Modeling Income and Wealth Distributions I

36-313, Fall 2021

7 September 2021 (Lecture 3)
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In this lecture, we’re going to look at models for the distribution of income and wealth. These aren’t facts
about they world; they’re ideas we’ve invented to help organize and make sense of those facts. Models are
simplified, stylized pictures which deliberately suppress some details in order to highlight what are (hopefully)
larger and more important patterns. To decide which stylized picture to draw, though, we need to pay some
attention to the facts.

Reminders of what income distributions look like

Here, as a reminder, is an approximation to the distribution of individual income for the US in 2019.


http://www.stat.cmu.edu/~cshalizi/ineq/21/lectures/01/lecture-01.pdf
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If we zoom out to the full range, this looks pretty much like a spike, because the range is so great:

Taxable income per individual, 2019
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On the other hand, the little numbers on the upper edge of the plot show percentiles of income, so it’s not
that there’s no probability density out around an income of (say) 20 million dollars a year. We can get a bit
better sense of what’s going on by using a logarithmic scale on both axes:
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What should we take away from these plots?

1. There’s fairly substantial probability density for a wide range around the median income, maybe from
an order of magnitude below it to an order of magnitude above it. (Look at the close bunching of the
quantile marks in the log-scale plot.)

2. The distribution is highly right-skewed: the mean is much larger than the median.

3. The distribution is heavy tailed: high quantiles are many orders of magnitude larger than the median,
and very high quantiles are orders of magnitude larger than merely high quantiles.

4. At very high incomes, the log-log plot of density looks like a straight line. This is what we’d see if the
pdf were shrinking like some power of income, f(z) oc ™%, since then log f(z) = —alogx + (intercept).

All of these are pretty common features of income and wealth distributions. (See Complementary Problem
1.) When we introduce models, it’d be nice if they could account for, or at least reproduce, some of these
features. While there isn’t, unfortunately, one simple model which does all of this, there are two simple
models each of which captures part of what’s going on.

The Log-Normal Distribution
You remember the Gaussian or “normal” distribution; it’s conveniently defined by its pdf,

o) = e {2

There are two adjustable knobs in this, the parameters y and o?. We write this X ~ N (u,0?), where the
symbol ~ is read “is distributed as”.

Some calculus, which I won’t reproduce, shows that with this pdf, E (X) = u while Var (X) = 02. The highest
probability density, the mode, occurs when & = pu. As x moves away from p in either direction, the pdf falls
off, because (x — )% > 0. Initially, the fall-off is slow, because if |z — pu|/o < 1, then (z — p)?/0? < |x — u|/o.
(Incidentally, this algebra explains why “close to p” and “far from p” are measured with respect to the



standard deviation o.) But conversely, once |z — p|/o becomes large, the pdf goes to zero very rapidly. The
familiar conclusion is that with high probability, a random X drawn from this distribution will be found near
1, meaning within + a few multiples of ¢ of pu.

The log-normal distribution is just what it sounds like: X has the log-normal® distribution when log X has
a normal or Gaussian distribution?. We write this as X ~ LN (u,0?), with the understanding that now
E (log X) = p, Var (log X) = 02. What does this mean in practice?

Some properties of log-normals

First, log is a strictly increasing function, so
P(X <b) =P(log X <logb)
and thus
Pla< X <b)=P(loga < log X logb)

One immediate implication is that quantiles of X are just the exponentials of the quantiles of log X. In
particular, the median of X is e#. (Why does that follow?)

Another implication of this basic relationship is the following. We know that it’s very improbable for log X
to be more than a few multiples of o away from p. Let’s write this formally:

P(u—ko <logX < p+ ko) = nearly 1
where k is just a convenient algebraic symbol for “a few”. But this implies

P (e”(e“’)]C <X< e“(e”)k) = nearly 1
So it’s very likely that X is within a factor of a few powers of e¢” of e#. The range probable range of X, in
other words, is multiplicative, not additive. (This is already promising in view of the empirical pdf of income.)
We can quickly find the exact pdf of the log-normal distribution. Remember the definitions: the CDF is
F(a) =P (X < a), and the pdf is the derivative of the CDF, f(z) = <F _,- o when X is log-normal,

da la

fr) = LR(X<a)

a=x

d
= %]P’(logX <loga)

a=x

_ 1 (logx — )% dlog x
T V2102 oxp {_ 202 dx )

_ 1 exp{“‘)gf”“)Q} (4)

202

Now that we have the pdf, we can plot it. Here’s the pdf of the “standard” log-normal, LN (0,1):

1Some people write “log-normal”, others write “lognormal”; no difference. I tend to use the hyphen because it makes my
spell-checker happier.

