
Homework 11
36-705

Due: Thursday November 12th by 3pm.

1. Suppose we randomize n people to treatment or control. The observed data are (A1, Y1), . . . , (An, Yn)
where Ai is binary (Ai = 0 means control and Ai = 1 means treatment). We have P (Ai = 0) =
P (Ai = 1) = 1/2. We want to estimate the average treatment effect:

τ = E[Y (1)− Y (0)]

where Y (0) and Y (1) are the potential outcomes (counterfactuals). Let

τ̂1 =
1

n1

∑
i:Ai=1

Yi −
1

n0

∑
i:Ai=0

Yi.

Note that n1 and n0 are random.

(a) Find the limiting distribution of
√
n(τ̂ − τ).

(b) Construct an asymptotic 1− α confidence interval for τ .

2. Suppose we have an observational study with data (X1, A1, Y1), . . . , (Xn, An, Yn) where Ai is a binary
treatment.

A ⊥⊥ (Y (1), Y (0))|X.

(a) Suppose that the propensity scores π(X) = P(A = 1|X) is known. Also assumme that

0 < δ ≤ P (A = 1|X) ≤ 1− δ < 1

for some δ. A natural estimator then is the Horvitz-Thompson/Inverse-Propensity Score estimator:

τ̂ =
1

n

n∑
i=1

[
YiAi
π(Xi)

− Yi(1−Ai)
1− π(Xi)

]
.

Find the limiting distribution of
√
n(τ̂ − τ).

(b) Construct an asymptotic 1− α confidence interval for τ .

(c) Suppose we don’t know π(x) but we have an estimate π̂ and that

sup
x
|π̂(x)− π(x)| ≤ εn

where εn → 0. Let

τ̂ =
1

n

n∑
i=1

[
YiAi
π̂(Xi)

− Yi(1−Ai)
1− π̂(Xi)

]
.

Show that τ̂2
P→ τ .

3. Suppose we have an observational study with data (X1, A1, Y1), . . . , (Xn, An, Yn) where Ai ∈ R. As-
sume that

A ⊥⊥ (Y (a) : a ∈ R)|X.

In this case, we showed that

ψ(a) ≡ E[Y (a)] =

∫
µ(x, a)p(x)dx

where µ(x, a) = E[Y |X = x,A = a].
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(a) Supposse that µ(x, a) is know. Let

ψ̂(a) =
1

n

∑
i

µ̂(Xi, a).

Find the limiting distribution of
√
n(ψ̂(a)− ψ(a)).

(b) Suppose that µ(x, a) is unknown but that p(a|x) is known. Fix ε > 0 and define

ψ̂ε(a) =
1

2nε

∑
i

Yi I(|Ai − a| < ε)

p(Ai|Xi)

where I(|Ai − a| < ε) = 1 if |Ai − a| < ε and I(|Ai − a| < ε) = 0 otherwise.

Find the mean of ψ̂ε(a). Let’s denote the mean by ψε(a). Show that ψε(a)→ ψ(a) as ε→ 0 (assuming
µ(x, a) is sufficiently smooth).
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