Homework 1: Solutions

1. Claim 1. By, By, ... aredigoint. Proof: Letw € B;. If ' € B forj <
thenw’ € A; and hencew’ ¢ B,. Therefore, B,B; = 0. If v’ € B; for j > i
thenw € A;andw’ ¢ A;_;. Since A; C A;_; thenw’ ¢ A;. Hence, ' ¢ B,.
Therefore, B;B; = 0.

Claim 2: | J;_; 4 = U;_; Bi. Proof: w € |J7_, A; = w € A, for somei
—. Let iy bethesmalesti suchthat w € A;. If ig = 1thenw € By. Ifig > 1
thenw € A, butw ¢ A, fori < 4y. Hence, w € B;. Hencew € |J;_, B;. For
the reverse direction, suppose that w € | J;"_, B;. Thenw € B; for somei. Hence,
w € A; and therefore, w € |J7_, 4.

Clam3: |JZ, A; = U;2, B;. Theproof isthe sameasfor Claim 2.

The monotone decreasing case. Let A = lim, A, = (), A,. Then A° =
(N,, 4n)¢ = U, AS. Sincethe A,, are monotone decreasing, the A¢, are monotone
increasing. Therefore 1 — P(A) = P(A°) = lim,_oo P(AS) = lim, (1 —
P(A,)) =1 —lim, .., P(4,). Hence, P(A) = lim,, .., P(A,).

2.()) 1 =P(Q) =PQU0) =P(Q)+P(0) = 1+P(0). Therefore P()) = 0.

(i) Let C = B—A. Then ANC = 0 and AJC = B. SoP(B) =
P(AUC) =P(A) + P(C) > P(A).

(iii) Since A € Q, P(A) < P(Q) = 1 by (ii). Also,) € Aso0 = P() <
P(A).

(iv) SinceQ) = A|J A¢and A and A¢ aredigoint, 1 = P(Q) = P(A) + P(A°)
and hence P(A°) = 1 — P(A).

(V)Let A, = A, Ay = B, Al fori > 3. Then A,, A,, ... aredigoint. Hence,
P(AUB) = P(UZ, A) = X5, F(A) = P(A) + P(B)+P(As) + B(Ay) 4+ =
P(A)+P(B)+0+0+---=P(A) +P(B).



3.Let B, =J*, A;and C, = N2, A

o0

Bwel,—=we ﬂfin Ai=we mi:n—H

C, C Cosr.
we€B,—welJr, li—we A UUZ, A) = welUx, A

i=n—1

A; = w € C,41. Therefore,

— w € B,,_;. Therefore, B,, C B,,_;.

(3b) Say that w € A,, inEnitely often (i.0.) if w belongs to an infnite number
of theevents A;, A,,.... If w € A, 1.o. thenw € ;2 A; fordln —=w € B,
foralln = w e _, By

If w ¢ A, i.o. thenthere existsn suchthat w ¢ A; foradl j > n = w ¢
Uty = w ¢ Bypg = w ¢ (o By Thus,w € ()2, B, = thatw €
Apio..

(3c) Say that w € A; utlimately (ult.) if w; in A; except for possibly a £nite
number of the events. Now, w € A; ult. = w € A; foral j > n (for some n)
—weNL,4=0=welU,_, Cn

welUl, Cn=weC,forsomen = w € (2, Aj = w € A, fordl
Jj>n=we€ A;ult



