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Solutions to Practice Test 2

(1) X ~ Binomial(25,.9), so X = Y, X; where X; ~ Bernoulli(p),
9,n =25 Now pu=E(X;)=p=.9and 0 = Var(X;) = p(1 —p) =

9(.1) =.09s0 0 =.3. Let Z ~ N(0,1). Then,

P(X > 24)

- r(r2)
p (AT, =)

e p(rs VBE=9)
= P(Z>1)=1-®(1) = 0.16.

(2) In this case, E(X;) = A =1 and Var(X;) = A = 1. So,

P(Y <90) =

P(3 X; < 90)

P(Yn < .9)
p (x/ﬁ(Y: —H _ \/ﬁ(-i— u))
p (x/ﬁ(Y: —H _ \/%(-19 - 1))
P(Z<—-1)

P(Z>1)=1-P(Z<.1)=1-®(1)=.16

(3) X, & X if, for every € > 0, P(|X, — X| > ¢) = 0 as n — oo.
X, % X if, F,(z) — F(z) as n — oo, at all z at which F is continuous.



X, 5 X always implies that X, 4 X. For the reverse direction, we have
that X, % X implies X, % X if P(X = ¢) = 1 from some c.

(4) Fix € > 0. Then |X,, — X| > € only if X = " which happens with
probability 1/n. So, P(|X,—X| > €) = 1/n — 0. Therefore, X,, 2 X. Since
convergence in probability implies convergence in distribution, we also have
that X, % X. To see if X, > X, note that (X — X,)2 = 0 when X = X,
which occurs with probability (1 — (1/n)). When X,, # X, (X — X,,)? =
(" — 1)% with probability 1/2 and (X — X,,)? = (e" + 1)? with probability
1/2. So

E(X = X,)? = % (%(e" —1) 4+ %(e” + 1)2) .

Since €"/n — oo, we see that E(X — X,,)> — oo as n — oo. Thus, X,, does
not converge in quadratic mean to X.

(5) Using Markov’s inequality,
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(6) First note that X is a point mass at 0, i.,e. P(X = 0) = 1. Also,
vVnX, ~ N(0,1). Let Z ~ N(0,1). Then,

P(|Xa| >€) = P(Vn|Xa| > V/ne)
P(|Z| > \/ne) = 0

since y/ne — oco. Hence, X, 2, X. Since convergence in probability implies
convergence in distribution, we also have that X, 4 X,

(7) Suppose that X, 4 X. Let F,, denote the cdf of X,, and let F' denote
the cdf of X. Every non-integer x is a point of continuity of F'. So, for every

integer k, I, (k +¢€) — F(k +¢€) for any 0 < € < 1. Now,

P(X,=k) = Fo(k+e)— Fy(k—e)
— F(k+¢) —F(k—e¢)
— P(X =k).

Now suppose that P(X,, = k) — P(X = k). Let = be a point of continuity
of F. Then z is not an integer, so x = k + € for some integer £ and some
0<e<l.

Fo(2) = P(X, <2) = ). P(Xp = j) = Y. P(X = j) = P(X <k) = P(X <z) = F(x).

(8) Let F, be the cdf of X,,. Then,
P(X, <z) = Pnmin{Zy,...,Z,} <x)
= P (min{Zl, o Za} < %)
_ 1—P(min{Zl,...,Zn} > %)
= 1—P(Z,- > % for alli)
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By L’Hopital’s rule, the second term converges to e */(9) = e¢=**  So,
F,(z) — 1 — e™** which is the cdf of an exponential random variable with
mean 1/)\.

(9) For any fixed z, p,(z) = 0 for all large n. Therefore, p(z) = 0 for
all  so p(z) is not a probability function. However, P(|X,| > ¢) = 0 for all
large n. Hence, X, 5 0.



