Homework 5: Solutions
Chapter 5, Problem 1. Since fx(z) = (1/8)e~*/5,
E(X) = /xﬁ_le_m/ﬂd:r =8
E(X?) = /$2,316w/6d$ =242

V(X) = 28°-p*=p"

P(IX — px| > kox) = P(|X - | > kp)
= P(X -2 kB) =P(X > (k+1)8)

= /00 fx(z)dx
B(1+k)

— o (+k)
Chebyshev’s inequality gives,
o2 1
P(IX — px| > kox) < 325 = 5.
k?0%  k?

Chapter 5, Problem 2. E(X) = V(X) = A. So,

P (X >2))
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Chapter 5, Problem 4. If p ¢ C,, then [p — p,,| > €,. Hence,

]P(p g_ﬁ Cn) = ]P(|p - ﬁn| > en)

2¢ 2" Hoeffding’s inequality
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where the last line follows from plugging in the definition of ¢,,.

Chapter 6, Problem 1. (a) We showed this in a previous homework. For
completeness, here it is. Let us write

Zi(Xi _Xn)Q o Zz Xi2 _"yi
n—1 B n—1 ’

s2 =

Now, EY". X? = nF(X;)?. To compute E (Yi) we will make use of the fol-
lowing fact. If ay, ..., a, are real numbers then (3°, a;)* = 37, af + >, aia;

and the second sum has n* — n = n(n — 1) terms. So,
1 ¢ ’
~2
E (X ) - E(-S"x,

) -2 (G5)
1 . i

- (5)

1 SN

i#]
1 n
= 5 Y EX)+) E(XZ-X]-))
i=1 i#j
1 n
= = S EX)+ E(Xi)E(Xj)>
i=1 i£]
1 n
= 5 D (X)) + ZM2>
i=1 i#j
1
= = (nE(X1)> +n(n — 1)p?).
Thus,
nlB(X1)2+n(n—1)u2
E(S?) — nE(X7) — p o)

n—1
= E(X]) —p* =0
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(b) We can write

9 n 1 < 9 n 2
= — X—-—) X .
Sn (n—l)nZ ! (n—l) "

=1

By the law of large numbers,

1 n
=3 X7 BEXT]).
n

=1

Since (n — 1)/n — 1, we also have that

n 1 - 9 P 9
<n_1> niz:;Xi—HE(Xl).

Also, by the law of large numbers, X,L p. Since g(y) = y? is a continuous

function, X~ 2. So,

1 — .
(20) L5 () et o

=1

Chapter 6, Problem 2. Let 1, = E(X,,). Then,

E(X, —b)® = E(Xp— pin + pin — b)*
= E[(Xn = )+ (pn — 0)* + 2(Xp — i) (1t — b)]
= E(Xn — ptn)” + (k0 — 0)* + 2(ptn — D)E(X5 — ptn)
= E(Xu — )’ + (n — b)?
= V(Xa) + (ua — )%
From this last expression we see that if u, — band V(X,) — 0 then E(X,, —

b)? — 0. Conversely, if E(X, — b)?> — 0 then V(X,,) + (in — b)?> — 0. Hence,
V(X,) = 0and (u, — b)* — 0.



Chapter 6, Problem 4. Fix e > 0. Then, for alln > 1/¢, P(|X,| > €) =
P(X, = n) = 1/n% Thus, P(|X,| > €) — 0and so X,—» 0. But E((X, —
0)?) = E(X7) = (1/n*)x (1=(1/n*))+(n*) x (1/n*) = (1/n*) = (1/n*)+1 # 0
S0 X,, does not converge in quadratic mean.

7

Chapter 6, Problem 5. E(X?) = (1% x p) + (0% x (1 Q—p)) =p E(X}) =
(19xp)+ (04 (1-p)) = p. SOV(X?) = E(X})— (E(X?)) = p—p* = p(1-p).

So,
(1)
ni:l
and
1 p(1-p)
V| - X2 = 0
(o) =22 -
By problem 2,
1 — m

i=1

Since convergence in quadratic mean implies convergence in probability,

1 n
— ZXfi)p.
o

Chapter 6, Problem 6. By the central limit theorem,

_ o? 16
X,~N(pu,— | =N ,—— | = N(68,.16).
(u n) (68 100) (68,.16)

So,

— X,—638 68—68 X, — 68 1
IF’(Xn>68):IP’( Y ):IF’< >0)w]P’(Z>0):§.

4 4



Chapter 6, Problem 9.
1
P(|Xn = X[ > €)=~ =0

and hence Xni> X. Now X,, — X = 0 when X,, = X. Otherwise | X,, — X| >
e" — 1. Hence, E(X,, — X)? > (e" — 1)*(1/n) — oo.

Chapter 6, Problem 13. Let F' be the cDF of Z. Then, the cDF of X, is

P(X, <z) = Pnrmin{Z,...,Z,} <z)

= P(min{zl,...,zn}gf)
n
. X
= I—P(mln{Zl,...,Zn}>—>
n

- 1?25 12,5 )
n n

n

= 1—}}]?(& > %)
- =1 ()

- - (-#())’
= 1—exp{nlog(1— F(z/n))}
1y {80 )

1
n

- 1—e ™

by L’Hopital’s rule. The density of X, is thus \e=*,



