Homework 6
36-325/725
dueFriday Oct 12

(1) Supposeve generatea randomvariableX in the following way. Firstwe
flip afair coin. If thecoinis headstake X to have a Unif(0,1) distribution. If the
coinis tails, take X to have a Unif(3,4) distribution.

(a) Findthe meanof X.
(b) Find the standarddeviation of X.

(2)LetX4,..., X,, andYy,..., Y, berandonvariablesandletay, ..., a,, and

bi,...,b, beconstantsShaw that

Cov (Z aiXi, Z b]}/;> = Z Z a,-bjCov(X,-, Y;)
1=1 j=1

i=1j=1

(3) Let
(z+y) 0<2<1,0<y<2

1
fxy(@y) = { 8 otherwise.
FindVar(2X — 3Y + 8).
(4) Letr(x) beafunctionof x andlet s(y) beafunctionof y. Shawv that
E(r(X)s(Y)|X) = r(X)E(s(Y)|X).
Also, show that E(r(X)| X) = r(X).

(5) Provethat
Var(Y) = EVar(Y | X) + VarE(Y | X).

Hint: Letm = E(Y) andletb(z) = E(Y|X = z). Notethat E(b(X)) =
FEE(Y|X) = E(Y) = m. Bearin mind thatb is a function of z. Now write
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Var(Y)=E(Y —m)* = E((Y —b(X)) + (b(X) —m))?. Expandthesquareand
take theexpectation.You thenhave to take the expectationof threeterms.In each
caseuysetherule of theiteratedexpectationi.e. E(stuff) = E(E(stuff|X)). You
maywantto usetheresultof problem(4) to evaluateoneof theterms.

(6) Show thatif E(X|Y = y) = ¢ for someconstantc then X andY are
uncorrelated.

(7) Thisquestionis to helpyou understandheideaof a sampling distribution.
Let Xy, ..., X, beiid with meanu andvariances?. Let X,, = n~' 3" | X;. Then
X, is a statistic, thatis, a function of the data. Since X, is arandomvariable,
it hasa distribution. This distribution is called the sampling distribution of the
statistic.

(7a) Find the meanandvarianceof the samplingdistribution, i.e. find E(X,,)
andVar(X,).

(7b) Don’t confusethe distribution of the data fx and the distribution of
the statistic fx, . To male this clear hereis an example. Let Xy,..., X, ~
Uniform(0,1). Let fx be the densityof the Uniform(0,1). Plot fx. Now let
X, =n'tY" X;. Find E(X,) andVar(X,). Plotthemasa function of n.
Comment.Now we will simulatethe samplingdistribution.

nsim<- 10000 ### think of nsimas essentially being infinity

n <- 25
xbar <- rep(0, nsim
for(i in 1l:nsim{

X <- runif(n,0,1)
xbar[i] <- nmean(x)
}
hi st (xbar)
expect ed. val ue <- nean(xbar)
vari ance <- var (xbar)

print (expect ed. val ue)



print(variance)

Repeatthis experimentfor n = 1,2, 5,10, 25, 50, 100. Checkthat the sim-
ulatedvaluesof E(X,) and Var(X,) agreewith your theoreticalcalculations.
Whatdo you noticeaboutthe samplingdistribution of X,, asn increases?



