Solutions to Practice Test 1

(1) The CDF is

0 <0
x/2 0<z<1

Fx(z)=< 1/2 1<z<3
(1/2)+ (z—3)/2 3<z <4
1 x > 4.

(2) Y takes only two values, 0 and 1. IP(Y =1) =PX € A) =
Jaf(@)de =pa P(Y =0) =P(X € A9) = [,. f(z)dzl - pa. So

0 y<0
Fy(y)=¢ 1—-pa 0<y<1
1 y > 1.

(3) First find the distribution of V' = log(X):

v

Fy(v) =PV <v)=P(logX <v)=P(X <e') = / [x(z)dz = / de =e”.
0 0
Hence,
e’ v<0
f””_{o v > 0.
Similarly for W = log(Y’). The joint density of (V, W) is

vt p,w <0
fv,w) = { 0 otherwise.

Now Z =V +W and so —oo < Z < 0. Now A, = {(v,w) : v+w < 2} is
the complement of the triangle with vertices (z,0), (0,0), (0, z) (with z < 0).
Hence, for z < 0,

1—Fy(z) = P(Z<z2)=PV+W<g2)

:// fv,w)dvdw
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0 0
= / e’ /_v e“dwdv
= /0 e’ (1 - ez_”) dv

= 1—¢e®+ ze~.

Thus,
Fale) = —ze
for z < 0.
(4) Check the three axioms:
Q) = p(ajc) = ) > 0
R h

Suppose that A, A, ... are disjoint. Then A; () C, A2 C,... are also dis-
joint and hence

o04) - (019 500

P(C)
P(U;’; (Ai nc))
P(C)
T P (AZ- N 0)
P(C)




(5) P(Y = 0) = P(X < (1/2)) = [)/* f(«)de = [,* 2¢dz = 1/4. For
y>1,

Fy(y) = IF’(Y<y):IP’(Y:0)+IP’(1<Y<y):i+]P’(1<2X<y)

1 1 Y
= —4+Pl-<X <=1
i (3<x<h)
1 y/2
= —+/ 2xdx
4 Jip
1 1,,
= —4+-(y2-1).
1701
Therefore,
0 <0
_ ) 1/4 0<y<l1
Frly) = P+ -1) 1<y<2
1 y > 2.

(6) An inspired guess is that Y = ¢X for some c¢. Then
y y/e
Fy(y)=P(Y <y)=P(cX <y)=P (X < —> - 2/ e Bdy =1—e W/
¢ 0
and fy(y) = (2/c)e"2/¢. So take c = 2, i.e. Y = 2X.

(7a) To find ¢:

1 pl 1 pl
1://f(x,y)dxdy:c//(:r+y)dmdy:c
o Jo o Jo
soc=1.

(7b) First we need fx(x):

So




(7c)

1 1

1+y 7
P(Y > (1/2)|X = 1) = gmmw=/ L
(1/2) a2 1+3 12

(7d)

1/2 p1 . .
B(Y > (1/2)X < (1/2) = > (/2. X < (1/2) __ Jo" i F @ y)dyde

P(X < (1/2)) T @)

(8)

Cov(X,Y) = E(XY)-EX)E(Y)=EEXY|X)-E(X)EE(Y|X)
= EXE(Y|X)-EX)EE(Y|X) = EX? - E(X)E(X)
= EX? - (E(X))? =V(X).

Ya)P(Y =0)=1-b>0andP(Z =0)=a>0butP(Y =0,Z2=0) =0
so they are not independent.
(9b) The joint distribution is

=0 Z=1
Y=0 0 1-b
Y =1 a b-a

The conditins distributions for Y given Z are

y PY=y[Z=0) PY =ylZ=1)
0 0 gg
1 1 ga
So
EY|Z=0)=0x0)+(1x1)=1
and 1—b b b
E(Y|Z=1)= _ 1 = .
(¥l ) (Oxl—a>+( Xl—a) l1—a
Therefore,
b
mywy:uzzoy+uzzn1_d
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