2Tt really doesn’t matter what “base” of logarithm we’re using, whether log is really log;, or log, or In. But some of the
calculus is easier if we use natural logs, so if you want to read In for log throughout, that’s fine.
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Notice that while the median is e® = 1, the mode is clearly lower than that. Since we know the pdf, we can

find the mode exactly by solving % = 0 (Complementary Problem 2a), with the result that the mode is
exactly er=o’ .
On the other hand, mean of the log-normal is higher than the median, eh+o’/2 (Complementary Problem 2b).

This reassures us that, as we’d expect from the plot of the pdf, the log-normal distribution is right-skewed,
: 2
since o= > 0.

Why we care: log-normal versus income data

Here’s our first plot of the pdf of income (as calculated from the income percentiles) again, with a log-normal
distribution added in blue.
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(This log-normal is fitted in exactly the way you're learning to do in HW 1. We’ll cover fitting methods in
more detail next lecture.) What you can see is that while the log-normal distribution isn’t quite right at very
low incomes, and in particular messes up how many people have incomes close to 0, from about the 10th
percentile of the income distribution onwards it’s a close match to the data, at least visually, through the
98th percentile and perhaps above.

Let’s look at this same comparison in a log-log plot, which will emphasize the right tail.



Taxable income per individual, 2019

5 10 13 18 29 44 62 80 92 97 99 99.6 99.9 99.97 99.992 99.998 99.999

I A WO 1 A I

1le-05

Probability density
le-09

| | | |
le+02 le+04 1le+06 1e+08

le-13

Taxable income ($)

Here we can see that there’s a visually good match over most of the range of incomes, from about the 10th
percentile (or maybe a little lower?) to above the 99th percentile. The fact that the log-normal distribution
systematically under-predicts how many people have (or report) very low incomes shows up again. What’s
new is being able to see what’s happening in the right or upper tail: the log-normal also under-predicts how
many people have extremely high incomes. (Said another way, it predicts that the highest percentiles of
income should be much lower than they actually are.) So while the log-normal is a pretty good approximation
to the distribution of income for most of the population, “the rich are different than you and me”.

The Power-Law or Pareto Distribution

A good (but not perfect) model of the upper tail of income and wealth distributions has actually come down
to us from the first social scientist to seriously investigate the issue, the pioneering economist and sociologist
Vilfredo Pareto, who first published his findings in the 1890s. He used tax records to examine the number
of people with very high incomes or net worths in a number of countries and cities for which he could find
the data. What he did visually was plot the number of tax-payers whose income met or exceeded any given
level (e.g., $1000, $2000, ...) against that threshold level. In other words, he plotted P (X > z) against x.
In modern terminology, we’d call this the complementary cumulative distribution function (CCDF)
or upper CDF or survival function, often written F(x). When Pareto made these plots with log scales
on both the vertical and horizontal axes, he found that the curve became a straight line, at least above some
minimum income or wealth. This implied that F(x) was proportional to some power of z, at least above that
minimum level.

What we now call the continuous power law distribution or Pareto distribution has the following pdf:

0 T < Tmin
f(m):{ a—1 (L

—a
) x Z Lmin

Zmin Tmin

In words, the pdf is a power of x, hence the name “power law”.



If you integrate this, you will find that, for > zpyin,

P(X >a)= < e )QH

Lmin

so the CCDF is also a power of z.

At this point I need to say that there is a small but annoying discrepancy in the literature. Basically everyone
writes « for the Pareto exponent, but for some people, that’s the exponent in the pdf, and for other people,
that’s the exponent in the CCDF. The two exponents always differ by exactly one, so this isn’t a big deal,
but if you just want to borrow a formula, or compare empirical results, it’s annoying to have to constantly
check which convention is being used by a particular author.

