continuous-time stochastic processes). There are, however, many
more general index sets than these, and they are all handled in the same general fashion.

ExAMPLE 172. (RANDOM VECTOR) Let X = {1,... k} and for each i € X, let X; be a
random variable (all defined on the same probability space). Then (Xj,..., X}) is one way
to represent {X; : i € {1,...,k}}.

EXAMPLE 173. (RANDOM PROBABILITY MEASURE) Let © : @ — IR* be a random
vector with distribution pg. Let f : IR x IRF — IR be a measurable function such that
[ f(z,0)dz = 1 for all § € RF. Let ® = B', the Borel o-field of subsets of IR. For each
B € N, define

XB(w):/Bf(x,@(w))dx.

The stochastic process {Xp : B € B'} is a random probability measure.

The distribution of a stochastic process is the probability measure induced on its range
space. Unfortunately, if X is an infinite set, the range space of a stochastic process is an
infinite-dimensional product set. We need to be able to construct a o-field of subsets of such
a set.

An infinite product of sets is usually defined as a set of functions.

DEFINITION 174. Let X be a set. Suppose that, for each a € XN, there is a set X,,. The
product set X =[] cx X is defined to be the set of all functions f : X — [J .y Xa such that,
for every a, f(a) € X,. When each X, is the same set ), then the product set is denoted
IR
The above definition applies to all product sets, not just infinite ones.

EXAMPLE 175. It is easy to see that finite product sets can be considered sets of func-
tions also. Each k-tuple is a function f from {1,...,k} to some space, where the ith coor-
dinate is f(i). For example, the notation IR* can be thought of as a shorthand for Rk},
A vector (x1,...,xy) is the function f such that f(i) =z, fori=1,... k.

EXAMPLE 176. (RANDOM PROBABILITY MEASURE) In Example 173, let X = [0, 1] for
all B € N. Then each random variable X takes values in X'z. The infinite product set is
0, 1]81. Each probability measure on (IR, B') is a function from B into [0, 1]. The product
set contains other functions that are not probabilities. For example, the function f(B) =1
for all B € B! is in the product set, but is not a probability.
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We want the o-field of subsets of a product space to be large enough so that all of the
coordinate projection functions are measurable.

DEFINITION 177. Let X be a set. For each o € N, let (X, A,) be a measurable space.
Let X = [],cx Xa be the product set. For each o € R, the a-coordinate projection function
Do : X — X, is defined as p,(f) = f(a). A one-dimensional cylinder set is a set of the form
HaEN B, where there exists one ag € N and B € A,, such that B,, = B and B, = &, for
all « # ap. Define @qenAq to be the o-field generated by the one-dimensional cylinder sets,
and call this the product o-field.

EXAMPLE 178. Let X = IR* for finite k. For 1 < i < k, the i-coordinate projection
function is p;(z1,...,2x) = x;. An example of a one-dimensional cylinder set (in the case
k=3)is R x [-3.7,4.2) x R.

ExAMPLE 179. (RANDOM PROBABILITY MEASURE) In Example 176, let () be a prob-
ability on B'. Then @ is an element of the infinite product set [0, 1]31. For each B € N, the
B-coordinate projection function evaluated at @ is pp(Q) = Q(B).

LEMMA 180. The product o-field is the smallest o-field such that all p, are measurable.

PrOOF. Notice that, for each oy € R and each B,, € Aay, pa)(Ba,) is the one-
dimensional cylinder set HaeN B, where B, = X, for all @ # «p. This makes every p,
measurable. Notice also that the sets required to make all the p, measurable generate the
product o-field, hence the product o-field is the smallest o-field such that the p, are all
measurable. [

A stochastic process can be thought of as a random function. When a product space
is explicitly considered a function space, the coordinate projection functions are sometimes
called evaluation functionals.

THEOREM 180. Let (2, F, P) be a probability space. Let X be a set. For each a € N,
let (X,, Aa) be a measurable space and let X, : Q — X, be a function. Let X =[], cx Xa-
Define X : QQ — X by setting X (w) to be the function f defined by f(a) = X (w) for all a.
Then X is F| Quex Aq-measurable if and only if each X, : Q — X, is F|Ay-measurable.

PrRoOF. For the “if” direction, assume that each X, is measurable. Let C be the
collection of one-dimensional cylinder sets, which generates the product o-field. Let C' € C.
Then there exists ap and B € A,, such that C' = HaeN B, where B,, = B and B, = X, for
all a # . It follows that X '(C) = X !(B) € F. So, X is measurable by Lemma 60.

For the “only if” direction, assume that X is measurable. Let p, be the a coordinate
projection function for each o € N. It is trivial to see that X, = p,(X). Since each p, is
measurable, it follows that each X, is measurable. []

The function X defined in Theorem 180 is an alternative way to represent the stochastic
process {X, : @ € N}, That is, instead of thinking of a stochastic process as an indexed
set of random quantities, think of it as just another random quantity, but one whose range
space is itself a function space. In this way, stochastic processes can be thought of as random
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functions. The idea is that, instead of thinking of X, as a function of w for each «, think of
X (w) as a function of « for each w.

Here are some examples of how to think of stochastic processes as random functions and
vice-versa.

ExAMPLE 181. Let 3y and (51 be random variables. Let X = IR. For each = € IR, define
X (w) = Bo(w)+ f1(w)x. Define X as in Theorem 180. Then X is a random linear function.
This means that, for every w, X (w) is a linear function from IR to IR. Indeed, it is the
function that maps the number z to the number Gy(w) + £ (w)z.

EXAMPLE 182. (RANDOM PROBABILITY MEASURE) In Example 173, define X (w) to
be the function (element of the product set) that maps each set B to [, f(x, ©(w))dz. To

see that X : Q — [0,1]%" is measurable, let C' be the one-dimensional cylinder set [] sex OB
where each Cp = [0,1] except Cp, = D. Define g(0) = fBo f(x,0)dz. We know that

g : R¥ — [0,1] is measurable. Hence g(©) : Q — [0,1] is measurable. It follows that
X 1(C) = ¢g7'(D), a measurable set.

Clearly, there must exist probability measures on product spaces such as
(HaeN Xy, ®a€NAa). If we start with a stochastic process { X, : @ € R} and represent it as
a random function X, then the distribution of X is a probability measure on the product
space. This distribution has the obvious marginal distributions for the individual X,’s. But,
in general, nothing much can be said about other aspects of the joint distribution.

When a stochastic process is a sequence of independent random quantities, then we can
say more.

THEOREM 183. (KOLMOGOROV 0-1 LAW) Let {X,}>2, be a sequence of independent
random quantities. Define T, = o({X; :i >n}) and T = (., T,. Then every event in T
has probability either 0 or 1.

PROOF. Let U, = o({X; :i <n}), and let Y = J~ U,. Let A€ U and B € T. There
exists n such that A € U,,. Because B € 7,4, it follows that A and B are independent. So
U and 7 are independent. It follows from Proposition 160 that o(U) = o({X,,}5>,) and T
are independent. Since 7 C o(U), it follows that 7 is independent of itself, hence for all
B e T, Pr(B) € {0,1} by a homework problem. [J

DEFINITION 184. The o-field 7 in Theorem 168 is called the tail o-field of the sequence
{Xatnzs

There is such a thing as product measure on an infinite product space, but to prove it,
we need a little more machinery. There is a theorem that says that finite-dimensional distri-
butions that satisfy a certain intuitive condition will determine a unique joint distribution
on the product space. This theorem is stated and proven in another course document.
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36-752: Lecture 14

DEFINITION 185. Let (2, F, 1) be a measure space and suppose f is a Borel measurable
function defined on this space. Define, for 1 < p < o0,

1/p
1l = U|f|” du]

[flleo = inf [a: plw: | f(w)| > a] = 0].
Let LP(§2, F, i) denote the class of all Borel measurable functions f such that ||f||, < oo.
When the measure space is clear, we usually write only L? to denote this space of functions.

and

Convergence of Random Variables. Let (2, F, P) be a probability space. We have
already discussed convergence a.s., in the context of what a.s. means.
Each L? space has a sense of convergence.

DEFINITION 186. Suppose fi, fo, ... is a sequence of Borel measurable functions defined
on (2, F,u) and each f, € LP. Let f be another Borel measurable function on (€, F, u).

Then we say that f,, converges in L? to f if ||f, — f||, — 0. Write this as f, , f

EXERCISE 187. Assume (€2, F, u) is a measure space with p(§2) < oco. Show that, for

f, fi, fo, ... real-valued functions defined on this space, f, RGN f implies f, RO f for r < p.

Convergence in L” is different from convergence a.s.

ExampPLE 188. Let 2 = (0,1) with P being Lebesgue measure. Consider the sequence
of functions 1, L1 /2], I(1/2,1), L0,1/3)> L(1/3,2/3], - - - - These functions converge to 0 in L? for all
finite p since the integrals of their absolute values go to 0. But they clearly don’t converge
to 0 a.s. since every w has f,(w) = 1 infinitely often. These functions are in L>, but they
don’t converge to 0 in L*°. because their L> norms are all 1.

EXAMPLE 189. Let Q = (0,1) with P being Lebesgue measure. Consider the sequence

of functions
0 if 0 <w<1/n,

fnlw) = { 1w if1/n<w<1.
Each f,, is in L? for all p, and lim,, o fn(w) = 1/w a.s. But the limit function is not in L?

for even a single p. Clearly, {f,}>2, does not converge in LP.

EXAMPLE 190. Let Q = (0,1) with P being Lebesgue measure. Consider the sequence
of functions

falw) =

Then f, converges to 0 a.s. but not in L since [ |f,[PdP = nP~! for all n and finite p. In
this case, the a.e. limit is in L”, but it is not an L” limit.

n if 0 <w<1/n,
0 otherwise.
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Oddly enough convergence in L does imply convergence a.e., the reason being that L>
convergence is “almost” uniform convergence.

PROPOSITION 191. Let (2, F, ) be a measure space. If f, converges to f in L, then
limy, oo fr = f, a.e. [u].

There are other modes of convergence besides those mentioned above.

DEFINITION 192. Let (€2, F, 1) be a measure space and let f and {f,,}>°, be measurable
functions that take values in a metric space with metric d. We say that f,, converges to f
in measure if, for every e > 0,

Tim p({w : d(fu(w). f@)) > €}) = 0.
When p is a probability, convergence in measure is called convergence in probability, denoted
P

Convergence in measure is different from a.e. convergence. Example 188 is a classic example
of a sequence that converges in measure (in probability in that example) but not a.e. Here
is an example of a.e. convergence without convergence in measure (only possible in infinite
measure spaces).

EXAMPLE 193. Let = IR with ;1 being Lebesgue measure. Let f,(z) = I}, «)(2) for all
n. Then f, converges to 0 a.e. [u]. However, f, does not converge in measure to 0, because
w({| fnl > €}) = oo for every n.

Example 190 is an example of convergence in probability but not in LP. Indeed convergence
in probability is weaker than L” convergence.

ProrosiTION 194. If X,, converges to X in LP for some p > 1, then X, £ Xx.
Convergence in probability is also weaker than converges a.s.

LEMMA 195. If X,, — X a.s., then X, = X.

PrROOF. Let ¢ > 0. Let C = {w : lim,o X, (w) = X(w)}, and define C,, = {w :
d(Xg(w),X(w)) < ¢ foral k>n}. Clearly, C C (J~,C Because Pr(C) = 1 and
{C, }°° is an increasing sequence of events, Pr(C,,) — 1. Because {w: d(Xp(w), X(w)) >

e} CC

n )

Pr(d(X,,X)>¢) — 0. O

A partial converse of this lemma is true.

LEMMA 196. If X, = X, then there is a subsequence (X, )52, such that X,, *5 X.

PROOF. Let ny be large enough so that nj, > ng_; and Pr(d(X,,, X) > 1/2%) < 1/2*.
Because Y oo, Pr(d(X,,,X) > 1/2%) < oo, we know that Pr(d(X,,,X) > 1/2* i.0.) = 0.
Let A = {d(X,,,X) > 1/2" i.0.}. Then Pr(A%) =1 and lim;_ X,, (w) = X(w) for every
we A°. O

There is an even weaker form of convergence that we will discuss later in the course.
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36-752: Lecture 15

Let {X,,}22, be a sequence of random variables. As we pointed out earlier, the tail o-field
1

contains all events of the form {X,, converges} or {X, converges to c}. Because = " | X;
converges if and only if% S, X; converges forall ¢ = 1,2, ..., we see that lim,,_ % S X,
if it exists, is measurable with respect to the tail o-field. The Kolmogorov 0-1 law says that
the tail o-field of an independent sequence has all probabilities 0 and 1. So, the sample
averages of an independent sequence must converge a.s. to constants if they converge at all.
Also, Y7 | X; must converge a.s. or with probability 0, although it will not necessarily be
measurable with respect to the tail o-field. Next, we will begin study of sums of independent

random variables, finding conditions under which sums and averages converge or don'’t.

Sums of Independent Random Variables. There are several useful theorems about
sums of independent random variables. All of these make use of a common setup. Let
{X,,}22, be a sequence of random variables, and define, for each n, S, = >}, Xj. First,
there is the weak law of large numbers, this version of which does not assume that the X,,’s
are independent.

THEOREM 197. (WEAK LAW OF LARGE NUMBERS) Let {X,,}2%, be uncorrelated ran-
dom variables with mean 0 and such that Y, Var(X;) = o(n?). Then 13" | X, £o.

PROOF. Since the X,,’s are uncorrelated,

Var <% iXZ) = % iVar(Xi),
=1 =1

which we have assumed goes to 0 as n — oo. According to Tchebychev’s inequality (Corol-

lary 94)
(115 ) ) < L (15 x
r| |- il >€e| < <Var | — il
o ¢ o
which we just showed goes to 0 as n — oo. [

There are various strong laws of large numbers that conclude that the average converges
almost surely. A proof of Theorem 198 is given in another course document.

THEOREM 198. (STRONG LAW OF LARGE NUMBERS) Assume that {Xy}32, are inde-
pendent and identically distributed random variables with finite mean . Thenlim, . S, /n =

W, a.s.

We will prove a stronger law than Theorem 198 later in the course. For now, we will
concentrate on sums of independent random variables.

THEOREM 199. (KOLMOGOROV’S MAXIMAL INEQUALITY) Let {X}}_, be a finite col-
lection of independent random wvariables with finite variance and mean 0. Define S =

Zle X; for all k. Then
) o Var(5,)

P >
' (gsgzlskl = 2
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PROOF. For n = 1, the result is just Chebyshev’s inequality. So assume that n > 1 for
the rest of the proof. Let Ay be the event that |S;| > € but |S;| < e for j < k. Then {A;}}_,
are disjoint and

(200) {max |Sk| > e} = U Ag.
k=1

1<k<n

It follows that

B(S2) > Y / S2dp
k=1 Ak

_ Z/A [S2 4 254(Sn — Sk) + (S, — S)?] dP

> Z/ 57 +250(S, — S)]dP
A
= Z S2dp
k=1 Ak
>

€ Z Pr(Ag)
k=1

= &Pr (max |Sk| > e) :

1<k<n

where the first two inequalities and the first equality are obvious. The second inequality
follows from the fact that I4, Sy is independent of (S,, — Sk) which has mean 0. The third
inequality follows since S7 > €2 on Ay, and the third equality follows from (200). O

The reason that this theorem works is that whenever the maximum |Sy| is large, it most
likely is |S,,| that is large. There is another inequality like that of Kolmogorov that is often
used in proofs, but we will not discuss it in this class:

PROPOSITION 201. (ETEMADI LEMMA) Let {X,,}5°, be a sequence if independent ran-
dom variables. Then, for each € > 0 and each finite or infinite m,

Pr (max |Sp| > 36) < 3 max Pr(|S,| > e).
1< 1<n<m

The first theorem on the convergence of sums has a simple condition.

