Homework 6 Solutions

(1) Let Y represent the coin toss. So P(Y = 0) = P(Y = 1) = 1/2,
X|Y =0 ~ Uniform(3,4) and X|Y =1 ~ Uniform(0, 1).

(1a) E(X|Y = 0) = 7/2, E(X|Y = 1) = 1/2 and E(Y) = 1/2. So
E(X|Y) = (Y/2) + (1 - Y)(7/2), and E(X) = EE(X|Y) = E[(Y/2) + (1 —
Y)(7/2)] = E(Y)/2+ (1 — B(V))(7/2) = (1/4) + (7/4) = 2.

(1b) V(XY =0) =1/12, and V(X|Y =1) = 1/12. So V(X|Y) = 1/12.
Therefore, V(X) = VE(X|Y) + EV(X]Y) = V[(Y/2)+ (1 = Y)(7/2)] +
E(1/12) =V ((7/2)-3Y)+(1/12) =9V (Y)+(1/12) = (9/4)+(1/12) = 7/3.
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(3) Var(2X — 3Y +8) = 4Var(X) + Var(Y) — 12Cov(X,Y). Now,
fx(@) = J5(1/3)(z +y)dy = (2/3)(z + 1) and fy(y) = fy(1/3)(z + y)dz =
(1/3)(y + (1/2)). Thus, ux = Jy zfx(x)dz = 5/9, 0% = fy 2*fx(v)dz —
(5/9)> = (7/18) — (5/9)” = 13/162 and py = [Fyfv(y)dy = 11/9, oy =
o v fr (y)dy—(11/9)* = 16/9—(11/9)* = 23/81. Also, E(XY) = (1/3) [’ Jo zy(a+
y)dzdy = (1/3) 3 [y 22ydzdy+(1/3) J5 fy vy*dedy = (1/3) f3 [fol acha:] ydy+

1



(1/3) fy [Jo wda] y2dy = (1/3) J§(1/3)ydy + (1/3) J5(1/2)y*dy = 2/3. So,
Cov(X,Y) = (2/3) — (5/9)(11/9) = —1/81. Finally, Var(2X — 3Y + 8)
AVar(X)+9Var(Y) —12Cov(X,Y) = 4(13/162) + 9(23/81) — 12(—1/81)
245/81.

(4) E(r(X)s(Y)|X =z) = [r(z)s(y) fy x(ylz)dy = r(z) [ s(y) fy|x (y|z)dy =
r(z)E(s(Y)|X = z). Hence, E(r(X)s(Y)|X) = r(X)E(s(Y)|X). For the
second part, E(r(X)|X =zx) = [r(z)f(y|z)dy = r(z) [ f(y|z)dy = r(x). So
E(r(X)|X) =r(X).

(5) As in the hint, let m = E(Y") and let b(X) = E(Y|X). So

Var(Y) E(Y —m)?
B[(Y = b(X)) + (b(X) — m)]*

E(Y =bX)) + EB(X) —m)? +2E[(Y — b(X))(b(X) —m)].

Now we evaluate each of these terms.
E(Y -b(X))? = EE[(Y -b(X))*|X]= EE[(Y — E(Y|X))}X] = EVar(Y|X).

Before evaluating the second term, note that b(X) = E(Y|X) so m =
E(Y) = EE(Y|X) = Eb(X), that is, m is the mean of the random vari-
able b(X). So E(b(X) —m)? = Varb(X) = VarE(Y|X). Next,

E[(Y = b(X))(b(X) —m)] = EE[(Y —b(X))(b(X )—m)|X]
= EBX)-m)E[(Y X))|X] from problem 4
= E(b(X)—m) {E[Y|X] b(X)}
= E(b(X) —m){b(X) —b(X)}
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(6) Since E(X|Y) =¢, E(X) = EE(X]Y) = E(c) = c. Also, E(XY)
EE(XY|Y) = EYE(X|Y)] = E(¢Y) = cE(Y). Hence, Cov(X,Y)
B(XY) — E(X)E(Y) = cE(Y) — cE(Y) = 0.



(7a) B(X,) =FE(n 'y, X)) =n 'S, B(Xy) =n Y u=p Var(X,) =
n 2y, Var(X;) =n?2Y,0% =0?/n.

(7b) E(X,) = 1/2 and Var(X,) = 0?/n = (1/12n). The mean stays
the same but the variance decreases in n. You might also notice that the
distribution of X, gets more concentrated around the mean and starts to

look Normal.