Some properties of the Pareto distribution
Mode

The mode of the Pareto distribution is zy,in: the highest probability density is always at the smallest possible
value.

Median and other quantiles

If we assume that there’s no probability mass below x,i,, then it’s easy to find upper quantiles:

P(X>zq) = ¢ (5)
—a+1
Tq
— 6
() q ©)
Tg = xminql/(lia) (7)

Thus the ordinary, lower quantiles are also easy:
P(X<z,) = p (8)
Ty = Tmin(l—p)/0 (9)

Matters are a little more complicated if we're just using the Pareto as a model for the tail above zp,. If
Zq 2 Tmin, then

P(X >z, = P(X>2z4X > 2Zmin) P(X > Zmin) (10)
—a+1
- ( Tq ) P(X > Zmin) (11)
Tmin

Setting this equal to g and solving for z, gives

(Eq =  Zmin (Q/P (X Z l'min))l/(l_a) (12)



Expectation and higher moments

The expected value of X is easily calculated:

E(X|X > zmin) = /OO xa_l( z )adx (13)

Tmin Tmin Tmin
a—1 a —a+1
= —2Yn x dz (14)
Lmin Tmin
1
= (Ol - ]‘)xgli_nl o — 21.1:1?;_2 (15)
a—1
= min 16
Tmin (16)

Notice that as o — 2, this goes to infinity. The practical meaning of this is that when o < 2, as we get larger
and larger samples, the sample mean will keep getting larger and larger without any limit. This is not how
most random variables work, but it is the way of very heavy-tailed distributions.

Higher moments are even less well-behaved:

E (XX > &) = / xka_1< ”5) da (17)

min Tmin Tmin
= (a— l)x%i_nl/ ¥z (18)
—1
= o iCm T (19)
a—1
= g g1 (20)

Since the variance is Var (X) = E (X?) — (E (X))?, it follows that the variance is infinite if a < 3. Again, the
practical meaning is that if you keep drawing larger and larger samples from such a distribution, the sample
variance will grow without any limit.

Why we care: Pareto distributions versus tail data
You will explore this in detail in Homework 2. I will just say here that while Pareto distributions aren’t a

perfect model fit to the upper tail, they are pretty good approximations. You can, for instance, see this in
the log-log plots of the pdf I gave above — the right tail is very close to a straight line.

Calculating measures of inequality from theoretical distributions

One use of these models is to simplify or “regularize” the calculation of Lorenz curves, Gini indices, etc.

Lorenz curves and Gini indices from the Pareto distribution

Let’s do an example of calculating Lorenz curves and Gini coefficients from a Pareto distribution. To simplify
matters, I will assume that there is no probability mass below xi,, but you can re-do the calculations
without this assumption (Complementary Problem 3).



Income shares and the Lorenz curve

Let’s begin by working out the quantiles of the Pareto distribution. The starting point will be the CCDF:

F(z,) = ¢ (21)
—a+1
() = (22
Lmin
:L.Z'q _ ql/(lfoz) (23)
Lg = $minq1/(1_a) (24)

With this in hand, we can work out what fraction of total income goes to the upper ¢ fraction of the
population, call this S(q):

Je'e} 1 -«
[ (—I ) x
Tq Tmin ZLmin

S = 25
(a) E(X) (25)
a—1a—1 j‘oo —a+1
min Jzmimg!/0-o ¥ dz
i . (.1 a-1 (26)
l'l'lll'la_2
1 —at2 (a—2)/(a—1)
a— a—2%min 4
= min2 1 (27)
a—2
— q(a*Q)/(afl) (28)

Now by convention the Lorenz curve is plotted using lower percentiles, say p = 1 — ¢, so we can say

s(p) = 1= (1= p)le-2/e=y (29)

Here are some pictures:
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We can see that as a decreases, the curve gets further and further away from the diagonal, indicating
increasing inequality.

10



(Note that this result will break down once a < 2 — why?)