THEOREM 202. Let {X,}22, be independent with mean 0 and suppose that - Var(X,) <
0o. Then S, converges a.s.

PROOF. The proof is to show that S, is a Cauchy sequence a.s. The sequence {S,,(w)}>

n=1
is not Cauchy if and only if there exists a rational € > 0 such that for every n, sup; ;- |S;(w)—
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Sk(w)| > €. For each n and € > 0, let

B, = {sup |S; — Sk| > €},

’ jk>n

Cn,s = {Sup |Sn+k - Sn| Z E} 5
E>1 2

So that B, C C), for all n and € > 0. Then {5, (w)}>, is not a Cauchy sequence if and

n=1
only if
we | NBeS U [)Cue
rational € > 0 n=1 rational € > 0 n=1
So, it suffices to show that
(203) lim Pr (sup |Spik — S| > E) = 0.

To show (203), use Theorem 199 to see that, for each r > 1,

Pr <1rggxr|5n+k Sn| > ) ZVar k)

The sets whose probabilities are on the left side increase with r, so we can take a limit on
both sides as r — oo:

€
Pr (igli |Sn+k - Sn| > 5) <= ZV&T n+k Z Var

j=n+1
Since > 7| Var(X;) < oo, the tail sums must go to 0, and this implies (203). [J

COROLLARY 204. Let {X,}22, be independent. Suppose that y >, Var(X,) < co and
Y i1 E(Xy) converges. Then S, converges a.s.

PROOF. Let p, = > 7, E(X}). Write S, = (S, — ftn) + ptn. Theorem 202 says that
Sp — I, converges a.s., and we are assuming that pu, converges, hence the sum of the two
converges a.s.[]

EXAMPLE 205. Let the X,,’s have normal distribution with mean 1/n? and variance
1/n?. Then Theorem 202 says that the partial sums Y (X; —1/i?) converge a.s. It follows
easily that > | X; converges a.s. as well. Later we will be able to prove that the distribution
of the limit is normal with mean and variance equal to > -, 1/n?.

EXAMPLE 206. Let the X,,’s have uniform distributions on the intervals [—1/n,1/n].
Then )" | X, converges a.s.
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1 Strong Law of Large Numbers

2 The preliminary results in this document are numbered locally because they do not figure
3 in the course notes.

4 LEMMA 207. (KRONECKER’S LEMMA) Let {z}52, and {by}32, be sequences of real
s numbers such that > ;- &, = s < 0o and by T co. Then

R
6 nlggo b Zbkzk =0.
k=1
7 PROOF. Define r,, = > .| x4 so that ro = s. Then @), = r,_y — 7 for all k. So

n n
E brxy = E bk(Tk—1—7”k)
k=1 k=1
n—1 n
= E bk+17“k— E biTk
k=0 k=1

n—1

= Z(bk-l-l - bk)rk + b18 - bnrn-

10 k=1

1 Take absolute values to conclude that

Z bkl’k

k=1

< Z bk+1 — bk>|rk| -+ bl‘S‘ -+ b ‘Tn‘

13 Let € > 0. Because |r,| — 0, there exists IV such that for all k > N, |r;| < e. It follows that

n n—1
. 1 . €
. nhi& b ; brwr| < 7}13)10 ™ 2 (br+1 — br)
, by
. = (1-5) -
16 Since this is true for all € > 0, the limit is 0. [J
17 THEOREM 198. (STRONG LAW OF LARGE NUMBERS) Assume that { X\ }32, are indepen-

18 dent and identically distributed random variables with finite mean p. Then lim, .., S,/n = u,
19 a.S.

20 PROOF. Define Yy = Xyl px(Xi), Si = >4y Ye, and pr = E(Y;). Recall that
Var(Y;) < E(Y2). Also,

N
-

22
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ook 1
— Zzﬁ/ ?dux ()
k=1 j=1 J-1<]=|<g
o0 [e.e] 1
= w?dpx () —)
; </j—1<xg kZ:J k2
< - r dpx ()
;J j=1<lel<y

< 2E(|X4]) < oo,

where the first inequality follows from the fact that 377 1/k* < 2/j. So, 37,_, Var(Y;)/k?
converges It follows from Theorem 202 in the class notes that » ;_ (Y, — u)/k converges
a.s. Now, apply Lemma 207 to conclude that %Zzzl(Yk — i) converges a.s. Since p — f,
it follows that lim,, . % Sy b = p. So %2221 Y} converges a.s. to u.

Notice that Pr(Y; # Xi) = Pr(|Xx| > k). Let ux denote the distribution of each Xj.
Recall that

E(X1) = /OOOPr(|X1|>t)dt
> iPr(|Xk\>k;).

Because E(|X;|) < oo, the first Borel-Cantelli lemma says that Pr(Yy # Xy i.0.) = 0. Hence
>peq (Ve — Xy) is finite a.s. and £ 37| X, converges a.s. to p. O
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36-752: Lecture 16

Another interesting theorem about sums of independent random variables is the following.
It gives necessary and sufficient conditions for convergence of S,,. For each ¢ > 0 and each
n, let X\ (w) = Xp(w)1)0,q(| Xn(w)]). We will prove only the sufficiency part of the result.
The necessity proof is not included here but can be found in another course document.

THEOREM 208. (THREE-SERIES THEOREM) Suppose that {X,,}°°, are independent. For
each ¢ > 0, consider the following three series:

(209) > Pr(|Xal > ), Y OBXS), > Var(x[).
n=1 n=1 n=1

A necessary condition for S, to converge a.s. is that all three series are finite for all ¢ > 0.
A sufficient condition is that all three series converge for some ¢ > 0.

ExAMPLE 210. Let X, have a uniform distribution on the interval [a,, b,]. A necessary
condition for convergence of S, is that > - (b, — a,)? < oo (the third series). Another
necessary condition is that > 7 (a, + b,) converge (the second series). It follows that a,
and b, must both converge to 0 so that the first series also converges for all ¢ > 0. That the
two conditions above are sufficient for the convergence of S, follows from Corollary 204.

PROOF.Theorem 208 First, define some notation. For each ¢ > 0 and each n, define

k=1
MT(LC) - ZE(XIgC))v
k=1
sl9 = Z Var(X Igc))
k=1

For sufficiency, assume that all three series converge for some ¢ > 0. Because the second
and third series in (209) converge, Corollary 204 says that 54 converges a.s. We know that

Pr(X, # X,(f)) = Pr(|X,| > ¢). Since the first series in (209) converges, the first Borel-
Cantelli lemma says that Pr(X,, # X\ i.0.) = 0. Hence, for almost all w, there exists N(w)

such that S, (w) — S (w) is the same for all n > N(w). Hence S, (w) converges for almost
all w. [J

EXAMPLE 211. Let

# ifx=norx=—-n,
Pr(X,=2)=q 53— 57 ifa=—1/norz=1/n,
0 otherwise.

Then E(X,,) = 0 and Var(X,) =1+ 1/n* — 1/n*. So Theorem 202 does not imply that S,
converges a.s. However, for ¢ > 0, E(X\?) = 0 and Var(X\?) eventually equals 1/n* — 1/n?
while Pr(|X,| > ¢) eventually equals 1/n?, so the three-series theorem does imply that S,
converges a.s.
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Conditional Expectation. The measure-theoretic definition of conditional expecta-
tion is a bit unintuitive, but we will show how it matches what we already know from earlier
study.

DEFINITION 212. Let (€2, F, P) be a probability space, and let C C F be a sub-o-field.
Let X be a random variable whose mean is defined. We use the symbol E(X|C) to stand for
any function h :  — IR that is C/B"' measurable and that satisfies

(213) / hdP = / XdP, for all C € C.
C C

We call such a function h, a version of the conditional expectation of X given C.

Equation (213) can also be written E(Ich) = E(IcX) for all C' € C. Any two versions of
E(X|C) must be equal a.s. according to Theorem 119 (part 3). Also, any C/B!'-measurable
function that equals a version of E(X|C) a.s. is another version.

EXAMPLE 214. If X is itself C/B! measurable, then X is a version of E(X|C).
ExampLE 215. If X =a a.s., then E(X|C) = a a.s.

Let Y be a random quantity and let C = o(Y). We will use the notation E(X|Y) to
stand for E(X|C). According to Theorem 147, E(XY") is some function g(Y) because it is
o(Y)/B'-measurable. We will also use the notation E(X|Y = y) to stand for g(y).

EXAMPLE 216. (JOINT DENSITIES) Let (X,Y) be a pair of random variables with a
joint density fxy with respect to Lebesgue measure. Let C = o(Y'). The usual marginal
and conditional densities are

fry) = /fX,Y(%y)dIa

- fX,Y(fan)

The traditional calculation of the conditional mean of X given Y =y is

9(y) = /:cfxy(x\y)dx.

That is, E(X|Y) = ¢g(Y) is the traditional definition of conditional mean of X given Y. We
also use the symbol E(X|Y = y) to stand for g(y). We can prove that h = g(Y') is a version
of the conditional mean according to Definition 212. Since g(Y') is a function of Y, we know
that it is C/B' measurable. We need to show that (213) holds. Let C' € C so that there
exists B € B! so that C' =Y ~}(B). Then I¢(w) = I5(Y (w)) for all w. Then

/th = /Icth
c
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I5(Y)g(Y)dP
Ipgdpuy

Is(y)g(y) [y (y)dy

Is(w) [ 2 fxpaly)do fr )y

Ig(y)xfxy(z,y)dxdy
Ix(Y)X) = E(IoX).

I
B — e
—

Example 216 can be extended easily to handle two more general cases. First, we could
find E(r(X)]Y) by virtually the same calculation. Second, the use of conditional densities
extends to the case in which the joint distribution of (X,Y") has a density with respect to
an arbitrary product measure.
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Three-Series Theorem

THEOREM 208. (THREE-SERIES THEOREM) Suppose that { X, }>° | are independent. For
each ¢ > 0, consider the following three series:

(209) Y Pr(IXa > ), Y EX), ) Var(x().
n=1 n=1 n=1

A necessary condition for S, to converge a.s. is that all three series are finite all ¢ > 0. A
sufficient condition is that all three series converge for some ¢ > 0.
PROOF. Recall some notation. For each ¢ > 0 and each n, define

ml) = E(X()

s = X,
k=1

MO = 3w,
k=1

59 = Z Var(X\9).
k=1

The sufficiency was proved in the course notes. For necessity, suppose that S, converges
a.s. Let ¢ > 0. For each w such that S, (w) converges, we must have lim,_, X, (w) = 0.
It follows that X,(w) = X\ (w) for all but finitely many n and so S (w) converges. Since
Pr(X, # X,(f)) = Pr(]X,,| > ¢) the contrapositive of the second Borel-Cantelli lemma says
that the first series in (209) converges. Suppose that the third series in (209) diverges. Since
X —m'9 are uniformly bounded and s — oo, the central limit theorem says that, for all
e @ _ 30
(217) lim Pr (:17 < Sn_ — Mr” < y) = d(y) — P(x),

n—oo S;C)

where @ is the standard normal df. Since S converges a.s., we have lim,_, S\’ / 59 =0

a.s. Hence, S\ /s 55 0. For each 1/2 > € > 0,

© _ 30 (©
(218) Pr|z< S o<y, S <€
Sch) sgc)
© _ 30 (©
(219) > Pr x<&7n§y —Pr SLEE )
Sch) sgc)

Notice that the event on the left side of (218) can occur only if 2 — e < —M /s <y + €.
Hence, the event on the left side of (218) cannot occur for both of the pairs (z,y) = (e—1, —¢)
and (z,y) = (6,1 —¢). Let § > 0 be smaller than both ®(—¢) — ®(e —1) and (1 —¢€) — D(e).
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Then (217) says that there exists Ni(x,y) large enough so that n > Nj(z,y) implies that the
first probability on the right of (219) is within 6/2 of ®(y) — ®(z). Also, since S\ /' 5 0,
there exists Ny so that n > Ny implies that the second probability on the right of (219) is
at most 0/2. So, if

n > max{Ny(e — 1, —€), N1(e, 1 — €), Na},

we have
57(7,6) . My(LC) 57(7,6)
Prle—1<20— 2" < |20 | <
SSLC) SSLC)

> O(—¢) —P(e—1)—6>0,
(c)

S — M, S
Pr<e<7§1—e, —

Sglc) SSLC)

)

This contradicts the fact that at least one of the two events on the far left sides of these
inequalities is impossible. Hence, s\ cannot diverge and the third series in (209) converges.

> (1l —¢€)—P(e) —0 > 0.

Theorem 202 now says that S% — M\” converges a.s. Since we already showed that S\
converges a.s., the second series in (209) must converge. [J
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36-752: Lecture 17

All of the familiar results about conditional expectation are special cases of the general
definition. Here is an unfamiliar example.

ExXAMPLE 220. Let Xj, X, be independent with U(0, ) distribution for some known 6.
Let Y = max{X;, Xs} and X = X;. Find the conditional mean of X given Y. In this
case (X,Y) do not have a joint density with respect to any product measure. But we can
argue what the conditional distribution, and hence conditional mean, of X given Y should
be. With probability 1/2, X =Y. With probability 1/2, X is the min of X; and X, and
ought to be uniformly distributed between 0 and Y. The mean of this hybrid distribution is
Y/2+Y /4 =3Y/4. Let’s verify this.

First, we see that h = 3Y/4 is measurable with respect to C = o(Y"). Next, let C' € C.
We need to show that E(X o) = E([3Y/4]1¢c). Theorem 119 (part 4) says that we only need
to check this for sets of the form C' = Y ~!(]0,d]) with 0 < d < 6. Rewrite these expectations
as integrals with respect to the joint distribution of (X3, X3). We need to show that

d pd d
T 3y 2y
221 i = :
(221) /0 /0 szzldm /0 4 67 .

for all 0 < d < 6. Tt is easy to see that both sides of (221) equal d*/[26?].

A reminder about versions: If two functions h; and hy are both C/B'-measurable and if
they both satisfy E(h;lc) = E(X 1) for all C' € C, then they are both versions of E(X|C).
Similarly, any function A’ that equals a version of E(X|C) a.s. and is C/B'-measurable is
another version.

ExaMpPLE 222. In Example 220,

W 3Y/4 if Y is irrational,
10 otherwise.

is another version of E(X|Y).
The following fact is immediate by letting C' = (.
ProposiTION 223. E(E(X|C)) = E(X).

