Solutions to Practice Test 1

(

)/P(C) = 1. (iii) Let Ay, As,..., be disjoint. Then
) = P((UiA;) N C)/P(C) = P(U;i(4; N C))/P(C) =
i P(AiNC)/P(C) =%, P(A|C) = ¥, Q(A;)-

(2) If y < 0 then Fy(y) = P(Y < y) =0. If y € [0,1), Fy(y) =

f
P(Y <y)=PY =0) = P(X <1/2) = [{?22dz = 1/4. If y € [1,2],
Frlyy=PY <y)=P0< X <y/2) = fé//Z 2zdx = y*/4. If y > 2 then
Fy(y) = 1. Hence,
0 y<o0
_ i 0<y<l1
Fy(y) = % 1<y<2
1 y>2.

(3) Since U = Fx(X) ~ Uniform(0,1) and Y = Fy;'(U) ~ Fy, it follows
that Y = Fy'(Fx(X)) has the desired distribution. Here are the details.
Note that Fx(z) = [y 2e7%dt =1 — e™?*. Hence, U = Fx(X)=1—¢* ~
Uniform(0, 1). Now use the inverse integral transform to create the random
variable Y. Now, Fy(y) = [Ye'dt =1 —e ¥ and Fy, ' (u) = —log(1 — y).
So —log(1 — U) ~ Fy. Putting this together, —log(1 — U) = —log(1 — (1 —
€72X)) =2X ~ Fy. SoY =2X ~ Fy.

(4a) The sample space is
S={s=(s1,82,---,8n): s € {1,...,4}, s, € {5,6}, n=1,2,...}.

(4b) Let B, =“ends on toss n with a 5.” Let B =“5 appears before 6.”
Thus, B = U2, B,, and the B,,’s are disjoint. Let C, =“neither 5 or 6 on toss
n” and let D, =“5 on toss n.” Note that P(C,) = P({1,2,3,4}) = 2/3 and
(2/3)"(1/3) and P(B) = £, P(By) = (2/9) £2,(2/3)"" = (2/9) x3 =
2/3.



0 <0

5 O0<z<1
Fx(z) = % 1l<x<3

3+52 3<z <4

1 T > 4.

(6) Let A, = [0,2] x [0,2]. Then, for 0 < z < 1, Fz(2) = P(Z < z) =
P((X,Y)€e A,) =2 So, fz(2) =2zfor 0 < z < 1.

(7a) [} J) ez + y)dzdy = c((1/2) + (1/2)) = ¢. Since f must integrate to
l,e=1.

(7b) fx(z) = fy fxy (@ y)d
frix(ylz) = fxy(z,y)/fx(z) =

(7c) P(Y > (1/2)| X =1) =

(rd) P(Y > (1/2)|X < (1
(1/2)). Now, P(Y > (1/2), X <

y = Jy(z +y)dy = = + (1/2). Therefore,

(z+y)/(z+(1/2).

f/Qf(y\l)dy— e 2(1+y)dy = 7/12.

/2)) = P(Y > (1/2) X < (1/2))/P(X <
<(1/2)) = f1/2 fo (a:—}-y)dxdy:?/&

(8) First, note that 1 = [ [ fx v (z,y)d
Now, fx(z) = [ fxy(z.y)dy = [g(x)h(y)dy = g(z) [ h(y)dy and fy(y) =
ffx,y(x,y)dy = [g(z)h(y)dz = h(y) [ g ( )dz. Therefore, fx(z)fy(y) =
g(x)h(y) [ h(y)dy [ g(x)dz = g(z)h(y) = fxy(x,y). Therefore, X and Y are
independent.

) X only takes values on (0,1) as does Y. For 0 < y < 1, Fy(y)
Sy) = P <y) = PX < v7) = 167 fx(@)dz = /5. So, fr(y)
= (1/2)y~

(9
P(Y
F'(y)

vdy = [ [ g(x)h(y)drdy = [ g(z)dx [ h(y)dy



