Homework 5
36-325/725
dueFriday Oct 5

(1) Let X4, ..., X,, ~ Uniform(0, 1) andlet ¥,, = max{X3,..., X,}. Find
E(Y,). Hint 1: first find the cdf of Y,,. Hint 2: Y, < y if andonly if X; < y for
1=1,...,n.

(2) A patrticlestartsat the origin of the real line andmovesalongtheline in
jumpsof oneunit. For eachjump the probabilityis p thatthe particlewill jump
oneunit to theleft andthe probabilityis 1 — p thatthe particlewill jump oneunit

to theright. Let X, bethe positionof the particleaftern units. Find E(X,,) and
Var(X,). (Thisis knowvn asarandomwalk.)

(3) A fair coinis tosseduntil aheadis obtained Whatis the expectednumber
of tosseghatwill berequired?

(4) Let X be a discreterandomvariable. Let Y = r(X). By definition,

E(Y) = ¥X,yfv(y). In class,we learnedthe lazy statisticianrule: E(Y) =
Yo 7(x) fx(x). Provethaty", v fy (y) = X, r(x) fx (z).

(5) Let X be a continuousrandomvariable with cdf F' and supposethat
P(X > 0) =1 andthat E(X) exists. Shav that E(X) = [;° P(X > z)dz.

Hint: Considerintegratingby parts. The following factis helpful: if E(X)
existsthen

lim, o z[1 — F(z)] = 0.

(6)Let Xy, Xy, ..., X, beN(0,1) randonmvariablesandlet X,, = n* 7 | X,.
Plot X,, versusn forn = 1,...,10,000. Repeafor X;, X, ..., X,, ~ Cauchy.

(Recallthatthe Cauchyhasdensity f(z) = 1/(w(1 + z?)).) Explainwhy thereis
suchadifference.



(7) Let X ~ N(0,1) andletY = eX. Find E(Y) andVar(Y).

(8) A simulatedstockmarlket. Let Y3, Y, . . . beindependentandomvariables
suchthatP(Y; =1) = P(Y; = —-1) = 1/2. Let X,, = > | ¥;. Thinkof ¥; =1
as“the stockpriceincreasedby onedollar”, Y; = —1 as“the stockpricedecreased
by onedollar’” and X,, asthevalueof the stockon dayn.

(8a)Find E(X,) andVar(X,). (Hint: seequestion?).

(8b) Simulate X,, andplot X,, versusn forn = 1,2,...,10,000. An easy
wayto dothisis:

n <- 10000

y <- rbinonm(n,1,.5)

y <- 2*y-1 ### do you see what this does?
X <- cunmsum(y)/(1:n)

hel p(cunsum

Repeathe whole simulationseveraltimes. Notice two things. First, it's easy
to “see” patternsn the sequenceventhoughit is random.Secondyou will find
thatthe four runslook very differenteventhoughthey weregeneratedhe same
way. How do the calculationsn (8a) explain the secondobsenation? The moral
of the story: whenyou loselots of money in the stockmarket oneday, remember
thatl warnedyou.