Here is a generalization of Proposition 223, which is sometimes called the tower property of
conditional expectations.

PROPOSITION 224. (LAW OF TOTAL PROBABILITY) IfC; C Cy C F are sub-o-field’s
and E(X) exists, then E(X|Cy) is a version of E(E(X|Cq)|Cy).

PROOF. By definition E(X|C;) is C;/B'-measurable. We need to show that, for every
C ey,
/ E(X|C,)dP = / E(X|Cq)dP.
c c

The left side is E(XI¢) by definition of conditional mean. Similarly, because C' € Cy also,
the right side is E(X 1) as well. O



o4

1 ExampLE 225. Let (XY, Z) be a triple of random variables. Then E(X|Y) is a version
. of BE(X|(Y, Z))|Y).

3 Here is a simple property that extends from expectations to conditional expectations.
4 LEMMA 226. If X < X5 a.s., then E(X;|C) < E(X3|C) a.s.
5 PROOF. Suppose that both E(X;|C) and E(X5|C) exist. Let

6 CO = {OO > E(X1|C> > E(XQ‘C)},
: €1 = {oo=E(X,[C) > B(X[C)}.

¢ Then, for 1 =0,1,
0< / [B(X1]C) — B(X,|C)|dP = / (X1 — X3)dP < 0.

1 It follows that all terms in this string are 0 and P(C;) = 0 for ¢ = 0,1. Since Cy U C} =
{E(X1|C) > E(X3|C)}, the result is proven. O

12 We can prove that versions of conditional expectations exist by the Radon-Nikodym
13 theorem. However, the “modern” way to prove the existence of conditional expectations is
+ through the theory of Hilbert spaces.

-
[

[



10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

95

36-752: Lecture 18

The following corollary to Proposition 224 is sometimes useful.

COROLLARY 227. Assume that C; C Cy C F are sub-o-field’s and E(X) exists. If a
version of E(X|Cy) is C1/B'-measurable, then E(X|Cy) is a version of E(X|Cs) and E(X|Cs)
is a version of E(X|Cy).

EXAMPLE 228. Suppose that X and Y have a joint conditional density given © that
factors,

Ixyie(x,y|0) = fxje(x]0) frie(yl|f).
Then, the conditional density of X given (Y, ©) is

0
fxel(zly,0) = %

With C; = 0(©) and Cy = o(Y, 0), we see that E(r(X)|C;) will be a version of E(r(X)|Cs)
for every function r(X) with defined mean.

= fxje(z]0).

Here is another example of a result that extends from expectations to conditional expec-
tations.

LEMMA 229. IfE(X), E(Y), and E(X +Y) all exist, then E(X|C)+E(Y|C) is a version
of E(X +Y|C).

ProOF. Clearly E(X|C) + E(Y|C) is C/B'-measurable. We need to show that for all
C e,

(230) / E(X|C) + E(Y|C)dP = / (X +Y)dP,
c c
The left side of (230) is [, XdP + [,YdP = [,(X +Y)dP because E(IcX), E(I¢Y) and
E(lc[X +Y]) all exist. O
The following theorem is used extensively in later results.

THEOREM 231. Let (Q,F,P) be a probability space and let C be a sub-o-field of F.
Suppose that E(Y) and E(XY) ezist and that X is C/B'-measurable. Then E(XY|C) =
XE(Y|C).

PRrROOF. Clearly, XE(Y|C) is C/B'-measurable. We will use the standard machinery on
X. If X =1Ipforaset BeC, then
(232) E(IcXY) = E(IcnpY) = E(IcnsE(Y(C)) = E(IcXE(YC)),

for all C € C. Hence, XE(Y|C) = E(XY|C). By linearity of expectation, the extreme
ends of (232) are equal for every nonnegative simple function, X. Next, suppose that X is
nonnegative and let {X,} be a sequence of nonnegative simple functions converging to X
from below. Then

E(IcX,Y') = E(IcX,E(YT|C)),
E(IcX,Y™) = E(cX,E(Y™|C)),
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for each n and each C' € C. Apply the monotone convergence theorem to all four sequences
above to get

E(IcXY™") = E(cXE(YT|C)),
E(IcXY™) = E(XE(Y™|C)),

for all C' € C. It now follows easily from Lemma 229 that XE(Y|C) = E(XY|C). Finally, if
X is general, use what we just proved to see that X TE(Y|C) = E(X1Y|C) and X"E(Y|C) =
E(X7Y|C). Apply Lemma 229 one last time. [J

In all of the proofs so far, we have proven that the defining equation for conditional
expectation holds for all C' € C. Sometimes, this is too difficult and the following result can
simplify a proof.

PROPOSITION 233. Let (2, F, P) be a probability space and let C be a sub-o-field of F.
Let 11 be a w-system that generates C. Assume that ) is the finite or countable union of sets

in I1. Let Y be a random variable whose mean exists. Let Z be a C/B'-measurable random
variable such that E(IoZ) = E(I¢Y) for all C € II. Then Z is a version of E(Y|C).

One proof of this result relies on signed measures, and is very similar to the proof of Theo-
rem 43.

Conditional Probability. For A € F, define Pr(A|C) = E(14|C). That is, treat /4
as a random variable X and define the conditional probability of A to be the conditional
mean of X. We would like to show that conditional probabilities behave like probabilities.
The first thing we can show is that they are additive. That is a consequence of the following
result.

It follows easily from Lemma 229 that Pr(A|C) + Pr(B|C) = Pr(AU BJ|C) a.s. if A and
B are disjoint. The following additional properties are straightforward, and we will not do
them all in class. They are similar to Lemma 229.

ExAMPLE 234. (PROBABILITY AT MOST 1) We shall show that Pr(A|C) < 1 a.s. Let
B ={w:Pr(A|C) > 1}. Then B € C, and

P(B) < / Pr(A|C)dP = / 1.dP = P(AN B) < P(B),

where the first inequality is strict if P(B) > 0. Clearly, neither of the inequalities can be
strict, hence P(B) = 0.

ExAMPLE 235. (COUNTABLE ADDITIVITY) Let {A,}5°, be disjoint elements of F. Let
W =735 Pr(A,|C). We shall show that W is a version of Pr(|J ~, A,|C). Let C € C.

= iP(CmAn)

E [IC[U,,OLO:lA7L:| = P <C’ﬂ




© ~ o 4]

10

11

12

13

14

15

16

17

18

19

20

21

o7

= > /C Pr(A,|C)dP
- / f:Pr(Anw)dP
Cn:l

= / WdP,
C

where the sum and integral are interchangeable by the monotone convergence theorem.

We could also prove that Pr(A|C) > 0 a.s. and Pr(Q2|C) = 1, a.s. But there are generally
uncountably many different A € F and uncountably many different sequences of disjoint
events. Although countable additivity holds a.s. separately for each sequence of disjoint
events, how can we be sure that it holds simultaneously for all sequences a.s.?

DEFINITION 236. Let A C F be a sub-o-field. We say that a collection of versions
{Pr(A|C) : A € A} are regular conditional probabilities if, for each w, Pr(:|C)(w) is a proba-
bility measure on (Q,.A).

Rarely do regular conditional probabilities exist on (€2, F), but there are lots of common
sub-o-field’s A such that regular conditional probabilities exist on (£2,.4). Oddly enough,
the existence of regular conditional probabilities doesn’t seem to depend on C.

ExampPLE 237. (JOINT DENSITIES) Use the same setup as in Example 216. For each y

such that fy(y) = 0, define fxyv(z|y) = ¢(x), the standard normal density. For each y such
that fy(y) > 0, define fx|y as in Example 216. Next, for each A € ¢(X), define

h(y):/BfXY(x‘y)dI,

for all y, where A = X~!(B). Finally, define Pr(A|C)(w) = (Y (w)). The calculation done
in Example 216 shows that this is a version of the conditional mean of 4 given C. But it is
easy to see that for each w, Pr(:|C)(w) is a probability measure on (2, o(X)).
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36-752: Lecture 19

Convergence in Distribution. Let X be a topological space and let B be the Borel
o-field. Let (2, F,P) be a probability space and let X,, : Q@ — X be F/B-measurable.
Also, let X : Q — X be another random quantity. This will be the standard setup for all
discussions of convergence in distribution.

DEFINITION 238. We say that X,, converges in distribution to X if

lim E[f(X,)] = E[f(X)],

for all bounded continuous functions f : X — IR. We denote this property X, ZX.

EXAMPLE 239. Let Q = IR™ with F = B> and P being the joint distribution of a
sequence {X,,}>; of iid standard normal random variables. Let X, (w) = ﬁ >y Wi Let

X = X;. Then X, L X in a trivial way.
There are several conditions that are all equivalent to X, Zx.

THEOREM 240. (PORTMANTEAU THEOREM) The following are all equivalent if X is a
metric space:

1. lim, o E[f(X,,)] = E[f(X)], for all bounded continuous f,
2. For each closed C C X, limsup,,_, . px, (C) < ux(C).
3. For each open A C X, liminf, . pux, (A) > px(A).

4. For each B € B such that pix(0B) = 0, lim,,_, ptx, (B) = ux(B).

We will not prove this whole theorem, but we will look a bit more at the four conditions.
If X = IR, then the fourth condition is a lot like the familiar convergence of cdf’s in places
where the limit is continuous. An interval B = (—o0, b] has ux(0B) = 0 if and only if there
is no mass at b, hence if and only if the cdf is continuous at b. The second condition says
that we don’t want any mass from the distributions of the X,,’s to be able to escape from
a closed set, although it could happen that mass from outside of a closed set approaches
the boundary. That is why the inequality goes the way it does. Similarly, for the third
condition, mass can escape from an open set but nothing should be allowed to “jump” into
the open set. The first condition is related to the often overlooked fact that the distribution
of a random quantity is equivalent to the means of all bounded continuous functions. The
first condition is also a version of what mathematicians call weak* convergence, a concept
that arises in the theory of normed linear spaces. Many statisticians and probabilists call
convergence in distribution “weak convergence,” but convergence in distribution is not quite
the same as weak convergence in normed linear spaces.

PROOF.Theorem 240 First, notice that the second and third conditions are equivalent
since closed sets are complements of open sets. Together the second and third conditions
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imply the fourth one. We will prove that the fourth condition implies the first one. We will
waive hands over the proof that the first condition implies the second one.

Assume the fourth condition. Let f be bounded and continuous, |f(z)| < K for all x. Let
€ > 0. Let vgp < vy <--- <wy be real numbers such that v9 < —K < K <wy, vj —vj—1 <€
forall j =1,..., M, and ux({z : f(z) =v;}) =0for all j. Let F; = {z :v;_1 < f(z) <v;}.
The continuity of f and the fact that 0F; C {z : f(z) € {v;,v;_1}} imply that

{x v < f(z) <v;} Cint(F) CF; C{x vy < flx) <wvj}.

By construction

M
> vnx,(F) —Blf(X)]| < e
j=1

M
Z vipx (F;) —E[f(X)]| < e
By assumption px(0F;) = 0 for all j and
M
lim nguxn = vinx(F
7j=1 7=1

Combining these yields |lim, . E[f(X,)] — E[f(X)]| < 2¢, hence the first condition holds.

To see why the first condition implies the second one, let C' be a closed set. For each
m, let C,, be the set of points that are at most 1/m away from C. The function f,,(x) =
max{0,1 — md(x,C)} is bounded and continuous, equals 0 on C¢, equals 1 on C, and lies
between 0 and 1 everywhere. We know that lim,, . E(fn(X,)) = E(f,(X)) for all m. Also,
wx, (C) < E(fin(X,)) < px, (Cy) for all n and m. So

(241) limsup ix, (C) < E(fin (X)) < pux(C),
for all m. Since {C,,}5°_, is a decreasing sequence of sets whose intersection is C', we have
limy,— o0 tx (Cr) = px(C). Since the left side of (241) doesn’t depend on m, we have the
result. [

Because convergence in distribution depends only on the distributions of the random
quantities involved, we do not actually need random quantities in order to discuss conver-

gence in distribution. Hence, we might also use notation like KA i, where i, and u are
probability measures on the same space. If X = IR, we might refer to the cdf’s and say

F, ZF. We might even refer to the names of distributions and say that X, converges in
distribution to a standard normal distribution or some other distribution. Even if we do have
random quantities, they don’t even have to be defined on the same probability spaces. They
do have to take values in the same space, however. For example, for each n, let (£2,, F,, P,)
be a probability space, and let (Q, F, P) be another one. Let (X, B) be a topological space
with Borel o-field. Let X, : Q, — X and X : Q — X be random quantities. We could then

ask whether or not X,, L X. We won’t use this last bit of added generality:.
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EXAMPLE 242. Let {X,};2, be a sequence of iid standard normal random variables.
Then X,, converges in distribution to standard normal, but does not converge in probability
to anything.

Some authors use the expression converges in law to mean “converges in distribution”.
They might write this X, £ X. Others use the expression converges weakly and might write
it X, = X2

Skorohod proved a result that simplifies some proofs of convergence in distribution when
X =1R.

LEMMA 243. (SKOROHOD THEOREM) Let (X,B) = (IR, BY). Suppose that X, = X.
Then there exist {Y,,}°2, and Y defined on ((0,1),B',\) (X being Lebesque measure) such
that Y,, has the same distribution as X,, for all n, Y has the same distribution as X, and
Y, (w) — Y(w) for all w.

PROOF. Let F, be the cdf of X,, and let F' be the cdf of X. Then lim,, .., F,,(z) = F(x)
for all z at which F' is continuous by part 4 of Theorem 240. Define Y, (w) = F, }(w) and
Y (w) = F~}(w). Here, the inverse of a general cdf G is defined by G~*(p) = inf{z : G(x) >
p}. It is easy to see that Y,, has the same distribution as X,, and Y has the same distribution

as X. For example,
Pr(Y <y) =Pr(F(w) <y) = Pr(w < F(y)) = F(y).

To see that Y, (w) — Y(w), let e > 0 and let Y (w)—e < x < Y'(w) be such that F' is continuous
at . Then F(x) < w, so eventually F,(z) < w and eventually Y(w) — e < x < Y,(w), so
liminf, ¥, (w) > Y(w). A similar argument shows lim sup,, Y,,(w) < Y(w). O

The following result says that the usual definition of convergence in distribution in one
dimension is equivalent to what we have stated above.

LEMMA 244. Let (X,B) = (IR,B). Let F), be the cdf of X,, and let F be the cdf of X.
Then X, = X if and only if im0 F.(x) = F(x) for all x at which F is continuous.

PROOF. The proof of the “only if” direction is direct from Theorem 240 because F' is
continuous at x if and only if pux({z}) = 0 and {z} is the boundary of (—oo, z]. For the “if”
part, construct Y, and Y as in the proof of Lemma 243. It then follows from the dominated
convergence theorem that E(f(Y,,)) — E(f(Y)) for all bounded continuous f. [J

ExXAMPLE 245. Let ® be the standard normal cdf, and let

0 if v < —n,
P(x)—P(—n .

Fn(l’) = W if —n<z<n,
1 if £ > n.

