Course Summary for 36-325/725 Fall 2001 1. Probability

(a) sample space S; events A ⊂ S (b) P (A) = probability of event A (c) independent events P (AB) = P (A)P (B) (d) P (A|B) = P (AB)/P (B) (e) Bayes’ theorem P (A_i|B) = P (B|A_i)P (A_i)/ ∑ j P (B|A_j)P (A_j) 2. Random Variables (a) cdf F (x) = P (X ≤ x) = ∫_x −∞ f_X (t)dt (b) marginal f_X (x) = ∫ f_{X,Y} (x, y)dy (c) conditional f_{X|Y} (x|y) = f_{X,Y} (x, y)/f_Y (y) (d) independent random variables f_{X,Y} (x, y) = f_X (x)f_Y (y) (e) transformations (change of variables): if Y = r(X) then f_Y (y) = F^′_Y (y) where

F_Y (y) = P (Y ≤ y) = P (r(X) ≤ y) = ∫ r(x)≤y f_X (x)dx 3. Expectation

(a) μ = E(X) = ∫ xf_X (x)dx = ∫ xdF (x) (b) E(r(X)) = ∫ r(x)f_X (x)dx = ∫ r(x)dF (x) (c) E( ∑ i a_iX_i) = ∑ i a_iE(X_i) (d) V ar(X) = E(X − μ)^2 = E(X^2) − μ^2 (e) V ar( ∑ i a_iX_i) = ∑ i a^2_i V ar(X_i) + 2 ∑ i<j Cov(X_i, X_j) (f) k^{th} moment E(X^k) (g) Cov(X, Y ) = E[(X − μ_X )(Y − μ_Y )] = E(XY ) − μ_X μ_Y (h) E(X|Y = y) = ∫ xf_{X|Y} (x|y)dx (i) E(X) = EE(X|Y ) and V ar(X) = EV ar(X|Y ) + V arE(X|Y ) (j) X ∼ N(μ, σ) implies that (X − μ)/σ ∼ N(0, 1)

4. Inequalities

(a) Markov: if X ≥ 0 and t > 0 then P (X > t) ≤ E(X)/t (b) Chebychev: P (|X − μ| > k) ≤ σ^2/k^2 (c) Hoeffding: if X_1, . . . , X_n ∼ Bernoulli(p) then P (|p̂ − p| > ϵ) ≤ 2e^{−2nϵ2} (d) Cauchy-Schwartz: E|XY | ≤ { E(X^2)E(Y^2) }_{1/2}

(e) Jensen: if g is convex Eg(X) ≥ g(E(X)) 5. Convergence of Random Variables (a) X_n^{q.m.}→ X if E(X_n − X)^2 → 0 (b) X_n^p→ X if, for every ϵ > 0, P (|X − X_n| > ϵ) → 0 as n → ∞ (c) X_n^d→ X if lim_{n→∞} F_n(x) = F (x) at all points where F is continuous (d) X_n^{q.m.}→ X implies that X_n^p→ X (e) X_n^p→ X implies that X_n^d→ X (f) if P (X = b) = 1 then X_n^d→ X implies that X_n^p→ X (g) (weak) Law of large numbers: X_n^p→ μ ≡ E(X_1) (h) Central Limit Theorem: Z_n = √ n(X_n − μ)/σ^d→ N(0, 1) i.e. X_n ≈ N(μ, σ^2/n) 6. Inference

(a) point estimators (b) bias = E_θ(θ̂) − θ (c) standard errors (d) MSE = bias^2 + var (e) MSE → 0 implies θ̂^p→ θ

(f) Normal confidence interval: θ̂ ± z_{α/2}ŝe 7. Distribution Functions and Functionals (a) Empirical cdf F̂_n(x) = n^{−1} ∑ i I{X_i ≤ x} (b) Glivenko-Cantelli sup_x |F̂_n(x) − F (x)|^p→ 0 (c) DKW: P (sup_x |F̂_n(x) − F (x)| > ϵ) ≤ 2e^{−2nϵ2} (d) θ = T (F ), θ̂ = T (F̂_n) (e) bootstrap: se_{boot} = √ var_{F̂n} (θ̂) (f) Normal confidence interval: θ̂ ± z_{α/2}ŝe (g) Bootstrap confidence interval: (θ^∗_{α/2}, θ^∗_{1−α/2}) 8. Maximum Likelihood

(a) likelihood function L_n(θ) = ∏ i f(X_i; θ) (b) log-likelihood function ℓ_n(θ) = log L_n(θ) (c) MLE θ̂ maximizes L_n(θ) (and ℓ_n(θ)) (d) Fisher information I(θ) = −E_θ [∂^2 log f(X; θ)/∂θ^2] (e) consistency θ̂_n^p→ θ_0 (f) standard error se = √ V ar(θ̂_n) ≈ {nI(θ̂_n)}^{−1/2} (g) θ̂_n ≈ N(θ_0, se^2) (h) confidence interval: θ̂_n ± z_{α/2}se (i) delta method: ψ̂ = g(θ̂) and se(ψ̂) = se(θ̂) |g^′(θ̂)| (j) multiparameter delta method: se(ψ̂) = √ (∇g)^T I^{−1}(θ̂)(∇g)/n 9. Bayesian Inference (a) f(θ|X^n) ∝ L_n(θ)f(θ) (b) Bayes estimator θ = E(θ|X^n) = ∫ θf(θ|X^n)dθ (c) posterior ≈ N(θ̂, se^2) (d) flat prior: f(θ) ∝ 1 (e) Jeffreys’ prior f(θ) ∝ {I(θ)}^{1/2}

10. Linear Regression (a) Y_i = β_0 + β_1x_i + ϵ_i where E(ϵ_i) = 0 (b) least squares: find β̂_0, β̂_1 to minimize Q = ∑ i[Y_i − (β_0 + β_1x_i)]^2 (c) β̂_0 and β̂_1 are unbiased and asymptotically normal (d) if ϵ_i ∼ N(0, σ^2) the least squares estimators are also the mle’s (e) prediction: new value Y_∗ = β_0 + β_1x_∗ + ϵ, Ŷ_∗ = β̂_0 + β̂_1x_∗ (f) confidence interval for prediction: Ŷ_∗ ± 2ξ_n where ξ^2_n = V ar(Ŷ_∗) + σ̂^2 (g) regression fallacy