
Contents

Table of Contents i

Comprehensive List of Definitions, Lemmas, Propositions, Theo-
rems, Corollaries, Examples and Exercises xxv

Preface xxvi

I Stochastic Processes in General 2

1 Basics 3
1.1 So, What Is a Stochastic Process? . . . . . . . . . . . . . . . . . 3
1.2 Random Functions . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.3 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2 Building Processes 15
2.1 Finite-Dimensional Distributions . . . . . . . . . . . . . . . . . . 15
2.2 Consistency and Extension . . . . . . . . . . . . . . . . . . . . . 16

3 Building Processes by Conditioning 21
3.1 Probability Kernels . . . . . . . . . . . . . . . . . . . . . . . . . . 21
3.2 Extension via Recursive Conditioning . . . . . . . . . . . . . . . 22
3.3 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

II One-Parameter Processes in General 26

4 One-Parameter Processes 27
4.1 One-Parameter Processes . . . . . . . . . . . . . . . . . . . . . . 27
4.2 Operator Representations of One-Parameter Processes . . . . . . 31
4.3 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

5 Stationary Processes 34
5.1 Kinds of Stationarity . . . . . . . . . . . . . . . . . . . . . . . . . 34

i



CONTENTS ii

5.2 Strictly Stationary Processes and Measure-Preserving Transfor-
mations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

5.3 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

6 Random Times 38
6.1 Reminders about Filtrations and Stopping Times . . . . . . . . . 38
6.2 Waiting Times . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
6.3 Kac’s Recurrence Theorem . . . . . . . . . . . . . . . . . . . . . 41
6.4 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

7 Continuity 46
7.1 Kinds of Continuity for Processes . . . . . . . . . . . . . . . . . . 47
7.2 Why Continuity Is an Issue . . . . . . . . . . . . . . . . . . . . . 48
7.3 Separable Random Functions . . . . . . . . . . . . . . . . . . . . 50
7.4 Separable Versions . . . . . . . . . . . . . . . . . . . . . . . . . . 51
7.5 Measurable Versions . . . . . . . . . . . . . . . . . . . . . . . . . 56
7.6 Cadlag Versions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
7.7 Continuous Modifications . . . . . . . . . . . . . . . . . . . . . . 57
7.8 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

III Markov Processes 60

8 Markov Processes 61
8.1 The Correct Line on the Markov Property . . . . . . . . . . . . . 61
8.2 Transition Probability Kernels . . . . . . . . . . . . . . . . . . . 62
8.3 The Markov Property Under Multiple Filtrations . . . . . . . . . 65
8.4 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

9 Markov Characterizations 70
9.1 Markov Sequences as Transduced Noise . . . . . . . . . . . . . . 70
9.2 Time-Evolution (Markov) Operators . . . . . . . . . . . . . . . . 72
9.3 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

10 Markov Examples 78
10.1 Probability Densities in the Logistic Map . . . . . . . . . . . . . 78
10.2 Transition Kernels and Evolution Operators for the Wiener Process 80
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