Then, we see that lim,, ., F,,(z) = ®(x) for all z. Each F;, gives probability 1 to a bounded
set, but the limit distribution does not.

2Convergence in distribution is not the same as weak convergence of continuous linear functionals in
functional analysis. It is the same as weak* convergence, but we will not go into that distinction here.
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EXAMPLE 246. Let ® be the standard normal cdf, and let

0 if v < —n,
F.(z) =< ®(z) if —n <z < n,
1 if x > n.

Then, we see that lim,, .., F,(x) = ®(z) for all . Each F,, is neither discrete nor continuous,
but the limit is continuous.

EXAMPLE 247. Enumerate the dyadic rationals in this sequence: 1/2, 1/4, 3/4, 1/8,
3/8,5/8,7/8, 1/16, 3/16, .... Let u, be the measure that puts mass 1/n on each of the
first n in the list. Then the subsequence {pan_1}5°, converges in distribution to the uniform
distribution on [0, 1], but the whole sequence does not converge. Consider the subsequence
{pon+2_gn_1}°° 1, which converges to a distribution with twice as much probability on [0, 1/2]
as on (1/2,1].

EXAMPLE 248. Let F}, be the cdf of the uniform distribution on [—n, n|. No subsequence
of F,, converges in distribution even though each cdf gives probability 1 to a bounded set.

Examples 245 and 248 illustrate a necessary and sufficient condition for a sequence of
distributions to have a convergent (in distribution) subsequence. Even though the F,, in
both examples assign probability to 1 to the same intervals, the probability moves out to
infinity at different rates in the two examples. In 7?7, we will see a condition on how fast
probability can move out to infinity and still allow subsequences to converge in distribution.

Convergence in distribution is weaker than convergence in probability, hence it is also
weaker than convergence a.s. and L” convergence.

PROPOSITION 249. Let (X, B) be a metric space (having metric d) and its Borel o-field.
Let {X,}5°, be a sequence of random quantities taking values in X and let X be another
random quantity taking values in X.

1. Iflimy o Xo = X a.s., then X, = X.

2. If X, 5 X, then X, 2 X.

3. If X 1s degenerate and X, KA X, then X, X

4. If X, LN X, then there is a subsequence {ny}3>, such that limy_.. X,,, = X, a.s.

PRrROOF. The first and last claims were proven earlier and are only included for complete-
ness. For the second claim, let C' be a closed set and let C,,, = {x : d(z,C) < 1/m} for each
integer m > 0. Then

px, (C) < pux(Cp) + Pr(d(X, X,,) > 1/m).

It follows that limsup,, px, (C) < ux(Cy,). Since lim,, .o pux(Cy) = pux(C), we have that

Xn 2 X by Theorem 240. The third claim follows by approximating Ij._. .1 by a bounded
continuous function, where Pr(X =c¢)=1. O
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36-752: Lecture 20

If fis a continuous function and X, A X, then f(X,) 3 f(X). Indeed, even if f is not
continuous, so long as pux assigns 0 probability to the set of discontinuities, the result still
holds.

THEOREM 250. (CONTINUOUS MAPPING THEOREM) Let {X,}>° ;| be a sequence of ran-
dom quantities, and let X be another random quantity all taking values in the same metric

space X. Suppose that X, P X. Let Y be a metric space and let g : X — ). Define
Cy={z: g is continuous at x}.
Suppose that Pr(X € Cy) = 1. Then g(X,) 2 g(X).

The proof of Theorem 250 together with the proof of Theorem 252 are in another course
document. They both rely on the second part of Theorem 240, and they resemble the part
of the proof of Proposition 249 that we already did.

EXAMPLE 251. If (S, — nu)/[\/no] converges in distribution to standard normal, then
(S, —np)?/(no?) converges in distribution to y? with one degree of freedom.

THEOREM 252. Let {X,}>2,, X, and {Y,}>2, be random quantities taking values in a

n=1>

metric space with metric d. Suppose that X, L X and d(X,,Y,) EiR 0, then Y, 2 X,

The most common use of this theorem is the following. If the difference between two se-
quences converges to 0 in probability and if one of the two sequences converges in distribution
to X, then so does the other one. A related result is the following.

THEOREM 253. Let X,, take values in a metric space and let Y, take values in a metric
space. Suppose that X, 2 X and Y, 5 ¢, then (Xn, Yn) 2 (X,c).

PROOF. Let d; be the metric in the space where X,, takes values and let dy be the metric
in the space where Y,, takes values. Then

d((z1,y1), (T2, Y2)) = di(w1, 2) + da(y1, ya),

defines a metric in the product space and the product o-field is the Borel o-field. First note

that (X,,c) 2 (X, ¢) since every bounded continuous function of (X,,¢) is a bounded
continuous function of X, alone. Next, note that d((X,,Y,), (X, ¢)) = da(Y,,c) and

P.(ds(Yn,c) > €) — 0 for all € > 0, so d((X,,Yy), (X,,¢)) £ 0. By Theorem 252,
(X, Y,) 2 (X,c). O

EXAMPLE 254. Suppose that U, = (S, — nu)/(y/no) converges in distribution to stan-

dard normal. Suppose also, that T}, L 5. Then (U, Ty) KA (Z,0), where Z ~ N(0,1).
Consider the continuous function g(z,s) = zo/s. It follows that

Sn_nﬂ D
7H

Z.
Vi,

Q(Uann) =
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ExAaMPLE 255. (DELTA METHOD) Suppose that lim,_ . 7, = oo and 7,(X,, — a) Zy.

Then X, = a. Suppose that g is a function that has a derivative ¢’(a) at a. Define

) — 98) — 0(@)

Tr—a

—g'(a).

We know that lim,_,, h(z) = 0, so we can make h continuous at a by setting h(a) = 0. Also
9(x) = g(a) = (z — a)g'(a) + (x — a)h(z). So,

rlg(Xn) = g(a)] = rn(Xn — a)g'(a) + ra(Xn = a)(X5).

It follows from Theorems 250 and 249 that h(X,,) £ 0. By Theorem 253, rn(Xn—a)h(X5,) i

0 and 7,(X,, —a)¢'(a) 3 ¢'(a)Y. By Theorem 252, r,[g9(X,) — g(a)] 2 g'(a)Y. After we see
the central limit theorem, there will be many examples of the use of this result.

If ¢’(a) = 0 in the above example, there may still be hope if a higher derivative is nonzero.

EXAMPLE 256. Let {X,,}°, be iid with exponential distribution with parameter 2.
That is, the density is 2exp(—2z) for z > 0. Let Y,, = min{Xj,..., X,,;}. Then Y, has
an exponential distribution with parameter 2n. So n(Y,, — 0) 2 X, Let g(y) = cos(y) so
that ¢'(y) = —sin(y). Then nfcos(Y,) — 1] 2 0. But g(y) — 1= 0 — 42/2 + o(y?) as y — 0.
So,

n? 1
n2[g(Yn) - 1] = ?Yr? + Zn 2) §X12a

where Z,, L 0.
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Continuous Mapping and Related Theorems

LEMMA 257. Let X and Y be metric spaces. Let B be a closed subset of X. Let g : X —
Y. If v € g7Y(B) and g is continuous at x, then v € g~ (B).

PROOF. If z € g~1(B) then there exists a sequence {z,}°, of elements of g~!(B) such
that x,, — x. If g is continuous at x then g(x,) — g(z). Since all g(x,) € B and B is closed,
g(x) e B. O

THEOREM 250. (CONTINUOUS MAPPING THEOREM) Let {X,,}22, be a sequence of ran-
dom quantities, and let X be another random quantity all taking values in the same metric

space X. Suppose that X, D X. Let Y be a metric space and let g : X — ). Define
Cy={x: g is continuous at x}.

Suppose that Pr(X € C,) = 1. Then g(X,) 2 g9(X).
PROOF. Let @, be the distribution of g(X,,) and let @ be the distribution of g(X). Let
R,, be the distribution of X,, and let R be the distribution of X. Let B be a closed subset

of Y. If v € g~1(B) but z € g~ *(B), then g is not continuous at z by Lemma 257. It follows
that g='(B) C g~ '(B) UCY. Now write

limsup Q,(B) = limsup R,(¢""(B)) < limsup R,(g~1(B))

< R(¢g7'(B)) < R(g~(B)) + R(Cy)
= R(g™(B)) = Q(B),
and the result now follows from the Theorem 240. [J
THEOREM 252. Let {X,}>°,, X, and {Y,}72, be random quantities taking values in a

metric space with metric d. Suppose that X, 2 X and d(X,,Y,) EiR 0, then Y, 2 X,

PrROOF. Let @, be the distribution of Y,,, let R, be the distribution of X,, and let R
be the distribution of X. Let B be an arbitrary closed set. According to Theorem 240, it
suffices to show that limsup @Q,(B) < R(B). Then

{Y, € B} C{d(X,,B) < e} U{d(X,,Y,) > €}.
Define C, = {z : d(z, B) < €}, which is a closed set. So,

Qn(B) = P,(Y, € B)
< Po(d(X,,B) <€)+ Po(d(X,,Y,) > €)
= Ru(C) + P(d(X,,Y,) > o).

We have assumed that lim,, ., P,(d(X,,Y,) > ¢) = 0 and that X, o x , S0 we conclude
limsup,,_, ., Qn(B) < limsup,,_, . R.(Ce) < R(C,). Since B is closed, lim._o R(C.) = R(B).
It follows then that
limsup @,(B) < R(B),
hence Y, 2 X. [
Here is the convergence in probability version of Theorem 250.
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THEOREM 258. Let {X,,}>2, be a sequence of random quantities, and let X be another
random quantity all taking values in the same metric space X with metric dy. Suppose that

X, X, Let Y be a metric space with metric dy and let g : X — Y. Define
Cy={x: g is continuous at x}.
Suppose that Pr(X € Cy) = 1. Then g(X,) L g(x).

PROOF. For each z € X and € > 0, there exists d(z,€) such that da(g(x),g(y)) < €
whenever dy(z,y) < d(x,€). For every set A,

Pr(An {da(9(X), 9(Xn)) < €}) = Pr(AN{di(X, Xy) <0(X,€)}).

Define A,, = C,N{X : §(X,¢e) > 1/m}. We know that lim,, .., Pr(A4,,) = 1. Also, for every
m’

Pr(da(9(X), 9(Xn)) <€) = Pr(An N {da(9(X), 9(Xn)) <e€})
Pr(A, N{d:(X, X,) <d(X,€)})

Pr(A, N {dy (X, X,) < 1/m}).

AVARAVARLYS

This last converges to Pr(A,,) as n — oo because X, L X. Hence

lilrilinf Pr(dy(g9(X), g(X,)) <€) > Pr(A,).

Now, take limits as m — oo on both sides to get that liminf,, Pr(ds(g(X), g(X,)) <€) > 1.
So, g(X,,) = g(X). O
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36-752: Lecture 21

Characteristic Functions. For the special case in which (X, B) = (IR?, B?), there is a
useful technique for determining if a sequence of random vectors convergences in distribution.
It is based on a characterization of distributions by something simpler than the means of
all bounded continuous functions. The means of a special collection of bounded continuous
functions, namely {exp(it'x) : ¢t € IR?}, are enough to characterize a distribution. From
here on in the notes, i is one of the complex square-roots of —1.3

DEFINITION 259. The function ¢x(t) = Eexp(it' X) is called the characteristic func-
tion (cf) of X.

(Mathematicians will recognize the cf as the Fourier transform of f.) Every distribution
on IR? has a cf regardless of whether moments exist. Recall from complex analysis that
exp(iu) = cos(u) + isin(u). So, we see that exp(it'x) is indeed bounded as a function of x
for each t.

EXAMPLE 260. (CAUCHY DISTRIBUTION) Let fx(z) = [m(1 + z*)]7!. Then ¢x(t) =
exp(—|t]). To prove this requires contour integration.

The remaining theorems about convergence in distribution are

e the inversion/uniqueness theorem that says that each cf corresponds to a unique dis-
tribution,

e the continuity theorem that says that X, 2 X if and only if ¢y, (t) — ¢x(t) for all ¢
(the “only if” direction being trivial), and

e the central limit theorem that says that certain normalized sums of independent (not

necessarily identically distributed) random variables with finite variance converge in
distribution to a standard normal distribution.

PROPOSITION 261. If X and Y are independent, then ¢xy(t) = ¢x(t)py(t).

EXAMPLE 262. (NORMAL DISTRIBUTION) Let fx(x) = exp(—z?/2)/v/27 be the density
of X. Then

ox(t) = \/%/exp(it:c—xzﬂ)d:c

— \/%/exp (—%[x—z't]%g) dx

= exp(—t*/2).

3If T ever use i again to mean something else, stop me so that I can fix it.
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EXAMPLE 263. (UNIFORM DISTRIBUTION) Let f(z) =1/2 for —1 < 2 < 1. Then

1 /1 : _exp(it) — exp(—it) sm(t)

tr)dx =
1eXp(z x)dx 577 ;

The smoothness of the cf is related to the existence of moments. Of course all cf’s are
continuous by the dominated convergence theorem. Since | exp(it'z)—exp(iu'z)| < 2 for all
t,u, z, we can pass the limit as u — ¢ under the integral in [[exp(it"z) — exp(iu'x)]dux ()
to get 0 for the limit. Now, suppose that X is a random variable with finite mean. We can
write

|exp(iz) — 1|* = | cos(z) + isin(z) — 1|* = 2 — 2cos(x) = 2/ sin(t)dt < 2/ tdt = .
0 0

This implies that |exp(iz) — 1| < |z| for all z. Clearly, | exp(iz) — 1| < 2 for all = also. So
(264) |exp(iz) — 1| < min{2, |z|}.

This implies that [exp(ixzt) — 1]/t is bounded by a px-integrable function |z|. By the dom-
inated convergence theorem, we can pass the limit as ¢ — 0 under the integral to get that
¢'(0) exists and equals iE(X). With a bit more effort similar results hold if higher moments
exist. That is, higher order derivatives of ¢ exist and equal powers of ¢ times the moments
times real constants.

THEOREM 265. (INVERSION AND UNIQUENESS) Let ¢ be the cf for the probability P on
(IRP,BP). Let A be a rectangular region of the form

A={(z1,...,2p) 1 a; < z; <b; forall 5},
where a; < b; for all j and P(OA) = 0. For each T >0, let
BT:{(tl,...,tp) . —Tgtj STfOT’ CLllj}

Then

P(A) = lim

[ 1 ) 2 i ar, -,
T—o0 (27T)p Br i=1 Ztﬁ

Distinct probability measures have distinct cf’s.

The proof of Theorem 265 is provided in another course document. The proof relies on the
following interesting result.

T . m ife>0,
lim / sin(@) Lo e 0,
T=oo)or ¥ —m ife<O.

