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See updates and corrections at http://www.stat.cmu.edu/~cshalizi/mreg/

Supplement: Interpreting Parameters after
Transformation

36-401, Fall 2015, Section B

After unscheduled class discussion, 29 September 2015

1 Transformed Predictor

The model becomes
Y =080+ f(X)+e (1)

for some invertible, nonlinear function f, with e still IID Gaussian. The usual
interpretations apply, but now are all in terms of f(z), not a:

1. We can never find coefficients ~yy,y; where

Bo + Bif(x) =0 +mx (2)

for all z. That is to say, applying a nonlinear transformation to the pre-
dictor doesn’t just amount to making some adjustment to the slope and
intercept.

2. Bo =E[Y|f(X)=0]. This is (usually) not E [Y|X = 0].

(a) Bp is still the intercept when f(x) goes on the horizontal axis.
(b) Instead, E[Y|X = 0] = By + 1./ 7(0).

3. 1 is the slope in units of Y per units of f(X). That is, it’s the difference
in the expected response for a difference in f(z) of 1, not for a difference
in z of 1.

(a) A difference of 1 in z predicts a difference of 81 (f(z) — f(z — 1)) in
E[Y] if 2 decreases by 1, and a difference of 81 (f(x + 1) — f(x)) if
x increases by 1. (These are generally not the same.) So even the
response to increases and decreases isn’t necessarily of the same size.

(b) Very small differences in z, of size h, predict very small differences
in E[Y], of size hﬂlg(a:). So there is a slope at each point, but it
changes. (That’s what makes f non-linear.)

4. o2 is still the variance of the Gaussian noise around the regression curve,
but now that curve really is curved and not a straight line.


http://www.stat.cmu.edu/~cshalizi/mreg/

2 1.1 Special case: Log transformation of the predictor

(a) A plot of y; against x; should not be a straight line.
(b) A plot of e; = y; — (Bo + B1.f (x;)) should still be a flat line around 0.

We estimate the model by transforming the data, going from (x1,y1), ... (Zn, yYn)

to (f(z1),41),-..(f(2n),Yn), and then running a regression of y; on f(x;).

1.1 Special case: Log transformation of the predictor
Suppose we select f = log. Our model then is
Y = 0o+ Prlog X + ¢ (3)
In this setting,
e log X =0means X =1,s0 B =E[Y|X =1].
e A k unit change in log  means multiplying = by e*:
k +logz = loge® + logz = log ze” (4)
Hence, (1 is the expected difference in Y for an e-fold change in X.
e The slope of E [Y] with respect to X decreases in x:
dE[Y|X = z] _ B

dx T

2 Transforming the response

Again, we select an invertible, non-linear function g, and transform the response
variable:
gY)=Bo+ X +e (6)

All of the parameters retain their old interpretations in terms of g(Y'). None of
them have their old interpretations in terms of Y. This is because the model
for Y is now

Y =g ' (Bo+ 51X +e) (7)

1. We can never find coefficients 7g,y; where
Bo + Bz = g(vo +nz) (8)

for all . That is to say, applying a nonlinear transformation to the re-
sponse doesn’t just amount to making some adjustment to the slope and
intercept.

2. Bo =E[g(Y)|X = 0]. Note that since g is not a linear function, neither is
g ' and so E[Y|X = 0] # g7 (Bo).

3. More generally, E [Y|X = x| # g~ (8o + p17).
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3 2.1 Special case: log transformation of the response

(a) Since we're assuming e is Gaussian centered at 0, the median value
of € = 0. Therefore, according to the model,

P(g(Y) < By + frx | X = :l?) =0.5 (9)
Since g is invertible, it is therefore also true that
P(Y <g '(Bo+bix) | X =2) =05 (10)
and the transformation can be simply undone for the conditional
median, but not the conditional mean.
(b) In particular, g=!(8p) is the conditional median of ¥ when X = 0.
4. B is the difference in the mean of g(Y) predicted by a 1 unit change in
X.

a) There is generally no simple interpretation of 8; for the original Y.

(

(b) By the argument above, increasing x by h predicts that the condi-
tional median will change by g=*(8y + S1xz + Bih) — g7 (Bo + Biz).
This, generally speaking, does not simplify.

(¢) When the change h is very small, the change to the conditional me-

—1
dian will tend towards hf; dgT(“) .
u=PBo+pB1x

5. 02 is the variance of the Gaussian noise around the regression line for
g9(Y).

(a) Because g~*' is a nonlinear transformation, the noise around the re-
gression curve for Y, g7 (8y+S12), will not (in general) be Gaussian.

1

(b) In fact, the noise around that curve will generally not have mean zero,
or constant variance, or even just be an additive perturbation around
the curve. (See the example for the log transformation below.)

(¢) A plot of Y against X will not show a straight line, though a plot of
9(Y) against X should.

(d) Residuals for Y, calculated as y; —g! (BO +31$¢) need not be centered
at 0, or have constant variance, etc., etc.

(e) Residuals for the transformed response, calculated as g(y;) — (8o +
B1z;), should show all the usual properties.
2.1 Special case: log transformation of the response
If we select g = log, the model becomes
logY = B+ 1 X + ¢ (11)

and the interpretation simplifies slightly, especially on taking the inverse trans-

formation:
Y = gPothiX+te _ PoPim e (12)
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4 2.1 Special case: log transformation of the response

1. €0 is the median value of Y when X = 0. It is common to abbreviate it
as a single number, say yo.

