
Homework 5: Solutions
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where the last line follows from plugging in the definition of
n i .

Chapter 6, Problem 1. (a) We showed this in a previous homework. For

completeness, here it is. Let us write� )i 	���� ��� � 0 � i � )� 0 � 	���� � )� 0 � � )i� 0 � 1
Now,

� ��� � )� 	 � Y ��� # � ) . To compute
��� � )i
	 we will make use of the fol-

lowing fact. If � #
� 12121 � � i are real numbers then
� � � � � � ) 	 � � � )� G � ������ � � � �

and the second sum has � ) 0 � 	 � � � 0 ��� terms. So,

� � � )i 	 	 ��� �� i� � � # � ���
)

	 �� ) ��� i� � � # � ���
)

	 �� ) ��� i� � � # �*)� G � ������ � � � � �
	 �� ) � i� � � # � ��� � � ) G � ������ Y ��� � � � � �
	 �� ) � i� � � # � ��� � � ) G � ������ Y ��� � � Y ��� � � �
	 �� ) � i� � � # � ��� # � ) G � ������ 6 ) �	 �� )�� � Y ��� # � ) G � � � 0 �Q� 6 )��C1
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(b) We can write�e)i 	�� �� 0 ��� �� i� � � # �o)� 0 � �� 0 ��� � )i 1
By the law of large numbers, �� i� � � # � )���� � ��� )# � 1
Since

� � 0 ��� � � � �
, we also have that

� �� 0 � � �� i� � � # � )���0 � � ��� )# � 1
Also, by the law of large numbers,

� i �0 � 6
. Since � �
	 � 	�	 ) is a continuous

function,
� )i �0 � 6 )

. So,

� �� 0 � � �� i� � � # � )� 0 � �� 0 � � � )i �0 � � ��� )# � 076 ) 	<= )21

Chapter 6, Problem 2. Let
6 i 	 Y ��� i � . Then,

� ��� i 0
� �I) 	 � ��� i 0T6 i G 6 i 0
� �
)	 ��� ��� i 0T6 i � ) G`� 6 i 0
� � ) GK-?��� i 0T6 i �s� 6 i 0
� ���	 � ��� i 0T6 i �I)BG(� 6 i 0�� �
)BGK-?� 6 i 0
� � � ��� i 0T6 i �	 � ��� i 0T6 i � ) G(� 6 i 0�� � )	 / ��� i � G`� 6 i 0
� � )Q1
From this last expression we see that if

6 i � �
and

/ ��� i � � � then
� ��� i 0� � ) � � . Conversely, if

� ��� i 0�� � ) � � then
/ ��� i ��G � 6 i 0�� � ) � � . Hence,/ ��� i � � � and

� 6 i 0�� � ) � � .
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Chapter 6, Problem 4. Fix
n m � . Then, for all � m �Q�qn

,
3 �+4 � i 4Bm nS� 	3 ��� i 	 � � 	 ��� � ) . Thus,

3 �54 � i 4Zm!n+� � � and so
� i �0 ��� . But

� � ��� i 0� � ) �C	 � ��� )i �Z	 �
��� � ) ���H�
� 0 �
�Q� � ) � �5G � � ) ���H�
��� � ) �Z	 �
�Q� � ) � 0 �I��� ��� �5G ���� �
so
� i does not converge in quadratic mean.

Chapter 6, Problem 5.
� ��� )� �V	!�I� ) � f � G � � ) �K�I� 0 f � �V	 f .

� ��� �� �V	�I� � � f �+G]� � � � �
� 0 f � �X	 f . So
/ ��� )� �C	 � ��� �� � 0 � � ��� )� � 	 ) 	 f 0 f ) 	 f �
� 0 f � .

So, � � �� i� � � # � )� � 	 f
and / � �� i� � � # � )� � 	 f �
� 0 f �� � � 1
By problem 2, �� i� � � # � )���	�0 � f 1
Since convergence in quadratic mean implies convergence in probability,�� i� � � # � )� �0 � f 1

Chapter 6, Problem 6. By the central limit theorem,

� i�

� � 6 � = )� � 	 � ����� � � �� � � � 	 � � ��� � 1 � � � 1
So,

3 � � i m ��� �Z	 3 � � i 0 ���1�� m ��� 0 ���1�� � 	 3 � � i 0 ���1�� m � � 
 3 ��� m � �C	 �- 1
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Chapter 6, Problem 9.

3 �54 � i 0 � 4�m n+�C	 �� � �
and hence

� i �0 � �
. Now

� i 0 � 	 � when
� i 	(�

. Otherwise
4 � i 0 �K4 9� i 0 �

. Hence, Y ��� i 0 �^� ) 9E�F� i 0 �Q� ) �I��� � � � � .

Chapter 6, Problem 13. Let
�

be the CDF of
�

. Then, the CDF of
� i is

3 ��� i W ��� 	 3 � ��� |R}�� � # � 121s1 � � i�� W ���	 3 � � |R}�� � # � 12121 � � i	� W �� �
	 � 0 3 � � |�}
� � # � 12121 � � i�� m �� �
	 � 0 3 � � # m �� �
����� � � i m �� �
	 � 0 i� � � # 3 � � � m � � �
	 � 0 i� � � # � � 0 � � �� 	 �
	 � 0 � � 0 � � �� 	 � i	 � 0 x������ � �Rv&~ �
� 0 � ����� � � � �	 � 0 x������ �Rv&~ �
� 0 � ����� � � �#i �� � 0 � �����

by L’Hopital’s rule. The density of
� i is thus

_"�������
.
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