(Because dt/t is invariant measure with respect to scale changes on (0,00), the integral
doesn’t depend on |c| for ¢ # 0.) Basically, replace ¢(t) by [[[’_, exp(it;x;)dP(x), change
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the order of integration, pass the limit inside the integral over z, combine the two products
into one, rewrite exp(—it;c;) in terms of sines and cosines (for ¢; € {x; —a;, z; —b;}), notice
that the cosine terms integrate to 0 over ¢;, and apply the above formula to the sine terms.
When z; is between a; and b;, the limit of the integral over ¢; yields 7 — (—m) = 27. When
x; is outside of [a;, b;], the limit yields either 7 — 7 or —m — (—), both 0.

The following theorem allows us to simplify some future proofs by doing only the p =1
case.

LEMMA 266. (CRAMER-WOLD) Let X and Y be p-dimensional random vectors. Then
X andY have the same distribution if and only if o' X and a'Y have the same distribution
for every a € IRP.

PROOF. We know that X and Y have the same distribution if and only if ¢x(t) = ¢y (t)
for every t € IRP. This is true if and only if ¢x(sa) = ¢y(sa) for all @ € IR? and all
s € IR. But ¢x(sa) is the cf of o’ X (as a function of s) and ¢y (sa) is the cf of aTY. So,
dx(sa) = ¢y (sa) for all @ € IRP and all s € IR if and only if o' X and a'Y have the same
distribution for every o € IRP. [J

If the characteristic function is integrable, a continuous density exists. We will not prove
this result.

PROPOSITION 267. If ¢ is the cf of the cdf F on (IR, B') and if ¢ is integrable, then F
has a density

(268) fo) = 5 / " exp(itr)(t)dt,

— o0

which is continuous.

The connection between characteristic functions and convergence in distribution is the
following.

THEOREM 269. (CONTINUITY THEOREM) Let {P,}>° | be a sequence of probabilities on
(IR?,B?), and let P be another probability. Let ¢, be the cf for P,, and let ¢ be the cf for P.

Then P, Zp if and only if lim,,_, ¢n(t) = @(t) for all t € IRP.
See Section 7.2 in Ash for the proof and underlying theory for the case p = 1.

ExaMPLE 270. For each j, let Y; have a uniform distribution on the interval [—1, 1] and
let X,, = \/%23;1 Y;. Then the cf of X, is

sin (t 3/n)

én(t) = t\/3/n

We can write sin(t) =t — ¢3/6 + o(t3) so that, for each t,
sin (t B/n) 2
A - oaym),
T3 5, To(l/n)

as n — o0o. It follows easily that lim,, .., ¢,(t) = exp(—t?/2). This is the cf of the standard
normal distribution.
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An interesting corollary to the continuity theorem is that if lim,, . ¢, (t) exists for all ¢
and is continuous at 0, then the limit is a cf, and the distributions converge to the distribution
with that cf. Another interesting corollary (thanks to Cramér and Wold) is that if {X,,}°2,
is a sequence of p-dimensional random vectors and X is a random vector, then X, DX if

and only if o™ X, 2 aTX for all a € R”.
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Inversion/Uniqueness Theorem

LEMMA 271.
T . s ZfC >0
t )
(272) T B COP S D
T=eodor - ife<O.
PROOF. Since sin(—ct) = —sin(ct) and sin(0¢t) = 0, it suffices to prove the result for

¢ > 0. First, we do an auxiliary integral. For fixed v and ¢, consider

f(z) = T [1 — exp(—ucz)(usin(cz) + cos(cx))].

Then f(0) =0 and f'(z) = cexp(—ucx)sin(cz). It follows that

C/o exp(—utc) sin(ct)dt = f(T).

The integrand in (272) is symmetric around 0, so we will work with the integral from 0 to
T. Assume that ¢ > 0. Since

c/ exp(—uct)du = 1/t,
0
sin(ct) = sin(ct),

we have

exp(—uct) sin(ct)dtdu

/OT SianCt)dt - ¢ / ' / ) sin(ct) exp(—uct)dudt
) /

> exp(—ucT)
B /0 e _/0 gz (wsin(eT) + cos(cT))du.

The first integral in the last equation equals 7/2 and the last integral goes to 0 as T' — 0.
OJ

THEOREM 265. (INVERSION AND UNIQUENESS) Let ¢ be the cf for the probability P on
(IR?,BP). Let A be a rectangular region of the form

A={(x1,...,2p) 1 a; <x; <b; forall 5},
where a; < b; for all j and P(OA) = 0. For each T >0, let
Br ={(t1,...,ty) : =T <t; <T forall j}.

Then

P(A) = Jim / H{eXp(_itﬂ“ﬂ')_eXp(_“jbj) o(L)dty - dt,,
Br

it;
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Distinct probability measures have distinct cf’s.
PRrROOF. Apply Fubini’s theorem to write

(273) /B ﬁ [GXP(—itjaj)it—' eXp(—itjbj)} S(t)dt, - - dt,

T j=1

/IRP /BT Il lexp (itj[r; — a;]) — . exp(it;[z; bj])] gty - dt ().

We can do this beacuse the integrand is bounded by [[%_, [b; — a;| according to (264) and
the set over which we are integrating has finite product measure. Rewrite the jth factor in
the integrand on the right-side of (273) as

cos(t;[z; — a;]) — cos(tjx; — b;]) +isin(t;[z; — a;]) — isin(t;[z; — bj]).

Since the integration over t; is from —7" to T" and {cos(¢;[x; — a;]) — cos(t;[x; — b;])}/t; is
bounded and an odd function, its integral is 0. We rewrite the right side of (273) as

(274) /IRP /BTﬁl [sin(tj[ij —a]) sin(tj[i’tfj - bj])} dty - dtydu(z).

Define

or(z) = /B ﬁ [Sin(tj[l"j —a;])  sin(tlz; — bj])} dty - dt,

T j=1 t tj

. ﬁ/T sin(tlo; —aj)) _ sintjlz; = bj]) ),
j=17-T 4 i j

This function is uniformly bounded for all 7" and x, hence the limit as T" — oo of the integral
in (274) equals [limy_ gr(2)du(x). If we define

0 ifz<a,
if x = a,
Yap(r) =< 21 ifa <z <D,
m ifx =0,
0 ifx>b,

then Lemma 271 says that limy o g7(2) = [[}_, Ya, ,(2;), which equals (27)? for z € int(A)
and equals 0 for z € A°. Since u(0A) =0, we have

! /IR lim gr(2)du(z) = p(A).

(27T)p p T—o00

At most countably many hyperplanes perpendicular to the coordinate axes can have
positive p probability. So, the rectangular regions A with u(0A) = 0 form a 7-system that
generate BP. It follows from the inversion formula that ¢; = ¢, implies p; = po. That is,
the characteristic function determines the distribution. [
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36-752: Lecture 22

Central Limit Theorem. Suppose that S,, is the sum of n independent random
variables with mean 0. Under some conditions to be given soon, there will exist a constant
¢, such that S, /¢, has a cf that is close to the cf of the standard normal distribution. If
we can show that the cf of S, /c, converges to the cf of the standard normal distribution
then we have that S, /¢, converges in distribution to the standard normal distribution. To
achieve this goal, we will need to be able to approximate arbitrary characteristic functions.

By various integrations by parts and reasoning similar to that which achieved (264), we
can obtain the following bound:

< min{|z|*, 2?}.

22
exp(ix) — [1 +ix — ?]

In terms of the cf of a random variable X with mean 0 and variance o2, this equation says
that

(275) < E [min{|Xt]?, (Xt)*}] .

oxtt) - [1- 57

Notice that only a second moment is required in order for the mean on the far right to exist.
In order to apply a bound like this to a sum like S, we need to approximate a product of
cf’s by a product of approximations. The following simple results are useful. Their proofs
are contained in another course document.

PROPOSITION 276. Let zy,..., 2y, and wy,...,w, be complex numbers with modulus at
most 1. Then
m m m
sz _Hwk < Z|Zk — W
k=1 k=1 k=1

PROPOSITION 277. For complex z, |exp(z) — 1 — z| < |z|? exp(|2]).

We are now in position to state and prove a central limit theorem.

THEOREM 278. (LINDEBERG-FELLER CENTRAL LIMIT THEOREM) Let{r,}°, be a se-

quence of integers. For eachn = 1,2,..., let X,1,..., Xy, be independent random vari-
ables with X, ), having mean 0 and finite nonzero variance o, . Define s}, = Y™, o7 and
Sp=> 0" Xng. Assume that, for every e >0,
n 1
(279) lim Y — / X} (w)dP(w) =0.
o0t S S Xkl >esn}

Then S, /s, converges in distribution to the standard normal distribution.
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The usual iid central limit theorem is a special case. If Xy, X, ..., are iid with mean 0
and variance o2, then let r, = n and X,,, = X} for all n and all k¥ < n. Then s2 = no? and

1
}j L/ mmwn%u%w>:-3¥/ X, (@)PdP (W),
{|Xn k|>esn} 0% J{X1|>e0/n}

which goes to 0 as n — oo, because {w : |X;(w)| > eoy/n} decreases to the empty set as
n — oo.

The Lyapounov central limit theorem is another special case. In this theorem, instead of
assuming (279), we assume that there exists § > 0 such that E[| X, x|*™°] < oo and that

Tn

(280) lim Z pexe E [|X,4>] = 0.

Since | X, x|? < | Xnx)?*?/[°s°] when |X,, x| > €s,, we have that the sum in (279) is bounded

by
1 " 1 X2+6 d < 1 = 1 EllX 244
E g X2 @ldul) < 530 B [l
k=1 T n

{1 Xn k[>esn} k=1

Hence, if (280) holds, so does (279).

ExamMPLE 281. Let Y7,Ys, ... be independent Poisson random variables with the pa-
rameter of Yy being 1/k. Then let X, = Y, — 1/k for all n and all £ < n. Now,
5o =Ly, =734 1/k. For d =1, E(X},) = 1/k also. Hence

112 1 3 1 5
E| X, 2P<E| (X, .+ = T
| 7k| = ([ ,k+k:|> k+k2+k3_k

The sum on the left of (280) is bounded by 5/+/L,,, which goes to 0. So, [>_,_, Vi — L.]//L»
converges in distribution to standard normal. Notice that L, = log(n) + ¢, where ¢, is
bounded. By Theorem 252, [Y",_, Y —log(n)]/+/log(n) converges in distribution to standard
normal also.

The proof of Theorem 278 works by applying the continuity theorem 269. We must
show that the cf of S, /s, converges to exp(—t%/2) for all t. The proof has two (lengthy)
steps. One is to approximate the cf ¢, of each X, /s, by 1 —t*07. ,/(2s2). The other is to
approximate exp(—t*/2) by [[,",[1 — t°07 ,./(252)].

Also, notice that X, is divided by s, in all formulas in the statement of the theorem.
Hence, without loss of generality, we can assume that s, = 1 for all n. We do this in the
proof, given in a separate document.

PROPOSITION 282. If the X,, ). are uniformly bounded and if lim,,_.«, s2 = oo, then (279)
will hold.
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EXAMPLE 283. (BERNOULLI DISTRIBUTION) If X, ; has a Bernoulli distribution with
parameter 1/k and r,, = n, the condition holds. The theorem does not apply, however, if the
Bernoulli parameter is 1/k?. Indeed, if the Bernoulli parameter is 1/k*, >}, X, x converges
almost surely according to Theorem 202. As another example, if 7, = n and the Bernoulli
parameter is k/(n + 1) for k = 1,... n, then s2 = n(n + 2)/[6(n + 1)]. In fact, 7, could be
as small as n'/?*¢ for 0 < ¢ < 1/2, and the theorem would still apply. This example cannot
be described as a single sequence as all of the distributions of X,, , change as n changes.

ExAMPLE 284. (DELTA METHOD) Suppose that Y;,Ys, ... are iid with common mean

n and common variance o2, Let X,, = %22:1 Y;. Then /n(X, —n) 2, Z, where Z has a
normal distribution with mean 0 and variance o2. If ¢ is a function with derivative ¢’ at 7,
then /nlg(X,) — g(n)] converges in distribution to a normal distribution with mean 0 and
variance [¢'(n)]?c?.

A multivariate central limit theorem exists for iid sequences, and the proof combines the
univariate central limit theorem together with the method of the Cramér-Wold lemma 266
and the Continuity theorem 269.

THEOREM 285. (MULTIVARIATE CENTRAL LIMIT THEOREM) Let {X,}5°, be a sequence

of wd random vectors with common mean vector 1 and common covariance matriz 3. Let
X, be the average of the first n of these vectors. Then Z, = \/n(X, —n) converges in
distribution to multivariate normal with zero mean vector and covariance matriz 2.

ProOOF. By Lemma 266 and its application to convergence in distribution, all we need to
show is that, for all a, o' Z,, A N(0,a"Ya). For every vector «, let Y}, = ' X}, which are iid
with common mean a'n and common variance o' Sav. Let s2 = na' Ya. If a"Sa = 0, then
Pr(Y, =a'n) =1and Pr(a'Z, = 0) = 1 for all n, which means that o' Z, 2 N(0,a"Sa).
For the rest of the proof, assume that o' Ya > 0. Theorem 278 says that

na' X, —na'n o'z,

Sn va'Xa

Multiply by vaTXa to get that o' Z, KA N, a"Sa). O

A multivariate central limit theorem also exists for general independent sequences, but it is
very cumbersome to state. (Imagine replacing all of the 02?’s and s2’s in Theorem 278 by
matrices.)

2 N(0,1).
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Some Results About Complex Numbers

PROPOSITION 276. Let zy,..., 2, and wy,...,w, be complex numbers with modulus at
most 1. Then
m m m
sz— W, SZ\Zk—wk\
k=1 k=1 k=1

ProoOF. We shall use induction. The result is trivially true when m = 1. Assume that
it is true for m = mg. For m = mg + 1, we have

mo+1 mo—+1 mo—+1 m m mo—+1
I #— 11w = |II & —wwors [T+ wmon [T = T v
k=1 k=1 k=1 k=1 k=1 k=1
m m m
< 2k |Zm0+1 - wm0+1| + H Rk — Hwk ‘wm0+1|

El

=1 k=1 k=1

‘Zk - wk| + |Zm0+1 - wmo-i-l"l:'

NE

Eod
—_

PROPOSITION 277. For complez z, |exp(z) — 1 — 2| < |2]? exp(|2]).
PROOF. Write exp(z) — 1 —z =Y 7, 2"/kl. Since k! < (k + 2)! for k > 0, we have

00
k=2

k

z
k!

(k+2)! —

o0 k
<123 A <P exp(a) O
k=0
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) Central Limit Theorem

2 PRrROOF OF THEOREM 278. Without loss of generality, we assume that s, = 1 for all n.
s The cf of S, is

s According to (275), for each n, k, and t,

t22

nalt) = 1= 25

< B [min{| X1t (Xnxt)*}]

< / |tXn7k(w)|3dP(w)—l—/ |tXn7k(w)|2dP(w)
{1 X0kl <e} {IXn,x|>€}

< €t k—l—tz/ X2, (w)dP(w).
(Xppl>e}

]

1 The last sum goes to 0 as n — oo according to (279). Since € is arbitrary, we have
Tn

2 2
(286) lim > | nnlt) — [1 e 2"’“]
k=1

s In order to apply Proposition 276, we need 0'7217]6 to all be small. For each ¢ > 0, we have

2= [ xeap@+ [ X wdre)
H UXnkl<e} {1Xn k|>€}

< e2+/{X | }Xfl,k(w)dP(w).
n,k|<€

o It follows that

Tn

D

k=1

D) — [

< €|t|? +t22/ X2 (w)dP(w).

|Xn k |>€}

-

= 0.

