
Homework 6
36-325/725

due Friday Oct 12

(1) Supposewe generatea randomvariableX in thefollowing way. First we
flip a fair coin. If thecoin is heads,take X to havea Unif(0,1) distribution. If the
coin is tails, takeX to haveaUnif(3,4) distribution.

(a) Find themeanof X.
(b) Find thestandarddeviationof X.

(2) Let
���������������
	

and � ���������
� ��� berandomvariablesandlet � ���������
� � 	 and� ����������� � � beconstants.Show that����� �� 	� ��� � � � � � � ��� � � � � � � �!#" 	��$� � ��� � � � � � �
%'&)(+* � � � � ��, �
(3) Let -).0/ 1 *32 � 4 ,5"76 �8 *92;: 4 ,=<
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Find QSR J)*TC �VUXW � :ZY[, .
(4) Let r(x) bea functionof x andlet s(y) bea functionof y. Show that\ *^]_* � ,�`a* � ,�b � ,5"#]_* � , \ *c`a* � ,)b � , �

Also, show that
\ *^]_* � ,)b � ,d"D]I* � , .

(5) Prove that QSR J�* � ,5"#e QSR J�* � b � ,f: QSR Jgeh* � b � , �
Hint: Let i " \ * � , and let

� *32j,k" \ * � b � " 2j, . Note that
\ * � * � ,�,l"\�\ * � b � ,m" \ * � ,n" i �

Bear in mind that
�

is a function of 2 . Now write
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o � ]_* � ,p" \ * � U i ,rq'" \ *�* � U � * � ,L,s:X* � * � , U i ,L,rq � Expandthesquareand
taketheexpectation.Youthenhaveto taketheexpectationof threeterms.In each
case,usetheruleof theiteratedexpectation:i.e.

\ *^OLE�t_uS,p" \ * \ *^OLE�t_uvb � ,�, � You
maywantto usetheresultof problem(4) to evaluateoneof theterms.

(6) Show that if
\ * � b � " 4 ,w"yx for someconstantx then

�
and � are

uncorrelated.

(7) Thisquestionis to helpyouunderstandtheideaof asampling distribution.
Let

��������������� � beiid with meanz andvariance{ q . Let
� � "D|~} �I� ��$� � � �

. Then� � is a statistic, that is, a function of the data. Since
� � is a randomvariable,

it hasa distribution. This distribution is called the sampling distribution of the
statistic.

(7a)Find themeanandvarianceof thesamplingdistribution, i.e. find
\ * � � ,

and QSR J�* � � , .
(7b) Don’t confusethe distribution of the data

-).
and the distribution of

the statistic
- .d�

. To make this clear, hereis an example. Let
��������������� �D��h� M��3&[JL�n*T< � A�, . Let

-).
be the densityof the

��� M��3&[J��n*^< � A�, . Plot
-).

. Now let� � "�| } �g� ��$� � � �
. Find

\ * � � , and QSR J)* � � , . Plot themasa function of | .
Comment.Now wewill simulatethesamplingdistribution.

nsim <- 10000 ### think of nsim as essentially being infinity
n <- 25
xbar <- rep(0,nsim)
for(i in 1:nsim){

x <- runif(n,0,1)
xbar[i] <- mean(x)
}

hist(xbar)
expected.value <- mean(xbar)
variance <- var(xbar)
print(expected.value)
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print(variance)

Repeatthis experimentfor |�"�A � C ���s� A)< � C �s��� < � A)<[< . Checkthat the sim-
ulatedvaluesof

\ * � � , and QSR J�* � � , agreewith your theoreticalcalculations.
Whatdo younoticeaboutthesamplingdistributionof

� � as | increases?
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