Homework 3: Solutions
Chapter 1, Problem 1.
PX=2)=P(X <z)-P(X <z)=F(") - F(z7).

The next one is true by definition.

Chapter 3, Problem 4. (a)

0 z<0
x/4 0<z<1

F(z)=4 1/4 l<z<3
(1/4)+(3/8)(x—3) 3<x<5
1 x> 0.

(b)

(b) Fy(y) = P(Y <y) = P(1/X <y) = P(X > 1/y). The three “zones”
forz,0 <z <1,1<z<3,3<z<5,correspond to the following zones for y:
1<y<oo,1/3<y<landl/5<y<1/3.So

0 y<O0
N t(5-1)  f<y<i B<a<s
Fy(y)=P(X>§>= l/yfx(“")dx: 3 I1<y<1l (1<z<
2+1(1-1) y>1 (0<w<l

Chapter 3, Problem 5. If X and Y are independent then
fla,y) =P(X =2Y =y) =P(X =2)P(Y =y) = fx(2)fr(y). 1)
On the other hand, suppose that (1) holds. Then
PXeAYeB) = Y3 flay)=3 > fl@)fr®)

S fx(@) S fy(y) = B(X € A)B(Y € B)

€A yeB



and hence, X and Y are independent.

Chapter 3, Problem 7. Note that min{X,Y} > z if and only if X > 2 and
Y > z. Thus,

1—Fy(z) = P(Z>2)
= Pmin{X,Y}>z2)=P(X >zandY > z2)
= PX>2)PY>2)=1-P(X <2)(1-PY <2))
= 1-2)(1—-2)=1-2)?

and hence Fiz(z) = 1 — (1 — 2)% Therefore, fz(z) = Fy(z) = 2(1 — z) for
0<z< 1.

Chapter 3, Problem 10. Fix A and B and let A, = {z : g(z) € A} and
By, ={y: h(y) € B}. Then,

P(g(X)e A h(Y)eB) = P(X €AY € By
= P(X € A))P(Y € By) =P(g9(X) € A)P(h(Y) € B).

Thus, g(X) is independent of A(Y).

Chapter 3, Problem 12. Let (a, b) denote the range of X and let (¢, d) denote
the range of Y. Then

fx(e) = / F(2,y)dy = g(a) / h(y)dy

and

fY(y)=/ f(ivay)dy=h(y)/ g(x)dz.
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Also, ) ;
1= [ fe()de = / g(z)dz / h(y)dy. )
So

Fx(@)fv () = g@)h(y) / h(y)dy / g(2)dz = g(@)h(y) = f(z,y)

by (2).

Chapter 3, Problem 13. Y has range (0, o). And,

log(y) 1

—e
o V2T

Fy(y) =P(Y < y) =P(eX <y) =P(X <log(y)) = g,

Differentiate to get

1 25 (0logy 1 2
[ — —(log y) /2 — —(log y) /2‘
) Nora ( dy ) T

Chapter 3, Problem 14.
Fr(r) = P(R<r1)= P<\/X2 FY?< r)

— P(X24Y2<?) = area of disc of radius r

area of disc of radius 1
w2 )
= — =7,
T

Thus, fr(r) =2rfor0 <r <1.

Chapter 3, Problem 15. Note that 0 < Y < 1. Now,
Fy(y) =P(Y <y) =P(Fx(X) <y) =P(X < Fy'(y)) = Fx (Fy'(v)) = v
So Fy(y) = y and hence Y ~ Uniform(0, 1).
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Let X = F1(U) where U ~ Uniform(0, 1). Then,
P(X <z)=P(F '(U) <) =P < F(z)) = F(x)

since P(U < ¢) = cforevery 0 < ¢ < 1. So, P(X < z) = F(x) which means
that X ~ F.

Chapter 3,Problem20. Let Z =X —-Y. Then-1< Z<1l.For—-1<z<
0, let A, be the triangle with corners at (0, —z), (1,1), (2 + 1,1). Then

Fy(z) =B(Z < 2) = B((X,Y) € A,) = (1 +2)°/2

and
fz(Z) =1+ z.

For 0 < z < 1, let A, be the triangle with corners at (z,0), (1,0), (1,1 — 2)).
Then
(1-2)

Fy(z) =B(Z < 2) =B((X,Y) ¢ 4.) =1 - —

and
fz(z)=1—2z.

Thus,
] 1+2z -1<2<0
f(z)_{1—z 0<z<1.

Now let W = X/Y and note that 0 < W < oo. For 0 < w < 1, let A, be the
triangle with corners (0, 0), (0,1), (w, 1). Then

Fi(w) = B(W < w) =B((X,Y) € 4,) = 5

and

fiv(w) = 5.



Forw > 1, let A,, be the triangle with corners (0, 0), (1,0), (1, 1/w). Then

Fir(w) = B(W < w) = P((X,Y) ¢ Ay) =1 — —

2w

and

fw(w) =

-
So,

(12 O<w<1
flw) = { 1/(2w?) w > 1.

Chapter 3, Problem 18.
(@) .84

(b) .89

(c) 9.58

(d) .37

(e)

P(X] > [z]) = P(X > [z]) + P(X < —|z])

= P (Z> |m|4_3) +]P’<Z< _‘xL_ 3)
ERNEE LR )

This is equal to .05 when |z| = 9.6.