12

-

15

[

s It follows from (279) that
. (287) lim maxo,, , = 0.

n—oo k

Next, fix t # 0 and notice that for n sufficiently large 0 < tzafl,k /2 < 1 for all k simultane-
o ously. It follows from Proposition 276 and (286) that

Tn t2 2
on(t) — ] {1 _ an}
k=1

2 Since s} = 1, we have that exp(—t*/2) = [, exp(—t*07 . /2). For n large enough so that

» t?0? /2 <1 for all k& write
t2 2 . t2 2 k;
n _ 1 n
exp ( 5 ) + 5

t2 Tn t2 2k
o (5) I

k=1

=
o

-

(288) lim

20 n—oo

Tn

<3

k=1
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< t4 ™n A . t2
= 4 n,k p 2

k=1

t N t2

< -
(289) < o max oy exp (2) :
where the first inequality follows from Proposition 276, the second follows from Proposi-
tion 277, and the third follows from the fact that s = 1. Finally, the last term in (289) goes
to 0 according to (287). Combining this with (288) says that lim,, ., ¢, (t) = exp(—t?/2). O



11

12

14

15

16

21

22

N

3

24

78

Existence of red’s

This document contains more details about the proof of 77.
For each rational number ¢, let ix|c((—00, ¢]) be a version of Pr(X < ¢|C). Define

rational r>q

c, = {w pxie((=o0,q])(w) = inf  pxje((—o0,7])(w), for all rational q} :

G = fws, i ewel(-oc,aw) =0},

r——o00, x rational

e = fui i ewel(-ea) = 1.

r—o00, x rational

(Notice that Cy and C3 are defined slightly differently than in the original class notes.)
Define

My = {w: pxie((—00,q(w) < pxie((—oo )W)}, M = My,

q>r

If P(M,,) > 0, for some ¢ > r then

Py X <a)) = [ ixel(—oo.a)dP < [ juxe((—oo.a)ap

My.r

= Pr(M,, n{X <r}),

which is a contradiction. Hence, P(M) = 0. Next, define

Ny=fweM®: lmpyel(—o0, 1)) # pxe((=so,a) @), N = N,

r | g, r rational
la All q

If P(N,) > 0 for some ¢, then

PV X <a)) = [ ixel(—oedaP < [ tim - el(—o0. P

N, " | g, r rational

— i /MXC((_OO,T])dPZ lim  Pr(N,N{X <r}),

r | q, r rational r | q, r rational

which is a contradiction. We can use Example 235 once again to prove that P(N) = 0.
Notice that C; = N¢, so P(C}) = 1.
Next, notice that

r——00, x rational

0=P (C’1 necs N m {X < x}) = lim / 3 pexic((—o0, z])dP

rational x

= / lim = pxe((—oo,x])dP.
010020 r——00, x rational

If P(C;NCy) < 1, then the last integral above is strictly positive, a contradiction. The

interchange of limit and integral is justified by the fact that, for w € C1, puxic((—o0,2]) is

nondecreasing in z. A similar contradiction arises if P(Cy N C3) < 1.
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Martingales

Martingales. Let (2, F, P) be a probability space.

DEFINITION 290. Let F; C F, C ... be a sequence of sub-o-field’s of F. We call
{F.}eo, a filtration . If X, : Q@ — IR is F,-measurable for every n, we say that {X,}°2, is
adapted to the filtration. If {X,}°°, is adapted to a filtration {F,}>° |, and if E|X,,| < oo
for all n and E(X,,+1|F,) = X,, for all n, then we say that {X,,}>°, is a martingale relative to
the filtration. Alternatively we say that {(X,,, F,)}o2, is a martingale. If X,, < E(X,41|F,)
for all n, we say that {(X,, )}, is a submartingale. If the inequality goes the other way,
it is a supermartingale.

PROPOSITION 291. A martingale is both a submartingale and a supermartingale. {X,}52,
is a submartingale if and only if {—X, }°°, is a supermartingale.

EXAMPLE 292. Let {Y,},°; be a sequence of independent random variables with fi-
nite mean. Let F,, = o(Yy,...,V,) and X,, = Y7 V;. If E(Y,) = 0 for every n, then
{(Xn, Fn) 32, is a martingale. If E(Y;,) > 0 for every n, then we have a submartingale, and
if E(Y,) <0 for every n, we have a supermartingale.

EXAMPLE 293. Let (€2, F, P) be a probability space. Let {F,}>° ;| be a filtration. Let v
be a finite measure on (€2, F) such that for every n, v has a density X,, with respect to P
when both are restricted to (€2, F;,). Then {X,}52, is adapted to the filtration. To see that
we have a martingale, we need to show that for every n and A € F,

(294) / Xpi1(w)dP(w / Xp(w)dP(w
Since F,, C F,11, each A € F,, is also in F, 1. Hence both sides of (294) equal v(A).

EXAMPLE 295. As a more specific example of Example 293, let 2 = IR*™ and let F,, =
{B xIR*: B € B"}. That is, F,, is the collection of cylinder sets corresponding to the first
n coordinates (the o-field generated by the first n coordinate projection functions). Let P
be the joint distribution of an infinite sequence of iid standard normal random variables. Let
v be the joint distribution of an infinite sequence of iid exponential random variables with
parameter 1. For each n, when we restrict both P and v to F,,, v has the density

X, (w) = { (27)"/2 exp (2?:1[%2-/2 — CUj]) for wy,...,wy >0,

0 otherwise,

with respect to P. It is easy to see that

E(X,11]F,) = X, E(V2mexp(wi1/2 — Wnt1)L(0,00) (Wnt1)) = Xin-
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EXAMPLE 296. Let {(X,, F,)}>2, be a martingale. Let ¢ : R — IR be a convex function
such that E[¢(X,,)] is finite for all n. Define Y,, = ¢(X,,). Then

E(Yn+1‘-7:n) = E[¢(Xn+1)|fn]
> Cb [E(Xn+l|fn)]
= ¢(Xn) = YTL7

where the inequality follows from the conditional version of Jensen’s inequality. So {(Y;,, F)}52,

is a submartingale.

EXAMPLE 297. Let (2, F, P) be a probability space. Let {Y,}>°, be a sequence of
random variables and F,, = o(Y1,...,Y,). Suppose that, for each n, uy, _y, has a strictly

positive density p, with respect to Lebesgue measure \". Let () be another probability on
(9, F) such that Q((Y1,...,Y,)7'(-)) has a density g, with respect to A" for each n. Define

_gu(Yi.. V)
PV, V)

It is easy to check that, for each n and H € B"

X

Qn(ylu---ayn)
E(Ig(Yy,...,Y,)X,) = /—pn e u) AN (Y U
Iz (V1 ) Xn) i r— (11 Yn)AN" (11 Yn)

= Q((Ya,...,Y,) NH)).

This makes X,, a density for () with respect to P on the o-field F,,. Hence we have a
martingale according to the construction in Example 293. This is an example of likelihood
ratios, and it is a generalization of Example 295.

EXAMPLE 298. Let {F,}>2, be a filtration and let X be a random variable with finite
mean. Define X,, = E(X|F,). By the law of total probability we have a martingale. Such a
martingale is sometimes called a Lévy martingale.

ExXAMPLE 299. Consider Example 292 again. Think of Y, as being the amount that
a gambler wins per unit of currency bet on the nth play in a sequence of games. Let Y
denote the gambler’s initial fortune which we can assume is a known value, and let Fy be
the trivial o-field. (We could let Y be a random variable and let Fy = o(Y}), but then we
would also have to expand F,, to o(Yp,...,Y,).) Suppose that the gambler devises a system
for determining how much W,, > 0 to bet on the nth play. We assume that W, is F,,_;
measurable for each n. This forces the gambler to choose the amount to bet before knowing
what will happen. Now, define Z,, = Yy + Z;LZI W,Y;. Since

E(Wn+1Yn+l|~7:n) = Wn+1E(Yn+l|fn) = Wn+1E(Yn+1)>

and W, .1 > 0, we have that E(W,,.1Y,.1|F,) is > 0, = 0, or < 0 according as E(Y,.1) >0,
=0, or < 0. That is, {(Z,, Fn)}>>, is a submartingale, a martingale, or a supermartingale
according as {(X,,F,)}>2, is a submartingale, a martingale, or a supermartingale. This
result is often described by saying that gambling systems cannot change whether a game is
favorable, fair, or unfavorable to a gambler.
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DEFINITION 300. A sequence {W,}°°, of random variables such that W, is F,_,/B'-
measurable is called previsible . (If there is no Fy, then require that W be constant.)

ExaMPLE 301. Let {(X,,F,)}>2, be a martingale, and let {W,,}2°, be previsible. De-
fine Z, = X, and Z,11 = Z, + Wyi1(Xpy1 — X,,) for n > 1. Then Z, is F,,/B'-measurable
and

E(Zys1|Fn) = Zn + Won E(Xn — Xo|F) = Z,

for all n > 1. This makes {(Z,, F,)}22, a martingale. This is called a mafr’tmgale transform.
Example 299 is an example of this.

THEOREM 302. (DOOB DECOMPOSITION) {(X,,, F,)}5%, is a submartingale if and only
if there is a martingale {(Z,,, F,)}>2, and a nondecreasing previsible process {A,}o, with
Ay =0 such that X,, = Z,, + A,, for all n. The decomposition is unique (a.s.).

PROOF. For the “if” direction, notice that
E(Zn+1 + An—l—l‘fn) = Zn + An—l—l > Zn + An = Xn
For the “only if” dirction, Define A; = 0 and

n

Ay =Y (B(Xi| Frmr) — Xia)

k=2
for n > 1. Also, define Z,, = X, — A,,. Because E(Xy|Fr_1) > X1 for all & > 1, we
have A, > A, _; for all k > 1, so {A,}°°, is nondecreasing. Also, E(Xy|Fy_1) is F,,_1/B'-
measurable for all 1 < k <mn, so {A,};2, is previsible. Finally, notice that
E(Zn+1|~7:n) = E(Xn+1‘-7:n) — A

n+1

= E(X,n|Fn) — Z (E(Xk|Fr-1) — Xp-1]

k=2

= X, Z (Xi| Frer) = Xpoa] = Zon,

so Z, is a martingale.
For uniqueness, suppose that X,, = Y, + W,, is another decomposition so that Y, is a
martingale and W), is previsible. Then write

n n

Z [B(X|Fr—1) = Xpa] = Z [E(Yy + We|Fr-1) — Xjpa]
= Z (Vi1 + Wi — Xg-1)
k=2
= > (Wi = Wi1) = Wi
k=2

It follows that W, = A, a.s., hence Y}, = Z;, a.s.[J
The previsible process in Theorem 302 is called the compensator for the submartingale.
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Stopping Times. Let (2, F, P) be a probability space, and let {F,,}>2 | be a filtration.

DEFINITION 303. A positive* extended integer valued random variable 7 is called a
stopping time with respect to the filtration if {7 = n} € F, for all finite n. A special o-field,
F. is defined by

F.={AeF:An{r <k} € Fy, for all finite k} .

If {X,};2, is adapted to the filtration and if 7 < oo a.s., then X; is defined as X, (w).
(Define X, equal to some arbitrary random variable X, for 7 = 00.)

ExAMPLE 304. Let {X,,}>°, be adapted to the filtration and let 7 = k¢, a constant.
Then {T = n} is either  or @ and it is in every F,,, so T is a stopping time. Also,

A ifky <k,
A“{Tgk}:{ o itk > k.

So AN{r <k} € F for all finite k if and only if A € F,. So F, = Fp,.

ExaMPLE 305. Let {X,,}72, be adapted to the filtration. Let B be a Borel set and let
7 =1inf{n: X,, € B}. As usual, inf @ = co. For each finite n,

{r=n}={X,eB}({Xye B} € 7.
k<n
So, 7T is a stopping time.
We can show that 7 and X, are both F, measurable. For example, to show that X, is

F, measurable, we must show that, for all B € B' X !(B) € F and for all 1 < k < oo,
{r <k}nX-YB) € Fr. Now,

X'B) = {r=kn[X(B)]) U ({r =0} NX(B)) € F.
k=1
This shows that X, is F-measurable. Next, fix & and write
k
{r<knX'(B) =] [X;'(B)n{r=j}] € A
j=1

This proves that X, is F, measurable. Suppose that 7 and 7 are two stopping times such
that 7 < 7. Let A € F,,. Since AN{n <k} =AN{n <k}N{n <k} for every event A,
it follows that AN {m <k} € F, and A € F,,. Hence F,, C F,,. As an example, let 7 be
an arbitrary stopping time (not necessarily finite a.s.) and define 7, = min{k, 7} for finite
k. Then 7 is a finite stopping time with 7, < 7. Hence X, is F, measurable for each k
and so X, is F; measurable. Similarly, 7, < k so that F, C Fj, and X, is Fj measurable.

41f your filtration starts at n = 0, you can allow stopping times to be nonnegative valued. Indeed, if your
filtration starts at an arbitrary integer k, then a stopping time can take any value from &k on up. There is a
trivial extension of every filtration to one lower subscript. For example, if we start at n = 1, we can extend
to n = 0 by defining Fy = {2, @}. Every martingale can also be extended by defining Xy = E(X;). For the
rest of the course, we will assume that the lowest possible value for a stopping time is 1.
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ExAMPLE 306. The gambler in Example 299 can try to build a stopping time into a
gambling system. For example, let 7 = min{n : Z, > Yy + x} for some integer > 0. This
would seem to guarantee winning at least x. There are two possible drawbacks. One is that
there may be positive probability that 7 = co. Even if 7 < oo a.s., it might require infinite
resources to guarantee that we can survive until 7. For example, let Y, = 0 and let Y,, have
equal probability of being 1 or —1 all n. So, we stop as soon as we have won x more than
we have lost. If we modify the problem so that we have only finite resources (say k& units)
then this becomes the classic gambler’s ruin problem. The probability of achieving Z,, = x
before Z,, = —k is k/(k + x), which goes to 1 as k — oo. So, if we have infinite resources,
the probability is 1 that 7 < oo, otherwise, we may never achieve the goal. If the probability
of winning on each game is less than 1/2, then P(7 = o0) > 0.

[e.9]

Suppose that we start with a martingale {(X,,, F,,)}>2, and a stopping time 7. We can

define ;
« ) Xp iftn<T,
Xo = { X, ifn>7 Kmin(rn}

We can call this the stopped martingale. It turns out that {X}}>° , is also a martingale
relative to the filtration. First, note that Xinrny is 7, measurable. Next, notice that

n—1
BIX) = 3 / X, |dP + / X, |dP
k=1 Y {7=Fk} {r>n}
< Y E(Xi]) < o
k=1

Finally, let A € F,,. Then AN{r > n} € F,, so

/ X, 1dP = / X,dP,
An{r>n} An{r>n}

because X,, = E(X,,41|F,). It now follows that

/X;HdP = / Xn+1dP+/ X, dP
A An{r>n} An{r<n}

= / XndP+/ X, dP
An{r>n} An{r<n}

= / X*dP.
A

It follows that X = E(X} |F,) and the stopped martingale is also a martingale. Notice
that lim, .. X;; = X, a.s., if 7 < 00 a.s.

