Solutions to Practice Final Exam
(1) The cdfis

0 z <0
5 0<z<l
Fx(z)=14 3 1<z<3
1423 3<z<4
1 z > 4.
(2) We know that
Cov(X;, X; _ Cov(X;, Xj
p(Xz,X]) ( ) ( > .7)
\/Var ;) Var(X ) o

so that Cov(X;, X;) = o?p. Hence,
Var(D_-X;) = D Var(X;)+2) Cov(X;, X;)
i i i<j
Z VGT'(XZ) + 2 Z COU(XZ', XJ)
i i<j
Y Var(X;) +2> o%p
i i<j
= no’ +n(n—1)o?p.
Since, Var(X; X;) > 0, conclude that
no+n(n—1)a’p >0

and hence p > —1/(n — 1).

(3) Let Z ~ N(0,1). Then,

Y = E)=(1xP(X>0)+(-1xP(X <0))
= P(X>0)—P(X<0)
= (I1-P(X<0)—-PX<0)
= 1-2P(X <0)
= 1-2P(X—-0< —0)
= 1-2P(Z < —0)
= 1-20(-0) = g(0).
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(3a) The mle is ¢ = () = g(X) = 1 — 2&(—X).

(3b) The estimated standard error of 8 is se(d) = 1/,/n. Now use the delta
method: ¢/(6) = 2¢(—0) = 2¢(#) and the estimated standard error of ¢ is

~ '~ ~ _

se(y) = se(0)|g'(0)| = 2¢(X)/+/n. The approximate confidence interval is

1-20(-X) +2 (26(X)/v/n) .

(3c) The variance of 1 is

Var()) = VaT(Yl).

n

Now, Var(Y1) = E(Y!) — % =1 — ¢% The ARE is

se(¥) _ 20(0) _ $(6)
se()  VI=92 L\ [o(0)(1 - (0)

(4) Note that f(X;;6) is0if X; > 6 or X; < —6. The likelihood will be
0 if this happens for any X;. So £(6) is non-zero only if —§ < X; < 6 for all
X;. This is the same as max; | X;| < 6. On the other hand, f(X;;0) = 1/(20) if
-0 < X; <46. So,

1 n
(@) 6 > max; | X;|
0 otherwise.

£(0) = {

(4b) 6 = max;| X;|.

(4c) First, 0 < 6 < 6. For c € [0, ],
H(c) = P@<c)
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= P(max|X;] < 0
= [P/ <o)
= ]‘—[P(—CSAX'Z SC)
= H[Cf(x;ﬁ)dx
C
= 115
- ()
= (3) -
The density is h(c) = nd~"c"~! for c € [0, 6].
(58) L,(p) = p*(1 —p)" ¥ where Y = 3, X; and £(p) = Ylogp + (n —
Y') log(1 — p). Setting ¢'(p) = 0 yields p = Y/n.
(5b) Let f(z;p) = p*(1 — p)'~=. The Fisher information is

I(p)=E <_82;;§f> - p(ll_p)'

(5¢) p = N(p,1/(nl(p))) = N(p,p(1 —p)/n).
(5d) MSE = bias® + var = 0 + p(1 —p)/n = p(1 — p)/n.
(62) Let Q = >;(Y; — B;)?. Setting dQ/dS = 0 gives B = > wiYi) X a3

(6b) E(B) = Sy mE(Y})/ Lia? = B mizs/ Ly 0% = B2/ Y22 = B
as long as 3°, #2 # O i.e. as long as z; # 0 for some ;.



(6¢) The variance is Var(3) = 3, 22Var(Y;) /(3 22

)P=o0" xy[(Cix7)? =
a? /(3 z2). If (Z; 2?) — oo then MSE — 0andthen § & ﬂ

(7a) First,

1

Fy(0)=PY <0)=PY=0=P(X<1)=/[ e%dr=1—¢".

S~

For0 <y < 1, Fy(y) = Fy(0). Fory > 1, Fy(y) = P(Y <y) = P(Y =
0)+P1<Y <y)=PY =0)+P1< ng):1—e1+f1ye—$da::
l—e'+(1—e¥)=2—e'—eV.
(7b) Write Y = r(X) where r(z) =0for0 <z <landr(z) = z forz > 1.
SO, 00 00
E(Y)= /0 r(z)e "dx = /1 ze %dx = 2

(&

(7c) Given X =z, Y =

r(X) is a point mass at 7(z). So E(Y|X = z) =
r(x). Hence, E(Y|X) = r(X).

(8a) Let X(;) and X,y be the smallest and largest values. The likelihood is 0
unless 6 < X1y and 26 > X,y i.e. X()/2 < 0 < X(yy. Thus,

(5)" 52 <0< Xy

0 otherwise.

L,(0) = {
This is a decreasing function so § = X().

~

(8b) First, 8 < 0 < 26. For c € [0, 26],
H(c) = P(O<e¢)
= P(minX; <c¢)
= 1—P(minX; >¢)
= 1-J[PXi>¢)



The density is h(c) = (n/0)(2 — (c¢/0))™* for c € [0, 20].

(8c) For n = 2 the density is h(c) = (2/60)(2 — (¢/6)). The mean is

20 40
/0 ch(c)dec = 3

(9) Parts (i)-(iii) should be straightforward. For part (iv), note that Y =
Y, X; ~ Poisson(n)). Let h(c) = P(A = c¢). Then, if nc is a nonnegative
integer,
e—n)\(n)\)nc

(nc)!

For part (v), note that se()) = 1/v/nI(X) = \/A/n = /X /n. Also, ) = ¢ =

g(\). S0 se(¥)) = se(N)|¢'| = /X /ne=X. The confidence interval is

e X £2 \/Y/ne_y.

h(c) =P(Y =nc) =

(10) Let Y = 3, X;. The posterior density is

1
f(/\|Xn) o ﬁe—nA/\Y — e—nA/\Y—(l/Z)‘

This is Gamma (Y +(1/2),1/n). The mean of a Gamma («, 53) is (in this version)
a3. So the posterior mean is Y/n.



