Solutions: Pratice Test 3

(1a) Reject if [W| > 2z,/2 where W = (p — po)/se and se = \/p(1 — p)/n.
(1b) The power is

/B(p) = P(W < _Za/Q) + ]P)(W > Za/2)
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The restricted mle for y is obtained by maximizing £(u, 1) yielding fip = X.
Hence,
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Reject if A > x7 .
(3) This was a homework problem.

(4) The likelihood is B
£(B)=pre P,
) = —nlogs - "



SO B = X. Thus,

A= 210g ZU10) _op8) — 20(8y) = 2n1og <@> +2n (5 - 1) .
X Bo
Reject if A > x7 .

(4b) Under Hy, X; ~ Exp(f). Hence, T = > | X; ~ Gamma(n, 3).
Let F' denote the cdf of a Gamma(n, 5). Let R = (0, F'(a/2)) U (F (1 -
a/2),00). Reject if T € R.

(4c) The power is P(U € R) where U ~ Gamma(n, ).

(5a) Reject Hy if [W| > z,/o where W = \/n(X — 0)/o.
(5b) Reject Hy if [W| > 242 where W = /n(X — 0)/6.
(5¢) (i) Draw X7,..., X} ~ F. (i) Compute i* = n~2 3" | X7. (iii) Re-

t (i)-(ii) B times to get ,ul,...,,&*B. (iv) Let se = /B-'Y", (4 — *)2.
(v) Let W = (s — 0)/se. (vi) Reject if [W] > zq/0.
(5d) Same but replace (i) with: Draw X7,..., X} ~ N(ji, 5?).

(6) Under Hy, (6 — 6;)/se(f) ~ N(0,1). By the delta method, U ~
N(0,1). Hence,
P(|U| > zaj2) = P(|Z] > 24/2) = «

(7) The observed test statistic is |2 — 3| = 1. The permutations are:

permutation | T
2,15 1
2,0,1 1
1,2,5 4.5
1,5,2 4.5
5,1,2 3.5
5,2,1 3.5

Therefore,
p —value = Py(T > 1) = 4/6.



(8a) L(0) = e X 0°/2_gg

L£(6) 2
A og (E(O)) n
Reject Hy if A > 3 ,.

(b) Under Hy, /n(X —0) ~ N(0,1). So XA ~ (N(0,1))2 = x? so the x?
approximation to the distribution of X is exact in this case.

(9) They are all false.

(10a) The Fisher information matrix is

(10b)

-1 _
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(10c) The posterior is

n—1

f(ulz") :/0 f(,u,a\x")dooc/o 0_"_Qexp{— 52 SQ}exp{—%(Y—u)Q}do.

This turns out to be a t-distribution but we didn’t cover the necessary ma-
terial in class to finish this.

(11) The Bayes estimator under squared error loss is the posterior mean.
Also, the risk is the MSE which is bias? + Var.
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(a) The posterior is

f(p‘x) x pX(l o p)n—Xpa—l(l _ p)ﬁ—l _ pX+a—1(1 . p)"_X+’B_1

so plx ~ Beta(a + X, 8 +n — X). Thus,

_ o a+ X
Now,

. a+EX) a+np
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bias(p = TP _,_ol=p)=bp

n+a+p n+a+f

V) = np(1 —p)*

p) = n+a+p
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Rp.p) = ( n+a+pf > +n+a+ﬁ
r(m,p) = /R(p,ﬁ)ﬂ(p)dp= %/R(nﬁ)pal(l -p)’!

C(a+B) T(a+1)T(B+1)

Fa)'(B) (n+a+ B)(a+ 5+ 2)
of
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where we used the fact that ['(x + 1) = 2T'(z).
(b) The posterior is

1
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[(a)pe
where a = X + o, b = /(8 +1). So A|X ~ gamma(a,b). The posterior
mean is D%
X=EQ\X)=ab=""2
1+
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(12) Let R denote the risk function and let R denote risk under squared
error loss. Thus, R(,0) = oc=2R(0,6). We know that X is admissible under
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squared error loss by Theorem 13.21. This implies that X is admissible
under the given loss function. For if not, then there exists 0 such that
R(#,0) < R(0,X) with strict inequality at at least one . But that imples
that o 2R(0,0) < o 2R(0,X) and so R(#,0) < R(#,X) contradicting the
admissibility of X under squared error loss. The risk of X is E(X —#)%/0? =
1/n. Since X is admissible with constant risk, it is minimax by Theorem
13.22.

(13) The loss is

A 1 if0=4
L(6,0) = "
(6,6) { if 60
The posterior risk is
~ k ~
r(fz) = L(0,0;) f(0;]z) = Y f(B;]x) =1— f(B]x).
j=1 j: 0#£6;

This is minimized by maximizing f(f|z), that is, take f(z) to maximize

f0lz).

(14) Let 6% = bS?. The risk is

2 2
R(0%,6%) = ]E(g—l—] ng;)

o

2 2
= b(E(i)) —l—logb—]E<logS—2>
o) o
2
= b—logb—l—]E(logS>

Note that the last term does not depend on b. Take the derivative with
respect to b. The minimum occurs at b = 1.

(15) The risk of p is 1. Suppose p'(z) is another estimator. Then B =
{z: p'(z) > 0} is not empty. Let b = min{p'(x) : = € B}. Note that b > 0.



When p < (b/2) and z € B,

L(p,p) = (1 — pl($)>2 > 1.

p

Also, L(p,p') =1 for = € B¢. Hence,

Rp.p) = Y Lo (@)f(zlp) =Y Lp.P'(@))f(zlp) + > L(p,p'(x)) f (x|p)

z€B z¢B

> Y flalp)+ > flzlp) =1.

z€EB z¢B