ExaMpPLE 307. Consider the stopping time in Example 306 with x = 1. That is 7 is the
first time that a gambler, betting on iid fair coin flips, wins 1 more than he/she has lost.
This 7 < 0o a.s. It follows that lim,, . X, = X, a.s. However, E(X}) = 0 for all n while
E(X,) =1 because X, =1 a.s.
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Optional Sampling. Let {(X,,F,)}.=1 be a martingale. Consider a sequence of
a.s. finite stopping times {7,}22, such that 1 < 7; < 7,44 for all j. Then we can con-
struct {(X,,, Fr,) 22, and ask whether or not it is a martingale. In general, an unpleasant
integrability condition is needed to prove this. We shall do a simplified case.

THEOREM 308. (OPTIONAL SAMPLING THEOREM) Let {(X,, F,)}52, be a (sub)martingale.

Suppose that for each n, there is a finite constant M, such that 7, < M, a.s. Then
{(X,,, Fr)}oo, is a (sub)martingale.

The proof is given in a separate document.
The unpleasant integrability condition that can replace P(7, < M,) = 1 is the following:
For every n,

[ ] P(Tn < OO) = 17
e E(X,,|) < oo, and
e liminf,, . E(|Xm|I(m,oo)(Tn)) =0.

Because we can use a constant stopping time to stop a martingale, it follows that martin-
gale theorems will apply to finite sequences of random variables as well as infinite sequences.

Martingale Convergence. The upcrossing lemma says that a submartingale cannot
cross a fixed nondegenerate interval very often with high probability. If the submartingale
were to cross an interval infinitely often, then its lim sup and lim inf would have to be different
and it couldn’t converge.

LEMMA 309. (UPCROSSING LEMMA) Let {(Xg, Fi)}i_; be a submartingale. Let r < q,
and define V' to be the number of times that the sequence Xy, ..., X, crosses from below r

to above q. Then

(310) B(V) £ —— (BIX,] + 1)

We will only give an outline of the proof of Lemma 309. Let Y; = max{0, Xy — r}. Then
V' is the number of times that Y; moves from 0 to above ¢ — r, and {(Ys, Fi)}32, is a
submartingale. Figure 1 shows an example of the path of Y} indicating those times that it is

Fia. 1. Step in the proof of Lemma 309.

crossing up. It is easy to see that V' is at most the sum of the upcrossing increments divided
by ¢ — r. That is,

n

Z(Yk —Yi1)Ig,,

k=2

V< 1
q—r
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where Fj, is the event that the path is crossing up at time k. Notice that Fy € Fj_; for all
k. Hence, for each k > 2,

E([Yy — Yi]lg,) = /

Ey

(Vi — Yi1)dP = / [E(Y;|Fo1) = Yi_1]dP.

Ey
Because E(Yy|Fi_1) — Yr—1 > 0 a.s. by the submartingale property, we can expand the
integral from £} to all of ) to get

E([Yr — Yio1)lg,) < /[E(Yk|fk_1) —Y1]dP = E(Y}, — Y_1).

It follows that E(V) < E(Y,) — E(Y1) < E(Y,,) because Y} > 0. Because max{0,z} is a
convex function of z, E(Y,,) < E(|X,,|) + . The full proof is in another course document.

THEOREM 311. (MARTINGALE CONVERGENCE THEOREM) Let {(X,, F,)}o2, be a sub-
martingale such that sup,, E|X,| < co. Then X = lim, . X,, ezists a.s. and E|X| < co.

ProoF. Let X* = limsup,_,., X, and X, = liminf, . X,,. Let B = {w : X,(w) <
X*(w)}. We will prove that P(B) = 0. We can write

B= U  {w:X"w)=g>r>X.(w)}

r < g, 7, q rational

Now, X*(w) > ¢ > r > X,(w) if and only if the values of X,,(w) cross from being below r to
being above ¢ infinitely often. For fixed r and ¢, we now prove that this has probability 0;
hence P(B) = 0. Let V,, equal the number of times that X, ..., X, cross from below r to
above ¢. According to Lemma 309,

1
supE(V,) < —— (supE(|Xn|) + |7‘\) < 0.
n q—T n
The number of times the values of {X,(w)}>2; cross from below r to above ¢ equals

lim,, . V,(w). By the monotone convergence theorem,

oo >sup E(V,,) = E(lim V,,).

n n—oo

It follows that P({w : lim, . V,,(w) = c0}) = 0.
Since P(B) = 0, we have that X = lim,,_,., X, exists a.s. Fatou’s lemma says E(|X]) <
liminf,, . E(|X,|) < sup, E(|X,|) < oco. O

ExaMpPLE 312. For the Lévy martingale of Example 298,
E(1X,]) = E(|[E[X|F,]]) < EE(|X]|F,) = E(|X]) < o0,

for all n, so the martingale converges. In Theorem 316, we can say even more about the
limit.
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ExaMPLE 313. For the random walk martingale of Example 292, if the V,,’s are iid with
finite variance o2, then X, /v/n converges in distribution so X,, can’t converge a.s. Indeed,
the Markov inequality says that

E(|Xn[)
V/ne

for each positive c. So, eventually E(|X,,|) > /n[l — ®(c/0)] and lim, . E(|X,|) = oo.

c

> P(X| > evi) — 21— (£)].

ExXAMPLE 314. For the martingale of Example 292, if >~ Var(Y},) < oo, then Theo-
rem 202 already told us that the sum converges a.s.

We need the following result before we can identify the limit of a Lévy martingale. The
proof is given in another course document.

LEMMA 315. Let {F,}>2, be a sequence of o-fields. Let E(|X|) < oo. Define X, =
E(X|F,). Then {X,}22, is a uniformly integrable sequence.

THEOREM 316. (LEVY’S THEOREM) Let {F,}22, be an increasing sequence of o-fields.
Let F be the smallest o-field containing all of the F,’s. Let E(|X]|) < co. Define X,, =
E(X|F,) and Xo = E(X|Fx). Then lim, o X, = Xo, a.s.

The proof of Theorem 316 is in another course document.

LEMMA 317. Let {(X,, Fn)}5%, be a nonnegative supermartingale. Then X, converges
a.s. to a random variable with finite mean.

PROOF. Let Y, = —X,,. Then {(Y,,F,)}>2, is a submartingale.

E(|Ya) = B(X,) = E[E(X,|F,-1)] < E(X,1).

It follows that E(|Y,|) < E(X};) < oo for all n, so Theorem 311 applies and Y, converges a.s.
Trivially —Y,, = X,, also converges. [

Reversed Martingales.

DEFINITION 318. For n = —1,-2,..., let sub-o-field’s F,_; C F,, suppose that X,, is
F,, measurable, E(|X,,]) < oo, and E(X,,|F,_1) = X,,_1. Then {(X,,, F,)},>° is a reversed
martingale.

An equivalent way to think about reversed martingales is through a decreasing sequence of
o-field’s {F,}>°, such that F,.; C F, for n > 1. The proofs of the next two theorems are
similar to the corresponding theorems for forward martingales.

THEOREM 319. (REVERSED MARTINGALE CONVERGENCE THEOREM) If

{(Xn, Fo) },224 is a reversed martingale, then X = lim, .. X, ezists a.s. and E(X) =
E(X_1).
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PrROOF. Just as in the proof of Theorem 311, we let V,, be the number of times that the
finite sequence X,,, X,,11,...,X_1 crosses from below a rational r to above another rational
q (for n < 0). Lemma 309 says that

1
E(Vn) < qj (E(‘X_1|) + |7‘D < 0.
As in the proof of Theorem 311, it follows that X = lim,,_,_., X,, exists with probability 1.
Since X,, = E(X_4|F,) for each n < —1, Lemma 315 says that

E(X)= lim E(X,) =EX_). O
Notice that reversed martingales are all of the Lévy type. Not surprisingly, there is a version
of Lévy’s theorem 316 for reversed martingales. We state it in terms of decreasing o-field’s.

THEOREM 320. Let {F,}5°, be a decreasing sequence of o-fields. Let Foo = (o) Fa-
Let E(|X|) < 00. Define X,, = E(X|F,) and Xo = E(X|Fx). Then lim, . X, = X a.s.

PROOF. It is easy to see that {(X_,,F_,)},27, is a reversed martingale and that
E(]X1]) < oo. By Theorem 319, it follows that lim, ., . X_, = Y exists and is finite
a.s. To prove that Y = X, a.s., note that X, = E(X;|F) since F, C F;. So, we must
show that Y = E(X|F). Let A € F. Then

[ XuwdP) = [ Xiw)apw),

since A € F,, and X,, = E(X;|F,). Once again, using Lemma 315, it follows that

lim | X,(w)dP(w)= / Y (w)dP(w) = / X (w)dP(w),
oo J g A A

hence Y = E(X;|F). O

Theorem 320 allows us to prove a strong law of large numbers that is even more general than

the usual version. The greater generality comes from the fact that it applies to sequences

that are not necessarily independent.

Exchangeability. A sequence of random quantities {X,}>°, is ezchangeable if, for
every n and all distinct ji, ..., j,, the joint distribution of (Xj,,..., X}, ) is the same as the
joint distribution of (X7,..., X,,).

EXAMPLE 321. (CONDITIONALLY IID RANDOM QUANTITIES) Let {X,}°°, be condi-
tionally iid given a o-field C. Then {X,}>°, is an exchangeable sequence. The result follows
easily from the fact that
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ExXAMPLE 322. Let {X,,}72, be Bernoulli random variables such that
1
n D)

where y = 2?21 xj. One can show that this specifies consistent joint distributions. One can
also check that the X,,’s are not independent.

P(Xlzllfl,...,Xn:Zlfn):

"o

THEOREM 323. (STRONG LAW OF LARGE NUMBERS) Let {X,,}°°, be an exchangeable
sequence of random variables with finite mean. Then lim,, % Z?:l X exists a.s. and has
mean equal to E(X,). If, the X;’s are independent, then the limit equals E(X;) a.s

Wl — N =

P(Xlzl,ngl) =

PROOF. Define Y, = %Z?Zl X; and let F, be the o-field generated by all function of
(X1, X, ...) that are invariant under permutations of the first n coordinates. (For example,
Y, is such a function.) Let Z, = E(X;|F,). Theorem 320 says that Z, converges a.s.
to E(X1|Fx), where Foo = ()2, Fn. We prove next that Z, = Y,,, a.s. Since Y, is F,
measurable, we need only prove that, for all A € F,,, E(14Y,) = E(4X;). Notice that I4 is
a function of X4, X, ... that is invariant under permutations of X1, ..., X,, since it depends
on Xi,...,X, only through Y,,. That is, there are functions g and h such that

(324) L) = h(Xi(w), Xa2(w),...)
= g(Xi(w) + -+ X (), Xps1(w), Xnso(w), .. ).

For all j =1,...,n, Xjh(X1, Xs,...) has the same distribution as
th(Xj, X2, ce >Xj—1a Xl, Xj+1, .. ) But

h(Xj,Xg, e 7Xj—17X17Xj+117 .. ) - h(Xl,XQ, .. ) - ]A,

according to (324). Hence, for all j = 1,...,n, I4X; has the same distribution as [4X;. It
follows that

E(I, X)) = Z E(1,X;) = E(1,Y,).

Clearly E(X;|F) has mean E(X;). If the X,,’s are independent, then the limit, being mea-
surable with respect to the tail o-field, must be constant a.s., by Theorem 168 (Kolmogorov
0-1 law). The constant must equal the mean of the random variable, which is E(X;). O

ExaMPLE 325. In Example 322, we know that Y,, converges a.s., hence it converges in
distribution. We can compute the distribution of Y,, exactly: P(Y,, = k/n) = 1/(n + 1) for
k =0,...,n. Hence, Y,, converges in distribution to uniform on the interval [0, 1], which
must be the distribution of the limit. The limit is not a.s. constant.
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The rest of this material was not covered in class, but is left here for your information.

There is a very useful theorem due to deFinetti about exchangeable random quantities
that relies upon the strong law of large numbers. To state the theorem, we need to recall the
concept of “random probability measure” that was introduced in Example 173. Let (X, B)
be a Borel space, and let P be the set of all probability measures on (X, B). We can think
of P as a subset of the function space [0, 1]5, hence it has a product o-field. Recall that the
product o-field is the smallest o-field such that for all B € B, the function fg : P — [0, 1]
defined by fp(Q) = Q(B) is measurable. These are the coordinate projection functions.

ExAMPLE 326. (EMPIRICAL PROBABILITY MEASURE) Let Xj, ..., X}, be random quan-
tities taking values in X'. For each B € B, define P, (w)(B) = %sz:l Ip(X;(w)). For each
w, P, (w)(+) is clearly a probability measure, so P,, : 2 — P is a function that we could prove
was measurable, but that proof will not be given here. Theorem 323 says that P, (w)(B)
converges to E(Ip(X1)|Fwx)(w) for all B and almost all w. If we assume that the X,,’s take
values in a Borel space, then E(I5(X1)|Fw) = Pr(X; € B|Fy) is part of an red. This red

plays an important roll in deFinetti’s theorem.

DeFinetti’s theorem says that a sequence of random quantities is exchangeable if and only if it
is conditionally iid given a random probability measure, and that random probability measure
is the limit of the empirical probability measures of Xi,...,X,,. That is, Example 321 is
essentially the only example of exchangeable sequences. The proof is given in another course
document.

THEOREM 327. (DEFINETTI’S THEOREM) A sequence { X, }°°, of random quantities is
exchangeable if and only if P, (the empirical probability measure of Xy, ..., X, ) converges
a.s. to a random probability measure P and the X, ’s are conditionally iid with distribution

Q given P = Q.

ExaMPLE 328. In Example 322, the empirical probability measure is equivalent to Y,, =
> r_1 Xi/n, since Y, is one minus the proportion of the observations less than or equal to 0.
So P is equivalent to the limit of Y,,, the limit of relative frequency of 1’s in the sequence.
Conditional on the limit of relative frequency of 1’s being z, the X}’s are iid with Bernoulli
distribution with parameter x.
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Optional Sampling Theorem

ProoOrF oF THEOREM 308. Without loss of generality, assume that M, < M, for

every n. Since 7, < M,

My, My,
B(X,.) =S / XeldP < 3 E(IX) < oo,
k=1 {mn=k} k=1

We already know that X, is F,, measurable. Let A € F,. We need to show that

[y XndP(>) = [, X, dP. Write

/[XTnJrl - XTn]dP = / [XTnJrl - XTn]dP
A Aﬁ{Tn+1>Tn}

Next, for each w € {7,411 > 7,}, write

X (W) = X5, (W) = > [Xh(w) = Xga(w)].