The Gini index

Recall, from Lecture 2, that the Gini index is determined by the area under the Lorenz curve:

G=1-2x area
The area under the Lorenz curve is straightforward to find from the income shares:
1
area under Lorenz curve = / s(p)dp
_ /’( — e D/ gp
1
/ p)(@=2/@=1) g
0
0
/’¢a2ma1> 1)dg
1

1
= / q dg
0
1

— 1= [1—0]
a—2 [
a-1 1
1
= 1_a72+a71
a—1
_ a—1
o 20 — 3
- 2a—3—a+1_a—2
N 200 — 3 20— 3
SO
a—2
G = 1-2
20 — 3
_ 2a—3—2a+4_ 1
N 200 — 3 C 200—3

This leads to the following relationship between @ and the Gini index:

11

(30)



Gini index of Pareto distributions
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Lorenz curves and Gini indices for the log-normal distribution

Homework 1 quoted some results about the shape of the Lorenz curve and the Gini index for the log-normal
distribution, but without asking you to prove them. Here are quick sketches of the proofs.

Income shares and the Lorenz curve

Let’s start by working out the (lower) quantiles of the LA (i, 0?) distribution:

P(X<z) = p (42)
P(X <logz,) = p (43)
®((logap —p)/o) = p (44)
logz, = p+o® ' (p) (45)

x, = elexp {a@‘l (p)} (46)

Now what’s the share of income going to the lower p fraction of the population?

Py f(x)dx
s(p) = jO]E(X) (47)
etexp{cd ' (m)} 1 (p—logx)?
T gl
- ereo?/2
(49)

Set z = logx, so dz/dx = 1/ but dx = xdz = e*dz; make z the new variable of integration and change the

12



limits accordingly:

e exp{c® ' (p)} 1 1(u —1 2
/ exp _,w dx (50)
—o0 V2ro? 2 o
pt+o® " (p) 1 1(p— 2
_ Y S 2 O
= / Wexp{ 5 3 }e dz (51)
prot Lo 2, .2
/ 27”72 exp {_M(“ —2uz —2z0° + 2 )}dz (52)
ot Lo 2 2
/Oo 27r02 exp{—w(,u —2(u+09)z+2 )}dz (53)
p+od— 1
/ eXp ———((u+ D2 =2(u+ oY)z + 22 — ot —2u0?) pdz (54)
27rcr2 202
ptro@ ! (p) 1 ) )
/Oo Noroe exp{o /2—|—,u}exp{ 5 s ((p+o”—2) }dz (55)
. pto®"l(p) 4 1
o?/2+ 2 2
e/ #LOC WGXP{W((MJFU —z) }dz (56)

At the end of all this manipulation (“completing the square”), what we’re left with as the integrand is the
pdf of a Gaussian with mean p + 0% and variance 02, so this becomes

—1 _ 2
602/2+;L<I) ((/1’—’_0—(1) (p)) (M+U )) (57)
o
/2 (@1 (p) — o) (58)
Thus
72190 () - o)
e p)— 0o
sp) = L (59)
= @@ '(p)~0) (60)
as claimed (without proof) in Homework 1.
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Notice that p doesn’t appear in s(p) at all, so two log-normal distributions with different us but the same o
will have the same Lorenz curve. This makes some sense: changing p will change everyone’s income by the
same factor, and that’s precisely the kind of change which the Lorenz curve ignores.

Gini index

This 2®(0/v/2) — 1, but you're tired of reading me do integrals by now, so I'll make this Complementary
Problem 3. Notice that since the Lorenz curve for a log-normal only involves o and not u, the Gini index
couldn’t involve p.

Gini index

Gini index of log—normal distributions
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Complementary Problems

These are to think through or practice on, not to hand in.

1. The code for this lecture downloaded income data for multiple countries and years (as in Lecture 2), but

I've only shown the pdf of the income distribution for the US in 2019 (as in Lecture 1). Pick another
country and year, say Finland in 2005, and make similar plots of the pdf of income. Do this again for a
bunch of other countries and years.
Some calculus with the log-normal distribution

a. Show that the mode of the log-normal distribution is er=o" There are a couple of ways to do this,

but the must straightforward is to solve % =0 for x.

b. Show that E (X) = enta’2, Again, there are a couple of ways to do this, including brute-force
integration.
Show that the Gini index of a log-normal distribution is 2®(c/+/2) — 1. One way to do this is to find
the area under the Lorenz curve.
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