2. A one-unit increase in z predicts that Y should be larger by a factor of .
That is, additive, equal-size changes to = lead to multiplicative changes in
Y.

3. The slope of Y with respect to z is 3;€1%, so, again, there is no one
answer to “what gets added to Y when x changes a little?”

4. Because ¢ ~ N(0,0?), e° is not Gaussian (no matter what mean and
variance we might try). Rather, we say that e¢ is log-normal or log-
gaussian, because it’s log is normal or Gaussiarﬂ (R functions: dlnorm,
plnorm, qlnorm, rinorm). This is written e ~ LN(0,0?), i.e., the log-
normal is parameterized by the mean and variance of its log.

(a) ef >0, so the LN distribution is supported on the positive numbers,
not (like the N) the whole number line.

(b) It further follows that E [e€] > 0.
(¢) By the argument above, the median of e¢ = 1.

(d) Because making € < 0 can only decrease e a little below 1 (at worst
to 0), but making € > 0 can increase e by a lot (up to oo), the
distribution is skewed to the right.

(e) By directly using the transformation-of-variables formula (which you
remember from your probability class), the probability density func-
tion of an LN (u,o?) distribution is

—log ©)?
1 o (w-logs) (13)
xV2ro?
(Figure [1]). By integration, then, one can show that the expectation
of this distribution is e#+7°/2, and its variance is 2" (e”” — 1).
) Specifically, E [e€] = exp o?/2.
Similarly, Var [e€] = e (e‘72 —-1).
(h) The noise e¢ multiplies the deterministic function e?+51% it does not
add to it. Therefore we have

—~ o~
o0 Fh
=

EY|X =2] = E[efothote| X =q] (14)
= PR [ef | X = 1] (15)

= PR e (16)

= 7 /2Pohm (17)

Var[Y|X = 2] = Var[efot/%e | X = 7] (18)
= 2Bothia)yar[ef | X = 2 (19)

= ¢ (6‘72 — 1)e2(Potpiz) (20)

1Some people prefer to call e€ “anti-log-normal”, which has a kind of logic to it, but they’re
very much a minority.
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5 2.1 Special case: log transformation of the response
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par (mfrow=c(2,2))
curve(dlnorm(x,0,1),from=1e-4,t0=10)

curve (dlnorm(x,0,1) ,from=1e-4,to=10, log="x"
curve (dlnorm(x,0,1) ,from=1e-4,to=10, log="y")
curve (dlnorm(x,0,1) ,from=1e-4,to=10, log="xy")
par (mfrow=c(1,1))

FIGURE 1: Probability density function of the standard log-normal distribution,
LN(0,1). Top left: ordinary (linear) scale on both azxes; top right: log scale on hor-
izontal azis; bottom left: log scale on wertical axis; bottom right: log scale on both
azxes.
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3 Transforming both predictor and response
The model is
g(Y) =00+ B1f(X)+e (21)

All the considerations of both the previous sections apply.

1. If this model applies, no linear model also applies.
2. fo=E[g(Y)[f(X) = 0].
3. f1 is the slope of the curve of g(Y') against f(X).
(a) There is generally no simple way to express this in terms of the
original variables.
(b) There is also generally no simple way to write the slope of the curve

of Y on X.

4. 02 is the variance of the Gaussian noise around the line of g(Y) against
f(X). The distribution of Y around its curve against f(X), let alone
against X, is generally not even additive.

5. The function g=1(8y + B1f(z)) continues to give the conditional median
of Y.

3.1 Special case: log of both predictor and response

The model is
logY =y + B1log X + € (22)
Undo the log on both sides:
Y = e XPree (23)

Because this says that Y is some power of X, up to noise, this sort of model is
often called a power law.
Abbreviate e?° by yo. Then, in the power law model with log-normal noise,

1. yo is the median value of Y when X = 1.

2. B is the slope of logY against log X. It is also power to which we raise
X to get the systematic part of Y.
(a) In the jargon, one says that “Y scales like X7,

(b) Ignore the noise temporarily, so we have a deterministic relationship
y = yoz’. A small difference in z, say dz, means a fractional differ-
ence of dz/x. The ratio of the fractional difference in y, dy/y to the
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7 3.1 Special case: log of both predictor and response

fractional difference in z, sometimes called the elasticity of y with

respect to x, is (dy/y)/(dz/x) = (dy/dx)/(y/x), isﬂ

dy -1

v _ Yozt _5
Ty T
xT

xz
3. E[Y|X = 2] # yoz™.

(a) yozP is the conditional median, however.

(24)

(b) By parallel reasoning to what we went through above with the log-

normal,

EY|X =2 = yoxﬁle”2/2
Var[Y|X =2] = y31261602(e”2 -1)

Notice that this is a different statistical model from

Y =yo X7 + ¢

(27)

which would lead to E[Y|X = 2] = yo X, Var[Y|X = 2] = 2. (It is, unfor-
tunately, often unclear whether people mean a power law with multiplicative,
log-normal noise or with additive, normal noise.) I will leave it as an exercise

to check how the interpretations change.

2If you are appalled by expressions like dy/y, you have good mathematical taste, and are

invited to reach this conclusion through a proper proof using limits. (It can be done.)
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