All k such that 7, (w) < k < 7py1(w)

The smallest k& such that 7, < k is k = 2, So,

Mn+1

/ (X, — X, ]dP = / > Iirckzrny(Xi — Xio1)dP.
A A

k=2
Since A € F,, and {7, < k < 71} = {7 <k — 1} N {m1 <k — 1}, it follows that
B, =AnN {Tn <k< Tn+1} € Fr_1,

for each k. So

My 41

> / (Xp — Xp_1)dP
k=2 v Bk

Mp4+1

(>) = Z /B [Xk — E(Xg|Fi—1)]dP = 0.

/[XTnJrl - XTn]dP
A

because Xj_1(<) = E(Xg|Fr_1) and By € Fj_1. O
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1 Upcrossing Lemma
2 LEMMA 309. (UPCROSSING LEMMA) Let {(Xy, Fr)}r_y be a submartingale. Let r < q,
s and define V' to be the number of times that the sequence X1,..., X, crosses from below r

+ to above q. Then

(310) B(V) < —— (EIX, | +1r]).

6

7 PROOF. Let Y, = max{0, Xy — r} for every k so that {(Yx, Fr)}}_, is a submartingale.
s Note that a consecutive set of Xj(w) cross from below r to above ¢ if and only if the
o corresponding consecutive set of Y (w) cross from 0 to above ¢ —r. Let To(w) = 0 and define
w 1, form=12,...as

1 Thn(w) = inf{k <n:k>T, 1(w),Yr(w) =0}, if mis odd,
12 Tnw) = inflk <n:k>T, 1(w),Ye(w) > q—r}, if mis even,
13 Tn(w) = n+1, if the corresponding set above is empty.

12 Now V(w) is one-half of the largest even m such that 7,,(w) < n. Define, for k =1,... n,

1 if Th(w) < k < Thpq1(w) for m odd,
0 otherwise.

) mufo) = {

=
o

Then (¢—7)V(w) < 27, Ri(w)[Ya(w) = Yi_1(w)] = X, where Y; = 0 for convenience. First,
7 note that for all m and k, {T,,(w) < k} € Fi. Next, note that for every k,

-

(329) {w:Rw)=1}= | ({Tw <k =130 {Tp1 <k —1}°) € Fir.

18
19

n

B = 3 /{w:Rk(w):H[n(w)—Yk_1<w>]dp<w>

20

=S / [B(Yi| Fioot) (@) — Vi ()] dP(w)

21 k=1 {w: Ry (w)=1}

3 / E(YVi|Fiat)(@) — Yis()}dP(w)

IA

22

- Z[E(Yk) — E(Yi-1)] = E(Ya),

23 k=1

2 where the second equality follows from (329) and the inequality follows from the fact that
{(Ye, Fr)}7—; is a submartingale. It follows that (¢ — r)E(V) < E(Y,). Since E(Y,) <
7| + E(] X,]), it follows that (310) holds. OJ

N
[&]

N
=3
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Lévy’s Theorem

LEMMA 315. Let {F,}>°, be a sequence of o-fields. Let E(|X|) < oco. Define X, =
E(X|F,). Then {X,}22, is a uniformly integrable sequence.

PRrROOF. Since E(X|F,) = E(X*|F,) — E(X~|F,), and the sum of uniformly integrable
sequences is uniformly integrable, we will prove the result for nonnegative X. Let A., =
{Xn>c} € Fuo So [, Xp(w)dP(w) = [, X(w)dP(w). If we can find, for every e > 0,
a C such that [, X(w)dP(w) < € for all n and all ¢ > C, we are done. Define n(A) =
[, X (w)dP(w). We have n < P and 7 is finite. Absolute continuity implies that for every
€ > 0 there exists 0 such that P(A) < ¢ implies n(A) < e. By the Markov inequality,

P(A,,) <

Q|

B(X,) = B(X),

for all n. Let C'=2E(X)/d. Then ¢ > C implies P(A.,) < d for all n, so n(A.,) < € for all
n. [

THEOREM 316. (LEVY’S THEOREM) Let {F,}°°, be an increasing sequence of o-fields.
Let Fy be the smallest o-field containing all of the F,’s. Let E(|X|) < co. Define X,, =
E(X|F,) and Xo = E(X|Fx). Then lim, ., X, = X, a.s.

PROOF. By Lemma 315, {X,,}°°, is a uniformly integrable sequence. Let Y be the limit
of the martingale guaranteed by Theorem 311. Since Y is a limit of functions of the X,,, it
is measurable with respect to F.. It follows from uniform integrability that for every event
A, lim, o E(X,,I4) = E(Y1,4). Next, note that, for every m and A € F,,,

/ YdP = lim [ E(X|F,)dP
A

n—oo A

= lim X,dP

n—oo

A
- / XdP,
A

where the last equality follows from the fact that A € F, foralln > mso [, X, dP = [, XdP
because X,, = E(X|F,). Since [,YdP = [, XdP for all A € F,, for all m, it holds for all
A in the field F = |J,, F,. Since |X] is integrable and F is a field, we can conclude
that the equality holds for all A € F,,, the smallest o-field containing F. The equality
E(XI4) = E(YI,) for all A € F, together with the fact that Y is F, measurable is
precisely what it means to say that Y = E(X|Fy) = Xo. O
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Solutions to Exercises

EXERCISE 13: For notational convenience, define F = U2, F,,.

For the first part, it is clear that Q2 € F and that F is closed under complements. If
A € Fand B € F, then for some n, A € F, and for some m, B € F,,. Thus, AUB € F, C F
for k > max{n,m}.

For the second part, consider the given example and define the set A, to be {n} if n is
even, and to be @ if n is odd. Clearly, A, € F,, C F for each n. But, U2 | A, € F. To see
this, consider that U | A, is the set of all positive, even integers. The class F,, includes the
set of positive, even integers less than or equal to n. While it is true that n — oo, there is
no F, which has U° A, as a member, so it cannot be in F.

EXERCISE 17: Examples include:
1. The set of all closed intervals,
2. All intervals [a, b) where a,b € IR,
3. All intervals (a, 00) where a € IR,
4. All intervals [a,00) where a € IR,
5. All intervals (—o0, b) where b € IR,

6. All intervals (—oo, b] where b € IR.

EXERCISE 18: Yes. See, for example, page 45 in Billingsley or Exercise 6 on page 34 of Ash
and Doleans-Dade.

EXERCISE 22: If Q = Z, F = 2% and p is counting measure, then let A; = {0} and
Ay ={—(k—1),k—1} for k > 1. It is impossible to construct a countable sequence of sets,
each with a finite number of elements, whose union is an uncountable set.

EXERCISE 27: Not here yet...

EXERCISE 30: First, recall that

lim sup x,, = inf sup x;,
n—00 " k>n

and
lim inf z,, = sup inf x.

n—00 n k>n

Then we can write
Ilimsuanoo A, — lim sup IAn

n—oo
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and
Limint, ... 4, = liminf T4, .

n—oo

EXERCISE 31:
limsup 4, = (—1,1] and liminf A4, = {0}

n—oo

EXERCISE 33: Not here yet...

EXERCISE 35: Let (2, F) = (IR, B'), let i be Lebesgue measure, and let A,, = (n,00). Then
u(A,) = oo for all n but lim,, .., 4, = @.

EXERCISE 41: For Proposition 39, it is clear that €2 € C and that C is closed under comple-
ments since C is a A\-system. Further, if Ay, Ay, ... € C, then

A=A U (A4 AF) U (AN AT N AS) U---,
i=1

and A{ € C since C is a A-system, A, N A € C since C is a m-system, A4; U (4, N AY) € C
since C is a A-system, and so forth.
For Proposition 40, note that A N B¢ = (A U (AN B))°.

EXERCISE 44: If we define C to be the class of subsets of Q& = IR of the form (—o0,a]
with a € IR, then C is a m-system and o(C) = B!. Also note that P is o-finite since it is a
probability measure. Thus, there is a unique extension of P from C to B*.

EXERCISE 45: If we define the value of P({b}) we will define the measure on the o-field
generated by the sets {a,b} and {b,c}. This is the case since the class of sets over which P
is defined is now a m-system.



4] EN w N =

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

EXERCISE 51:

First, we show that p* extends . We only need to show that p*(A) = u(A) for all A € C.
Clearly, p*(A) < p(A) for all A € C. To show the reverse inequality, let {A;}5°, be disjoint
elements of C such that A C |J;°, A;, and let B; = A; N A so that A = |J;°, B;. Countable
additivity of u gives us

WA =S u(B) <3 u(Ay).
i=1 i=1
Since every sum in (52) is a case of the rightmost sum in the equation immediately above,
we have p(A) < p*(A).

Next, we show that p* is monotone and subadditive. Clearly, B; C By implies p*(B;) <
p*(By). Tt is also easy to see that p*(ByU By) < pu*(By) + u*(By) for all By, By € 2. In fact,
if {B,}o2, €29 then p*(U, Bi) < Yoo, 1*(By). To see this, first choose € > 0. Note that
there must exist a sequence of sets A;, A, ... € C such that p*(B;) > 3777, u(Aj;) — /2’

and B; C U;‘;lAij for each 7. Thus,
Z,u*(Bi)> —eZu*(UBi) —€
i=1 i=1

since the {A;;} cover U2, B;. Thus, p*(U2, B;) < Y oo, p*(B;) + € for any € > 0, the desired
inequality holds.

Next, we show that C C A. Let A € C and C € 2°. Since u* is subadditive, we only
need to show that p*(C) > p*(C N A) + p*(C N A%). If p*(C) = oo, this is clearly true. So
let 1*(C') < co. From the definition of p*, for every € > 0, there exists a collection {A4;}5°,
of elements of C such that > 0o, 1u(A;) < u*(C) + €. Since p(4;) = p(A; N A) + u(A; N AY)

for every i, we have

p(C)+e > ZM(Ai nA)+ ZM(Ai nA)
=1 =1

> p(CNA)+ s (CnAY).

Since this is true for every e > 0, it must be that u*(C) > p*(C' N A) + pu*(C N AY), hence
Ac A

Next, we show that A is a field. It is clear that € A and A € A implies A € A by
the symmetry in the definition of A. Let A;, Ay € A and C € 2%. We can write

p(C) = p(CNA)+p (CNAY)
= p(CNA)+p(CNnAY N Ay) + p(C N AY N AS)
> (O N[AL U Ay)) + p*(CNJA U A°),

where the two equalities follow from Ay, Ay € A, and the inequality follows from the subad-
ditivity of p*. Another application of subadditivity shows that A; U A; € A.

Next, we prove that p* is finitely additive on A. If Ay, Ay are disjoint elements of A,
then Al = (Al U Ag) N Al and A2 = (Al U Ag) N AIC It follows that

pr(Ar U Ag) = p(Ar) + pt(Az).
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By induction, u* is finitely additive on A.

Next, we prove that A is a o-field. (We have already shown that A is a field.) Let
{A,}>2, € A; then we can write A = |J;2, A = ;- B;, where each B; € A and the B; are
disjoint. (This just makes use of complements and finite unions of elements of A being in
A.) Let D, = J_, B; and C € 2. By the same argument we used in proving that p* is
finitely additive, we have

P (CN[BLUB,]) = p*(C'N By) + p(CN By).

A simple induction argument extends this to

n

p(CND) =Y W (CN B,

i=1
Since A® C DY and D,, € A for each n, we have

p(C) = p(CND,)+p"(CNDY)
pH(C N Dy) + p(C N A

v

zn:u*(c N B;) + p*(C N A°).

i=1

Since this is true for every n,

W(C) = Y CNB)+p(CnA)

> pH(CNA)+p(CNAY,

where the last inequality follows from subadditivity. The reverse inequality holds by subad-
ditivity, so, A € A, and A is a o-field.

Next, we show that p* is countably additive when restricted to A. (We already proved
that p* is finitely additive.) Let A = [J;2, A;, where each A; € A and the A; are disjoint.
Since 7, A; € A, we have, for every n, p*(A) > >, p*(A;), which implies p*(A) >
Soo2, 1w (A;). By subadditivity, we get the reverse inequality, hence p* is countably additive
on A.

Next, we prove uniqueness. Suppose that p’ also extends u to A. Since C is a m-system
and p is o-finite on C, Theorem 43 implies that ¢/ = p on o(C). It is straightforward to
prove that p/ = p on the completion of o(C). (See Theorem 1.3.8 in Ash and Dade.)

Finally, we prove completeness. Since we already proved that p* is monotone, we need
only prove that A contains all B such that p*(B) = 0. Let p*(B) = 0. Then p*(BNC) =0
for all C' € 2°. By subadditivity and monotonicity, we have

p(C) < p*(CNB) +p*(CNBY) = p*(CNBY) < p*(0).

It follows that B € A.
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EXERCISE 57: Nothing yet...

EXERCISE 61: The result is true if we can prove that D = {4 € A: f71(A) € F}is a
o-field. Clearly S € D. Since inverse image commutes with complement, A € D implies
AY € D. Since inverse image commutes with union, A, € D for all n implies | J°7, A, € D.
So, D is a o-field.

EXERCISE 63: Nothing yet...

EXERCISE 64: Let f be a monotone increasing function. Then, for each a, there exists b
such that f=!((—o0,a]) is an interval of the form (—o0,b) or (—oo,b]. A similar result holds
for decreasing functions. Hence, monotone functions are measurable.

EXERCISE 73: For part 1,
{w : limsup f, > a} = ﬂ {fn>a—1/m, i.0.},
n m=1

a measurable set. Similarly for part 2. For part 3, the set in question is the set where the
difference of two measurable functions is 0, a measurable set. Part 4 is clear from the first
three parts, but you can fill in the details in a homework problem. The functions in parts 1,
2, and 4 might be extended real-valued.

EXERCISE 78: Let Q = ZZ* with the o-field 29, while S = Z with o-field 2°. Let f(z,y) = .
Let 1 be counting measure. Then, for each integer z, f~'({z}) = {(x,y) : y € Z} and
v({z}) = co. Even though p is o-finite, v is not.

EXERCISE 90: Let g = Ij,4 f. Every lower Riemann sum is the integral of a simple function
¢1 < g and every upper Riemann sum is the integral of a simple function ¢5 > ¢. It follows

that
/ brdp < / gdu < / bodp

But for each € > 0, ¢1 and ¢ can be chosen so that [ ¢odu — [ ¢1dp < €. So, limits of the
upper and lower sums both equal [ gdp.

EXERCISE 95: Let X put probability 1/2 on ¢ and —c.

EXERCISE 109: Clearly, v is nonnegative and (@) = 0, since fIz = 0, a.e. [u]. Let {A,}0,
be disjoint. For each n, define g, = fla, and f, = > gi. Define A = [J 7, A,. Then
0 < fu < fla, ae. [p] and f, converges to fla, a.e. [u]. So, the monotone convergence
theorem says that

(330) lim [ f.du=rv(A).

n—oo



Also, v(4;) = [ gidp, for each i. It follows from Theorem 100 that

(331) (UA) /fndu i/gidu:;u(fli).

Take the limit as n — oo of the second and last terms in (331) and compare to (330) to see
that v is countably additive.



